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Stability of Traveling Wavefronts for a Delayed Lattice System with Nonlocal

Interaction

Jingwen Pei, Zhixian Yu* and Huiling Zhou

Abstract. In this paper, we mainly investigate exponential stability of traveling wave-
fronts for delayed 2D lattice differential equation with nonlocal interaction. For all
non-critical traveling wavefronts with the wave speed ¢ > ¢,(6), where ¢, (0) > 0 is the
critical wave speed and @ is the direction of propagation, we prove that these traveling
waves are asymptotically stable, when the initial perturbation around the traveling
waves decay exponentially at far fields, but can be allowed arbitrarily large in other
locations. Our approach adopted in this paper is the weighted energy method and
the squeezing technique with the help of Gronwall’s inequality. Furthermore, from
stability result, we prove the uniqueness (up to shift) of the traveling wavefront. Our
results can apply to the discrete diffusive Mackey-Glass model and the dicrete diffusive
Nicholson’s blowflies model on 2D lattices.

1. Introduction

In this paper, we study the exponential stability of traveling waves for the following time-
delayed population model with the nonlocal interaction on 2D spatial lattices
dwi,j (t)

b Dlwit1,;(t) + wi—1,;(t) + wij+1(t) + wij—1(t) — dw; ;(t)] — dw; (1)

(1.1) o0 oo
te Y Y BOVD(Witjq(t — 1)),

l=—00 g=—00

with the initial condition

(1.2) w; j(s) = ng(s), s€[-r0], i,j €Z.

This model describes the population distribution of a single species with age-structure in
a two-dimensional patchy environment [2,20], where w; ;(t) > 0 is the population density

of the species at time ¢ and spatial lattice (i,j) € Z x Z; and D > 0 and d > 0 are
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diffusion and death rates of the population, respectively; € > 0 represents the impact of
the death rate for the immature; » > 0 is the matured age and is called the delay-time
mathematically; and 3(I) and ~(q) are non-negative and symmetrical kernels (nonlocal
interactions) for directions i € Z and j € Z, respectively.

Throughout the paper, we assume that:

(H1) Non-negative and symmetrical kernels: [B(1) = B(—=1) > 0 and ~(I) = v(-1) >
0 for any 1 € Z; and > B(1) = >°02 v(g) = 1; and there exists M >0
such that x(A) =: 222, 0% B(1)7v(q)erH9) is convergent when A € [0, M), but

limy_, ¢ x(\) = 400, where A\ may be +oc;

(H2) Two constant-equilibria wy: there exist w_ = 0 and wy = K > 0 such that b(0) = 0,
eb(K) = dK, b € C?[0, K] and for all w € (0, K), eb(w) > dw;

(H3) Mono-stable type: eb’(0) > d (unstable node: w_ = 0) and d > b'(K) (stable node:
wy = K);
(H4) Sub-linearity: b'(w) > 0 and b"(w) < 0 for w € [0, K].
When the immature population is non-mobile, then (1.1 can be reduced to the delayed
local lattice differential equation [1}3},7}26]

dwm (t)

(1.3) PTE Dwiy1,;(t) +wi—1,j(t) + wijy1(t) + wij—1(t) — dw; ;(t)]

— dwi,j(t) + 5b(wi,j(t — T))

The main purpose of the present paper is to investigate the stability of traveling
wavefronts for the 2D time-delayed differential-lattice equation (1.1). A traveling wave
solution of (1.1)) connecting w_ = 0 and w4 = K is a special solution with the form of

w; j(t) = ¢(icosf + jsind + ct) =: p(§),
& :=1icosf + jsinf + ct,

for i,j € Z, and 6 € [0,7/2],

i.e., ¢ satisfies the following wave profile equation

cdgz(;:) = D[p(& + cos ) + ¢(§ — cosb) + (£ + sinb) + ¢(§ — sin ) — 4p(§)]
(1.4) —dp(©)+e Y D BV@b(GE +Leosh + gsind — cr)),
l=—00 qg=—00
d(£o0) = wy.

