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New Results for Second Order Discrete Hamiltonian Systems

Huiwen Chen*, Zhimin He, Jianli Li and Zigen Ouyang

Abstract. In this paper, we deal with the second order discrete Hamiltonian system
Alp(n)Au(n — 1)] — L(n)u(n) + VW (n,u(n)) = 0, where L: Z — R¥*¥ is positive
definite for sufficiently large |n| € Z and W (n,z) is indefinite sign. By using critical
point theory, we establish some new criteria to guarantee that the above system has
infinitely many nontrivial homoclinic solutions under the assumption that W(n, z) is
asymptotically quadratic and supquadratic, respectively. Our results generalize and

improve some existing results in the literature.

1. Introduction
In this paper, we investigate the following second order discrete Hamiltonian system
(1.1) Alp(n)Au(n —1)] — L(n)u(n) + VW (n,u(n)) =0, VneZ,

where u € RN, p, L: Z — R¥*N  Au(n) = u(n + 1) — u(n) is the forward difference, and
VW (n,u) denotes the gradient of W(n,u) with respect to u. As usual, we say that a
solution u(n) of system is homoclinic (to 0) if u(n) — 0 as |n| — oco. In addition,
if u(n) # 0 then u(n) is called a nontrivial homoclinic solution. Iy denotes the N x N
identity matrix.

Discrete Hamiltonian system can be applied in many different areas, such as chemistry,
control theory, physics, and so on [11,|15]. The discrete Hamiltonian system has found
a great deal of interest last years because not only it is important in applications but it
provides a good model for developing mathematical methods. For more information on

discrete Hamiltonian systems, we refer the reader to [1}2].
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In the past ten years, many authors have studied the existence and multiplicity of
homoclinic solutions for system via variational methods, see [5H8. /1214|1620, 23].
Most of them treated the superquadratic case [5}6,8,/12-14,(16,/19,123]; the subquadratic
case can be found in [17/18,123]; and except for [7], there are only a few papers that have
studied the asymptotically quadratic case. Besides, among them, except for [6,(7}/16,1823]
all known results were obtained under the assumption that L(n) is positive definite for all
n e Z.

In this paper, motivated by the above papers, we study the existence of infinitely
homoclinic solutions for system under more relaxed assumptions on L and W, which

generalize and improve some results in the references that we have mentioned above.

1.1. The asymptotically quadratic case

In 2014, by using the variant fountain theorem, Chen and He [7] obtained the following

theorem.
Theorem 1.1. Assume that the following conditions are satisfied.

(F1) L(n) is an N x N real symmetric matriz for all n € Z and l(n) = inf,cgn jy=1
(L(n)u,u) = +00 as |n| — co.

(Fg) W:Z xRN — R and W (n,u) is continuously differentiable in u for every n € Z.

(F3) W(n,u) = 34/ lu> 4+ F(n,u), where i/ >0 and i’ ¢ o(A) (A is defined in 2.1), and

o denotes the spectrum,).

(Fa) a(n) |u]l < (VE(n,u),u), [VE@n,u)| < bn) [ul7" + &n) [ul"", ¥(n,u) € Z x
RY, where a,/l;, ¢: Z — R are positive functions such that a,/l; e /N (Z,R), ¢ e
PICPNZ,R) and 1 <7 < 2,1 <7 < 2 are constants, F(n,0) = 0, F(n,u) =
F(n,—u) for all (n,u) € Z x RV,

Then system (L.1|) (with p = Iy ) possesses infinitely many nontrivial homoclinic solutions.

A natural question is whether system possesses infinitely many nontrivial homo-
clinic solutions if p’ € o(A) or ' < 0. In order to solve the question, the main difficulties
are: how to prove the boundedness of the (PS) (or (C)) sequence of the corresponding
functional and how to check that the variational functional has mountain pass geometry.
To overcome these difficulties, we have to find some new methods and techniques.

We will use the following conditions:

(R1) L(n) is a real symmetric matrix for all n € Z and there exists 0 < & < 2 such that

I(n) |n|~7 = oo as |n| — oo where I(n) = infy,ern juj=1(L(n)u, u).
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(R2) VW (n,u) = V(n)u+VF(n,u), where V: Z — RV*N is bounded symmetric N x N
matrix-valued function.

(R3) F(n,0) =0 and there exist m}, m} > 0 and max {%, 14%3} < v < vy <1 such that

|VF(n,u)| <mj|ul" +mhu”>, V(n,u)eZxRY.

(Ry) W:Z xRN — R and W(n,u) is continuously differentiable in u for every n € Z.

(Rs) W(n,—u) =W(n,u), V(n,u) € Z x RV,
0]

(Re) limy, 0 Wf%‘z = 400 uniformly in n € Z.

(R7) W(n,u) =2W(n,u) — (VW (n,u),u) — 400 as |u| — oo uniformly in n € Z.
(Rs) Wi(n,u) >0,V (n,u) € Z x RV,

Up to now, we state our main result.
Theorem 1.2. Assume that (R1)—(Rs) hold. Then system (1.1) (with p = In) possesses
infinitely many nontrivial homoclinic solutions.
1.2. The supquadratic case

In 2006, by using the symmetric mountain pass theorem, Ma and Guo [13] obtained the

following theorem.

Theorem 1.3. Assume that the following conditions are satisfied.
(W1) p(n) >0 for alln € Z.

(W2) L(n) >0 for all n € Z and lim, o L(n) = +o0.

(W3) There exists a constant p > 2 such that

0< pW(n,x) < VW (n,x)z, V(n,x)€Z xR\ {0}.

