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New Eigenvalue Inequalities for the Hadamard Product and Fan Product of

Structured Tensors

Yangyang Xu*, Guinan He, Licai Shao and Zimo Chen

Abstract. The spectral radius of nonnegative tensors and the minimum H-eigenvalues
of strong M-tensors are two types of tensor eigenvalues with important research sig-
nificance, which promotes the tensor eigenvalue inequality to become an important
component in tensor analysis. In this paper, based on Brualdi-type and Brauer-type
eigenvalue inclusion sets of tensors, some Brualdi-type inequalities on the spectral
radius for Hadamard product of two nonnegative tensors and some Brauer-type in-
equalities on the minimum H-eigenvalue for the Fan product of two strong M-tensors
are provided, respectively. In addition, the theoretical comparisons between the newly
obtained inequalities and some previous ones are investigated. Finally, some numer-
ical examples are reported to show the feasibility and effectiveness of our theoretical

results.

1. Introduction

Let C (R) denote the set of all complex (real) numbers, R, denote the set of all nonnegative
numbers, and R’ , denote be the set of n-dimensional positive vectors. An m-th order
n-dimensional complex (real) tensor A = (a;,iy...i,,) is a multidimensional array [19] with

entries
Qijyig-img € C (ahiz---im € R), ij e N= {1,2, .. .,n}, VRS {1,2, .. .,m}.

An m-th order n-dimensional tensor A = (aj,i,..i,,) 15 nonnegative if all its entries are
nonnegative, i.e., @;iy..i,, > 0. The m-th order unit tensor Z = (9;,iy..5,,,) [19] is defined
as a diagonal tensor with entries

1 itdig=ig=--=ip,

5i1i2---im - .
0 otherwise.
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In 2005, the concept on eigenvalue-eigenvector of a tensor was proposed by Qi [19] and
Lim [16], independently. For an m-order n-dimensional tensor A = (a;,iy..,, ), if there is

a A € C and a nonzero column vector = (21, xa,...,2,)" € C" such that
AZEm_l — )\l’[m_l],

where Az™! and 2™~ are n-dimensional column vectors whose i-th component is de-

fined as

m—1 m—1 m—1 _m—1 m—1\T
(Az )i = E QiigeimTig " Lipy s alm=1l = (A N A

12,...,im €N

then the pair (A, x) is called an eigenvalue-eigenvector pair of A. In particular, the pair
(A, x) is called an H-eigenpair of A if A € R and x € R™. The spectral radius of A is
defined as p(A) = max{|A| : A € o(A)}, and the minimum H-eigenvalue of A is defined
as 7(A) = min{Re(\) : A € o(A)}, where Re()) is the real part of the eigenvalue A, and
o(A) denotes the set of all eigenvalues of A.

Tensor eigenvalue theory plays an important role in different fields, such as magnetic
resonance imaging [19], positive definiteness of the multivariate polynomials [18], spectral
hypergraph theory [9,23] and etc. However, the accurate calculation of tensor eigenvalues
is a tedious and challenging task when the order and dimension of tensors are very large.
As a result, some researchers consider investigating the eigenvalues of tensors by the form
of inequality [2,3[10}/11,/13}|32}/34,35], which becomes one of the interesting topics in tensor
analysis. The spectral radius of nonnegative tensors and the minimum H-eigenvalue of
strong M-tensors as two important tensor eigenvalues have attracted the attention of a
large number of scholars, and the detailed inequalities can be found in [2}/3}/7,[10l12-14.37].

The Hadamard product of two m-th order n-dimensional tensors A = (aiiy...i,,) and
B = (biyiy-i,,) [20] is defined by Ao B = C = (Ci ig-ip, )y WHETE Ciyigeniyy, = Qiyigereipy, Diyigervip -
Under the Hadamard product of tensors, the closed properties of some structured tensors
including complete Hankel tensors, strong Hankel tensors, completely positive tensors and
strong H-tensors, strictly diagonally dominant tensors, doubly strictly diagonally dom-
inant tensors, B-tensors and C-tensors are obtained in [21},22,30,39]. The Hadamard
product of matrices, as we know, has been involved in estimations of spectral radius for
nonnegative matrices, and readers can refer to the related literature [5]8,/15,(17,[38]. As a
high-order generalization of the matrix, some authors consider using the Hadamard prod-
uct of tensors as an effective tool to investigate spectral radius inequalities of nonnegative
tensors. By extending to some spectral radius inequalities of nonnegative matrices, some
inequalities on spectral radius for Hadamard product of two nonnegative tensors are given
in [2529-31}133], but in some cases, the previous inequalities may not be well approxi-

mated the spectral radius for Hadamard product of two nonnegative tensors. Based the
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above facts, this paper will give some new inequalities on the spectral radius p(A o B) for
two nonnegative tensors A and B.

For a real number s > 0 and a nonnegative tensor B, a Z-tensor A = (@i,iy..i,,) Can
be written as A = sZ — B, where A is called a Z-tensor if its all off-diagonal entries are
nonpositive, i.e., @; iy..i,, < 0. If s > p(B), then A is called an M-tensor. If s > p(B), then
A is called a strong M-tensor. More results of M-tensors can refer to the literature [4,36].
Given two m-th order n-dimensional tensors A = (a;,iy..i,,) and B = (b iy..i,,,). The Fan
product of A and B [22] is defined as A * B = C = (¢i,iy.i,,) With its entries

ijibii-.i ifig =dg = =iy =i,
ci1i2"'im =
—|@iyigeing Diyig-in,| Otherwise.

As shown in [22], it is not difficult to know that the Fan product of two strong M-
tensors is a strong M-tensor. The above facts are the higher-order generalization of
the matrix cases. In the past few decades, the Fan product of matrices is a useful tool
for investigating the minimum H-eigenvalue of matrices [5}|15,(17,138]. Analogous with
spectral radius inequalities for the Hadamard product of two nonnegative tensors, the
minimum H-eigenvalue inequalities for the Fan product of two strong M-tensors has also
caused extensive attention from scholars, and some of the latest papers can be found
in [24,26-28],33]. In this paper, we will continue to focus on the minimum H-eigenvalue
inequalities for the Fan product of two strong M-tensors.

