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Existence of Weak Solutions for a Class of (p, ¢)-biharmonic Equations with

Critical Exponent and Discontinuous Nonlinearity

Jung-Hyun Bae and Jae-Myoung Kim*

Abstract. We are concerned with a class of (p, g)-Laplace type biharmonic Kirchhoff

equations

M ([, A(|AuP) dz) Aa(|AulP)|AulP~2Au) = Mf(u) + |u|®22u in Q,
u=Au=0 on 0§},

where € is a bounded open set in R with smooth boundary, A is a positive real
parameter, 2 < p < ¢ < ¢35, g5 = NquQq is the critical exponent, N > 2¢ and A(t) =
fot a(s)ds for t € RT. Here, M: Rt — R* is a Kirchhoff function, a: RT™ — R™T is
a continuous function satisfying some properties and f: R — R is a function which
can have an uncountable set of discontinuity points. In this article, we study the
existence of a positive weak solution for the problem above involving critical growth

and a discontinuous nonlinearity via mountain pass theorem.

1. Introduction

The study of nonlinear differential equations involving double phase operators has been
paid to a great deal of attention in the recent decades; see [6,10}/14H16},23,27,28]. Such
operators can be corroborated as a model for many physical phenomena which arise in
the research of elasticity, strongly anisotropic materials and Lavrentiev’s phenomenon;
see [29-32] for more details. In particular, Zhikov investigated the behavior of strongly
anisotropic materials and found that their hardening properties varied sharply with the

point. This phenomenon is described the following functional
(1.1) /(|Vu|p 4 v(@)|Vul?) da,
Q

where the function v(-) was used as an aid to regulating the mixture between two differ-
ent materials. The functional (1.1)) belongs to the class of the integral functionals with
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nonstandard growth conditions; see also [17,20-22] for (p,q) elliptic problems involving
critical growth.

On the other hands, for the problems involving p-biharmonic operators, Kratochvil
and Necas [25] considered fourth-order differential equations which arise in the study of
beam deflection problems on the nonlinear elastic foundation; see also [1,|19/24] and the
references therein. In particular, understanding the fourth-order differential equations is
significantly important in physics or other science and engineering fields.

In the present paper, motivated by Zhikov and Kratochvil-Necas’ works above, we
are concerned with a class of (p, ¢)-quasilinear equations involving p-biharmonic operators

when f has an uncountable set of discontinuity points:

M (foy A(|Auf?) da) Aa(| Aul?)| Auf?~2Au) = Af(u) + [ul5 20 in 9,

(1.2)
u=Au=0 on 0§,

where A > 0, 2 < p < qg < g, N > 2q f:R = R is a function that can have an
uncountable set of discontinuity points and a: RT — RT is a function of C' class.

We are going to explore the above problem . For this, let us introduce the critical
exponent g5 defined by

N .
Nqu if N > 2q,

o0 if N <2q.

Assume that the Kirchhoff function M : RT — R™ satisfies the following condition:

(M) M € C(RT,R") is increasing and satisfies inf,cg+ M (t) > my > 0, where mg is a

constant.

A typical example for M is given by M (t) = by + bit"™ with n > 0, by > 0 and b; > 0.

Next, we suppose that functions a and f satisfy the following conditions.

(A1) The function a € C1(R*,R*) and there exist constants ag,a; > 0 such that

ao(l —i—t%) <a(t) < a1(1 —i—t%) for all t > 0.

(A2) There exists a constant « € (0, 1] such that
A(t) > aa(t)t for all t >0,
where A(t fo
(f1) There exist a constant b > 0 and r with ¢ < r < ¢4 such that

If(2)] <b(1+|z[""1) forall z €R.
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(f2) There exists p € (£, ¢3) such that
0<uF(z) <zf(z) forall z€R,
where
f(2):= Jim_essinf f(€) and f(z) = lim ess sup f(&)
which are N-measurable and F(z) := [ f(s) ds.
(f3) There is 5 > 0 (to be specified later) such that
H(z—p3) < f(z) forall z€R,

where H is the Heaviside function, i.e.,

0 if s <0,
1 ifs>0.

H(s) =

(f4) f(z)=0if 2 <0 and
, f(2)
i

=0.

The problems involving discontinuous nonlinearities appear in various physical situ-
ations such as electrical phenomena, plasma physics, etc. For the readers interested in
these problems, we refer to |2H5] and the references therein.

