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Existence and Asymptotic Behaviors to a Nonlinear Fourth-order Parabolic

Equation with a General Source

Bo Liang, Qingchun Li, Yongbo Zhu and Yongzheng Zhu*

Abstract. The existence and asymptotic behavior of solutions a fourth-order partial
differential equation with a p-Laplacian diffusion and a nonlinear source are studied by
using potential well theory. When the initial functionals satisfy F(wq) < d, D(wp) >
0 or F(wg) = d, D(wp) > 0, the existence and exponential decay result of weak
solutions are given. For F(wg) < d, D(wg) < 0 or F(wg) = d, D(wy) < 0, we
obtain the blow-up behavior at a finite time for weak solutions. For F(wgy) > d, we
show the global existence for small initial datum and blow-up for big initial datum.
Moreover, the uniqueness holds for bounded solutions. In addition, we show that the
p-Laplacian term has an essential effect to the source function so that we add some

growth conditions to g(w).

1. Introduction

In 1968, Sattinger introduces the potential well approach for the first time in [13]. A
potential well is defined as the area in physics that has the lowest potential energy within
a given range of space. The potential well can be considered as an adequate energy
functional in applicable Sobolev spaces in mathematics. For the research works, Sattinger
(see [13]) investigated the existence of global solutions to a hyperbolic equation. Payne and
Sattinger utilized the similar method to determine the existence and blow-up behaviors of
a second-order diffusion equation with a general source function g(w) (see [11]). Lin [10]
improved the related results for the same equation and achieved the finite blow-up behavior
for 0 < F(wo) < d, D(wp) < 0, and the global existence for critical case D(wp) > 0,
£(0) = dor F(wy) = d. Recently the semi-linear parabolic equations and pseudo-parabolic
equations with singular potential term have been considered by some authors (may refer
to [2,/7,[17]). The initial boundary value problem of a class of coupled parabolic systems
with nonlinear coupled source terms has been investigated in [20]. For different initial
data, the global existence, finite time blowup behavior, and long time decay of solutions are

obtained. Furthermore, in [16], a time-fractional pseudo-parabolic problem is addressed.
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Recently, there have been some research results about the applications of potential
well theory in fourth-order parabolic equations. Various study results on the applications
of potential well theory in fourth-order parabolic equations have been published. Xu,
Chen and Liu |19 considered a fourth-order semi-linear parabolic problem with a general
source. By employing an improved potential well theory, they demonstrated that the global
existence and the blow-up behavior are affected by the initial energy. They also obtained a
global attractor for global solutions by employing an iterative technique. Qu and Zhou [12]
addressed the nonlocal source problem for a 4th-order PDE in one-dimensional space, and
the related global existence and nonexistence were derived for weak solutions. They also
studied the asymptotic behavior and extinction features of global weak solutions. Li, Gao,
and Han [6] used the modified potential well method to establish the existence, uniqueness,
and asymptotic behavior of solutions for an analogous issue. Han [5] also applied the
same method to give the blow-up behaviors and global existence for the fourth-order
parabolic equation with a p-Laplacian diffusion and the source |w|9~!w. Zhou extended
Han’s findings by providing specific values for each asymptotic parameter. We can quote
[1}314,/8L{9}18,21}, 23] for more related references.

The paper considers the initial-boundary value problem for the fourth-order parabolic

equation with a general source:

wy + A2w — div(|[Vw[P~2Vw) = g(w), (z,t) €U x (0,T),
(1.1) w= %’ =0, (x,t) € OU x (0,T),

w(z,0) = wo(z), zeU.

Let N be the spatial dimension and v be the boundary’s outward normal vector. we
assume that U is a bounded domain in RN and 9U is sufficiently smooth. This model
can reflect the epitaxial manufacturing process for nano-scale films (see [14,122]). The
potential well theory will be utilized to assess the existence and asymptotic behavior of
weak solutions.