The constant 6 represents the direction of the wave. We call ¢ the wave speed and ¢ the

wave profile. Moreover, we say ¢ is a traveling wavefront if ¢: R — R is monotone.
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The existence of traveling wavefronts for the 2D lattice model with monotone
birth rate function b(w) has been obtained by Cheng et al. [2] and Weng et al. [20] by
using the methods developed in [12,/19] for 1D lattice differential equations. Recently,
when the birth function b(u) is non-monotone, the existence of the wavefronts to ([1.1)
was further investigated by Yu et al. [27], and the uniqueness of the wavefronts (including
the critical wave) was showed by Yu and Mei in [24], recently, where the birth function
is non-monotone but the nonlocal interactions $(I) and 7(¢q) are compactly supported.
Furthermore, the stability of wavefronts for (including the local case ) was
studied in [3],23,/26] by using the weighted energy method (see also |9H11}/13}/14,|16-18,
21,22, 25]), where, for the local case , Cheng et al. [3] obtained the stability for the
wavefronts with large wave speed ¢ > 1 and restricted the initial perturbation to be small
enough, and Yu and Yuan [26] further showed the stability with large speed ¢ > 1, but
allowed the initial perturbation to be arbitrarily large in certain weighted space due to the
comparison principle, while, for the nonlocal case (L.1)), Wu and Liu [23] similarly proved
stability in the case of the large wave speed with a large initial perturbation. However, the
most interesting but also challenging case is to study the stability of the wavefronts with
the speed c arbitrarily close to the critical wave speed c.(0) > 0, particularly, the case of
¢ = cx(0) > 0, because the spreading speed is just the minimum wave speed ¢, () > 0.
In this paper, for the nonlocal lattice equation , we shall prove that all non-critical
wavefronts with ¢ > ¢,(0) are globally stable. The exponential convergence rate will be
also derived. These essentially improve the existing wave stability results [3}23,26]. The
approach adopted is still the weighted energy method and the squeezing technique with
the help of Gronwall’s inequality, but the chosen weight function is optimal and depends
on the eigenvalue of the characteristic equation for the wave profiles. As a corollary of
the stability result, we also obtain the uniqueness of traveling waves without assuming
B(l) and v(q) to be compactly supported. This also improves the existing uniqueness
obtained in [24] where the compact support needs for the nonlocal interactions §(I) and
v(q). Regarding the case ¢ = c¢,(f), unfortunately it still remains open, because the

I>-weighted energy method doesn’t work out for this critical case.

The rest of this paper is organized as follows. In Section [2| we state the property of
the characteristic equation and the existence result for traveling wavefronts. Based on the
property of the characteristic equation, we then introduce a non-piecewise function e** for
some carefully selected positive number k, which is the eigenvalue for the characteristic
equation of the wave profiles. Lastly, we list the stability and uniqueness on the traveling
wave front. In Section by using the weighted energy method and the comparison
principle with the help of Gronwall’s inequality, we prove the stability for all traveling

wavefronts ¢ > ¢,(#). There will be no restriction on the delay time r, the wave speed ¢
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and the initial perturbation. This essentially improves and develops the previous stability
results in [3,23,26]. Section [4]is devoted to proving uniqueness of traveling wavefronts.
Notations. Throughout this paper, 2 denotes the weighted [2-space with weight 0 <
v(€) € C(R) and a fixed 6 € [0, 7/2], that is,

2.={¢= {Ci,j}i,jgzagm eR Zv(z cos @ + jsin H)CZ»QJ- < 00

2y

and its norm is defined by
1/2
1<l = Zv(z cosf + jsin6)¢7; and (€2
i?j
In particular, when v = 1, we denote I2 by I2.

For given positive number T > 0, we also define a uniform continuous space by

Cunif[*ra T]

= {Q,j(t) € Cl-r,T),i,j € Z| lim ¢ ;(t) exists uniformaly in ¢t € [—r, T]} .
1,j—00

2. Preliminaries and main theorems

Let ¢(&) = ¢(icosf + jsinf + ct) be the wavefronts satisfying (1.4)), and let us linearize
(1.4) around ¢ = 0 to have

CC“ZS) = DI[p(§ + cos0) + ¢(§ — cosf) + ¢( + sinb) + ¢(& — sin6) — 46(£)]

—d¢(&) +¢ Z Z B(1)y(q)b' (0)p(€ + L cosf + gsin b — cr).

[=—00 g=—

Consider ¢(¢) = e for € — —oo as the eigenfunction to the above equation, then we
obtain the following characteristic equation for (1.4):

A(C, )\) ‘= —c\+D (6/\c080 _’_67)\0056’ _|_6)\sin9 _’_efAsinO _4)
00 00

+ Eb/(O) Z Z ﬁ(l),y(q)e)\(lcos6’+qsin07cr) —d

l=—00 qg=—©
=0.
Now we recall some properties of A(c, \), which was investigated in [3}20}24].