(Wy) VW (n,z)| = o(|z]) as |z| — 0 uniformly for n € Z.
(W5) W(n,—z) =W(n,z), ¥(n,z) € Z x R.

Then system (1.1)) (with N = 1) possesses an unbounded sequence of homoclinic solutions.

W (n,z)

e +o00 uniformly for all

Remark 1.4. The condition (W3) implies that lim,
n € Z, and

1
§VW(TL,CC)LE —W(n,x) > (g - 1> W(n,x) — +oo as |u| — oo.
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In 2011, by using the symmetric mountain pass theorem, Lin and Tang [12] obtained

the following theorem.
Theorem 1.5. Assume that the following conditions are satisfied.
(Wg) p(n) is a real symmetric positive definite matriz for all n € Z.

(W7) L(n) is a real symmetric positive definite matriz for all n € Z and there exists a

function 1: 7 — (0,00) such that T(n) — 00 as n — oo and

~

(L(n)u,u) >1(n) [ul*, V(n,u)eZ xR,

(Wg) W(n,u) = Wi(n,u) — Wa(n,u) for every n € Z, Wi and W are continuously

differentiable in u, and
1
~— |[VW(n,u)| = o(|u]) as |u| —0
I(n)
uniformly in n € 7.

(Wo) W(n,—u) = W(n,u), V(n,u) € Z x RV,

(Wig) For any T > 0, there exist 71,72 > 0 and vy < 2 such that

0< (2 + — ) W(n,u) < (VW (n,u),u),

V(n,u) €Z x {u e RN : |u| >7}.
(W11) For any n € Z, limg_, o 52 min, - W(n, su) = +oo.
Then system possesses an unbounded sequence of homoclinic solutions.

Remark 1.6. The conditions (W1g) and (Wy1) imply that

%(VW(n,u),u) —W(n,u) > ! W(n,u) — +oo as |u| — oco.

In 2013, by using fountain theorem, Chen and He [6] obtained the following theorems.
Theorem 1.7. Assume that (Wg), (Wg) and the following conditions hold.
(B1) L(n) is a real symmetric matriz for all n € Z and l(n) = inf ,cpn =1 (L(n)u, u) —
+o0 as |n| — oco.

(B2) limjye0 % = 400 uniformly for alln € 7Z.
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(B3) There exists A > 0 such that W(n,u) > —\|u|? for all (n,u) € Z x RV,
(B4) W(n,0) =0 and there exist My > 0 and v > 2 such that

VW (n,u)| < Mo <|u| + |uy”—1) . V(n,u) €ZxR".

(Bs) There exist p > 2, mg >0, 0<m; < (p—2)/2 and 0 < 0 < 2 such that
(VW (n,u),u) — pW(n,u) > —mg [ul* — my(L(n)u, u) — ma(n) |ul’ — ms(n),
Y (n,u) € Z x RN, where my € 12/?=9(7,RY) and ms € I*(Z,R").
Then system possesses an unbounded sequence of homoclinic solutions.
Theorem 1.8. Assume that (Ws), (Wg), (B1)—(Ba4) and the following condition hold.

(Bg) There exist vg > v —1, ¢ >0 and Ty > 0 such that
(VW (n,u),u) = 2W (n,u) > clu™, VneZ v |ul > T,
(VW (n,u),u) > 2W(n,u), VnezZ,V|u <Ti.

Then system (1.1)) possesses an unbounded sequence of homoclinic solutions.

Remark 1.9. The conditions (Bgz) and (Bg) imply that

[ul”? = 400 as |u| > .

(VW (n,u),u) — W(n,u) >

o

1

2

In 2013, by using the symmetric mountain pass theorem, Tang and Chen [16] obtained
the following theorems.

Theorem 1.10. Assume that (Ws), (Wy), (B1) and the following conditions hold.

(B7) W(n,u) is continuously differentiable in u for every n € Z, W(n,0) = 0, and there
exist constants cg > 0 and Tg > 0 such that

YW (n, )| < colul, ¥ (n,u) € Zx R, [u] < Tp.
(Bs) lim, o0 % =400 for alln € Z, and
Wi(n,u) >0, forall(n,u)€Z xRN, |u| > To.

(Bg) W(n,u) = L(VW (n,u), u)—W(n,u) > g(n), ¥V (n,u) € ZxRY, where |g| € I*(Z,R),
and there exists ¢c1 > 0 such that

W (n,u)| < e |ul?Wi(n,u), V(n,u)eZxRY, |ul >T.
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Then system (1.1)) possesses an unbounded sequence of homoclinic solutions.

Remark 1.11. The conditions (Bg) and (Bg) imply that

W(n,u) > 7]W(n, u)

5— — +oo  as |u| — oo,
c1 |ul

Theorem 1.12. Assume that (Wg), (Wg), (B1), (B7)—(Bs) and the following condition
hold.

(B1o) There exist p1 > 2 and p2 > 0 such that

PIW (n,u) < (VW (n,u),u) + pa ul*, V(n,u) € Z xRV,

Then system (1.1]) possesses an unbounded sequence of homoclinic solutions.

Remark 1.13. The conditions (Bg) and (Bjg) imply that

W(n,u) — +oo as |u] = oo.

In this paper, using a different approach to that of [6,/12,/13,/16], we establish the
existence of infinitely many nontrivial homoclinic solutions for system (1.1)) under more
general conditions, which generalize and improve the results mentioned above.

