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Summability in Anisotropic Musielak—Orlicz Hardy Spaces

Jiashuai Ruan

Abstract. Let ¢: R™ x[0,00) — [0, 00) be an anisotropic growth function and A a gen-
eral expansive matrix on R™. Let H7%(R") be the anisotropic Musielak—Orlicz Hardy
space associated with A. In this paper, a general summability method, the so-called
f-summability is considered for multi-dimensional Fourier transforms in H% (R™). Pre-
cisely, the author establishes the boundedness of maximal operators, induced by the so-
called f-means, from H7%(R™) to the Musielak-Orlicz space L?(R™). As applications,
some norm and almost everywhere convergence results of the #-means, which gener-
alize the well-known Lebesgue’s theorem, are presented. Finally, the corresponding
conclusions of two well-known specific summability methods, that is, Bochner—Riesz

and Weierstrass means, are also obtained.

1. Introduction

To give a unified framework of the real-variable theory of both the isotropic Hardy space
and the parabolic Hardy space of Calderén and Torchinsky [6], in 2003, Bownik [4] first
introduced and investigated the anisotropic Hardy space H Z(R") with p € (0,00), where
A is a general expansive matrix on R” (see [4, p. 5, Definition 2.1]). In addition, Ky [11]
introduced the Musielak-Orlicz Hardy space H?(R™) with

©: R" x [0,00) — [0, 00)

being a growth function (see |11, Definition 2.1]), and also obtained the atomic characteri-
zation and the dual space of H?(R™). Here we point out that some special Musielak—Orlicz
Hardy spaces appear naturally in the study of the products of functions in BMO(R") and
H'(R™) (see, for instance, [1,/3,[10]), and the endpoint estimates for both the div-curl
lemma and the commutators of Calderén-Zygmund operators (see, for instance, [2,9]).
For more progresses about the theory of Musielak—Orlicz-type spaces, we refer the reader
to [8,25].

Based on the work of both Bownik [4] and Ky [11], Li et al. [14] introduced the

anisotropic Musielak—-Orlicz Hardy space H%(R") via the non-tangential grand maximal
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function, where ¢: R"™ x [0,00) — [0,00) is an anisotropic growth function (see Defini-
tion below), and then characterized HX(R”), respectively, in terms of radial or non-
tangential maximal functions and atoms. Moreover, in [13], the authors obtained the char-
acterizations of H%(R™) via various Littlewood—Paley functions including the Lusin area
function, the Littlewood—Paley g-function or gy-function. Besides these, both the molec-
ular characterizations of H%(R™) and the boundedness of integral anisotropic Calderén—
Zygmund operators from H%(R") to itself [or to the Musielak—Orlicz space L¥(R™)] were
obtained in [12}|15].

On the other hand, it is well known that Stein, Taibleson and Weiss [22] proved for
the Bochner-Riesz summability that the maximal operator ¢? of the §-means is bounded
from the classical Hardy HP(R™) to the Lebesgue space LP(R") with the index p greater
than some constant pg. This result has been extended to many other Hardy-type and
other summability methods, For more progress about this topic, we refer the reader
to [1618,20,22-24] and references therein. In particular, Liu and Xia [18] obtained the
boundedness of maximal operators of the so-called f-means from the isotropic Musielak—
Orlicz Hardy space H¥(R"™) to the Musielak—Orlicz space L?(R™). However, the corre-
sponding conclusion of summability in anisotropic Musielak—Orlicz Hardy spaces H' (R™)
is still unknown.

In this paper, under some conditions on 6 and 7, we show that the maximal operator o

is bounded from H%(R") to L?(R™). As applications, we present some norm and almost
everywhere convergence results for the -means. Moreover, sa special cases, we obtain the

corresponding results for Bochner—Riesz and Weierstrass summations.

This paper is organized as follows: Section [2]is devoted to recalling some definitions
of expansive matrices, Musielak—Orlicz spaces L¥(R™) and anisotropic Musielak—Orlicz
Hardy spaces H'{(R™). In Section [3| via borrowing some ideas from [23, Theorem 3] and
[18, Theorem 3.1], we show our main result by using the finite atomic decomposition for
a new dense subspace of H%(R"). Section 4| is aimed to consider two special summability

methods, that is, the Bochner—Riesz and Weierstrass summations.