Lemma 2.1. Assume that (H1) and €b'(0) > d hold. Then, there exist a unique pair of
c«(0) > 0 and \(0) > 0 for any fized 6 € [0,7/2] such that the following assertions hold.
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(1) Ales(8), M(9)) = 0, 25552

o ‘c:c*(e)yxzx*(e) =0

(ii) For any c € (0,c4(0)) and X >0, A(c,A) > 0;
(iii) For any ¢ > cx(0), A(e,A) = 0 has two positive roots 0 < A\i < Aa. Moreover,
A(c,\) <0 for any A € (A1, A2).
The result on the existence of traveling wavefronts of ([1.1)) comes from Theorem 5.4

of [2] and Theorem 3.1 of |20].

Proposition 2.2. Assume that (H1)—(H4) hold. Then, for every 6 € [0,7/2], there exists
c«(0) > 0 such that for any ¢ > ¢ (0), (1.1) admits a traveling wavefront ¢(i cos @+ j sin 0+

ct) satisfying the boundary conditions

lim ¢(§) =0 and lim ¢(&) =K,

E——o0 E—+o0
and for any c € (0,c«(0)), there are no non-trivial wavefront ¢(icos@ + jsinf + ct) satis-

fying ¢(&) € [0, K]. Moreover, for ¢ > c.(0), ¢ satisfies

lim ¢(&)e ™M =1 and lim ¢'(£)e M =\,

{——0o0 {——o0

where ¢.(0) and A\ are given in Lemma [2.1]
Define a weight function v(§) by
(2.1) v(€) = e e (A, \).
Now we state our main result as follows.
Theorem 2.3 (Stability). Assume that (H1)—(H4) hold. For all traveling wavefronts
@(icost + jsin @ + ct) with the wave speed ¢ > c4(0), if the initial data satisfies
0< ng(s) <K forsel[-r0], i,j€Z,

and the initial perturbation w?’j(s) — ¢(icosf + jsinf + es) is in C([—r,0],12 NI>®) N
Cunie[—T, 0], where v = v(icosf + jsinf + ct) is the weight function given in (2.1), then
the solution {w;;(t)},; ;e of (L1) and (L.2) satisfies

0<w;(t) <K forte|0,+00), i,j€Z,

and
{w; j(t) — ¢(icos O + jsinf + Ct)}i,jEZ € C(]0,00),12 N1%) N Cupit[0, 00).

In particular, the solution {w;;(t)}; ;7 converges to the traveling wave front ¢(icos6 +

jsin@ + ct) exponentially in time t, that is,

sup |w; ;(t) — ¢(icosf + jsind +ct)| < Ce ™™, t>0
1,JEZL

for some positive constants C' and p.
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As a corollary of the stability results, we easily prove the following uniqueness.

Corollary 2.4 (Uniqueness). Assume that (H1)-(H4) hold. For any given 6 € [0,7/2],
let ¢1(icosO+ jsinf+ct) and ¢2(icosf+ jsinf+ct) be two different traveling wavefronts
of with the same speed ¢ > c.(6). Then ¢1 is a translation of ¢o; more precisely,
there exists & € R such that ¢1(€) = ¢2(€ + &), £ € R.

Remark 2.5. (i) Motivated by the weight function in [4L8], we can also choose the same
weight function to overcome this difficulty caused by the nonlocal terms, which
is different from the weight functions in |10}13-15]. Thus, we can obtain the stability
of traveling wavefront for with the wave speed ¢ > ¢(6). This improves the
stability results for the case with the larger wave speed in [3,23,[26].

(ii) The condition d > eb/(K) + 2D(e — 1) (i.e., (H3) in [3]) and the condition d >
D(e — 1) + 3eb/(K)(1 + Ls) (i.e., inequality (2.3) in [23]) can be weaken to the
present condition (H3): d > eb/(K).

(iii) As a corollary of the stability result, the uniqueness of traveling waves is obtained

without assuming (1) and v(q) to be compactly supported.

(iv) When B(0) = v(0) =1, B(I) = v(I) = 0 for [ € Z/{0}, then (1.1)) is reduced to the
local delayed lattice differential equation (1.3)). Thus Theorem and Corollary
still hold for (1.3]).