We will use the following conditions:

(Hy) limyy oo ngréu) = +o0 uniformly for all n € Z, and there exists M > 0 such that

W(n,u) >0, Y(nu)€ZxRY, |u>M.
(Hs) W(n,u) = L(VW (n,u),u) —W(n,u) > h(n),V (n,u) € ZxRY, where h € I'(Z,R),
1m0 W(n, u) = +oo for all n € Z and there exists Ty > 0 such that

Wi(n,u) >0, Y(n,u)eZxRY, |jul>Tp.

(H3) There exist n > 2, ko >0, 0<k; < (n—2)/2,0< & < 2 and T > 0 such that
(VW (n,u), u) — W (n,u) > —ko [ul* — ki (L(n)u, w) — ka(n) [u|™ — k3(n),
V(n,u) € Z xRN, |u| > T, where ko € 12~®)(Z,R*) and k3 € I1(Z,R™).
Up to now, we state our main results.

Theorem 1.14. Assume that (Wg), (Wo), (B1), (Bs4) and (H;)—(Ha) hold. Then sys-

tem (1.1]) possesses an unbounded sequence of homoclinic solutions.
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Remark 1.15. Theorem [[.14] generalizes and improves Theorems [I.3] and [I.5} First, it
is easy to see that condition (B;p) is weaker than (Wz) in Theorem and (W7) in
Theorem Secondly, we remove (W,4) in Theorem and (Wg) in Theorem
Lastly, (W3) in Theorem implies (Hz), as do (Wyo) and (Wi1) in Theorem see
Remarks [[L4] and

Remark 1.16. Theorem generalizes and improves Theorems and In
fact, as stated in Remarks and we can deduce condition (Hz) from the
supquadratic conditions of Theorems and

Remark 1.17. There are many functions W (n,u) satisfy our Theorem [1.14] - but they do

not satisfy Theorems I . . n and - For example, let W (n,u) = |ul* (Jul* +

sin ul®) + [uf® (1 = 1/(1 + |u])) — 20 |ul.

Theorem 1.18. Assume that (Ws), (Wo), (B1), (Ba), (H1) and (Hs) hold. Then sys-

tem (1.1)) possesses an unbounded sequence of homoclinic solutions.

Remark 1.19. Theorem [1.18| generalizes and improves Theorems and In
fact, (W3) in Theorem (Bs) in Theorem or (Byp) in Theorem implies our
condition (Hsz). Furthermore, there are many functions W (n, u) satisfy our Theorem [1.18]

but they do not satisfy Theorems and For example, let W (n,u) = 5 +1n2 ]u\(j—
2
2[ul” (1 =1/(1 + [u])).

The remainder of this paper is organized as follows. In Section [2, we give the proof of
Theorem In Section [3, we give the proofs of Theorems and

2. The asymptotically quadratic case

In the following, we will present some definitions and lemmas that will be used in the

proof of our result. As usual, for 1 < ¢ < +o00, j=1o0r N, let

19(Z,R7) = {{“(”)}nez cu(n) eRI,n e Z, Z lu(n)|? < —I—oo}

neL

and

ZOO(Z,]Rj) = {{u(n)}neZ cu(n) € R/, ne Z,ilelg lu(n)| < —|—oo} ,

and their norms are defined by

1/q
[ull, = (Z IU(n)!q> ,VuelI(Z,R); lull,, = SEEIU(H)I, Vu € 1™(Z,R7),

neL
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respectively. It is well known that (9(Z, R") is a Banach space for each ¢ > 1 and [?(Z,RY)

is a Hilbert space with the following inner product:

(u,v)9 = Z(u(n),v(n)), u,v € 1%(Z,RY).

ne”

Now, we study the following difference operator:

A(w)(n) = —=A%u(n — 1) + L(n)u(n), u = {u(n)},; € D(A),

21) D(A) = {u e B(Z,RY) : Au € 2(Z,RV)}.

Lemma 2.1. [23] Assume that L satisfies (R1). Then, operator A is self-adjoint, has a

pure discrete spectrum, and is bounded from below.
Let D(A) and R(A) be the domain and range of K, respectively.

Lemma 2.2. [23] Let A be a self-adjoint operator on a Hilbert space Y. Then, A =
U |A|, where |A| is nonnegative and self-adjoint and U is partially isometric operator
on R(|A|). And, |A| has one nonnegative and self-adjoint second root |A|1/2. Further,
D(A) = D(JA|) € D(|A|Y?), D(|A]) is the core of |A|Y?, |A| = UA = AU, |A|U = U |A|,
and |A|Y?U = U AV

If A is self-adjoint, then there is a spectral family E such that A = [¢dE(s) (see, |21,
Theorem 7.17]). And, by the discussions on |10, p. 358], one has

+00 +oo
2) A= [ B, 14 = [ dE), U =1- E0) - B0-),

where I is the identity operator. By Lemma the distinct eigenvalues of A can be
ordered as py < po < -+ — 00. Let H; be the eigenspace of A with respect to u;, P; be the
orthogonal projection from 1?(Z,RN) to H;. Hence, the spectral family of A is

Hi<p

Let X := D(|A\1/2) be the domain of the self-adjoint operator |A]1/2, which is a Hilbert

space equipped with the inner product and norm given by
1/2
(w,0)o = (1412w, A2 0)2 + (w,0)2, - lullg = (u,u)y/
for u,v € X.

Lemma 2.3. (23] If (Ry) holds, then (X, |- ||y) is compactly embedded in 19(Z,RN) for
each 1 < q € (2/(147),+o0].
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By Lemma the spectrum o(A) consists of eigenvalues numbered by 71 < 12 <
« < M < -+ = 00 (counted in their multiplicities) and a corresponding system of
eigenfunctions {e,,}, Ke, = nmen, which forms an orthogonal basis in 12(Z, RY).
Set

(24) nm=t{i|n <0}, n’=t{i|n=0}, n"=n" 40
and let
(2.5) PZ,R Y =1"al’al"

be the orthogonal decomposition in 1?(Z, RY) with

I~ =span{er,...,e -}, 1°=span{e,—41,... €m0},

M= (1" @1°%* =span{e,sq,...}.