This paper is organized as follows: In Section [2] we reviewed some existing concepts
and results which are useful in the subsequent analysis. In Section [3] we provide some
inequalities on spectral radius for the Hadamard product of two nonnegative tensors. In
Section [4] some inequalities on minimum H-eigenvalue for the Fan product of two strong
M-tensors are obtained. To verify the effectiveness and sharpness of newly proposed

results, some numerical examples are reported in Section [}

2. Preliminaries

For the convenience, some used concepts on the directed graph are recalled as follows.

Definition 2.1. [1] Let A = (a;;) with n > 2 be an n xn matrix. Then I'4 is the directed

graph on n vertices V' = {v;}' |, consisting of an arc v;vj from v; to vertex v; if and only

if a;; # 0 for any ¢ # j. Moreover, a circuit of I'4 is a sequence v of vertices i1, 42, ..., %p,
ip+1 = i1, where p > 2, i1,12,...,1p are distinct, and v, v}, v, V5, - - ., Vi,V are arcs of
T4

Note that a digraph I' 4 [3,6] is associated with A = (@i, iy..i,,) as follows: the vertex
set of Iy is V(A) = {1,2,...,n}, and the arc set of I' 1 is E(A) = {(i,7) : Giig-in, # 0,5 €
{iQai37"'7im} 7& {Z7Za : 71’}}
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Definition 2.2. [1] Let V' = {v;}?_; be the set of n vertices. If there exist directed paths
from v; to vj and v; to v; for any i,j € V (i # j), then I is called strongly connected.

Definition 2.3. [1] Let A = (ai,iy-.-i,,) be an m-th order n-dimensional tensor. If I' 4 is

strongly connected, then A is said to be weakly irreducible.

As a high-order generalization of matrix spectral results, we revisit Perron Frobenius
theorem in [6] and spectral invariance under the diagonal similarity transformation of

tensors in [35] as follows.

Lemma 2.4. [6] Let A = (a;iy..i,,) be an m-th order n-dimensional weakly irreducible
nonnegative tensor. Then A has a positive eigenpair (p(A),x), and x is unique up to a

multiplicative constant.

Lemma 2.5. [35] Let A = (a4 iy-i,,) and B = (biyiy.i,,) be two m-th order n-dimensional

tensors. If there is a positive diagonal matriz E = diag(ej,ea,...,e,) such that B =
m—1

—
A-E-m=UE...E where By, .., = ail...ime};meb ---e,., then o(A) = o(B).
Inspired by the spectral results of nonnegative tensors, there are the following minimum
H-eigenvalue results of strong M-tensors, and the readers can refer to the literature

[71[2528].

Lemma 2.6. [7,28] Let A = (aiyiy...i,,) be an m-th order n-dimensional weakly irreducible

strong M-tensor. Then there is a positive vector u such that
Au™ "t = (A,

Lemma 2.7. [25] Let A = (aiiy..i,,) be an m-th order n-dimensional strong M-tensor.
Then

T(A) S min Qjj..q-
1EN

The eigenvalue inclusion sets of tensors, which can be found in [2,3], play an important
role in investigation of tensor eigenvalue inequalities. Before concluding this section, we

restate the related results as the following lemmas.

Lemma 2.8. [3] Let A = (ai,iy.i,,) be an m-th order n-dimensional tensor such that I' 4

18 weakly connected. Then

sA<c U {)\ e C: [ = i) < HRi(A)},

~eC(A) 1€y 1€y
where C(A) is the set of circuits of T a, and Ri(A) = i, . imeN, |Qiigerin |-
dig-rim=0
Lemma 2.9. [2] Let A= (aiyiy-i,,) be an m-th order n-dimensional tensor. Then
oA C | {z€Ctlz—aiil™ Mz — ajjy] < (Ri(A)™ 'R (A}

i:jEN:
i#j
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3. Brualdi-type inequalities for spectral radius of the Hadamard product of two

nonnegative tensors

In this section, some Brualdi-type inequalities of the Hadamard product of two nonneg-
ative tensors are given, and some theoretical comparisons between the newly proposed

inequalities are established.

3.1. Brualdi-type inequalities for p(A o B)

Theorem 3.1. Let A = (aiyiy.i,,) and B = (biyiy...i,,) be two m-th order n-dimensional

nonnegative tensors such that I" 4o is weakly connected. Then

iy vyEC(AoB) iy
Proof. We prove the inequality (3.1) by the following cases.
Case 1. 1If both A and B are weakly irreducible. According to Lemma there
exist two vectors z = (z1,22,...,2,)! € R%, and y = (y1,¥2,.. L)t € R , such that
Az = p(A)zlm=1 and By™! = p(B)y!™~1, which implies that

(3.2) aii...i.%';n_l + Z Qijigeipg Lig * * * Ly = p(.A)x;”_l
12,...,imEN,

i im =0

and
(3.3) biivit] D bitginYin e Yim = p(By
19,0y im EN,
dig-im=0
for all i € N. Define a positive diagonal matrix D = diag(x1y1,...,Znys). It follows from

m—1
—
Lemma 2.5 that o(A o B) = o((A o B)D~(m=1'D... D). Combining Lemma [2.8 and the
equalities (3.2) and (3.3)), there is a circuit v € C(A o B) such that

H(P(A o B) — aj;...ibjj...i)

1€y
< H Z Qg iy Tig ** * Tipy Viinviy Yio =+ Yim
— xmfl m—1

i€ iz, imEN, i Y

iig-im=0
(3.4) a

dineiy Tin  * * Ty, biig-wvivg Yio * * " Yim

SII( Y (30 o)

i€y Nis,im€N, L i9yerimEN, Yi
i im =0 idg - im =0
== A — Ajj...5 B —buz S max { A — Ajj...5 B —bmz }
[0t e p(B) ~ i) < s { LT ~ - o(8) = i
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Case 2. Fither A or B is weakly reducible. Without loss of generality, suppose that
both A and B are weakly reducible. Let Ac = A + %IC and B, = B+ %lC, where K =
(Kiyig-i,,) 1s a tensor with its entries k;,j,...;,, = 1. Obviously, both A, and B, are weakly
irreducible tensors for the sufficiently large number ¢ > 0. Substituting A and B by
A. and B. in the inequality of Case 1, respectively. Then lim¢ . A = A and
lim._, o0 Be = B, and hence the inequality is derived by the continuity [35] of p(A¢)
and p(Be) with letting € — +o00. The proof is completed. O

Suppose that A = (a4 iy.i,,) and B = (biyiy.i,,) are two m-th order n-dimensional

nonnegative tensors, two useful notations are defined as a; = maxg and

tig- i =0 Mita-im

B; = maxg biiy..i,,- With the help of the quantities a; and [;, we provide the

iig-im=0

following results.