3. Stability

Throughout this section, we assume that (H1)—(H4) hold. First of all, we recall the
existence and the comparison principle presented in [3,23] for the Cauchy problem ([1.1J)
and (1.2)), then prove our stability result by using the weighted energy method and the

squeezing technique with the help of Gronwall’s inequality.

Lemma 3.1 (Existence). For any initial function w°(s) = {w?’j(s)}i,jez € C([-m,0],1%),
(L.1)) with the initial condition (1.2) has a unique solution w(t) = {w;;(t)}, ;7 € C([-7,0],
[*°). Furthermore, if {ng(s) — ¢(icos+ jsind + cs)}ijez € C([—T,0],1%), then {w; ;(t)
— ¢(icosf + jsinf + ct)}; jez € C([0,00),1%). Similarly, if {w?’j(s) — ¢(icosf + jsinb +
cs)}ijez € Cunit[—T, 0], then {w; ;(t) — ¢(icos + jsinf + cr)}mez € Cunit]0, 00).
Lemma 3.2 (Comparison principle). Let {w; (1)}, ;o and {@m(t)}i,jez be the solutions
of (L.1) and (L.2) with the initial data {w?yj(t)}i,jez and {ng(t)}i,jez, respectively. If
0 —0 o
0 <w;;(s) <w;;(s) <K forse[-r0], ij€Z

then

0<w,;(t) <w;;(t) <K fortel0,+o0), i,j€Z.
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In what follows, we shall prove the stability theorem by using the comparison principle
together with the weighed energy method.

We assume that the initial data w”( s) satisfy 0 < ng(s) < K for s € [-r,0],4,j € Z,
and wm(s) — ¢(icos O+ jsinf + cs) € C([—7,0],12 N1>) N Cypit[—7,0]. Take

WY (s) = max {ng(s), (i cosf + jsind + cs)} ,

E?J(s) = min {ng(s), ¢(icosf + jsinf + cs)}

for s € [-r,0], i,j € Z.

According to Lemmas [3.1] and [3.2] it is easily seen that
(3.1)
0 < W, ;(t) < wsj(t), plicost+ jsind +ct) < W;;(t) < K fort € [0,+00), i,j€Z

and

Wij(t) — @(icosd + jsinb + ct), W, i(t) — ¢(icosf + jsinf + ct)
€ C([-7,0],12 N 1) N Cynit[—7, 0],

where ng(t) and Eaj(t) are the corresponding solutions of (1.1) and (1.2)) with the
initial data W?](s) and WY i(s), respectively.

3.1. A prior estimates

For the sake of convenience, we always let £ = £(t,4,7) := icosf + jsin @ + ct. Take
ui;(t) =W, ;(t) — p(icos@ + jsinb + ct), te[0,+00), i,j €Z

and

u?,j(s) :W?J(s) — ¢(icos + jsinf + cs), se[-r0], i,j € Z.

Therefore, it follows from (3.1]) that
u;j(t) >0 and ugj(s) > 0.

From ([L.1)) and (1.2), u;;(t) satisfies

dui ;(t)
dt

(3:2) +€Z Z B(l) S(E(t i ) uirigra(t = 1) + Qig(t = 1), >0

l=—00 qg=—00

u(s) = Wi (s) — 6(E(s,1,5)), 4rj € Z, 5 € [—r,0],

= Dlujy1,5(t) + wi—1,5() + wij41(t) +wij—1(t) — 4u; ()] — dui ;(t)
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where

Q’L,j =é& Z Z uz-i—l,]-i—q( ) + Cb(f(t, Z?])) - b((b(g(t’ Za])))

l=—00 g=—0©

— U (Gt ))) i 1,54(t — ],
E(t,1,5) = €(,1,5) + Lcos O + qsin — cr

and

Uit1,5(t) = Wit1,5(t) — @(E(t,4,§) £ cosB), wija1(t) = Wija1(t) — ¢(E(L, 1, 7) £ sinb).

By Taylor’s formula and assumption (H2), we have Q; ;(t —r) < 0.

Now we are going to establish a priori estimate for the solution w; j(t). Let
i 5(t) € C([0,T; 15 N1%°) N Conie[0, T] =: X(0,7)

for any given T' > 0, where X (0,7) is called the solution space. We are going to prove the
exponential decay of the solution in serval lemmas. In order to obtain a weighted energy
estimate, we need the following key inequality.