Now we introduce on X the following inner product
(2.6) (u,0)s = (A2 0, |42 0)2 + (1,00
and the norm

1/2

(2.7) Jull = (u, u)"",

where u = 4~ +u® +ut and v = v~ +0° +v1 with respect to the decomposition (2.5)). It
is easy to verify that || -|| and || - ||, are equivalent, see [23]. Thus, there exist My, My > 0
such that

(2.8) My lull < lJullg < Mz [ull
for any u € X. By Lemma there exists N, C; > 0 such that
(2.9) lully < Ngllull,  ull, < Cqllullg

forany u e X and 1 < ¢ € (2/(1 + o), +].

Remark 2.4. Tt is easy to check that X possesses the orthogonal decomposition
X=X"oXpXx"

with

X =17, X°=1° and XT=XnNI"=span{e,iy,...}

where the closure is taken with respect to the norm || - ||,. Evidently, the above decompo-

sition is also orthogonal in [2(Z,RY).
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By (2.2)) and (2.3), we have
(2.10) Uu=(I-E0)—EO0-))u=u—(u"+u°)—u =u" —u"

for any u € 12(Z,RY). For g € C1(X,R), by Dyg(z) denote the Fréchet derivative of g at
z in (X, (-,-)o). Introduce the following functional on D(|K|"/?):

(2.11) flu) == %(|A|1/2 Uu, |A|Y?u)y, Vue D(K|V?).
By (2.10), we obtain
Flu) = A (u — ), A1)y
(2.12) = SOAP =), JAT2 (4 ),
= Ut P = Py, Yue DIAP?).
Lemma 2.5. [23] If (R1) holds, then the functional f is C* in (X, (-,")o), and
(213)  Dof(u)v = ((I — (|JA|+ I)"HUu,v)o = (A2 Uu, |A|Y?v)s, Vu,v e X.

Lemma 2.6. Assume that (R1)—(Ra4) hold. Then the functional ®: X — R defined by

= W(n,u(n))
nez
(2.14) .
:§(Hu+” |u™ H ZWnun , YuekE
nez

is well defined and of class C'(X,R) and
(2.15) Do®(u)v = (|A|Y2 Uu, | A" v)y — (VW (-,u),v)2, Vu,ve X.
Furthermore, the critical points of ¥ in X are solutions of system (L.1|) with u(+oo) = 0.

Proof. By using the same methods in |7, Lemma 2.6], we easily obtain the aforementioned

result, and we omit it here. O

Lemma 2.7. [9] Let X be an infinite-dimensional Banach space and ® € C'(X,R) be
even, satisfy the (PS) condition, and ®(0) = 0. If X =Y @ Z, where Y is finite-

dimensional, and ® satisfies
(G1) @ is bounded from below on Z;

(Ga) for each ﬁm’te dimensional subspace X C X, there are positive constants p = p()?)
and o = «(X) such that <I>]B < 0 and (I)‘aB,m)? < —a«, where B, = {x € X :

lzllg < p}-
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Then ® possesses infinitely many nontrivial critical points.

Remark 2.8. As shown in (3], a deformation lemma can be proved with (C) condition
replacing (PS) condition, and it turns out that Lemmaholds true under (C) condition.
We say that @ satisfies (C) condition, i.e., for any {u,,} C X, {un} has a convergent
subsequence if ®(u,) is bounded and (1 + [[um||y) [[Do®(um)|| — 0 as m — oo.

Define Xj = Rej,

k S
(2.16) Ze=PX, Z.=X; keN
=0 j=k

Lemma 2.9. Under assumption (Ri), for1 <7 € (2/(1+7),+0o0],

(2.17) Br(t) = sup |ull, =0 ask — oco.
UEZk
l[ullo=1

Proof. Tt is clear that 0 < Bii1(7) < Bi(7), so that Br(r) — B(1), k — oo. For every
k > 0, there exists uj € Zj, such that ||ug|l, =1 and ||ug||, > Bx/2. For any v € X, let
v =12, bie;, by the Cauchy-Schwartz inequality, one has

00
52
i=k 0

[o.¢]
= Z Hbj-e,-Ho —0 ask — oo,
0 i=k

© J—
|(uk, v)o| = | <Uk,zbi€i>

i=1
ib?ez-
i=k

0

< Jlull

which implies that u; — 0. It follows from Lemma that ux — 0 in 19(Z,R"Y). Thus
we have proved that 5(7) = 0.
By Lemma we can choose a positive integer kg > n™ + 1 such that

1

2.18 2o -

2

[[ully

where m(, = sup,,¢z, [supxeRN7‘x|:1(V(n)x, m)} O
Now we give the proof of Theorem [1.2

Proof of Theorem [1.2} Let Y = Yy, Z = Zy,. Obviously, ® € C*(X,R) be even and
®(0) = 0. In the following, we will check that all conditions in Lemma [2.7| are satisfied.
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First, we verify condition (G1) in Lemma 2.7 By (Rz), (Rs), (2.8), (2.9) and (2.13),

we have
1 o 1, _2
O(u) = 5 [ut | =5 lu " = D W(n,u(n)
nel
Lo
= 5 lull® = " W u(n))
(2.19) nez
1 2 2 1 1
> g G =l — o el 23— s 2
1 2 1 1 1 1
> gz Iells = mACy Tully = mb Ot ull ™ — oo
2

as ||ullg = oo and u € Zy,.
Secondly, we verify condition (Gz) in Lemma Let X C X be any finite-dimensional

subspace. Then there exists T' > 0 such that
1
M}

(2.20) lully < T ull3, VueX.