As mentioned in |21], a typical example of a function satisfying the conditions (f1)—
(f4) is as follows. Note that the function f in this example has an uncountable set of

discontinuity points:

0 if z € (_007/8/2)7

Pt iz cQn (320
0 if e (R\Q)N[0,],
\Zizl% if z>p,0>1and qr € (¢,93).

Definition 1.1. We say that u € WOQ’q(Q) with « > 0 is a weak solution of the problem

) it
M (/ A(|AulP) d:z:) / a(|AulP)|[AulP2Au - Avdx = )\/ pvdm—i—/ ||~ 2y da
Q Q Q Q
for any v € Wg’q(Q) and

p(z) € [f(u(@)), fu(z))] ae. in Q.
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In this regard, our aim is to show that admits at least one positive weak solution
to a class of (p,q)-biharmonic Kirchhoff equations with the critical exponent and a dis-
continuous nonlinearity. Our result extends Figueiredo and Nascimento’s result [21] for a
class of (p, q)-Laplace equations to a class of (p, ¢)-biharmonic equations. To overcome the
lack of compactness in the study of p-biharmonic equations with the critical exponent, we
adapt the concentration-compactness principle for the Sobolev space introduced by Chung
and Ho [12]. Moreover, using a truncation method, we deal with the Kirchhoff function
related to a class of p-biharmonic operator; see also [7,[12]. As far as we know, this is the
first attempt for (p, ¢)-biharmonic operators. It is remarkable that we obtain the existence
result for a class of (p, ¢)-biharmonic equations involving a discontinuous superlinear term
provided that A is suitable.

The main result of this paper is as follows:

Theorem 1.2. Assume that (M), (A1)—(A2) and (f1)—(f4) hold. Then the following holds:

(1) There exists A* > 0 such that the problem (1.2) admits a positive weak solution
uy € Wg9(Q) for all X > A*

(2) There exists B* > 0 such that {x € Q : uy(x) > *} has positive measure for all
A > A%

2. Preliminaries

In this section, we briefly introduce some definitions and basic results on the critical point
theory for locally Lipschitz continuous functionals; see [11}13].

Let (X, | -|lx) be a real reflexive Banach space. We denote the dual space of X by X*,
while (-, -) stands for the duality pairing between X™* and X. A functional J: X — R is
called locally Lipschitz when, for every u € X, there corresponds a neighborhood U of u
and a constant L > 0 such that

|J(v1) — J(v2)| < L|lvy —v2||x for all vi,ve € U.

If u,v € X, the symbol J°(u;v) indicates the generalized directional derivative of .J at a

point u along direction v, namely

J h+tv)—J h
J%(u;v) := limsup (uth+t0) (ut )
h—0, t—0+ t

The generalized gradient of J at u € X denoted by 0J(u), is defined as being the
subset of X* such that

OJ(u) = {u* € X*: (u*,v) < J(u;v) for all v € X}
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Since J%(u;0) = 0, 8J(u) is the subdifferential of J°(u;0). The subset 0J(u) C X* is
nonempty, convex and weak*-compact. Moreover, 8.J(u) = {J'(u)} if J € C1(X,R).

A critical point of J is an element ug € X such that 0 € 9J(ug) and a critical value of
J is a real number c¢ such that J(ug) = ¢ for some critical point ug € X.

A sequence {u,} C X is said to be a Palais-Smale sequence for J ((PS).-sequence for
short), if for ¢ € R,

J(up) —c and w*(u,) — 0 asn — oo,

where w*(u) = min{||u*||x~ : v* € 0J(u)}. A functional J satisfies the (PS).-condition if

any Palais—Smale sequence at level ¢ has a convergent subsequence.

Lemma 2.1. |21, Theorem 2.1] Let J be a locally Lipschitz functional with J(0) = 0
satisfying

(1) there exist two constants ¢, R > 0 such that J(u) > ¢ with ||ul]|x = R foru € X;
(2) there exists e € X \ {0} with |lul|x > R such that J(e) < 0.

If

= inf J(y(t
¢ = Inf max (v(t))

with
I'={yeC([0,1],X) : 7(0) = 0 and J(y(1)) < 0}
and J satisfies the (PS).-condition, then ¢ > ( is a critical point of J such that there is
u € X werifying
Ju)=c and 0€dJ(u).