Finally, we make some conventions on notation. We always use C to denote a positive
constant which is independent of the main parameters, but its value may change from
line to line. In addition, the symbol f < g means f < Cg and, if f < g < f, we then
write f ~ g. Let N := {1,2,...}, Z4 := {0} UN and 0 be the origin of R". For any
Y= (Ve Vn) € (L) =203, let |y :=y1 4+ - + 9, and 07 := (8%1)71 e (%)%
For each r € [1,00], we denote by ' its conjugate indez, that is, 1/r + 1/r' = 1. For any
t € R, the symbol |t| denotes the largest integer not greater than t. Moreover, for a given
set Q C R™, we denote its characteristic function by 1lg, the set R™ \ Q by QF and its

n-dimensional Lebesque measure by |Q|.
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2. Preliminaries

In this section, we recall the notions of expansive matrices, Musielak—Orlicz spaces and
anisotropic Musielak—Orlicz Hardy spaces.
We begin with the following notions of expansive matrices and homogeneous quasi-

norms introduced by Bownik in [4].
Definition 2.1. A real n x n matrix A is called an ezpansive matriz (shortly, a dilation)
if
min |A| > 1,
Ao (A)
here and thereafter, o(A) denotes the collection of all eigenvalues of A.

Definition 2.2. Let A be a dilation. A measurable mapping p: R™ — [0,00) is called a

homogeneous quasi-norm, respect to A, if
(i) 2 # 0 = p(z) € (0, 00);
(ii) for every x € R"™, p(Az) = bp(x), where b := | det AJ;

(iii) there exists a positive constant C' such that, for any z,y € R,
p(z +y) < Clp(z) + p(y)].

For any given dilation A, let A\_, Ay € (1,00) be two numbers such that
A <min{|\|: A € 0(A)} <max{|A\|: A€ (A} < A4.

It follows from [4, p. 5, Lemma 2.2] that there exists an open set A C R™ which has the
following property: |A| = 1, and we can find a constant r € (1,00) such that A C rA C
AA. For any k € Z, define By, := A*A. Then {B}.}1ez is a family of open sets around 0,
By, C rBy C By, and |By| = b*. Moreover, let

(2.1) B:={z+B,:zeR" keZ}

and

w::inf{iEZ:ri22}.

Recall also that the following classes of uniform anisotropic Muckenhoupt weights

respect to A were introduced in [14].
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Definition 2.3. Let g € [1,00). The class of uniform anisotropic Muckenhoupt weights
Ay(A) := A (R"; A) is defined to be the set of all measurable functions ¢: R x [0, 00) —
[0, 00) satisfying, if ¢ € (1, 00),

1 / 1 _1 -1
sup sup y,t dy} {/ p(y,t)] 1 dy} < 00
o s { [stwoant {igp [letno)

and, if ¢ =1,

s {1 [ et an} { sl | <
where B is as in (2.1). Moreover, let A (A) := Ugert,o0) Ag(A).
For any ¢ € Ay (A), let
(2.2) q(p) == inf{g € [1,00) : p € Ag(A)}.

A function ®: [0,00) — [0,00) is called an Orlicz function if ® is non-decreasing,
®(0) = 0, limy—yo0 P(t) = 0o and, for any ¢ € (0,00), ®(t) € (0,00) (see, for instance, [11]).
For a given function ¢: R™ x [0,00) — [0, 00) satisfying, for any given z € R", ¢(z,-)
is an Orlicz function, ¢ is said to be of uniformly upper (resp., lower) type p for some
p € (—o0,00) if there exists a positive constant C' such that, for almost every z € R",

€ [1,00) (resp., s € (0,1)) and t € [0,00), @(x,st) < CsPp(z,t). Let i(¢) denote the

critical uniformly lower type index of o, that is,
(2.3) i(p) = sup{p € (—00,00) : ¢ is of uniformly lower type p}.
The next notion of anisotropic growth functions is just |14, Definition 3].