By virtue of (Rg), for T' given above, there exists a constant § > 0
(2.21) W(n,u) > Tul*, VneZand |u| <.
By (2.9), for any u € X with lully < §/Coo, there holds

(2.22) Jull. < 6.
In view of (2.8)) and ([2.20)—(2.22)), we have

D) = 5 [t > = 5 [ *+ 32 WG, )
neZ

1
< Lt = 3 W, un))
(2.23) . neZ
<3 [ut))* =T fu(n)?
neL
1 2
< —27]\/[12 [[ullo

for any u = u~ + u® + ut € X with |lullyg < 6/Co. Then there exist p = p(X) > 0 and

a = a(X) > 0 such that
®(u) <0, YVue B,NX; ®u)<—a, VuedB,NX.

Finally, we will show that ® satisfies (C) condition. Assume that {u,,} C X is a
(C) sequence of ®, that is, {®(u,,)} is bounded and

(2.24) (1 + [lumllo) [Do®(um)|| =0 as m — oo,
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then there exists a constant fg > 0 such that
(2.25) ()| < To, (14 [[tmllg) [ Do®(um)]| < To

for every m € N. Since the norms || - || and || - ||, are equivalent, we will use the norm || - ||

in the following discussions for convenience. We choose k > n™ 4+ 1 large enough such that
(2.26) ul|? > 2m{ |ul5, Yu < Z,

where m{ = sup,¢z [supxeRNJx‘:l(V(n)x,x)]. We now prove that {u,} is bounded
in X. In fact, if not, we may assume by contradiction that ||u,| — oo as m — oo.
Let wp = Wy + Umy 2m = Um/||um||, then ||z = 1, 2z, = wp + vy, € X, where
W, = W/ ||Umll; vm = Om/l|umll, Wm € Yi, Um € Z. After passing a subsequence, we
obtain z,, — z, Wy, = w, and ¢ = lim,,—,c ||vm|| exists.

Case 1: ¢ = 0. Since dimY}, < oo, then we obtain that ||w,| — ||lw| = 1. By virtue

of (2.25]) that
3Th > 28 (um) — Do® (tm)tm

> Z W (n,um(n)) — (VW (n,um(n)), um(n))) .
nez

(2.27)

By (Ry), for Ry > 3%0, there exists Ry > 0 such that
(228)  W(n,u) =2W(n,u) — (VW (n,u),u) > Ry, VYn€Z, |u > Rs.

For any € > 0, define A, := {n €Z:|w(n)| >¢c} and Ape == {n €Z: |up(n)| > ¢/2}.
First, we claim that there exists €9 > 0 such that

{neZ:|un)| >e} #0, Yu€eY with [[ul| =1.

Arguing indirectly, for any positive integer i, there exists u; € Y% \ {0} such that
1
(2.29) T, = {n €Z: |wi(n)| > z} =0,

where w; = w;/||u;||. Passing to a subsequence if necessary, we may assume w; — wg in
X for some wy € Y}, since dim Yy < oco. Evidently, ||wg|| = 1. By the equivalence of the

norms on the finite-dimensional space Y}, we have w; — wy in 1%(Z, RN ), i.e.,

(2.30) Z lwi(n) —wo(n)]* =0 as i — oco.

Thus there exists €1 > 0 such that

(2.31) Yo ={neZ: lw(n)| >e1} # 0.
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In fact, if not, for all positive integers i, we have
1
(2.32) Yo = {n €Z: |wo(n)| > Z} =0.

This implies that

1
0< t < 5 lwoll3 / :
< wo(n)|* < 5 lwoll; >0 asi— o
nez
Hence wg = 0 which contradicts that ||wgl||, = 1. Thus, (2.31) holds.

Now let )
Q={ne€Z:|wn)|>e}, Q= {n €Z:|wi(n)| < z}

By (2.29)) and (2.31)), we have

QoNQ #0

for all positive integers ¢. Let ¢ be large enough such that %51 — % > 0. Then we have

Y lwi(n) —wo(m)* = Y |wi(n) — wo(n)|®

neE”L nEQgﬂQi

vV vV
| =
[~
E g
7 N\ &
3
| = e
N— |
vV
[a)
g
g
S
o

for all large 4, which is a contradiction to (2.30). Thus, the claim above is true. Hence,
there exists € > 0 such that A, :=={n € Z: |w(n)| > e} #0.

By ([2.9), we obtain

N
Z|m g—HmH —0 asm — co.
nez

Then we have §(A; \ Ape) — #A. as m — oo. Therefore, there exists V) > 0 such that
lzm(n)| >¢/3,Vn € A \Amg and m > N, then we have |u,(n)| > S lumll, Vn € Ao\ Ape
and m > N{. By (Rs), and -, we get
3T > ZW(n,um(n)) > Z Ry > Ri asm — oo,
nez nGAg\AmE
which gives a contradiction, since ﬁl > STO
Case 2: ¢ > 0. By (R2), (R3), - and Holder’s inequality, we get