Theorem 3.2. Let A = (Giyiy-in,) and B = (biyiy...i,,) be two m-th order n-dimensional

nonnegative tensors such that I" g0 is weakly connected. Then

(35) H(p(.A o B) — a”lb”l) < max { H [alﬁl(p(A) - CLuZ)(p(B) - b”z)] 1/2}.

i€y VE€C(AB) 1€y
Proof. For the inequality (3.5]), we prove the result under two cases.
Case 1. If both A and B are weakly irreducible. Then it follows from Lemma [2.4] that

there are two vectors u = (2%,23,...,22)T € R", and v = (y},43,...,y2)T € R?, such

rrn

that Au™ 1 = p(A)ul™1 and Bu™1 = p(B)vI™~1 and then for all i € N, it yields

(3.6) aii...i$?(m71) + Z Qg Toy - T2 = p(.A)x?(mfl)
i2,--.,im€N,

iig- i =0

and

(3'7) buzyf(m_l) + Z bii2"'imyz‘22 PN y?m = p(B)yf(m—l)
12,0 tm EN,

iig-im =0

Let E = (e;;) be an n x n positive diagonal matrix with its entries e;; = x;y; for alli € N.
m—1

According to Lemma o(AoB) =c((AoB)E~-(m~-V'E... E). By the Cauchy-Schwarz

inequality and combining Lemma and the equalities and , there is a circuit

v € C(Ao B) such that

H(P(A o B) — aj;...ibjj...i)

1€y
< H Z Qi Tig ** * Tipy Viinvviy Yio =+ Yim
— :Emfl m—1

i€7 i2,...imEN, i Y

i im =0
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2 2 2\ 1/2 2 2 9\ 1/2
Qiiy-rvim Tiy """ iy O3yein Vi Vi,
SII( X fempagte) (X e

i€y Nig,..im€N, i i2,..sim €N, Y;
119 im =0 339 im =0
1/2
=[] (@iBi(p(A) — aiii) (p(B) = b))
1€y
< max a;Bi(p(A) — ay...; B) — bj..; 1/2}.
< vem@){g( 5i(p(A) — ais.) (p(B) — bi. )

Case 2. Either A or B is weakly reducible. Without loss of generality, suppose that .4
and B are two weakly reducible tensors. Similar to the proof of Case 2 in Theorem
the inequality (3.5 follows. The proof is completed. O

Theorem 3.3. Let A = (Giyig-in,) and B = (biyiy...i,,) be two m-th order n-dimensional

nonnegative tensors such that I" g0 is weakly connected. Then

(3.8) [I(o(A0B) = aiiibii.i) < max {H Bi(p —aii...i)}.

iy ~veC(AoB)

Proof. The presented argument is divided into two cases as follows.
Case 1. If A is weakly irreducible. From Lemma [2.4] it follows that there exists a

vector © = (z1,22,... ,xn)T € R, such that Axm—1 = p(A)x[m*”, and for all i € N,
then
(3.9) Giiei] Y iy Ty - Ty, = p(A)2 T

i27"'7imeN7

iigerim =0

Define a positive diagonal matrix D = diag(z1,z2,...,2,). According to Lemma

m—1
—
o(AoB) = o((AoB)D-(m=1DD... D). Combining Lemma and the equality (3.9),
there is a circuit v € C'(A o B) such that

H(P(A o B) — aj;...ibij...i)

1€y
< H Z iy iig iy Tig * * * Ty < H B; Z Qjjg- iy Lig ** * Ly,
3.10) a ! —a !
( . ) 1€Y 12,..,im EN, i i€y  i2,...,im€EN, i
iig--im =0 i im =0
= H Bz (P( — Qgj.. z) < max H Bz — Qj5-4) (-
veC(AoB) )

1€y

Case 2. If A is weakly reducible. Let A. = A+ 1K, where K = (kjiy...i,) is an
m-th order n-dimensional tensor with its entries k;,;,...;,, = 1. Obviously, A is a weakly

irreducible tensor for the sufficiently large number ¢ > 0. Substituting A by A in the
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inequality (3.10) of Case 1, it is evident that lim¢, . Ac = A, and hence the inequal-
ity (3.8) is obtained by the continuity [35] of p(A¢) with respect to € — +o00. The proof
is completed. ]

Due to the fact that the Hadamard product of two nonnegative tensors satisfies the
commutative law, the following result is immediately derived similar to the proof of The-
orem

Corollary 3.4. Let A = (aiyiy.i,,) and B = (bj,iy..i,,,) be two m-th order n-dimensional

nonnegative tensors such that I" 4o is weakly connected. Then

(3.11) [[(e(A0B) = aiiibiii) < max {Hal — by )}

iy ~veC(AoB)

Combining Theorem [3.3] and Corollary . we obtain the following inequality for
p(A o B), which improves the inequalities (3.8]) and ( -

Corollary 3.5. Let A = (aiyiy.i,,) and B = (i iy..i,,,) be two m-th order n-dimensional

nonnegative tensors such that I" 405 is weakly connected. Then

H(P(A o B) — aji...ibii..i)
(3.12) < {

<m

max Hﬁl — Qjj..j), Max a;(p(B) — bnz)}

vyEC(AoB) veC (AoB) icny

3.2. The comparisons of the Brualdi-type inequalities for p(A o B)

Define h( ) HzE’y(u — auzbuz), where u belongs to H = (maxieN aulbu“ +OO) For

two nonnegative real numbers k; and ko, set
Spy ={u€ H:h(u) <k}, Sk, ={ueH:h(u) <k}

Then Sy, C Sk, if k1 < ka. Given two m-th order n-dimensional nonnegative tensors
A = (aj iyi,,) and B = (biyiy..i,,) such that T' 405 is weakly connected. For v € C(A o B)
and i € v, if (p(A) — ayi...i) (p(B) = bii..i) < (=)aifB;, then

[T = ais i) (p(B) = bizi) < (=) [] (0sBilp(A) = ii-.i)(p(B) = bisi)) 2.
1€y 1€y

Based on the above analysis, we obtain the following comparisons between the upper
bounds for p(A o B) characterized by the inequality (3.1]) in Theorem and the inequal-

ity (3.5) in Theorem
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Theorem 3.6. Let A = (aiyiy-i,,) and B = (biyiy...i,,) be two m-th order n-dimensional
nonnegative tensors such that I' 4o is weakly connected. Then the following conclusions
hold:

(1) If (p(A) — aiji) (p(B) = bij...i) < iy for alli € vy and v € C(Ao B), then the upper
bound for p(Ao B) in Theorem 1s not less than the one in Theorem .