Definition 2.4. A function ¢: R" x [0,00) — [0,00) is called an anisotropic growth

function if it satisfies the following conditions:
(i) ¢ is a Musielak—Orlicz function, namely,

()1 for each given x € R™, ¢(z,-): [0,00) — [0,00) is an Orlicz function;

(i)2 for each given ¢ € [0,00), ¢(-,t) is a Lebesgue measurable function on R".
(ii) ¢ € Ax(A).

(iii) ¢ is of uniformly lower type p for some p € (0, 1] and of uniformly upper type 1.
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For any ¢ as in Definition [2.4]i), the Musielak-Orlicz space L?(R") is defined to be

the set of all measurable functions f with their quasi-norms

I fllze@ny = inf{/\ € (0,00) : /]R" oz, | f(2)|/A) de < 1} < 0.

Due to [4, p. 5, Lemma 2.4], we may use the step homogeneous quasi-norm defined by
setting, for any z € R",
Vo if x € Bryy \ By,

0 ifx=0

p(z) =

for convenience.
Hereinafter, the symbol S(R™) denotes the space of all Schwartz functions, that is, the
set of all C>°(R") functions ¢ satisfying that, for any i € Z; and multi-index v € Z7},

1$ll,5 == sup [p()]'|07é(x)] < o0

zER™

with the topology determined by {| - ||1,i}ezn iz, . Furthermore, denote by S'(R") the
dual space of S(R"™), that is, the space of all tempered distributions on R" equipped with
the weak-* topology. For any N € Z,, denote by Sy (R™) the following set:

{¢ € SRt [y = sup sup [|976(x) max{l, [p(z)]}] < 1}'

~EZ™, |y|<N z€R™

The following definition of anisotropic Musielak—Orlicz Hardy spaces was first intro-
duced by Li et al. [14].

Definition 2.5. (i) Let ¢ € S(R") and f € S'(R™). The non-tangential mazximal
function My(f) with respect to ¢ is defined by setting, for any z € R",

My(f)(z) = sup |fx¢u(y)l,

yex+ By, keZ

where ¢y (-) := b¥¢(AF -). Moreover, for any given N € N, the non-tangential grand
mazximal function My (f) of f € S'(R™) is defined by setting, for any = € R",

My(f)(z):= sup My(f)(z).
€SN (R™)

(ii) Let N € N and ¢ be an anisotropic growth function as in Definition The
anisotropic Musielak—Orlicz Hardy space HY ,(R™) is defined as

Hﬁ’A(Rn) = {f eS(R"): Mn(f) € LY(R")}

and, for any f € HY ,(R™), let || fll g , ey := [IMN(f)]| Lo @n)-



6 Jiashuai Ruan

Remark 2.6. (i) In [14, Theorem 33|, it was proved that the space HY ,(R™) is inde-
pendent of the choice of N as long as N € NN [m(p),00) with

(2.4) m(p) = Hf((jj)) - 1] lrlln)\b_J ’

where ¢(p) and i(p) are, respectively, as in (2.2) and (2.3). Therefore, we always
denote simply by H7(R™) the anisotropic Musielak—Orlicz Hardy space.

(ii) When A := dI,x,, for some d € R with |d| € (1,00), where I,,x, denotes the n x n
unit matriz, the space H7(R™) becomes the Musielak-Orlicz Hardy space H?(R")
of Ky [11], which includes the classical Hardy space, the classical weighted Hardy
space and the classical Orlicz—Hardy space as special cases. In addition, if, for any
p€ (0,1, z € R" and t € (0, 0),

o(z,t) := w(x)t?

with w being an anisotropic Muckenhoupt weight, then the space Hﬁ (R™) coincides
with the weighted anisotropic Hardy space HE (R™; A) from |[5], which includes the

anisotropic Hardy space HY(R™) of Bownik [4] as a special case.

3. Summability in H%(R")

In this section, we study the so-called #-summability for multi-dimensional Fourier trans-
forms in the anisotropic Musielak—Orlicz Hardy space H%(R").