Lemma 2.2 (Riesz representation theorem). [21, Proposition 2.2] [8] Let B be a bounded
linear functional on L"(Q) for 1 < r < co. Then, there is a unique function u € L" (Q),
r’ = I3 such that
(B,v) = / wodz  for allv e L"(Q).
Q
Moreover,
[ull Ly = IBll(£r(@))+-
The Sobolev space W24(€2) is defined by
W24(Q) := {u € LYQ) : |D'u| € LY(Q) for all i with |i| < 2}

endowed with the standard norm || - ||lyy2.4(q). Let the space WOQ’Q(Q) be the completion of
C3°(€2). By the Poincaré inequality, we endow the space VVO2 (Q) with equivalent norm

1/q
Jull = [ 18urac)
Q

given by
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Moreover, (W()z7q(Q), || - ||) is a reflexive Banach space; see |18, Theorem 8.1.13].

Lemma 2.3. |12, Proposition 3.4] Let k € N be such that km < N. Let h satisfy

1<h<mj= N
Then we have continuous embedding

wkm(Q) — LhQ).
If, in addition, h < mj, then the above embedding is compact.
Remark 2.4. It 2¢ < N and 1 < h < ¢;, the embedding

W(Q) < L"(Q)
is continuous, that is, there exists Sy = Sp(N, ¢, Q) > 0 such that

lullLri) < Shllul|  for all u € WOQ’q(Q).

Throughout this paper, we denote by X := Wg%(Q). Let X* := W, »%(Q) denote the
dual space of X and let || - ||x+ be its norm. Subsequently, C' denotes a universal positive

constant.

3. Existence of nontrivial weak solutions

Let us define the functional ®: X — R by

B(u) = ;M </Q A(|Dul?) dx) _ qlg/g\uwé‘ da.

It is obvious that the functional ® is well defined on X, ® € C'(X,R) and its Fréchet

derivative is given by

<<I)’(u),v>:M</(2A(]Au\p)dx>/Qa(]Au\p)\AuP_zAu-Avd:v—/Q]qu_qud:v

for any u,v € X.
Next we define the functional ¥: X — R by

U(u) = /Q F(u) dz.

Then ¥ is locally Lipschitz continuous on X and 0¥ (u) C X*. Moreover, if p € 0¥(u), it

satisfies

(3.1) p(z) € [f(u(@)), fu(z))] ae. in Q.
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Also we define the functional Jy: X — R related to the problem (|1.2))
In(u) = P(u) — AV (u).
Then J) is locally Lipschitz continuous and
OJx(u) = {®'(u)} — AO¥(u) for any u € X.

In order to prove Theorem we apply a truncation technique used in [7,/12], as follows:
Fix to > 0 to be specified later and a truncation of M (t) defined by

M(t) for 0 <t <tp,
(3.2) My(t) =
M(to) for t > tg.

It is clear that My € C(RT,R™),

(3.3) mo < Mo(t) < M(tp) forallte RS
and
(3.4) mot < Mo(t) < M(to)t for all t € RY

due to (M), where My(t) := fg My(s)ds for t € Rf. Then we define ®5: X — R by

o(w) = ;o ([ AQ2up)ds) = 2 [ juls
2

It is obvious that the functional ®q is well defined on X, ®y € C'(X,R) and its Fréchet

derivative is given by
(®((u),v) = My (/ A(|Au|P) dx) / a(|AulP)|AulP 2 Au - Av da —/ |u|%2 2 uw dz
Q Q Q

for any u,v € X. Then the functional J, v: X — R is given by

T(u) = ;Mo (/Q A(|Auf?) dm) _ qt/ﬂ | d — )\/QF(u) da.

The modified functional J; \ is also locally Lipschitz continuous and
A\ (u) = {®h(u)} — NO¥(u) for any u € X.

The following result is to show that the modified energy functional J, \ satisfies the (PS),-
condition. With the aid of the Concentration-Compactness Principle; see |12], we prove
that the functional Jy satisfies the Palais-Smale condition. This plays a key role in

obtaining the existence of a nontrivial weak solution for the given problem.
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Now, we define the truncation My(t) of M(t) given in (3.2) and the truncated energy
functional Jy by fixing to € (0,1) such that

(3.5) mo < M(to) < m‘;a“,

where « is given in the assumption (A2) and p is given in (f2).
Lemma 3.1. Assume that (M), (A1)—(A2), (f1)—(f2) and (f4) hold. Then the functional
Jy satisfies the (PS).-condition for

1 1
3.6 c< | ——— maSN/q,
(3.6) (u qz:)( 0a0S)

L9(Q)

where S := inf ye x\ {0} ||¢H
Proof. Given ¢ € R, let {u,} C X be a (PS).-sequence of the functional Jy, that is,
Jn(up) = ¢ and  w*(up,) — 0 asn — oo,

which shows that
¢ = Ja(un) + 0p(1) and  w*(un) = on(1),

where 0,(1) — 0 as n — oo. Then there exists a sequence {wy,} C 8.Jy(uy,) such that
Hw"HX* = W*(un) = On(l) and w, = <I>/(Un) - /\pm

where p, € OV (uy).
First we claim that the sequence {u,} in X is bounded. According to the assumptions
(M), (A2) and (f2), we have for all n large enough,