Let

B#,v(é(t’iuj)) = AM,U(f(tvivj)) - 2:“

oo [e.9]

@ -1 3 Y B @b @i ) i biza)

|=—00 g=—00 U(f(t,l,j)) 557

where

Apw(E(t,4,5))
=iz P e e S
+[ 1v<s<t7i,j—1>>}+{ Lot g e ) )

B s (i) (et 0)

_e Z Z B(1) S(Et 1 7)) [ﬂ5+v((t+r,i—'l,.j—q»1]

l=—00 g=—00 U(f(t,l,])) K5

and

Ky = eAcosG, Ky = e—)\cosﬂ, K3 = eksinﬁ’ Ky = e—AsinG’ K5 = 6)\(l cos 6+j siné)—cr)‘

Lemma 3.3. For any ¢ > c(0) and X\ € (A, \2), Auo(&(t,4,5)) > Co > 0 for some

positive constant Cy, which is independent on t, i, j, .



Stability of Traveling Wavefronts for a Delayed Lattice System with Nonlocal Interaction

Proof. Notice that 0 <V (w) < ¥/(0) for any w € [0, K| and

’Ué(g(t’%])) — _9) U(é(tai - 1)])) _ _2\cosf
v(éti,5) u(Et,i,5)) ’
U(f(tai—i_ 1)])) _ 672)\0059 U(é(taivj - 1)) _ 62)\sin9
v(&(t,4, 7)) ’ v(&(t,4, 7)) ’
v(€(t 6,5+ 1)) _ _oxsing vt + i =17 —4)) _ ax(icosb+qsing—cr)
v(&(t,4, 7)) ’ v(&(t,4, 7)) '

Thus, we have

1 1
Auw(E(t,0,5)) > 2eh — D{ [m - 62“059} + [fiz + —e
K1 Ko

1 1 .
+ |:H,3+ 6—2)\cosc9:| + |:’€4_’_ 6—2)\51n0:| —8} +2d
K3 K4

— ¢ Z Z ﬁ(l),.y(q)b/(o) |:IQ5 +e?A(lcos€+jsin9—cr)1:|

l=—00 qg=—00 K5

—2) cos 6:|

=2\ — 2D (eACOSQ +e—Acos€ +€Asin0 +6—Asin6’ _4) +2d

. Z Z )\(lcos0+jsm9 cr)

[=—00 g=—

= —QA(C, /\) =:Cy >0 for \e ()\1, )\2)

according to Lemma [2.1} This completes the proof.

1005

O]

Lemma 3.4 (Key inequality). For any ¢ > c«(6) and X € (A1, A2), there exists a positive

number py such that By ,(§(t,4,7)) > 0 for 0 < p < p1, where puy is the unique root of the

following equation

[e.9] o0

Cy — 24 — 2#1“ 6 Z Z 5 )\(lcose—i-]sme cr) 0.
l=—00 g=—
Proof. Let
F(M) =Cy — 2 — 2,u7' Z Z B A(l cos 6+j sin 6—cr)

l=—00 g=—00

for p1 € [0,400). Since F(0) = Cy > 0 by Lemma [3.3)and F/(+o00) = —oo < 0, there exists

a positive number p; such that F'(u;) = 0 according to Intermediate Value Theorem. In

addition, this conclusion holds since F'(u) < 0. This completes the proof.

Lemma 3.5. For any ¢ > c.(0), it holds that

0
(33) @ fu®)p < [[u (0] + 01/ [u®(s)|[jy ds, >0, 0< p < pur.
-T

O]
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Proof. Let v(€) be the weight function defined in (2.1). Multiplying (3.2) by e?*!u; ;(t)
v(&(t,4,5)), where > 0 will be given in Lemma [3.4] we have

1d -

T [ s (t)v(E(t,1, 5))]

— De* i j(4)v(E(t, 6, 5)) [, (8) + wimr (1) + i (8) + i1 (t) — du (1))
t,1,

+ e ()o(E(t4,5)) | - (( ((m ‘7)))) +d—

—€ Z Z G(E(t, 1, 5)))eX v(E(t i, 7))t (D) Uisrj4q(t — 1)

l=—00 g=—

= QiJ(t - T)elutui,j(t)v({(t? Z?])) <O0.