Recall that, for any p € (0,00] and any measurable set Q C R", the Lebesgue space
LP(Q) is defined to be the set of all the measurable functions f on € such that, if p € (0, ),

1/p
1fllLr (o) = [/Qlf(w)lpdﬂf} <oo and |fllze(q) = esssgplf(w)\ < 0.
S

The Fourier transform of f € L'(R™), denoted by J?, is defined by setting, for any
v EeR?,
flv) = f(z)e 2™ dy,
R”
where ¢ := /-1 and, for any = := (z1,...,2,), v = (v1,...,v,) E R, z-v:= >} | TV
Let f € LP(R™) for some p € [1,2]. Then the Fourier inversion formula, that is, for any
r € R"™,

fa)= [ Fwertar
Rn

holds true if f € L'(R™). This motivates the following definition of f#-summability of

Fourier transforms, which was considered in a great number of monographs and articles;
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see, for instance, |18,20(-24] for the classical case and [16,17] for the anisotropic case. We

always assume that
(3.1) 0cCoR), O(-))cL'R"), 60)=1 and 6 is even,

where Co(R) denotes the set of all continuous functions f satisfying lim, o | f(x)| = 0.
Let A* be the transposed matrix of A. The m-th anisotropic 8-mean of the function
f € LP(R™), with p € [1,2], is defined by setting, for any m € Z and x € R",

-~

o (@) = - (1(A") ™™ ul) f(w)e™ " du.

Let 6p(z) := 0(|z|) for any x € R™ and assume that
(3.2) b0 € L'(R™).
It was proved in [17] that, for any m € Z, f € L'(R") and z € R", we can rewrite o2, f as

o flz)=b" . F)00(A™(x — 1)) dt.

Moreover, we can extend the definition of the anisotropic f-means to any f € L¥(R™) by

setting, for any xz € R",

ol f(z):=b" | flz—t)0y(A™) dt.

m
R

Then we define the mazimal 0-operator of by setting, for any f € L¥(R"),

ol f = sup |of, f|.
mEZ

Now we state the main result of this paper as follows, which shows the boundedness
of maximal f-operators from H' (R™) to L¥(R").

Theorem 3.1. Let 6 and 0y be, respectively, as in (3.1) and (3.2)) satisfying that there
exists a positive constant 5 € (1,00) such that, for any o € (Z4)" and z € R™\ {0},

[0°60(2)] < Capylel ™,

where the positive constant C(q g is independent of x. Suppose further that ¢ is a growth

function such that

i(p) Inb , Inb
. th _no
(3.3) q(gp)e<ﬂln)\_’oo with B € )
where i(p) and q(p) are, respectively, as in (2.3) and (2.2)). Then there exists a positive
y such that, for any f € Hj(R"),

constant Ci(e) q(4)

Haff||L<P(IR{”) < C(i((p),q(go))HfHHﬁ(R”)'



8 Jiashuai Ruan

To show Theorem [3.1] we need some technical lemmas. Recall that, for any locally in-
tegrable function f, the Hardy—Littlewood maximal function Myr,(f) is defined by setting,
for any x € R",

1 1
M (f)(@) = sup sup /y+Bk!f(2>\dz— o /B e

keZ yeat By | Br| 2EBEB

where 9B is as in (2.1)).

The succeeding boundedness of My, on the space L¥(R™) comes from |13, Lemma 3.6].

Lemma 3.2. Let ¢ be a Musielak-Orlicz function with uniformly lower type p, and
uniformly upper type p;f satisfying q(¢) < p, < p;ﬁ < 00, where q(p) is as in (2.2). Then
there exists a positive constants C' such that, for any f € L¥(R"),

| eaMnf@)ar<c [ ol f@))de
The following items are just, respectively, [14, Lemma 10] and [11, Lemma 4.1(i) and
Lemma 4.3(i)].
Lemma 3.3. Let ¢ be a growth function as in Definition [2.4).

(i) Let ¢ € [1,00) and ¢ € Ay(A). Then there exists a positive constant C' such that,
for any dilated ball B C B, subset E C B and t € (0,00),

o(B.t) __[IB]"
ga(E,wSCLEJ |

(ii) There exists a positive constant C' such that, for any {(z, %) }reny C R™ x [0, 00),

% (m, Zrk> < C’Zg@(x,tk).

keN keN

(iii) For any r € (0,00) and measurable function f on R™,
x L
Lo (a2 o1 impties 1flpeqeey 1
where the positive equivalence constants are independent of r and f.