(3.7)
c+ 1+ |lugl

> T () — ;<wn,un> +on(1)

fMo (/A |Aun|p)dm> )\/ / % dr
Q
——Mg (/ A(]Aun]p)dx>/a(\Aun\p)\Aun\pd$+)\/pnundx—i-1/ |un|% da
1% ) Q BJa B Jo

1
> mO/A(\Aun\p)dw—M(tO)/ al| A |7)| A | dx
P Ja “ @

1 1 1 x
+ )\/ <pnun - F(un)) dx + < - *> / |tn |®2 dz
Q \H K42/ Ja

> <m00‘ - M(to)) /Qa(|Aun|p)\Aun\pdx+)\/Q (ipnun—F(un)> da.

b H
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The assumption (f2) implies that

1

(3.8) ;pn(x)un(a?) > — f(up(z))up(x) > F(uy(z)) a.e. in Q.

==

Combining this with (3.7) again, we have

M
et 1+ fun| > <m00‘ - (t°)> / (| At P) | Aun|? da.
p H Q

From (M), (A1) and (3.2)), it follows that

Mt M(t
b 1t ] 2 a0 (702 = HEON) o = g (0 - L0 g g,
P p Q p K

Note that if {u,} is unbounded in X, then we derive a contradiction because M (tg) <
moap/p due to (3.5). Therefore, we conclude that {uw,} is bounded in X. Then there
exists C' > 0 such that

(3.9) sup/ |Auy|Pde < C  and Sup/ |Auy,|?dx < C.
Q Q

Also, there exists a subsequence of {u,}, denoted again by {u,}, such that u, — v in X

as n — 0o. By Lemma [2.3| and the compact embedding, we have
(3.10) up(z) = u(z) ae. in Q, wu, »u in L*(Q) and |u,(z)| < v(z)

for some 1 < s < ¢35 and v € L*(Q2) as n — oo.

Moreover, using the Concentration-Compactness Principle due to Chung and Ho [12]
(see also Lions [26]), we obtain an at most countable index set A and sequences {y;}, {v;} C
(0, 00) such that

|Aup|? — g and  |u,|% — v

in a weak*-sense of measure as n — oo. Then the limit measures are of the form
a
(3.11) w> |Aul? + Z,ujéwj, v=|ul® + Zujéxj and 5’1/;12 < 1
jEA jEA
for all j € A where d,; is the Dirac mass at z; € Q.

Next, we will claim that A = (). Arguing by contradiction that A # ), we fix j € A.
Without loss of generality, we may suppose Bz(0) C Q. Considering ¢ € C§°(€2) such that
1 =11in B1(0), ¥ = 0 in Q \ B2(0) and [AY|s < 2, we define ¢,(z) = ¥ ((z — z;)/0),
where ¢ > 0. Hence, {t,u,} is bounded in X and

on(1) = (wn, Dgttn) = Mo ( /Q A(|Aup|P) dx) /Q (| Dt P)| At [P~ At A (110 da

—/pnd)gunda:—/ |un|q51/)9dx.
Q Q
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Then we have for sufficiently large n that

My </ .A(|Aun|p)dx>/wga(|Aun|p)|Aun|pZAunAundx
Q Q

= —2M, </ A(|Aup|?) da:) / a(| Ay |P)| A, P2 Aun, Vb, - Vuy, da
(3.12) & @

My ( / A(|Aun?) dm) / (| At |P)| At P2 Ay Ath, da
Q Q
—i—/pnwgundx—}-/ |un|q51pgdx.
Q Q

Now, we will estimate terms in the right-hand side of (3.12). Since supp(t,) is compact
and it is contained in By,(x;), it follows from (A1) that

‘Mo (/ A(|Auy|P) da:) / a(| Aup |P)| At P72 Aun, Vip, - Vuy, da
Q Q
< My ( / A<|Aun|p>da:) [ a8 )| P [V V|
Q BQQ(O)

SM(to)al/ At P [Vt | [V + | At |7 [Vt | [V, | .
B2g(0)

Then let § > 0 be arbitrary and fixed. By Young’s inequality and (3.9)), we observe that

/ ]Aun|q*1wun\|v%\ dr <9d |Auy|?dx + 0(5)/ |Vun |1 Vip,|? do
B29(0)