To > Do®(tm) 0 = |[Tm]|* — Z(VW(n,um(n))ﬂm(n))
nez

> [Omll* = [(V()um(n), Bm(n) + (m) | ()" + 1 g ()| [Om (n)]
(2.33) neZ

—_ 2 _ _
[ ]” — m6 va||2 ml ||Um||2y1 [Vmlly — m/2 ”um”ZzQ/Q Tl

Y

v1+1 vo+1

AV

L o
5 Ball? = i N3, [ =y Na G2, [l
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Divided by ||um||* on both sides of (2.33)), we obtain

CZ
0> 5 > 0,
which gives a contradiction.
Therefore, {u,,} is bounded in || -||. Consequently, {u,,} is bounded in || - ||,. Next,
we show that {u,,} has a convergent subsequence in |- ||,. In view of the boundness of

{um}, without loss of generality, we may assume that

0 0

(2.34) U, — uy ut = ut, = u, upy, —u’ i,

Now, we show that u,, — w in ||-||. By (2.15]), we easily obtain that
2
Hujn — u+H = (Do® () — Do®(u))(u) —u™)

+ (VW (- um) — VW (- ), ul —u™)s.

m

(2.35)

It is clear that
(2.36) (Do® () — Do®(u))(u), —u™) =0 asm — oo.

By (2.9), (2.34), Lemma and the Holder’s inequality, we have
(VW (- um) — VW (- u),ut —ut)g

=D (YW(n, um(n)) = VW (n,u(n)), uf(n) — u*(n))
neEL

(2.37) < (mf et llp + % a5, + 1 [ 52, [, — ¥

V1

+ (mg [[ully +mh [lull,,

+mp [lul5,) [[u, — ",
< (mo Ny [[uml| +mi NG, ml72) [, = ]

+ (moNa [[ull +mi Ny, [lul™ +moNg3, [[ul*?) [Juf, —w ][, =0

lum I + m5 N3,

as m — oo. Therefore, by (2.35)-(2.37), we get [ju,; —u™| — 0 as m — oo, which,
together with the fact that dim(X~ @ XY) < oo, yields that u,, — win || -||. Consequently,
Um — win || -||,. Hence, ® satisfies (C) condition.

By Lemma [2.7] we get that ® possesses infinitely many nontrivial critical points, that

is, system (|1.1]) possesses infinitely many nontrivial homoclinic solutions. O

3. The supquadratic case

Before establishing the variational setting for system ([1.1)), we have the following;:
Remark 3.1. Tt follows from (By) that there exist a > 0 such that L(n) := L(n) + aly are

real symmetric positive definite matrices for all n € Z.
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In what follows, we always assume that p(n) and L(n) are real symmetric positive
definite matrices for all n € Z. Let I(n) = infueRNv‘u‘zl(f(n)u, u),

H={{u(n)}, ez : u(n) eRY n ez},

= {u € H: Z (n+ 1)Au(n), Au(n)) + (L(n)u(n),u(n))] < +oo}

neL
and for u,v € X, let
(u,0) = > [(p(n + 1)Au(n), Av(n)) + (L(n)u(n), v(n))] ,
nez

and the corresponding norm is

1/2
[Jul| = {Z [(p(n + 1)Au(n), Au(n)) + (L(n)u(n), u(n))] } , VueX.

ne”

Then X is a Hilbert space with the above inner product. As usual, for 1 < ¢ < 400, j =1
or N, let

19(Z,R7) = {{u(n)}nEZ cu(n) ERI,neZ Z lu(n)]? < —i—oo}

nel

and

1°(Z,R7) = {{“(”)}nez cu(n) €RI n € Z,ilgz) lu(n)| < —i—oo} ,

and their norms are defined by

1/q
[ull, = (Z IU(n)|q> , Vu € lYZ,R); ull,, = sup lu(n)|, Vu € 1™(Z,R),

neEL

respectively.
Lemma 3.2. [17] Foru e X,
1
== Vot o

where p1 = inf {(p(n)x,:):) :n€Z,xcRY |z| = 1} and oo = inf {Z(n) in e Z}.

(3.1) ]

[[ull,

Lemma 3.3. [18] Assume that L satisfies (B1). Then X is compactly embedded in
19(Z,RN) for any 2 < q < oo, and

(3.2) ull? < 05 [(02 + 401)02] @D/ ||ul|?, Vue X,

St ) o] =004
(3.3) S Ju(m < (2t de)el” T VueX, No> 1.
e mingg >, 1(s)
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Define the functional ® on X by

(3.4) O(u) = 5 Jull* ~ 5 ull3 — 32 W, u(m))
nez
Then ® € C'(X,R) and one can easily check that
(3.5)
(@ (u),v) = Y [(p(n + 1) Au(n), Av(n)) + (L(n)u(n), v(n)) — (VW (n,u(n)), v(n))]

nez

for any u,v € X. Furthermore, the critical points of ® in X are the solutions of sys-
tem with u(£o0) = 0, see [7,18].

In this section, the following fountain theorem will be needed in our argument. Assume
that X is a Banach with the norm || - || and X = m, where X are finite-dimensional
subspaces of X. For each k£ € N, let Y}, = @?zo Xj, Z = m The functional ®
is said to satisfy (PS) condition if any sequence {u;} such that {®(u;)} is bounded and

®’(u;) — 0 as i — oo has a convergent subsequence.

Theorem 3.4. [4,22] Suppose that the functional ® € C1(X,R) is even. If, for every
k € N, there exist pp > r > 0 such that

(A1) ay := max,cy;, ®(u) < 0;

l[ull=p

(Ag) by = inquZk,HuH:rk @(u) — 400 as k — oo;
(Az) @ satisfies (PS) condition.
Then ® possesses an unbounded sequence of critical values.