Recall also that, for any given growth function ¢ and any measurable subset £ C R",
the space LL(F) is defined to be the set of all the measurable functions f on E such that

1/q
SUDe(0.00) | 57y Jio 1 (@) %0l ) do] ' < o0 when g € [1, 0),

”fHL?p(E) =
[ fllLoo () < 00 when ¢ = oo.

The next definitions of anisotropic Musielak—Orlicz atoms and finite atomic Hardy

spaces are from [14].
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Definition 3.4. Let ¢ be as in Definition and q(¢) as in (2.2)).

(i) An anisotropic triplet (¢, q,s) is said to be admissible if ¢ € (q(p),o0] and s €
Zy N m(p),00), where m(yp) is as in (2.4)).

(ii) For any given anisotropic admissible triplet (¢, g, s), a measurable function a on R"

is called an anisotropic Musielak—Orlicz (¢, q, s)-atom (shortly, a (¢, q, s)-atom) if
(ii); suppa C B, where B € 8 and B is as in (2.1));
.. 1
(D)2 [lallrgmn) < 1Bl @n);
(ii)3 for any multi-index v € Z'} with |y| < s, [p, a(x)x? dz = 0.

(iii) For any given anisotropic admissible triplet (¢, q, ), the anisotropic Musielak—Orlicz
finite atomic Hardy space Hy'§ (R™) is defined to be the set of all f € S'(R")
satisfying that there exist I € N, {\t}rep, oy € C and a sequence of (y,q, s)-

atoms, {ay}re(1,7jnn, supported, respectively, in {B(k)}ke[lJ]mN C B such that f =
St Akay, in S'(R™). Furthermore, for any f € HE (R™), let

HfHHj:g;j(Rn) = inf {A({)\kak}ke[l,l]mN)},
where the infimum is taken over all the finite decompositions of f as above and

. A
MOwadeep ) = inf X e 0.00) s 30 (B0 M <
ke[1,I]NN B® [[L#(R™)

The following conclusions are from [15]. The space L2 (R™), with s € N, is defined to

c,s

be the set of all the functions f € L*°(R™) with compact support satisfying that, for any
o € 21 with |a| < s, [z f(z)z® dz = 0 holds true.

Lemma 3.5. Let ¢ be as in Definition q € (q(p),0) and s € NN [m(p),o0), where
q(¢) and m(p) are as in (2.4). Then,

(i) for any f € LgS(R™), there exist an I € N, a sequence {A\i}ren,nny C C and a
sequence of (i, q, s)-atoms, {ag}rep nnn, such that f = Z£:1 Agay holds true both

in 8'(R™) and almost everywhere, and
A war ke non) S 1 1as@n)-
(i) L% (R™) is dense in H%(R™).

We also need the succeeding Lemma [3.6] which can be deduce from [7, Lemma 3.2(ii)]

and an argument similar to |20, (5.19)]; the details are omitted.
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Lemma 3.6. Let 0 and 0y be, respectively, as in (3.1) and (3.2). Let q € (1,00] and
@ € Ag(R™). Then there exists a positive constant C' such that, for any locally integrable

function f and t € (0,00),

[ ot ndr< e [ 15@ppte.o s

n

We now show Theorem [B.11

Proof of Theorem [3.1] Let all notation be as in Theorem and (¢, ¢, s) an anisotropic
admissible triplet. We next prove the present theorem by three steps.

Step 1. This step is devoted to showing that, for any A € (0,00) and (¢, g, s)-atom a
supported in B C B,

(34) /n gp(m, )\af(a) (I‘)) dx < C((p,q,s)so(Ba )‘”]'BHZ;(R”))

holds true, where C, 4 ) is a positive constant depending on ¢, ¢ and s. For this purpose,

we rewrite

/n o(x, ol (a)(z)) dz = /AwB o(x, Ao (a)(x)) dx +/ o =: Ly 4 Lo.