The following is how the paper is organized. We introduce certain fundamental con-
cepts, notations, conditions, and lemmas in Section [2| Section [3|is devoted to a summary
of the main findings. In Sections[4and[5], we exhibit the technique to evaluate the existence
and uniqueness of solutions, as well as the blow-up behavior of solutions for F(wp) < d
and F(wp) = d. Finally, Section |§| establishes the global existence and blow-up in finite
time for the case F(wp) > d.

2. Preliminaries

We define the norm of winLP(U) as
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1/p
wlle = ( / |w\pdx)
U

for p > 1. The inner product for w,v € L?(U) is given by

(w,v):/Uwwa.

For H{(U) = {w € H*(U) |w = 8—“’ = 0 on 9U }, Poincaré’s inequality allows us to define
the equlvalent norm of H3(U) as

[wll () = 1AW L2y

The following are the conditions for the source function g(-) as well as the variables p

and q:

(H1) 1 <p< 285 when N >2; 1< p< oo when N < 2;

(H2) ¢g>1ifp<2andg>p—1ifp> 2;

(H3) g € C, g(0) = ¢'(0) =0, ¢'(s) > 0 for s # 0;

(H4) g¢(s) is an increasing function. It is convex if s > 0 and concave if s < 0;
(H5) When p > 2, sg(0s) > 0P~ 1sg(s) for s # 0 and 6 > 1;

(H6) Define G(s) = [; 9(0) do and assume that (¢ + 1)G(s) < sg(s) and sg(s) < 7G(s),
where the constant v satlsﬁes
(a) max{q—i—l (¢g+1) }<’y<001fN<4
(b) max{g+1,5 q—|—1}<'y< 7 if N > 4.
A typical example of the above requirements is g(w) = |w|9"!w and more general
forms for g can be given. In addition, getting (H4) from (H5) is impossible. However, we
could infer from (H4) that sg(6s) > 0sg(s) for s # 0. Our assumptions (H2) and (H5)

differ from the references |11] and [10] due to the p-Laplacian term plays an important

impact on the source g.

Lemma 2.1. [11]
(i) For w € R, there is some positive constant A that fulfills G(w) < Alw|".
(ii) There is some positive constant B satisfying G(w) > Blw|?! for |w| > 1.

(iii) For w € R, w(wg'(w) — g(w)) > 0. In addition, w(wg (w) — g(w)) = 0 if and only
if w=0.
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Corollary 2.2. [10]
(i) lwg(w)| < Avlw|?, [g(w)| < yAlw|['~" forw € R.
(i) wg(w) > Blp+ D]wP*! for w] > 1.

Now we need to introduce several associated functionals in order to effectively utilize
the potential well method. For w € HZ(U), define

1 1
Fw) = S |Aw||7. + = Vw|}, = [ G(w)da
2 P U

D(w) = |l + [Vulf, = [ wgluw)de.
The Nahari manifold is given by
K = {w € H3(U) | D(w) = 0, |Aw| > # 0}.
The related sets are expressed by
W ={we H{(U) | F(w) < d,D(w) >0} U{0},
W = {w e H{(U) | F(w) < d,D(w) >0} U {0},
V={we H}U)|F(w) <d,Dw) <0}
The depth of potential well is defined by

d= ul)rel%f(w).

The improved functional is given as

Dy(w) = 9 Auls +[Vulty) - | wow)da
with ¥ > 0. The corresponding Nehari manifold is
Ky = {w € Hi(U) | Dy(w) =0, HAwIIL2 75 0},
Wy = {w € HF(U) | Dg(w) > 0, F(w (¥)} u {0},
Vg ={w € H{(U) | Dy(w) < o,f(w) < d(ﬁ)}.
The corresponding depth of the potential well is

d(¥) = inf F(w).

weKy

For s > d, define
K; = {we Hj(U) | D(w) >0}, K_={weH;U)|D(w) <0},
Fo={we H(U) | F(w) < s}, K®=KnF°,
0s = inf {||wl|2 | w € K*}, O, = sup {||wl|2 | w € K*}.
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The following are some basic lemmas. The proofs of Lemmas [2.8] [2.9] and [2.1] follows
a similar procedure to that of [5|6L[10L[21] and we leave out the details. Each proof will be

given for the remaining lemmas.
Lemma 2.3. d > 0.