(2) If (p(A) — ajjoi) (p(B) = bij...i) > i for alli € v and v € C(AoB), then the upper
bound for p(Ao B) in Theorem s not less than the one in Theorem .

The following is the theoretical comparison between the upper bound for p(.A o B) in
Corollary [3.5 and the one in Theorem [3.1] under certain conditions.

Theorem 3.7. Let A = (Giyiy-i,,) and B = (biyiy...i,,) be two m-th order n-dimensional

nonnegative tensors such that I" 405 is weakly connected, and

min { [T 8:(o(A) = asii), [ ] ilo(B) — bii~~~i)} = [ Bi(p(A) = i)

1€y 1€y i€y
Then the following conclusions hold:

(1) If (p(B) — bis...i) < B for all i € v and v € C(A o B), then the upper bound for
p(Ao B) in Corollary s not less than the one in Theorem .

(2) If (p(B) — byj...i) = B for all i € v and v € C(A o B), then the upper bound for
p(Ao B) in Corollary 1s not larger than the one in Theorem .

Proof. (1) For all i € v and v € C(Ao B), it follows that [[;c. (p(A) — asii)(p(B) —
bii-i) < [lie, Bi(p(A) —aji...;), which yield that the upper bound for p(AoB) characterized
by the inequality (3.1) in Theorem is not more than the one characterized by the

inequality (3.12) in Corollary The proof is completed.
(2) It is similar to the proof of Theorem 1), and hence we will not elaborate further.

The proof is completed. O

Remark 3.8. When min { [Lic, Bi(p(A) = @iii), [ Lier, ip(B) — bii..i)} = [Lic, ci(p(B) —
bi;...i), and then similar to Theorem the following comparisons can be obtained.
(1) If (p(A) — aiji) < o for all i € v and v € C(A o B), then the upper bound for
p(A o B) characterized by the inequality (3.1) in Theorem is not more than the
one characterized by the inequality (3.12)) in Corollary

(2) If (p(A) — ajj..;) > «; for all i € v and v € C(A o B), the upper bound for p(A o B)
characterized by the inequality (3.1)) in Theorem is not smaller than the one
characterized by the inequality (3.12)) in Corollary
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To illustrate the sharpness of the upper bound for p(A o B) in Corollary the
relationship between the upper bounds for p(Ao B) characterized by the inequality (3.12])
in Corollary and the inequality (3.5 in Theorem is obtained as follows.

Theorem 3.9. Let A = (Giyiy-in,) and B = (biyiy...i,,) be two m-th order n-dimensional
nonnegative tensors such that I' g0 is weakly connected. Then the upper bound for p(AoB)
characterized by the inequality in Corollary 1s sharper than the one characterized
by the inequality in Theorem .

PTOOf. If min{ Hiey ﬁl(p(.A) — an-...i), Hzey ( ( ) b” R } HZE’Y ﬁz( ( ) aul) fOl“
all v € C(A o B), and obviously, 8;(p(A) — aji...i) < a;(p(B) — by;...;) for all i € ~, then

[T (ciBi(p(A) = @) (p(B) — b)) ? > 11 8i(p(A) = aii..c).

1€y 1€y

If min { Hieﬁ/ /BZ(/)(.A) - aul) Hieﬁ/ Z(p(B) - b”ft)} = Hieﬁ/ az(p(B) — bzzz) for all
v € C(Ao B), then B;i(p(A) — aji...;) > a;(p(B) — byi...;) for all i € v, and hence

[T (aBi(p(A) — i) (p(B) — bis)) " = [T (o (B) = by,

Therefore, the upper bound for p(A o B) characterized by the inequality (3.12]) in Corol-
lary is sharper than the one characterized by the inequality (3.5 in Theorem O

4. Brauer-type inequalities on the minimum H-eigenvalue for the Fan product of
two strong M-tensors

In this section, we give some Brauer-type inequalities for the Fan product of two strong M-
tensors, and establish the theoretical comparisons between the lower bounds for 7(A x B)

characterized by newly obtained inequalities and some existing ones in [24}26}33].

4.1. Brauer-type inequalities for 7(.A x B)

Theorem 4.1. Let A = (aj,iyi,,) and B = (biyiy-in,) be two m-th order n-dimensional

strong M-tensors. Then

(aii.nibiivi — T(A* B))" " (j5.bjjuj — T(A X B))

S (max { Qgg...5 — T(A))m_l(bml - T(B))m_l(ajj...j - T(A))(bjj...j - T(B))},
J)EQ

(4.1)

where Q@ = {(i,5) | i € N,j € N,i# j} is a double indicator set.