By the Cauchy-Schwarz inequality |zy| < %xz + ﬁyQ for any k; > 0,1 =1,2,3,4,5, we

obtain

kg ;(t) N ufyy (1)
2 2/@' '
Summing about all 7, j € Z and integrating over [0, ¢], this yields

w; () uixr,j£1(t) <

(3.4)

e u() — [ (0)];

/ 262“8 2. s,i,j)){—cM—i—Qd 2,u}d
< [ e [muij<s> " ,jluzal,j(s)} ¥ [u< )+ o)

" [mu%(s) " ;u%,j+1<s>] [ 0) 4 o a(0)| = 800 fols ) ds

K4

+2€/ > Z Z Bl B(E(L 1)) V(E(8, 7, §) Ui ()it jiq(s — 7) ds

’.7 l=—00 g=—00

< || oo, §<s=w>>{ {m e G

+2€/ Z Z Z B (th’])))€2MSU(£(Saiaj))ui,j(s)ui+l7j+q(8—T) ds.

1,J l=—00g=—00

Now we begin to estimate last term

2 / XYY M O(E(s,1, ) 0(E (s, 1, )1t ()41 (s — 1) ds

1,j l=—00gq=—00
in (3.4).
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In view of (H1), there exists some positive number C; > 0 such that

£ Y snpoer S LI ma) L

|=—00 g=—00 0(5(37ivj)) K5

:gb/(o)eQ/uﬂ Z Z B(l),y(q)e)\(lcos€+qsin9—cr)

l=—00 q=—00

< et/ () f: f: B(1)y(q)eNHI+laD

l=—00 q=—00

<(Cy foralli,jeZ.
It follows from (H4) that 0 < b'(w) < ¥'(0) for any w € [0, K]. Thus, we obtain
(3.5)

22 [ D03 DT B (G(E(s, i, 3))eH 0(E (s, i )iy ()i (s = 7) ds
0
ij l=—00 g=—00
S5/0 Z_Z 2 BV (DL, i ) 0 (E(s,1,3) s (5) ds

t oo oo

te [ X0 X S0 @ s i) (€l D)5 1) ds
%,j l=—o00 qg=—0o0
:E/o S ST ST B @Y (6(E(s. 1, 5))e 0 E(s, i, j))rsud ;(s) ds
4,j l=—00q=—00
”/__TZ > > 6<l)v(q>b’(¢(2(s,z',j>>)e2“%(£<s+m'—m‘—q>>%5U?,j(s)e2st

t oo oo

:5/ DD BOV@Y (B(E(s, i, 5))e*  v(E(s, i, 5))rsus ;(s) ds

0 ij iI=—c0ogq=—c0
ve [TE S S B @b OlEs e ki 1 = ) () ds
i,j l=—o00 q=—00

’ S - = v(&(s+r,i—1,5—
e X3 n@w o e L))

X iu?j(s)em” ds

Ky
< [ S3 3 BN @b o€ i el ) ds

Thus, it follows from ([3.4]) and (3.5) that
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2t 2 ! 2 2
e Ju(®)]zz +/ "oui j(s)v(E(s,,9)) Byuw(€(s, 4, 7)) ds
0

0
2“ +C’1/ Huo(s) > ds.
—r v

According to Lemma [3.4] and dropping the positive term

/ ZGQMS 2 (37i7j))Bu,u(£(37i,j))dS

< [[u"(0)

in (3.6)), we obtain the this basic energy estimate. This completes the proof. O
Lemma 3.6. For any ¢ > c.(0), there exists a large number N > 1 (independent of t and

¢) such that

sup |u;;(t)] < Cze M2t >0
1,j>N

for some positive constants Cs and 0 < ps < d — b/ (K).

Proof. According to Q; j(t —7) <0, (3.2)) can be reduced to

dui,j (t)

TR Dluiy1,5(t) 4+ wi—1,5(t) + wijr1(t) + wij1(t) — 4w j(t)] — dug j(t)

+e€ Z Z B é—(t?ZaJ))uiJrl,jJrq(t_T)'

l=—00 g=—00

(3.7)

Since w; ;(t) € Cupit([0, T, namely, lim; joo s () := Uoo(t) exists uniformly in ¢ € [0, 7.

Now, let us take limits as ¢, j — oo, then from we have

duo (t)
dt

Since b'(K) > 0, integrating over [0,t], we can obtain

/Otuoo(S—T)ds:/_tT_Tuoo(s)dsS/Otuoo(s)ds+/_iugo(s)d8

0

t
(3.9) Uso(t) < [ (K) — d}/o Uso(s) ds + 5b'(K)/ ul,(s) ds 4+ u,(0).