329(0) BZ@(O)

§C<5+C(6)/ V|9 V1), |9 d

B2Q(0)

and

/ | A, [P~ V|| Vi,| do < C8 + 0(5)/ |V, [P |V, |P da,
B2Q(O) BQQ(O)

where C(§) denotes a positive constant depending on ¢ but independent of n and p.
Combining this with (3.10]) gives

limsup/ At |7 [V || V20, | dr < C5+C’(5)/ V|9V, |7 da
B2Q(O)

n—o0 B2g(0)

and

limsup/ ]Aun]p_l\VunHV¢Q|dxSC’(H—C((S)/ V|V, P de
BQQ(O)

n—00 Ba,

Note that |[Vu| € L% (Q) because |Vu| € W9(Q) and u € L%(Q), where ¢} is given in
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Lemma [2:3] By Holder’s inequality, we observe that

VuVi,|tdz < [[|[Vul?]| . Tl
[, o Tl < Ul 9Py,

20(0))

B2, (0

q/N
= [I[Vul?] o (/ \wgyNdx>
LT (Bao(0)) \/B2o(0)

q/N
A ( / \vwdw)
L 9 (B2,(0)) B2(0)

and

p/N
/ Vu P dr < || Val?| ( / |W|Ndm) .
B2,(0) LP (Ba,(0)) \/B2(0)

It follows that
/ [VuVip,|Tde — 0 as o — 0+
BQQ(O)

and

/ |\VuVpolP de — 0 as o — 0+.
Ba,o(0)

Thus, we derive

lim sup lim sup ’M() </ A(|Aup|P) d:r> / a(| Aup |P)| At P72 Aup Vb, - Vauy, da
Q Q

0—0+ n—oo

§ 2&1M(t0)05.

Since § > 0 was taken arbitrarily, we arrive at

lim sup lim sup My </ A(|Aup|?) da;) / a(| Ay [P) | Aup P72 Au, Vi, - Vg, | dz = 0.
Q Q

0—0+ n—oo

By a similar argument, we have

’Mo (/ A(|Aup|P) dx)/una(|Aun|p)|Aun|pQAunAdea:
Q Q

< Mo(to) / (| At P) At P~ i A | i

Ba,(0

< My(to) / a1 (| At P~ e Asg] + | At i At )
B2Q(0)

< 2a1 M (tp) |C+ C(0) / |un Avp,|P dx + / |unAvp,|Tdx | | .
Ba,(0) Bo(0)
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Note that

U AV, |P dz < |||un [Pl o2 A, Pl ~
I R e I P

L7 (B20(0))

N p/(2N)
— Nl 5 ( / |Awg|2dx)
L'P (B2,(0)) B2,(0)

2p/N
N
— Nl 55 (/ Ay)3 d:c> .
L P (B2,(0)) B>(0)

As above, it follows from (3.10)) that

My </ A(|Aun|p)d:€)/una(|Aun|p)|Aun|p_2AunA¢)Qdm
Q Q

|0

lim sup [lim sup
o0—0+ n—00

Owing to (3.1) and (f1),

This implies

and so we deduce
s, (1 i) =0
Therefore,

My (/QA(\Aun\p)da;)/Qa(]Aun]p)]Aun]pwgdm:/Q\un\qupgdx+0n(l).

Using (M) and (A1), we obtain

mods / | Aun |7y de < moag / (Al + | Auun| 705, d < / |4, i+ on(1).
Q Q Q

By taking the limit as n — oo, we have

moao/ Yo du < / ), dv.
Q Q
Letting o — 0+, we assert moaop; < vj. From (3.11)), we conclude that

N
2q

(3.13) vj > (moapS) for some j € A.
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In view of (3.3)), (3.8) and the assumption (A2), we have

¢+ on(1) = Jy(upn) — ;(wmun>

> ;Mo (/QA(yAunyp)dx) ——Mg </,4 A P) d:v)/ o(| Dt |P)| At |P dz
+)\/Q <;pnun—F(un)> do + (— ) / (| da

> ;MO (/QA(|Aun|p)dx> /QA(|Aun|p) dz
—;MO (/ A(|Aun|P) dac) Aa(]Aun]p)]Aun]pdx+ (;—;J/Q\unq do

1
> pmoa/ a| A )| A |pd:1:—M(to)/Qa(\Aun\p)|Aun|pd:E

<—>/|u |9 dx
. (moa _ M(to)/ a(| At P)| Aun|P da: + (1 _ ) / || d.
p ] w

By the choice of tg in (3.5)), we obtain that

1 1 * 1 1 X
o)z (3= ) [laez (2= [ jupsv,an
a q2 H 72 Bao(0)

Taking the limits as n — oo, we have

1 1
c> <—*>/ ), dv.
H QZ BQQ(O)

By taking the limits as ¢ — 04 and (3.13]), we conclude

1 1 1 1 N
¢z < - *> vj 2 < - *) (moaoS)2s,
H Y5) M 4o

which contradicts to our assumption (3.6). Therefore, A is empty and it follows that

(3.14) /\unyqé dx—>/ u|% da.
Q Q

Now we will prove that

U, — U in X as n — o0o.