Proof. In order to prove the inequality (4.1]), we consider two cases as follows.
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Case 1. If both A and B are weakly irreducible. Then both A and B are two
weakly irreducible strong M-tensors. According to Lemma there are two vectors x =
(1, 22,...,2,)" € R%, and y = (y1,¥2,--- Jyn) ! € R" , such that Az™~1 = 7(A)zlm—1
and By™ ! = 7(B)y!™~1, and for all i € N, we obtain

(42) aii...i.’bzmil + Z Qijigeeipy Lig * * Ly = T(A)l’zmil
12,0, tm EN,

i iy =0

and

(4.3) bii...,-y;"—l + Z biig-wim Yin *** Yim = T(B)yzm_l'
12,eeyim EN,

g im =0

Define an n x n diagonal matrix F = diag(z1y1, - .., ZnYn), and it follows from Lemma

m—1
—N—
that o(A* B) = o((Ax B)E-(m-V'E... E). By Lemma and the equalities (4.2)) and
(4.3), we have

(@jjibijoi — T(A % B))m_l(ajj...jbjj,..j —7(AxB))

L b s M1

< a”Z"'meZQ e xZnL ”2"'17ny12 e y7ﬂm

— z : xmflymfl
12,...,im EN, ? g

i i =0

y 3 Ajigriim iy * TinyOjig-rving Yin * Z/z‘m>

m—1 m—1
ig,.rim€N, i Y

iigeim=0

.. . . . m—1 b . . . m—1
< _a“2"'17nx7/2 e xZ"L - ’L’LQ""inLyZQ e ylm
— 2 : m—1 z : m—1

i9yesimEN, L i9yerimEN, Y
g rim =0 iigim=0
— iy iy Tig " ** Ty, —bjiyi Yin " Yim
X Z :Bm—l Z m—1
i2yimEN, j i9simEN, Yj
iig - im=0 Oiigim=0

= (auz — 7'(.»4))”171(1)22Z — T(B))mil(ajj...j — T(.A))(bjj...j — T(B))

< (ZIE?E}{Q {(aul - T(A))m_l(bul - T(B))m_l(ajj...j - T(.A))(b”] - T(B))}

Case 2. Either A or B is weakly reducible. Without loss of generality, assume that
A and B are two weakly reducible strong M-tensors. Let K' = (k.

Zl1-2_.%) be an m-order

n-dimensional tensor, where

Y B 1 ifis=ig=---=1im #£1,
R )
0 otherwise.
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For every positive value of ¢, both A — %IC’ and B — %IC’ are two weakly irreducible
tensors. Assert that for sufficiently small positive value of % Given that A and B are
strong M-tensors, there are two positive diagonal matrices £ = diag(eq,eo, ..., e,) and
F = diag(f1, f2, ..., fn) such that

m—1 m—1

— —_——
E=(Eigi,)=A-ETMVE.E and F=(Fiip.,)=B-F M VE..F

with
(Eiiecil = laiieil > Y Ntiigein = D |Eiigeimle] i i
12,...,imEN, 12,...,imEN,
iig - ig =0 5ii2--»im:0
and

|Fiiil = biieil > D iiginl = Y | Faigin " fir firm:
12,..,im €N, 12,y im €N,

iig-im=0 dig-im=0

emfl mfl
T = max J T
i,jEN, i#£j | e'” fm

|| = i imeN, | Qiigi | €7 €0y - - €4

iig - im =0

Suppose that

and

€ = mun (n—1)T ’

7]
‘ i z’ 27,2, . 1 mfZ2 fim

5112 zm—O
(n—1)T )
1

Then for any 0 < 1 < ¢y, A — 1K’ and B — 1K’ are also two strong M-tensors. By
replacing A with A — %lC’ and B with B — %IC’ in Case 1, and then taking the limit as
€ — +o00, we achieve the desired inequality utilizing the continuity of T(A — %IC’ ) and
7(B— 1K') deduced from Lemma 2.4 in [24]. The proof is completed. O

For two m-th order n-dimensional strong M-tensors A = (@i, iy..i,,) and B = (bi iz.ir, )
we define two useful quantities p; = maxs,,, , _, —Qiiy-i,, a0d V; = maxg,, ;o —biigeiy,,

which contributes to achieve the following inequalities (4.4]) and (4.7]) on 7(Ax B) for two
strong M-tensors A and B.

Theorem 4.2. Let A = (aiyiy.i,,) and B = (biyiy...i,,) be two m-th order n-dimensional
strong M-tensors. Then
(@siibiivi — T(Ax B)™ gz jbjj.j — T(Ax B))

(4.4) < (I,I]l)anQ (e v (agies — 7(A)) ™ Hbgies — 7(B))™

X (g — T(A) (bjjg — T(B)) /).
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Proof. For the proof of the inequality (4.4]), it needs to consider the following cases.
Case 1. If both A and B are weakly irreducible. Obviously, both A and B are weakly
irreducible strong M-tensors. From Lemma [2.6] it follows that there are two positive
2 2 )T

vectors 7 = (22,23,...,22)T € R}, and s = (v2,v3,...,y2)T € R | associated with

7(A) and 7(B) respectively, satisfying the following relations

(4'5) amsz(m_l) + Z aiiQ...imxi cee :E?m = T(A)x2(m_1)
i27---7im€Na

dig-im=0

(4.6) bii---iy?(mil) + Z Ditgi Ui+ Y, = T(B)yf(mil)-

i9yesim €N,

iig e im =0
Define an n x n positive diagonal matrix E = diag(x1y1, z2y2, - - -, Tnyp). From Lemma
~1
f—m/\ﬁ

it yields that o(A* B) = o((Ax B)E~(m~V'E...E), and then by the Cauchy-Schwarz
inequality and combining Lemma with the equalities (4.5) and (4.6]), we derive

(@gioribiioi — T(Ax B)™ Yajj.jbjj.; — T(Ax B))

o b .o\ m—1
< Aijig iy Lig " ** Lip, Viigevip, Yio * " Yin
— z : m—1, m—1

12,..,tm EN, v yz

i im =0

m—1, m—1
i imEN, i Y

i i =0

a?i i xf x,? (m—1)/2 b?z » yZ? yl2 (m—1)/2
<( 3 St T (3D Tt

3 Qi Tig * " * Ty Ojigerrin Yin " -yim>

12,...,4mEN, i 12,...,tm €N, i
i im =0 iig - im =0
(5 Bt YR B i)
2(m—1) 2(m—1)
2,00 yim €N, Ly 2,0 yim €N, Y;
dig--im =0 dig--im =0
1o _ _ 1/2
< (e v (@i — TCA) ™ (bisei — T(B))™ N(agjng — 7(A)) (bsjg — 7(B))) Y
< (m)anQ {(N?lill/imilﬂjyj(aii---i — 7(A)™ Y (byj; — T(B))"
17]

X (ajj..j — () (bjj.; — 7(B)"*}.