(A“B)®

When ¢ € (¢(p),0), note that ¢ is non-decreasing and of uniformly upper type 1.
From Lemma [3.3(i), the Hélder inequality, Lemma and Definition [3.4](ii), we deduce
that, for any A\ € (0, c0),

Ly < / @@
™ Jaen {1815k g
S @(BAILBI ¢ gny) + 118 Lo @r)

(35) B 1/q - 1)/
x { /A @@ A8 ) da:} [o(B.AILB I

S o(BAIBI L2 @) + 1181 e @ lall Lo @nymy e (Bs ALEI L6 @)
S SO(Bv)‘H]-BHZ;(Rn))-

‘P(LMHB”Zi(Rn)) dx

For Lg, similar to [17, (5.10)] and [15, (3.6)], we obtain that, for any = € (A“’B)E,
(3.6) o} (a)(@) S 1Bl 7L g [Mrr (1) ()] P12/ 0,

In addition, by (3.3), we can find two numbers 7 € (¢(p),00) and o € (0,i(yp)) satisfying
that p € A (R™), 7Inb/BIn A_ < o and ¢ is of uniformly lower type o. This implies that
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P(x,t) = @(x, tPmA-/1b) ig of uniformly lower type ¢31InA_/Inb. Therefore, by (3.6),
Lemma (3.2 and the inequality c5InA_/Inb > 7 > ¢(p), we conclude that

Ly S /WB) B A 1 o M (1) (0)) de
n n —Inb/BlnA_
(37) S [ e 1 S 1 (a) da

~ (B, M[1Bl 2 gny)-

This proves (3.4) for ¢ € (q(¢), 00).
When ¢ = oo, for Lj, by an argument similar to that used in (3.5)), we find that, for

AvYB H]"BH[(p )

S (B, LBl e @ny) + 118 e @nyllall oo @y o (B, ALl o gny)
S (Bv)‘”lBHLw(Rn))-

@(%AHIBHZ;(Rn)) dx

This, combined with the validity of (3.7 for ¢ = oo, finishes the proof of (3.4).
Step 2. Let q € (q(p), 00). In this step, we show that, for any f € L5 (R"),

(3.8) lo? Flle @) < Caite)aen 1l g ),

where C(;(,).q(
it follows from Lemma (1) that there exist an I € N, a sequence {\; }re(1,7jnny € C and a
sequence of (¢, q, s)-atoms, {ax}re[,7jnn, supported respectively in {B(k)}ke[l’]]mN C R™,

() 18 a positive constant independent of f. To this end, for any f € L% (R"),

such that f = Z}Ig:1 Akay is valid almost everywhere and also in 8'(R™), and

ML g0 | T o
A({)\kak}ke[l,l]ﬂ[\]) < ||f||H<P(Rn) and Z % <B(k‘)’ n \ Aﬂ( ) 1
ke[1,I)NN ({ kak}ke[l,[]ﬂN)

By this, Lemma (ii) and (3.4)), we have

/ J”(“A({Akﬁz[)l,nm>d$< > [ < ’{i’z‘ifﬁii)” >>d$

ke[1,1]NN

pYALIR! -1
S > el BW, el 150 I e ey <1,
ke[1,I]NN A({Akak brep,nan)

From this, Lemma iii), we infer that

o2 fll Loy S ARk ke non) S I Ls e
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This proves (3.8).
Step 3. This step is aimed to show that (3.8) is valid for f € H7(R™). For this

purpose, let f € H{(R"™). Then Lemma 3.5((ii) implies that there exists a Cauchy sequence
{fi}ien C LG (R™) satisfying that

Jim (| fs = fllag @) = 0.

By this, the linearity of ¢ and the validity of (3.8) on the space L25(R™), we conclude
that, as 7, k — oo,

lo?(fi) = oL (i)l g mny = o2 (fi = fi)ll s @my S I fi = Fll s ey = O

Thus, {o?(fi)}ien is a Cauchy sequence in H%(R™). From this and the fact that the space
H%(R™) is complete(see |14, Proposition 7]), we infer that there exists some h € H%(R")
such that b = lim; oo 0?(f;) in H5(R™). Let 0¥(f) := h. Then implies that o?(f) is
well defined and, furthermore, for any f € H%(R"),

o2 ()l 1 ey S limsup [[l0?(f) = o2 (i)l g mny + 102 (Fidll s ]

11— 00
<1l o, < 1i : ~
N hlgilp ||U*(fz)\|H§(Rn) ~ 111)1110 ||fz||Hj(Rn) ||f||H§(Rn)-