Taking (3.14]) and Brezis and Lieb [9] into account

(3.15) lim [ (Jun] %up) (u, — u) dz = 0.

n—oo Q
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Under the assumption (f1), we have
0 < pn <B(1+|up|"™") ae inQ,

which implies that
/Q Ionl 7T d < C(Q + Junlfr )

Thus {pn} is bounded in Lﬁ(Q) Using Holder’s inequality, we have

[ patin =)o < lpull 21 gl =l
It follows from the boundedness of {p,} and (3.14]) that

(3.16) lim [ pp(u, —u)dx =0.

n—o0 Q

Note that a(t) > aotq%p for every ¢t > 0 due to (Al). Then by a similar argument

in |20, Lemma 2.4(ii)], we have the well-known inequalities:
Cla —y|* < (allzP) |2~z — a(lyP")|yl"y, = —y) forall 2,y € Q,

where (-,-) denotes the scalar product in RY. Since {u, — u} is bounded in X and

|lwa]|x+ = on(1), we derive

(3.17) lim (wp, u, —u) = 0.

n—o0

According to (3.15), (3.16) and (3.17)), we get

0= lim (wy, un —u)
n—oo

> h_)m [mo/a(\Aunp)]Aun]p_2Aun(Aun—Au) d:v}
n—oo 9]
n—o0

— lim [/ |un|q5_2un(un—u)da:+/pn(un—u)dm]
Q Q

n—oo

= lim mo/ [a(| A, [P)| Ay P72 Auy, — a|AulP) [ AulP > Au] (Au, — Au) dx
Q

> lim C||lu, — ull?.
n—oo
Therefore we conclude that w, — u in X as n — oo. This completes the proof. O

Next, to apply Lemma we prove that J, \ satisfies mountain pass geometry; see
also [12, Lemma 5.6].

Lemma 3.2. Assume that (M), (A1)~(A2) and (f1)—(f4) hold. Then the functional Jy

satisfies the following properties:
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(i) There exist v € X and T > 0 such that

Ja(t ,
B h <c

where ¢ is defined in Lemma [2.1]
(ii) There exist constants ¢, R > 0 such that Jy(u) > ¢ for all ||u]| = R.
(iii) There exists e € X \ {0} with ||| > R such that Jy(e) < 0.

Proof. Consider v € C§°(Q2) such that ||v|| =1, T = {x € Q: Tv(z) > B} with |T| >0, T
to be fixed later and the function j: R — R given by
o art? at? 1 g
3t) = M o) | A ) + A M(0) — o
So, there is t* such that

j(t*) = rglggﬂ( )-

Note that j is increasing in (0,¢*) and decreasing in (t*,00). We can choose T' > 0 such
that
T <t, j(T)<jt) and j(T)<ec.

First, we will prove that (i) is true. Taking into account the assumption (Al) and
(3.4)), the continuous embedding and ||v|| = 1, we have

Ja(tv) = ]19./\/10 (/ A(|Atv|P) da:) - ql*/ |tv|% da — )\/ F(tv) dz
Q 2
< ;M(tg) </ o <|Awyp \Amq) dx) —/ #0]% dar
< al‘t‘ </ |Av|P dx > + gM (to) </ ]Av|qd:z> - / [v|% dx

= J(t)-
This implies

1(t) < 5(T .
tre%p:;} Iy (tv) < tIeI[l(?)’.;]](t) <j(T)<c

Next, we will claim (ii). In view of (f4), for all ¢ > 0 there exists § = d(¢) such that

|F'(2)] <elz|? for |z <.

By the assumption (f1), we have

2"

|F(2)] <b (|Z + ) < C(g)lz]" for |z| >4,
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where C(e) := 2bmax{6'~",7~1} and hence we obtain
(3.18) |F(z)| < elz|?74 C(e)]z|" for all z € R.