Case 2. Either A or B is weakly reducible. Without loss of generality, assume that
A and B are two weakly reducible strong M-tensors. Similar to the proof of Case 2 in
Theorem we obtain the inequality (4.4). The proof is completed. O
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Theorem 4.3. Let A = (aiyiy-i,,) and B = (biyiy...i,,) be two m-th order n-dimensional

strong M-tensors. Then

(iieibiiii — T(A % B)™ Hagjojbjjj — T(Ax B))
< max {Vlm_luj(aii...i — T(.A))m_l(ajj..,j — T(.A))}

(4,5)€Q

(4.7)

Proof. To prove the inequality , we divide it into two distinct cases as follows.

Case 1. If A is weakly irreducible. Then A is a weakly irreducible strong M-tensor.
According to Lemma there is a vector x = (x1,22,...,7,)" € R? , corresponding to
7(A) such that Az™~' = 7(A)zl™1 and for all i € N, this implies that

(4.8) aii.‘.ixlm_l + Z Qijigeipy Lig - * * Ti, = T(A)xm_l_
12,...,im EN,

dig e im =0
Define an n x n positive diagonal matrix D = diag(x1,x9,...,x,). By Lemma o(Ax
m—1

—
B) =o((AxB)D~(m=1DD... D). Combining Lemma 2.9/ and the equality (4.8]), we have

(@ijibijei — T(A* B)" H(ajj...jbjjo; — T(Ax B))

o b \™mL L b
< 2 : QiigimTig *** Tigy Vidgevim } : Ajig- i Lig *** Ligy Ojigvipy
— m—l m—l

12,..,tm €N, ¢ 12,0 5im EN, J
diny- i =0 Oiigim=0
.o . . . m_l .. . . .
< I/m_ll/ _aZZ2"'lm$7/2 e xlm _a‘]zz...zmxzz e .:Uer
= Y J § : 21 Z UL
12,...,imEN, ? 12,...,im EN, J
iig-eim=0 dig-+im=0

m—1

= Vi - l/j(aux..i — T(A))mil(a]‘j...j — T(A))

< (1171]1)36}{@ {I/zmiluj(a”‘...i - T(A))m_l(a]’j“.j‘ - T(A))}

Case 2. If A is weakly reducible. Then A is a weakly reducible strong M-tensor.
Similar to the proof of Case 2 in Theorem the inequality (4.7) holds. The proof is
completed. O

Due to the Fan product of two strong M-tensors satisfying the commutative law, we
derive the following result, which is similar to the proof of Theorem

Corollary 4.4. Let A = (aiyiy.i,,) and B = (i iy..i,,,) be two m-th order n-dimensional

strong M-tensors. Then

(azzzbnz - T(A* B))m_l(ajj...jbjj...j — T(A*B))

S fax, {1 11 (bigi = 7(B)™ N (bjjoj — 7(B)) }-
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Combining Theorem and Corollary we give the following inequality (4.9)) for
T(Ax B).

Corollary 4.5. Let A = (aiyiy.i,,) and B = (bj,iy..i,,,) be two m-th order n-dimensional

strong M-tensors. Then
(a”Zb“Z — 7‘(./4* B))m_l(ajj...jbjj...j - 7‘(.,4* B))

(4.9) < min { (Zn;)anQ v i (ag — T(A)™ Yajj.; — T(A)),

max " (biivi — T(B)" " (bjj — T(B))}~
(1.4)eQ

4.2. The comparisons of the Brauer-type inequalities for 7(.A x B)

To compare the inequalities in Theorems and with the ones of Theorem 4.3 in [33]
(i.e., Theorem 3.6 in [26] and Theorem 3.3 in [24]) and Theorem 3.8 in [26|, we revisited

the above results on 7(A x B) as follows:
T(AxB) > IIEI%I{(GZZZT(B) + bjj.iT(A)) — 7(A)T(B)}
and
7(AxB) = min {gi.biieei = (pivi(aiii — 7(A)) (biioi — 7(B))) %},

The following presents Theorems [£.6]and [4.7] which illustrates the theoretical comparisons
between the lower bounds for 7(A * B) characterized by newly obtained inequalities in

Theorems and and some existing ones in [26,33].

Theorem 4.6. Let A = (a;iy.i,,) and B = (biiy-i,,) be two m-th order n-dimensional
strong M-tensors. Then the lower bound for T(Ax B) in Theorem provides the more

accurate estimate compared to the one of Theorem 4.3 in |33].

Proof. By Theorem 4.3 in [33], it is seen that

Let 1 be the lower bound of 7(A % B) in Theorem Using the method of contradiction,

assume that

and immediately, we obtain

n < a“ﬂ'(B) + buzT(.A) — T(A)T(B) + Ggj..ibigei — Qignibige s
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which is equivalent to
From the above condition and Lemma it follows that
Ui < T(.A*B) < min anlbnl,
iEN
and further, we have
(4.11) Qijeoibiji — n >0, Vie N.
Combining the inequalities (4.10) and (4.11)), for all (7, ) € @, we obtain

(anzbnz — ’I’])mil(ajj...jbjj...j — ’17)
> (agii — T(A) ™ (biii — T(B)™ agj..; — 7(A)) (bjj..; — 7(B)),

which implies that there is the pair (ig, jo) € @ such that

—1
(aioi()'"iobioiO"'io - n)m (ajojomjobjojomjo - 77)

> max {(auz — 7’(./4))m71(b“Z — T(B))mfl(ajj...j - T(A))(bjj...j — T(B))}

(4.9)€eQ
Obviously, this is a contradiction with the inequality (4.1) in Theorem and therefore
the desired conclusion holds. The proof is completed. O

Theorem 4.7. Let A = (ai,iy.i,,) and B = (biiy-i,,) be two m-th order n-dimensional
strong M-tensors. Then the lower bound for 7(Ax B) in Theorem provides a more

accurate estimate compared to the one of Theorem 3.8 in |26].