-7

(3.8) < —duco(t) + &b (K)uoo(t — 7).

and

By the Gronwall’s inequality, (3.9) yields

Hm |u;j(t)] := Juso(t)] < Cye M2t
1,J—»00

where 0 < pg < d—eb/(K). Thus, we immediately obtain that, there exists a large number
N > 1 which is independent of ¢t and & such that

sup |u;j(t)] < Cse ™2t ¢ >0.

This completes the proof. O
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Lemma 3.7. For any ¢ > c,(0), it holds that

0 1/2
sup N]ruz-,jwgo4e—w<>|u0<o>||;+ [ @) =0 0<n<m
1,j€(—00, v —r v

for all t > 0 and some positive constant Cy.

Proof. Since the weight function satisfies
v(€) =e M >e MW >0 for £ € (—o0, N,

by the standard Sobolev’s embedding inequality [? < [°°, then it follows from (3.3) in
Lemma [B.5] that

sup i (8)] < ()2 ony < € N0 lip(—oony < M Nu®)lizr)

,j€(—00,N]
0 1/2
122 +/ Huo(s) 122 ds)

for t > 0, 0 < u < pp and some positive constant Cy. The proof is complete. ]

g@am@wm

According to the Lemmas and one has immediately the conclusion.

Lemma 3.8. For any ¢ > c.(0), it holds that

sup ‘le(t) — ¢(icosf + jsinf + ct)’ = sup |u; j(t)] < Cse
1] 1,J

for some positive constant Cs, where p € (0, min {p1, po}).

3.2. Proof of Theorem

Let
v;,j(t) = M,j (t) — ¢(icosf + jsinb + ct)
and
v)j(s) = WP;(s) — $licost + jsin 0+ cs).
We can similarly prove that W, ;(t) converges to ¢(icost + jsin6 + ct), i.e., the following

lemma holds.

Lemma 3.9. For any ¢ > c.(0), it holds that

sup ‘W”(t) — ¢(icosO + jsin6 + ct)| = sup |u;;(t)| < Cge
1, 1,J

for all t > 0 and some positive constant Cg, where p € (0, min {1, ua}).
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Thus, we can easily obtain the following lemma.

Lemma 3.10. For any c > c.(0), it holds that

sup |W; j(t) — ¢(icos @ + jsinf + ct)| < Ce M
0,

for allt > 0 and some positive constant C, where p € (0, min {p1, pa}).
Proof of Theorem [2.3] Since the initial data satisfy W, ;(s) < Wi;(s) < Wy (s), s €
[—7,0], it follows from Lemma that the corresponding solutions of (1.1) and ([1.2)

satisfy
W, (t) < Wii(t) < W, ;) foralt>0, ijé€Z.

According to Lemmas the squeeze method yields

sup |W; j(t) — ¢(icos @ + jsinf + ct)| < Ce M
0,

for all ¢ > 0 and some positive constant C'. This completes the proof. O

4. Uniqueness of traveling waves

This section is devoted to the proof of Corollary [2.4] i.e., the uniqueness of the traveling

wavefronts can be obtained.

Proof of Corollary 2.4l According to Theorem 2.3 of [24], any two traveling wavefronts
possess the same exponential decay at —oo. Therefore, there exist two positive constants
A and B such that

$1(€) ~ Ae ™ML gy (€) ~ Be™ Bl as ¢ — —o0

where A\; = A1(c) > 0 is defined in Lemmal[2.1)and ~ is the sign of equivalence. Let us shift
¢2(icos O+ jsinf+ct) to ¢a(icosd+ jsind+ct+mcosf+nsinf) with the constant shift
& :=mcosf + nsinf. By taking £ — —o0o, obviously £ + & < 0. Choosing &) = % In %,

we have
B2 (€ + &) ~ Be Mgl — Beri(E+éo) — Beribo—Mlel — ge—MEl 44 €= —o0

and
o (€ + &) — d1(6)] = 0(1)e ™l € 12, for a < Ay, as € — —oo.
And then, we take the initial data for by

w?,(s) = gbg(iCOSH—F]'SiHe—FCS‘FEO), ENS [—7",0], Za] € Z.
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Obviously, the corresponding solution to (1.1]) is
w; j(t) = Ppa(icos + jsinf + ct + &).
Applying the stability theorem, i.e., Theorem we obtain

lim sup |¢2(icosh + jsinf + ct + &) — ¢1(icosh + jsinf + ct)| = 0,

t—o0 i,jEZ
ie., ¢o(icos® + jsinb + ct + &) = p1(icosO + jsinf + ct) for all 4,5 € Z, as t > 1. In
view of the arbitrary of i, j we have { =icos + jsinf + ct € R and ¢2(§ + &) = ¢1(€).
This completes the proof. O