Let A > 0 be arbitrary, but fixed. According to the assumptions (A1)-(A2), (3.18) and
the continuous embedding in Remark it follows that

Ta(u) > mO/A(]Au\p)dx—)\/ ]F(u)\daf—/ | da
b Q Q Q

aagmo a
> AulP + |Au|?) d —)\/ 1+ C "Ydx — 2.
> S0 [ (Aul? + 8al") o =\ [ (el + Cle)ul") da =l
aapgmyo r *
> ——([[ull” + [[ul|) = AeSq[[ul|? = AC(e)Sr[[ull" — Sy [lu]|®.

For each A > 0 we take € < 2aagmo/pAS, and choose 0 < R < 1 sufficient small with

2ccagmg — epASy

R« .
p(AC(e)Sr + Sgz)

Then for all v € X with |ju|| = R, we get

~ 2aagmg . r
Ia(u) > THUHQ — eASg[[ul|? = AC () Sy [|ull" — Sgz [|ull
_ R (20‘“07”0 _eAS, - (AC()S, + sqg)RT-q> .

Therefore, we obtain ¢ > 0 such that
Ja(u) > ¢ with |jul| = R for all u € X.
Finally, to prove (iii) fix 8 = % Then by (f3), we give
-~ ]. ]. *
IA(Tv) = =My (/ A(|ATv|P) da:) - */ |Tv|% dx — /\/ F(Tv)dx
p Q 42 Ja Q
Tv
Sj(T)—)\// H(z — B)dzdx
QJo
=j(T) - /\/ |Tv — B dx.
T
This implies that for each A > 0 there exists T((A) > R such that

(3.19) JA(Tv) <0 for sufficiently large T > T(\).

Thus, we conclude that for each A > 0 there exists ey := T(\)v satisfying |ex|| > R and

J(ex) < 0. This completes the proof. O
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For each A > 0, let ey be as in the preceding lemma and define

3.20 = inf I(v(1)),
(3.20) ex = inf max A((1))

where

I = {y € C(0,1],X) : 7(0) = 0 and 7(1) = ex}.
As a consequence of Lemma [3.2| we have
Lemma 3.3. The number cy is positive and there exists a sequence {uy,} in X such that
j)\(un) —cxn and w*(up) =0 asn— co.
Furthermore, we have the following property for c).

Lemma 3.4. It holds that

lim ¢y, =0,
A—00

where ¢y is given in (3.20).

Proof. Let {\,} be an arbitrary sequence of real positive numbers such that A\, — co as
n — oco. By the proof of Lemma for each n € N; there exists Ty, > 0 such that

Ix, (T, v) = Ix, (Tv).
San(T,v) = max Jy, (Tv)

For this reason, TAn%j)\n (Tv)‘T:TA = (wp, Ty, v) = 0, where w, = ®' (T, v) — A\npx,

and py, € 0V(T)y,v), namely,

Mo < / A(|AT, o]?) dx) / a(|AT, v[P)| ATy, of? da
(3.21) f @
:)\n/p)\nTAnvdaz—i—/ Ty, v|% da.
Q Q
It follows from (f2) that
(3.22) M </ A(|ATy, v|P) d:c) / a(|ATy, v|P)| ATy, v|P dx > Tgft/ |9 da.
Q Q Q
On the other hand, taking into account (3.4) and |jv]| = 1, we get
My ( [ Auatop) dx> [ allaT, oP)IAT o da
Q Q
< M(to)/ a1 (|ATy, vP + |ATy, v|?) dx
Q
< a1 M(to)Ty, (/ | Av|P dd:) + a1 M (to)Ty (/ | Av]? dm)
Q Q

a—p
< ey M(to)Ty [[0]|*|21 7 + ax M (to) T} [[v]|?

(3.23)

< a1 M(to) (1 + |Q]%) max{T} ,Ty }.
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Using (3.22)) and (3.23)), we deduce that the sequence {7}, } is bounded because p < g < ¢5.
Up to a subsequence, we may assume that 7, — T as n — oo. Moreover, by (3.21)) and

(3.23), we have
(3.24) )\n/ px. I, vdx + / Ty, 0| dz < C
Q )

for all n € N. Note that Ty = 0. Indeed, if Ty > 0, then it follows from the assumption
(f2) that

)\n/ o, I, vdx +/ Ty, v|% dz — 0o as n — oo
Q Q

which contradicts (3.24)). So, we get Ty = 0.
For each n € N, we consider the path ¥(t) = tey, with ¢ € [0,1], where e, is taken
from the proof of Lemma Clearly, 7 € T" and note that, by applying (3.19) for A = A,,

max Jy (tv) = max Jy (tv) = max Jy (te — max Jy (3(1)).
nas A (tV) o A (tV) max A (ten,,) max A (F(1))