Remark 3.5. As shown in [3], a deformation lemma can be proved with (C) condition
replacing (PS) condition, and it turns out that Theorem [3.4]holds true under (C) condition.
We say that @ satisfies (C) condition, i.e., for any {u,,} C X, {un} has a convergent
subsequence if ®(u,,) is bounded and (1 + |[up]) [|®' (um)|| — 0 as m — oco.

Now we give the proof of Theorem

Proof of Theorem [1.14] We choose a completely orthonormal basis {e;} of X and define
X; = Rej, then Z;, and Y}, can be defined as that in Theorem @ Obviously, ® €
C1(X,R) is even. Next we will check that all conditions in Theorem are satisfied.
Step 1. We verify condition (Az) in Theorem Let A = supyeyz, (ju=1 llully and
Br = supycz, |ul=1 llull,, then Ay — 0 and B — 0 as k — oco. The proof is similar to the
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proof of Lemma In view of (3.4) and (B4), we have

D) = 5l 5wl — 2 Wn,u(n)
ne”L

. 1,2 a, 9 2
(36) > L l? &l — o (sl + )

v

1 a y v
5 Il = A2 (5 + Mo ) llul* = DB [lull”

Since A\ — 0 as k — 00, there exists a positive constant N1 such that

9 (Q 1
. — < - > .
(3.7) Ak(2+M0)_4, Vk> N
By (3.6) and (3.7)), we obtain
1 v
(3:8) Ou) = 4 lull® = Mo [[ul”, Yk > Ni.
We choose 11, = (8Moﬁg)1/(2*”), then
(3.9) by = 'f<1>()>12 Vk>N
- o= g ez gk k2N
lull=rk

Since B — 0 as kK — oo and v > 2, we have
bp > +o0 as k — oc.

Step 2. We verify condition (A;) in Theorem Since dim Y}, < oo and all norms of

a finite-dimensional normed space are equivalent, there exists M; > 0 such that
(3.10) flul| < My ||lully,, Yué€ Y.

In view of (H;) and (By), there exists 7 > 0 such that

(3.11) W(n,u) > =7 |u*, V(n,u)eZxRY.

By (Hy), for My = (1 + g% + ﬁ) M?, there exists § = 6(Mz) > 0 such that
(3.12) W(n,u) > M |u*, V|u| >0, VneZ,

where 7 is given in (3.11)) and a is given in Remark For any u € Y, there exists
no = no(u) € Z such that |u(ng)| = |lul|,. In view of (3.2), (3.4) and (3.10)—(3.12), we
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get

D(u) = ; A D DA ORI

ne’
=3 HUH -5 H 15— Y Wn,u(n) —W(ng,u(n))
n€Z\{no}
1 a
< 5l = &l - Mz u(ng) P~ Y Wn,u(n
n€Z\{no}
1 a - —
<SP+ S 347 Y fun) - N ful
ne€Z\{no}

IN
|
[

for all u € Y, with |ju|| > M15. Thus, we can choose |lu|| = px large enough (pp > 7%)
such that

l[ull=px
Step 3. We prove that ® satisfies (C) condition. Let {u;} be a (C) condition sequence,

that is, {®(u;)} is bounded, and (1 + [Ju;||) [|®'(u;)]] — 0 as i — oo. Hence there exists
D5 > 0 such that

(3.13) Dy > — (P (u;),ui) — ®(u;).

N

We now prove that {u;} is bounded in X. In fact, if not, we may assume by contradic-
tion that ||u;|| — oo as i — oco. Let v; := w;/||u;]|. Clearly, ||v;|| = 1 and there is vy € X
such that, up to a subsequence,

(3.14) vi =~ v in X,
(3.15) vi = vy i 19(Z,RY), 2 < g < +oo as i — oo.

Since v; — wp in X, it is easy to verify that v;(n) converges to vp(n) pointwise for all
n € N, that is,

(3.16) lim v;j(n) = wvo(n), VneN.

1—00

Case 1: vg = 0.
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Case 1.1. Assume that for any n € Z, there exists a constant D3 such that |u;(n)| < D3
as ¢ — 00. By (By), there exists Dy > 0 such that

(3.17) W(n, ui(n)) < == |ui(n )+
In view of (3.4)) and (3.17)), we get
1 a
D) = 5 il = 2 = S W, i)

/4 ju(n)]*, VieN, neN.

nez
1 2 a 2 My o MyDy™? 2
(3.18) > =l = 5 llwill; = > | 57 [wi(m)? + ——2— |us(n)]
2 2 2 v
neZ
1, o (a My MyD}™? 9
EMM—<2+2—%‘4WMT

Divided by ||us]|* on both sides of (3.18), it follows from (3.15) and {®(u;)} is bounded
that there exit € € (0,1/2) and Ny € Z such that

1
(3.19) 5> g>

N =

for i > Ny, which is a contradiction.
Case 1.2. Assume that there exists ng € Z such that |u;(ng)| — oo as i — oco. For
0 <@ <asy, let

(3.20) Qi(al,ag) = {n eZ:a1 < |uz(n)| < 62} .