Proof. Let M denote the optimal embedding constant such that ||w| v < M||Aw||f2. For
each w € K, use Lemma [2.1] to have

1
slolts < 1awlt+ 9ol = [ wgtw)de < afull,

. . _9 2
which gives ||wl[/},* > WAIMQ and [[Aw||2, > 3=|lw3, > ML(WAKQ) . Employ (H5) to

obtain

1 1
Fw) = glAulfs + IVulf, - [ Glu)da

Y

1 1 1
Zl|Aw|2, + = ||Vwl|? —/ d
18wl + IVwlf, — =g [ wglw) s

1 1 1
= gAwlE +[Vwl, — (A, + [ Vulf,)

1 1 1 1
= (- ——)|Auw|? -
(5 757 18wlis + (5 - =7 ) Ivult

g-1 1 ([ 1 \7=
= 2(q+ 1) M2 \ yAM?
> 0. 0

Lemma 2.4. If w € HZ(U) with ||Aw||z2 # 0, then
(1) 1im9_>0+ f(ew) = O} hm@—)-{—oo ]:'(gw) = —00;

(ii) F(Ow) has a unique critical point 0* = 6*(w) > 0 (i.e., 519.7-" Hw) }0 g = 0), is

decreasing on (6%, +00), is increasing on (0,60%) and has the mazimum at 0 = 6*;
(iii) D(6w) > 0 on (0,0), D(Ow) < 0 on (0*,4+00) and D(0*w) = 0.

Proof. (i) It follows from Lemma [2.1| that

62 or
760 < Glaul + Z1vull, + | [ 60w as

0° 9 O p
< —l[Aw|[72 + = |IVwl|p, + A07 | |w|? d.
2 P U
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By (H3) and (H4), we pass to § — 01 to obtain limgy_,o+ F(fw) = 0. Furthermore, for
|fw| > 1, one has

F(ow) = fHAwnLQ 7 |VwH /G (0w) dz
< & awz + fnwuip ~ Blop+ / |+ da,
2 D U

which implies F(fw) — —oo as § — +o0.

(ii) A direct calculation gives
. — d 2 p—1 P
J(0) = 357 (Ow) = 0] Awl|z2 + 07 |[Vwll, — Uw9(9w) dz.

Similar to the argument of (i), j(#) is positive for small # > 0 and is negative for large
#. Thus, it can ensure the existence of §*. It remains to show the uniqueness of §*. Now
suppose that there are two constants 67 and 05 (67 < 65) such that j(67) = j(65) = 0.
This says that

(2.1) O118ule + 07~ [Vull, ~ [ wolbiu)dz = o
(2.2) B8l + 057Vl — [ wo(@iw)d o
By eliminating the term [|Aw||2, and putting w = 6w, we have

0105077 — 05 2) |V, = 03 / wg(87w) dz — 6} / wg(B3w) dz
U U

= 9/ wg(w) dz — / wg(0w) dz
U U
For the case p < 2, the left-hand side is nonnegative and so

G/Uwg(w)dxz/Uwg(ew) dz.

Since (H4) implies [, wg(6w)dx > 0 [, wg(w) dz for w # 0 and 6 > 1, it yields a contra-
diction and so 07 = 03.
For the case p > 2, we eliminate the term |[Vw||}, from (2.1) and (2.2) to obtain

for@ze* > 1.

0705 (0572 — 077 7%) || Awl[2, = 057 / wg(Ofw) da — ;7" / wg(B3w) da
U U

=057 1/wg( )dx—@fpl/wg(ﬁw)dx.
U U
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Since the left-hand side is positive, we can use (H5) to have

o~ 1/U g(w )da:>/Uwg(0w)d:c>9p 1/wg( )dx

U

which yields a contradiction and so 07 = 65.