Thus, by (3.4)) and (3.23)), we have the following estimate

0<cy = inf Ty (y(t
en, = Inf max 2 (V(1))

< e I, (Y(1)) = max In, (tv) = Iy, (Th,v)

< M(to)/ a1 (|ATy, v|P + |ATy, v|?) dx
Q
< alM(to)Tfn (/ |Av|P d:U> + alM(to)Tf\]n (/ |Av|9 dx)
Q Q
S 2@1M(t0) max{Tfn s Tgn}

Combining this and the fact T, — 0, we obtain ¢y, — 0 as n — oo. This completes the
proof. O

4. Proof of Theorem

Proof of Theorem [1.2} (1) By Lemma there exists A* > 0 such that

apto(moas — pM (to))
aipp

for A > A",

*

1 1
(4.1) o< < — ) (mgaoS)N/q and ¢y <
mo 4y

where ¢, is given by (3.20) and S is in Lemma By Lemma we have a sequence
{un} in X such that

Ja(un) = cx and  w*(up) — 0 asn — oo.
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Then there exists a sequence {w, } C dJy(uy) such that
|lwn |l x* = w*(up) = 0p(1) and  w, = & (uy) — App,

where p, € d¥(uy,) and 0,(1) — 0 as n — oo. Since Jy satisfies the (PS).-condition due
to Lemma we have a convergent subsequence of {u,}, denoted again by {u,} in X
such that u,, — u) in X as n — oo. In view of Lemmas and it follows from
Theorem that the modified energy functional j,\ has a solution uy € X. Moreover, uy
is nontrivial because jA(u)\) =cy > 0.

In order to finish the proof of Theorem (1.2 we prove that u) is also a nontrivial
solution to the problem for all A > A*. According to (3.3), (A2) and (f2), we have

ex + on(1) = Ja () — ;(wn,un)

> mO/A(|Aun|p)dx—]w(to)/ (| Atn|P)| Arg|P da
b Jo 1% Q

1 1 1 «
+ /\/ (pnun - F(un)) dx + ( - *) / |up|®2 da
Q \HM o492/ Jo

mO/A(|Aun|p)dm—W/A(|Aun|p)dx
P Jo ap Q

> aag <mo — M(t0)> /(\Aun\p + [Auy|?) dx.
p ap Q

v

Passing to the limit as n — oo in the last inequality, it follows from the continuity of the

function a that

Mt
c) > aag (mO B (0)) /(’AU/\IP + [Auy|?) dz,
p ap Q
and so
al by
4.2 AuylP + [Auy|?) de < — '
(4.2) al/ﬂ( up |’ + [Auy|?) dx < a0 (moau—PM(t0)>C)\

Combining (4.2]) and the second inequality in (4.1]), we conclude that
/ A(|Auy|P) dx < ay / (|Aup|? + |Auy|?) dz <ty for all A > A*,
Q Q

which yields that Jy = Jy for all A > A* in view of (3.2). Therefore, u) is also a nontrivial
solution to the original problem (1.2)) provided A > A*. Moreover, (4.2]) also implies that

li —0.
Jim [l
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Choose u™ as a test function. Then it is obviously that uy = u;\r > 0.
(2) Now, let uy) be a solution of (1.2) and A > A*. Then, we prove that there exists
B* > 0 such that the set {x € Q : uy(z) > [*} has positive measure. Assume to the

contrary that uy(z) < 8 a.e. in  for all 5 > 0. Since u) is a solution, we have

M(/ A(|Au>\|p)dx>/a(|Au,\|p)|Au>\|pdﬂs:)\/puAd:C—l—/ luy|% da.
Q Q Q Q

According to the assumption (A1) and (f1), we obtain that
moaallun | < moao [ (18us + |Au [ do
Q

<M (/ A(|Auy|P) dx) / a(|Auy|P)|Auy P dz = /\/ pu,\da:—i—/ lux|% dx
Q Q Q Q
: / Ab(ux + [un[") da +/ [ua| % daz < Ab(B + 57)|92] + B9
Q Q

< 3+ 1)8I9,

where 8 < 1. Since Jy(uy) = ¢y > 0, there exists o > 0 such that ||[uy]| > 0. Then,
agmoo? < 3(Ab+ 1)8|Q2.

But this inequality is impossible if we choose for each A,

/B — min { 1T aomodq }

2727 3(Ab+1)|Q

This completes the proof. O
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