Thus, ng € Q;(Ty, +o0) for large i € N, and it follows from (3.4), (3.5)), (3.13), (Hz) and

Fatou’s Lemma that

Do (@ (ui), ui) — D(uy)

- %( (VW (n,us(n)), ui(n)) — W(n,uz-(n))>

[\D\*—‘

> W (no, ui(no)) — bl = +o0 s i — oo,

which is a contradiction.
Case 2: vg # 0. Since {®(u;)} is bounded, there exists M3 > 0 such that

1
(3.21) (ui) = 5 [|uil* — ||Uz||2 > Win,ui(n)) > —Ms.
nez
Divided by ||u;|* on both sides of (3.21)), it follows from Remark [3.1] that
(3.22) 3 Wi, wilm)

1
nezZ il s 2 ||UZ||

< +00.
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Let A:={n € Z:vp(n) # 0}, then A # ). For any n € A, we have lim;_, |u;(n)| = +oc.
Hence A C Q;(M,+o0) for large i € N, it follows from (H;), and Fatou’s Lemma that

W(n,u;(n W (n,u;(n W (n,u;(n
Z( (n)) _ >y (n,ui(n) 3 (n,ui(n))

nez il ne; (M,00) s neQ; (0,M) s
W(n,u;(n 1 Mv2
2 B TR ) X e
neQ; (M,00) s neQ; (0,M)

> 3 Mm(n”?_% (; M:_2

5T >—>+oo
02

neQ; (M,o00) |ul (n) |2

as @ — oco. This contradicts (3.22)). Therefore, {u;} is bounded in X, that is, there exists
My > 0 such that

(3.23) [|lul| < My.

In view of the boundedness of {u;}, we may extract a weakly convergent subsequence that,

for simplicity, we call {u;}, u; = win X. Next we will verify that u; — w in X. By virtue

of (By), and (3.23), we have
Z (VW (n,ui(n)) — VW (n,u(n)), u;(n) — u(n))

neZ
< (VW (i) + VW (n, u(m) ) fus(m) = ()|
neZ
< Moy (lus(m] + us(m) "™ ) Jus(m) = ()
neL
B2 0o Y (jum) + ) fus(n) = u(n)]

neL

< Mo (lually + lualls s ) las = wlly + Mo (lully + lulls, ) lhus = wull,
< 8o (ol C ™) s =l + Mo (ol + ) s =

< M5 ||u; —u|ly =0 asi— oo,

_ 1
where C' = 05 [(02 + 401)02] /] &
It follows from u; — u and (3.24)) that

and My = My(——= My+CMy™ 1+H“||2+||“H2u 2)-

v
i = wl® = (@' (us) — @' (u), ui — u)

+ Z (VW (n,ui(n)) — VW (n,u(n)),u;(n) —u(n)) — 0,
nez

as ¢ — oo. Thus, ® satisfies (C) condition.



424 Huiwen Chen, Zhimin He, Jianli Li and Zigen Ouyang

It follows from Theorem that ® possesses an unbounded sequence {c;} of critical
values with ¢; = ®(u;), where u; is such that ®'(u;) = 0 for j = 1,2,.... If {|ju;||} is
bounded, then there exists R > 0 such that

(3.25) |u;]| < R for j € N.

Thus, from (3.4)) and (By4), we have

1 2 a 2
3 lusll™ = ¢ + 5 lluylly + > W(n,u;(n))
nez

> ;= My Y (Jus(m)” + us(m)]")

nez

1 2 v
> ¢ - My ( I + Ca s )
02
where C1 = 05 " [(02 + 4@1)Q2](2_”)/4. It follows that
e < 2l + Mo ([ = 1wl + Cr us || ) < +oo
7= 1M 0 0 J 1ty .

This contradicts the fact that {¢;} is unbounded, and so {||u;||} is unbounded. The proof
is completed. O

Now we give the proof of Theorem [1.18

Proof of Theorem [1.18] The proof of Theorem [I.1§]is similar to that of Theorem In
fact, we only need to prove that ® satisfies (C) condition. Let {u;} be a (C) condition
sequence, that is, {®(u;)} is bounded, and (1 + |lug||) ||®’(u;)]] — 0 as i — oo. We now
prove that {u;} is bounded in X. In fact, if not, we may assume by contradiction that

|ui|| = oo as i — co. We take v; as in the proof of Theorem [1.14]

Case 1: vy = 0. In view of Remark (13.2)), (3.4), (3.5), (B4), (H3) and the Holder’s

inequality, we get

= (3 1) lall® = a (5 = 1) huall3 + D (VW s (), s () = WV (s ()

neL
> (-1l —a (3 -1) fwills - 260 +m > (@) + uw))
ne,;(0,T)
— Y [P + k(L m)usn), ui(n) + ka(n) [ua(n)[7 + k()]
neQ; (T,+0c)
(3200 = (51 luil®—a (g 1) Il - Mo +m) Y (Jw@I + uin)”)

neQ;(0,7T)

= Y [Rolwm)P + ki (L)), win)

neQ; (T,+o0)
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+ ko) Jus ()| + g (n) = aky Jug(n) |

-2
> (”2 - k1> sl = Ja (5 = 1) + Mo(1+m) (1 +T72) + ko [Jus 3

~ lk2llayo—r) lluilly = ksl

-2
> (772 — kl) ||Ui||2 - [a (g — 1) + Mo(1+mn) (1 +T”72) + ko} HUiH;

L\ /2 B
— | — k — || Uq - k
(5) " Mealyamry sl = el

for some D5 > 0. Divided by ||u;]|* on both sides of (3.26)), noting that 0 < ki < (7—2)/2
and 0 < K < 2, we obtain

(n—=2)/2 -k

2
(3.27) ol > =5

>0 asi— oo,
where Dg = [(% — 1)a + Mo(1 +n)(1 4+ T"~2) + ko|. It follows from and that
vg # 0. That is a contradiction.

Case 2: vy # 0. The proof is the same as the one in Theorem [1.14] and we omit it
here. Therefore, {u;} is bounded in X. Similar to the proof of Theorem we can
prove that {u;} has a convergent subsequence in X. Hence, ® satisfies (C) condition. The

proof is completed. O
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