Proof. According to Theorem 3.8 in [26], we derive the following inequality

Let ¢ be the lower bound of 7(.A x B) in Theorem The following proof will use the

method of contradiction, and suppose that

(< ?eu]{rl {a...ibisi — (pivi(aii.; — 7(A)) (bgi — T(B)))1/2},
and then it is obvious that
(4.12) iioibiii — ¢ > (pavi(aiii — 7(A)(bis.i — 7(B))/?, Vie N,
By the above condition and Lemma [2.7] we obtain

C < T(A*B) < min a“lb“l,
1EN
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which means that
From the inequalities (4.12)) and (4.13)), for all (i, ) € @, it follows that

(@j...ibijei — C)m_l(ajjmjbjj'"j - Q)

> (a0 v (g — (A b — T(B)™ Mg — 7(A)) (b — 7(B))) 7

(2

Then there exists the pair (ig, jo) € @ such that

-1
(aioio---iobioio---io - C)m (ajojO"-jobjojo--'jo - C)

> max {(,u?@_ly?_lujyj(aii...i — T(A))m_l(bmz — T(B))m_l
(1.9)€Q

X (agj.g — T(A) (bjjg — T(B)) "/},

which contradicts with the inequality (4.4) in Theorem [4.2| Therefore, the desired result
is obtained. The proof is completed. ]

Let g(v) = (aii...ibii...i—v)mfl(ajj.,.jbjj...j —1)) forallve G = (—oo,minieN amzbmz)

If there exist two nonnegative real numbers satisfying k1 < ko, then
Ty, ={ve€G:g9(v) <k} CTi, ={v € G:g(v) < kol

For two m-th order n-dimensional strong M-tensors A = (a;,iy..i,,) and B = (b;,iy..4,, ) if
— — m—1 m—1

el vy < (2) (i = 7(A) " (b = T(B))™ T (agjeg — 7(A)) (bjjng — 7(B)) for

all (7,7) € @, then

(L i (agies — 7(A)™ " biiei — 7(B)™ Hajjoy — 7(A))(bjjes — T(B)))l/Z
< (2) (@iii — 7(A)™ (b — 7(B) ™ Hajjj — 7(A)) (bjj..; — T(B)).

Based on the above facts, the following provides the comparison between the lower bound
for 7(A B) in Theorem and the one in Theorem as follows.

Theorem 4.8. Let A = (Giyiy-in,) and B = (biyiy...i,,) be two m-th order n-dimensional

strong M-tensors. Then the following conclusions hold.

() I vy < (@iiei = 7(A) ™ Biies = 7(B) ™ (agje = 7(A)) (bjjong — 7(B))
for all (i,7) € Q, then the lower bound for (A B) in Theorem s not less than
the one in Theorem E.1l.

(2) If " gy 2 (@ = (A Biges = 7(B))™ gz —7(A)) (b — 7(B))
for all (i,7) € Q, then the lower bound for T(A % B) in Theorem is mot greater
than the one in Theorem [A.1].
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Under certain conditions, we establish the relationship between the lower bound for
7(A % B) in Theorem and the one in Corollary which is stated as the following

theorem.
Theorem 4.9. Let A = (aiyiy-in,) and B = (biyiy...i,,) be two m-th order n-dimensional
strong M-tensors, and

m

v i (ag — T(A)™ Hagjg = 7(A) < @ g i — 7(B)™ T (bjjg — T(B))
for all (i,7) € Q. Then the following conclusions hold.

(1) If vty < (bijei — T(B))™ " (bjj..; — 7(B)) for all (i,7) € Q, then the lower bound
for (A x B) in Corollary s not less than the one in Theorem .

(2) If v wj > (bisei — T(B))™ " (bjj..j — T(B)) for all (i,j) € Q, then the lower bound
for (A% B) in Corollary is not greater than the one in Theorem .

Proof. (1) Since v]" 'v; < (bji..i — 7(B))™"L(bjj..; — 7(B)) for all (4, ) € Q, we have

v (s — T(A)™ a5 — T(A))
< (@giei = (A biioi — T(B)™Hagjj — T(A)) (b — T(B)).

This implies that the lower bound for 7(A* B) in Corollary is not less than the one in
Theorem The proof is concluded.

(2) This follows similarly to the proof of Theorem 4.9(1), so we will not provide further
details. The proof is concluded. ]

Remark 4.10. When 1" 1 (biz.i — 7(B))" 1 (bjj..; — 7(B)) < V" (@i —7(A)) ™ x
(ajj..; —7(A)) for all (i,j) € Q. Similar to Theorem we can conclude the following

results.

(1) Tf "y < (@i — 7(A)™ Hayj...; — 7(A)) for all (4, j) € Q, then the lower bound
for 7(Ax B) in Corollary is not less than the one in Theorem

(2) Tf "y > (@i —7(A)™ Hayj...; — 7(A)) for all (4, j) € Q, then the lower bound

(2

for 7(Ax B) in Corollary is not greater than the one in Theorem

In the following, we establish the comparison between the lower bound for 7(A B) in
Theorem and the one in Corollary which shows that the lower bound for 7(.A % B)
in Corollary is sharper than the one in Theorem

Theorem 4.11. Let A = (a;,iy.i,,) and B = (bj,iy..i,,,) be two m-th order n-dimensional

strong M-tensors. Then

max { (u" v g (@ise; — (A (biges — 7(B))
(i,.5)€Q



New EVIs for the HFP of Structured Tensors 19

% (ajjeq — T(A)) (bjj.g — 7(B))?}

> min{ max { V" 'vj(ag... — 7(A)™ (ajj..; — T(A)},
(i.7)eQ

e {4 s = 7B b3 - 7O} -

Proof. We first divide the set @ into two disjoint subsets I and @ \ I, where [ = {(z, j) €
Q | 1" (i = 7(B)™ (b — 7(B)) = v wj(aiid — T(A) ™ N agie — T(A)) )
To prove the conclusion, two cases are considered as follows.