(iii) The proof is from

d
D(Ow) = 0% Awl32 + 0F||Vwl|s, — 9/ wg(Ow) do = 0— F(fw). O
U

dé

Lemma 2.5. Let w € H3(U) and r(9) = (CLJ\%)V12 with a = sup,cp Sﬁs). Then
(i) Dy(w) >0 if 0 < [[Aw]|2 < r(9);
(i) [Awllz > r(?) if Dy(w) < 0;
(iii) [Awlzz =0 or [Aw]z2 = r(¥) if Dy(w) = 0.
Proof. (i) From
[ watw)dz < a [ ol a = alul, < aar ),

-2
= aM"[|Aw| 7| Aw]f7. < 9]Aw]7,

we have Dy(w) > 0.
(ii) If Dy(w) < 0, then

Il Awl]|72 < / wg(w)de < awlj, < aM”|[Aw|]2?]Aw]7,
U
and so ||Aw| 2 > r(1).

(iii) If [[Awl/z2 = 0, then Dy(w) = 0. Otherwise, from Dy(w) = 0 with ||[Aw|| 2 # 0,

we obtain

Al = [ wow)de =l < aljull, < aM A} AwlE:
and then [|Awl|z2 > r(9). O
Lemma 2.6. For w € H3(U) with ||Aw|| 2 # 0 and ¥ > 0, the equation

(2.3) I(AGW)[22 + [V(Ow)|E, / Ouwg(w) d

can determine a unique solution 6 = () > 0. Moreover, 6(1) is strictly increasing.
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Proof. The proof for the existence of (1) is similar to Lemma[2.4(ii) and we do not show
the process again. Next we prove the monotonicity. Now define 6; = 6(¢') and 6y = 0(9")
for 0 < ¢ < ¥ and we want to show 01 < 6. If it is false, then 61 = 05 or 6; > 5. By
, A1 and 65 satisfy the equations

(2.4) Vol awE: + 08 |Vl = [ wglorw) da,
U

(2.5) "0y

Aulfs+ 00 Vully, = [ wg(orw) o
For the case p < 2, by eliminating the term [|Aw||,, we have

90" |[Vw|?, (026001 — 0,057 1) = 9”0, /

wg(O1w) dz — 19’01/ wg(faw) dz.
U

U
If 61 = 05, then the left-hand side is equal to zero and the right-hand side is positive. So
here is a contradiction. If 1 > 05, then we use the change W = fw with 6 = % >1 to
have
0| Vwlh 0,067 — 6572) = 9" / wy(0w) dz — 90 / wy(w) d
U U
> (9 — 19’)0/ wg(w) dzx
U
>0

which implies s > 61 for p < 2 and it contradicts to 6; > 0. If p = 2, it still has a

contradiction again and we do not show the details.
For p > 2, we can eliminative ||Vwl|/?, from (2.4) and (2.5)) to have

00| Bul000a(05 77 - 077%) = 00g ™! |

wg(frw) dx — 19’0{’_1/ wg(fow) dx
U

U
:ﬂ”ﬂgl/ wg(f1w) dw—z?’@fl/ wg(fow) dx
U U
_#

02
> 0.

/ W (@) da (9" — )
U

This contradicts to 61 > 6s. O
Lemma 2.7. (i) d(9) > a(9)r?(9) for 9 € (0,4E) with a(9) = 5 — 2.
(ii) limy o+ d(?) = 0, limy_, o0 d(¥) = —o0.

(ili) d(¥) is decreasing strictly on ¥ € [1,400), is increasing strictly on ¥ € [0,1], and

has the maximum at ¢ = 1.
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(iv) There is a unique point b € (q;—l,max {1, %}) such that d(b) = 0 and d(9) > 0 if
v € (0,b).