Therefore, (3.8) is valid for any f € H%(R™) and the proof of Theoremis completed. [J

Remark 3.7. (i) When A = dI,x, for some d € R with |d| € (1,00), the space H';(R")
becomes the Musielak—Orlicz Hardy space H?(R") of Ky [11]. In this case Theo-
rem [3.1] is just [18, Theorem 3.1]. Moreover, if p € (0,1] and

o(x,t):=tP, VexeR"andt e (0,00),

then ;((i)) = p, the space H%(R™) goes back to the classical Hardy space H?(R™),

and Theorem [3.1] goes back to the classical result with 8 € (n,00) and p € (n/8, 00)

(see Weisz [22]). The classical result was proved in a special case, namely, for the

Bochner—Riesz means, in Stein et al. [19]. For the same case, a counterexample was

also given in [19] to illustrate that the same conclusion is not true for p € (0,n/f].
(ii) If, for any p € (0,1], x € R™ and ¢ € (0, 00),
p(z,t) = w(x)tp

with w being an anisotropic Muckenhoupt weight, then the space HX(R") coincides
with the weighted anisotropic Hardy space HE (R™; A) from [5]. We should point

out that Theorem [3.1]is new even for this case.
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As applications of Theorem [3.I} we give two convergence results, whose proofs are

omitted.

Corollary 3.8. With the same assumptions as in Theorem |3.1], if f € H(R™), then ngf

converges almost everywhere as well as in the L¥(R™) quasi-norm as m — 0o.

Corollary 3.9. With the same assumptions as in Theorem 3.1, if f € H%(R™) and there

exists a subset I C R™ such that the restriction f|; € LCD(I), where ® 1is some growth
p, UP)

Jfunction with 35 € [1,00), then

h_r)n ol f(x) = f(x) for almost every x € I as well as in the L?(I) quasi-norm.
m—0o0

4. Two specific summability methods

As special cases, we consider two specific summability methods.

4.1. Bochner—Riesz summation

For any v € (0,00) and a € N, the Bochner-Riesz summation is defined by setting, for
any u € R™,

(1= u|*)™if [u] € [0,1),

0 if |ul € [1, 00).

(4.1) Oo(u) :=

The next result can be found in Weisz [22].

Lemma 4.1. Let 6y be as in (4.1). Then the conditions (3.1) and (3.2) are satisfied if
’yE( L )and,for(my/BGZT}randﬂ:GR”\{O},

9°80(@)| < Claplal /27,
where C( gy is a positive constant independent of x.

The following conclusion is easily deduced from Lemma [£.1] and Theorem [3.1} the

details are omitted.

Theorem 4.2. Let ¢ be an anisotropic growth function and 6y as in (4.1)). If

c (max n—1 Inb n+l ~ wnd z'(cp)e Inb ~
7 2 'InA_ 2 J’ q(p) InA_(n/2+~v+1/2)’ ’

such that, for any f € H%(R™),

then there exists a positive constant Ci(y) q(¢))

|o? Fllze®ny < Cligw),ae) 1 f L2 @y

Remark 4.3. Let 0y be as in (4.1]). Then, in this special case, the corresponding conclusions
in Corollaries 3.8 and [3.9] are true as well.
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4.2. Weierstrass summation
The Weierstrass summation is defined as
(4.2) Oo(u) = e P2y e R

Observe that, for any ¢t € R™, éE)(t) — o lt?/2
The following Lemma [4.4]is just [17, Lemma 2.27].

Lemma 4.4. Let 6y be as in (4.2). Then the conditions (3.1) and (3.2) are satisfied and,
for any g € (1,00), v € Z and x € R™ \ {0},

6700()] < Clplol 2,
where C gy 1s a positive constant independent of x.

This lemma and Theorem [3.1]imply the following Theorem [£.5|immediately; the details

are omitted.

Theorem 4.5. Let 0y be as in (4.2). If ¢ is an anisotropic growth function, then there
exists a positive constant C((,) q(p)) Such that, for any f € H7(R™),

0 £l Logny < Clio)aten 1 e mny-

Moreover, the corresponding conclusions in Corollaries |3.8| and are true as well.
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