Case 1. For all (i,7) € I, we have

(= v v (aiies — 7(A) ™ bigei — 7(B)™ Nagsy — 7(A)) (b — 7(B)))
> v i — T(A) Hagjq — T(A)),

which implies that

max {(u;”_lulm_lujyj(aii,..i — T(.A))m_l(buz — T(B))m_l
(i,9)€l

X (g — T(A)) (bjjg — 7(B))) )

max {v]" " 'vj(ai. — T " HNagjy— 7
(4.14) = (i,j)el{ ivil (A)™ (A)}

= mln{ max V;"_lyj(aii...i - T(.A))mil(ajj...j — T(A)),
(1,)el

" s = 7B b~ 7(5) |
(i,9)el

Case 2. For all (i,7) € Q \ I, we obtain

(L v (agieq — (A)™ (b — 7(B) ™ Hagjeg — 7(A)) (bjjeg — T(B)))I/Q
> " g (b — T(B) ™ by — T(B)),

and similarly, it yields that

m—1 m—1 m—1 m—1
max ; V. iVi\Qii...; — T A b“z —7(B
(Z.J)EQ\I{(/"% ATIZ1 (A)) ( (B))

% (ajjeq — T(A)) (bjjog — 7(B)))?}

> " (b — 7(B))™ by — T(B
(4.15) e (s G = 7B by~ 7(B)}

— i m—1, m—=1l¢ . . _
_mln{(iﬁgg\l% vi(aij.... — T(A)" " (ajj...; — 7(A)),

max m—1 b“Z—T B m—1 bii...—71(B }
i = T(B)" by~ 7(5))

Summarizing the deduction of Cases 1 and 2, the proved result follows according to the

inequalities (4.14) and (4.15). The proof is completed. O
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5. Numerical examples

To verify the rationality and validity of our main results, some numerical examples are

given as follows.

Example 5.1. Consider two 4-th order 3-dimensional nonnegative tensors A = (a;jx)
and B = (b;jri) defined as follows:

a1111 =95, a2 = 0.5, aige3 = a1o11 = 0.2, age =2, a3z =0.2,
az111 = 0.5, ag122 = 0.3, asssz3 =3, azinn = 0.5,
asloo = 2, aslls — 0.2, other aijkl = O,
bi111 =2, bia32 = 0.5, 1220 = 2.5, boe =6, b2111 = 2.5,

ba122 =1, bog3z3 = 0.1, b3z33 = b3111 =5, other bk =0.
Obviously, I' 405 is weakly connected, and there exist the following circuits in I' 405:
1-2—-21, 2252, 3—-1—2-—=3.

By the calculations and analysis, the numerical comparisons between the newly proposed
Brualdi-type inequalities for p(AoB) in Theorems Corollary and some existing
ones in [25,129},30,133] is shown in Figure below.

45.0000

o

[| O Estimated values of some existing results
40.0000 True value of p (AoB)
Estimated value of Th 3.1
L Estimated value of Th 3.2
35.0000 Esti d value of Co 3.5
o
30.0000 [
25.0000
(o]
o] o fo) o
20.0000 o o)
15.0000
10.0000 -
. . . . . .
F & P PSP PO
& & - & & & & & &
) * o A > > > &
e > : » & N N ¢S
¥ ¥ A\ & AN AN

Figure 5.1: Numerical comparisons on the upper bounds for p(A o B).

By observing Figure [5.1] it is not difficult to conclude that the estimated values of the
newly proposed inequalities for p(A o B) in Theorems and Corollary are closed
to the true values of p(A o B), and it also shows the feasibility of the newly proposed
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inequalities for p(.A o B) in Theorems and Corollary Comparing some existing
results in , we find that the upper bounds characterized by the inequality
for p(A o B) in Theorems and Corollary are sharper than the existing ones in
Theorem 4.3 of , Theorems 3.2, 3.4, 3.6 and 3.7 of , Theorem 3.3 of as well as
Theorems 1-2 and Corollary 5 of .

Example 5.2. Consider two 4-th order 3-dimensional Z-tensors A = (ajji) and B =
(bij1) defined as follows:

a1111 = 9, a1222 = —2.5, @a1223 = a1112 = —0.2, ageee = 1.5, ao111 = —0.5,
ag122 = —0.3, ag113 = —0.2, agzzz =3, a3 = —0.5,
aziz2 = —0.3, azi13 = —0.2, other ikl = 0,

bi111 =2, bi113 = braoa = —0.5,  baooo =4, bari1 = —2.5, bojoo = —0.8,

ba133 = —0.2, b3333 =7, bz111 =—1, other br =0.

Obviously, both A and B are two strong M-tensors. Moreover, I" 445 is weakly connected,

and there exist the following circuits in I' 4.p5:
1-2—-1, 252, 3—-1—2—=3.

By the calculations and analysis, the numerical comparisons between the newly obtained

Brauer-type inequalities for 7(.AxB) in Theorems Corollary [4.5|and some existing
ones in is shown in Figure [5.2] below.

6.0000

5.5000
5.0000 [ o o [0}
45000 - e o o e
o o

4.0000 [
3.5000 [
3.0000 |-
2.5000 [
2.0000 - O  Estimated values of some existing results | ]

True value of T (A*B)
1.50000 Estimated value of Th 4.1

Estimated value of Th 4.2
1.0000 - Esti d value of Co 4.5

. N N N N N
N o » » > > > S > S
-oQ -«\Q N ~o\% -oQ: -QQ -oQ -«\Q -o'» -«\Q
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O O PO AN R ARt
AN AN & & ¥ <& AN AN AN AN
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Figure 5.2: Numerical comparisons on the lower bounds for 7(A x B).

By observing Figure [5.2] we find that the estimated values of the newly obtained
inequalities for 7(A*B) in Theorems and Corollary [4.5 are closed to the true value
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of 7(A%B), which verifies the correctness of the newly obtained inequalities for 7(AxB) in
Theorems and Corollary . Comparing to some existing results in [24}2628,33],
the detailed numerical comparison results are concluded as follows: (1) The lower bound
described by the inequality for 7(.Ax B) in Theorem is better than some existing ones
in Theorem 4.3 of [33], Theorems 3.5 and 3.8 of [26], the inequality (3.4) from Theorem 3.6
of [24] and Theorems 3.4-3.6 of [28]; (2) The lower bounds characterized by the inequality
for 7(A * B) in Theorem and Corollary are tighter than the previous ones in
Theorems 4.3-4.4 of [33], Theorems 3.5 and 3.8 of [26], the inequalities (3.3) and (3.4)
from Theorem 3.6 of [24] and Theorems 3.4-3.7 of [28].

6. Conclusions

In the presented paper, we have proposed some Brualdi-type inequalities on the spectral
radius for Hadamard product of two nonnegative tensors and some Brauer-type inequal-
ities on the minimum H-eigenvalue for the Fan product of two strong M-tensors. Based
on the newly proposed inequalities, we have established the theoretical and numerical
comparisons between the newly obtained inequalities and some existing ones, which has

shown the validity and effectiveness of the main results.
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