5. Applications
In this section, we apply our results to some biological models.

Example 5.1. We first investigate the discrete diffusive Nicholson’s blowflies model on
2D lattices
dwi,j (t)

b Dlwit1,;(t) + wi—1,;(t) + wij+1(t) + wij—1(t) — dw; ;j(t)] — dw; (1)

(5.1) o oo
Tep Z Z BV @QWit1,j+4( — r)e_“wwl,ﬂq(t—?‘),

l=—00 g=—00

which is the discrete-version in [5,6,/13,14]. Let b(u) = pue™® for 1 < ep/d < e, where a, p,
d are positive constants, then w_ = 0and wy = K := é In <2 are the two equilibria of (5.1]).

It is easily checked that (H2)—(H4) hold. According to Theorem [2.3[and Corollary we

can obtain the following results.

Theorem 5.2. Assume that (H1) and 1 < ep/d < e hold. For all traveling wavefronts
@(icosf + jsin @ + ct) with the wave speed ¢ > ¢, (0), if the initial data satisfies

0< ng(s) <K forsel[-r0], i,j€Z,

and the initial perturbation ng(s) — ¢(icosf + jsinf + cs) is in C([—r,0],12 NI>®) N
Cunit[—7,0], where v = v(icos + jsin + ct) is the weight function given in (2.1)), then
the solution {wj;(t)}, ;¢

exponentially in time t, that is,

5 converges to the traveling wave front ¢(icos® + jsin® + ct)

sup |w; ;(t) — ¢(icosf + jsind +ct)| < Ce ™, t>0
1,jEZL

for some positive constants C' and p.
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Corollary 5.3. Assume that (H1) and 1 < ep/d < e hold. For any given 6 € [0,7/2], let
¢1(icos@+ jsinO+ct) and ¢2(icosd+ jsinf+ ct) be two different traveling wavefronts of
(5.1)) with the same speed ¢ > c4(0). Then there exists &y € R such that ¢1(§) = Pp2(§+&o),
£ eR.

Example 5.4. Now we consider the discrete diffusive Mackey-Glass model model on 2D
lattices
dwi ;(t)

o = Plwis() + wio1j(6) +wigan () + wij-1(8) — dwi (1)] — dwi (1)

bep Y0 Y Blle) )

i 1+ awitij1q(t —7)

(5.2)

where D, d, p, a are positive constants. ([5.2]) can be regarded as a discrete version in
[546,/13/14]. If ep/d > 1, then ([5.2]) has two equilibria w_ = 0 and wy = K := (ep—d)/(ad).
Moreover, b(w) = pw/(1 + aw) satisfies (H2)-(H4). Thus, we easily obtain the following

results.

Theorem 5.5. Assume that (H1) and ep/d > 1 hold. For all traveling wavefronts
@(icosf + jsin @ + ct) with the wave speed ¢ > ¢, (0), if the initial data satisfies

0< ng(s) <K forsel[-r0], i,j€Z,

and the initial perturbation ng(s) — ¢(icosB + jsind + cs) is in C([—7r,0],12N1®) N
Cunit[—7,0], where v = v(icos + jsin + ct) is the weight function given in (2.1)), then
the solution {w;;(t)}; ;c; converges to the traveling wave front ¢(icos6 + jsinf + ct)
exponentially in time t, that is,

sup |w; ;(t) — ¢(icosf + jsind +ct)| < Ce ™™, t>0

1,JEL
for some positive constants C' and p.

Corollary 5.6. Assume that (H1) and ep/d > 1 hold. For any given 6 € [0,7/2], let
¢1(icos@+ jsin@+ct) and pa(icosh+ jsin@+ ct) be two different traveling wavefronts of
(5.1) with the same speed ¢ > c4(0). Then there exists &y € R such that ¢1(§) = Pp2(§+&o),
& eR.
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