Proof. (i) If Dy(w) = 0 and ||Awl|z2 # 0, then Lemma [2.5 means ||Awl|z2 > r(9). (H6)

gives

1 1
F(w) = s[[Awll7. + =[[Vw|f, — [ G(w)dz
2 D U
1

v

1 1
S Aw|s + =||Vwl]? —/ d
s lawl: + ZlIVel, — == Uwg(w) x

10 ,
> (2 2

> a(9)r*(9)
for 0 <9 < 4EL.
(ii) By Corollary we have

1
I Awl3s < / wg(Qw) d$§’yA972/ |w|7 de,
0 Ju u

which implies limy_, 1o 0(9) = 400.
Next we want to prove limy_, 6(9) = 0 and it is easy to obtain this result when p = 2.
For p < 2, (2.3) and (H4) give

V0> 7P| Aw|3. + 9| Vwll}, = 01—1’/ wg(fw) dx > 92—1’/ wg(w) dz.
U U

We rewrite it as the form
oIV, > ( [ wglw) s - vjaulz.).
U

It can give limy_,o #(?) = 0. For the final case p > 2, by using (H5), a similar process can
give
1
I Awl|3 2 + 9P~ 2| Vwl]}, = 9/ wg(fw) dz > Hp_z/ wg(w) dz,
U U
and then
olaults >0 [ wgtw)do - ol ).
U

That gives limy_,g0(9) = 0. Therefore, we can employ Lemma to obtain

lim F(fw) = lim F(6w) = 0, lim d(¥) = 0,
9—0 0—0 9—0
lim F(fw)= lim F(fw)= —oo, lim d(¥) = —o0.
Y—+00 f—~+o00 Y—+o00

(ili) For 0 < ¢ < 9" < 1 (or the case 1 < ¢’ < '), we want to prove d(¢') < d(9").
For this purpose, it is enough for us to show that for any w € HZ(U) with Dy»(w) = 0
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and ||Aw||z2 # 0, there exists a function v € HZ(U) with Dy (v) = 0 and ||Av]|z2 # 0
such that F(v) < F(w) —e(¢,9") for e(¢/,9") > 0.

For w, can determine a real number 6(¢) so that Dy(6(¥)w) = 0. We deduce
from Dy~ (w) = 0 that 6(9”) = 1. Moreover, by defining v = (9 )w, we have Dy (v) = 0
and [|Av||z2 # 0.

By letting h(f) = F(Ow), one has

Lh0) = 2 (1= 0) 80w [s + (1~ )| V0wl +Dy(0w))
~(

= )0l Awl|Z> + (1 = 9)0" | Vwl[f,.
It 9, 9" € (0,1) (¢ < 9", then
F(w) = F(v) = h(1) = h(8(9")) > (1 —9")r2(")0(9") (1 — 6()) = e(9', 9").
If ', 9" € (1,4+00) (9" < '), then
F(w) — F(v) = (1) = h(8(9)) > (9" — D)r2(9")0(8")(0(') — 1) = (', 9").

Thus we have (iii).
iv) From (i)—(iii), there exists a positive constant b > 2+1 such that d(b) = 0 and
2
d(9¥) > 0 for ¥ € (0,b). Moreover, by (H6), we have

1 1
Flw) = glawlEs + I Vulf, - [ Gw)ds
p U
< Slawl + 21wl - 2 [ wglw)d
< —||Aw —[Vw —— | wg(w)dzx
2 " oy Ju
1 s 1 ) 1
=(=-- Aw2+<—> Vul|}, + =Dy(w
(3-2) 18wl + (5 - 2) Ivult, + 2 2o(w
<0,
for Dy(w) = 0 with ||Aw]|p2 # 0 if ¥ > max{%,%}. Hence b < max{%,% . O

Lemma 2.8. [6,/10]
(i) inf,ex ||AU)HL2 >c1 >0, infex HAwHLQ > co > 05
(ii) F*NKy is bounded in HZ(U)-norm for any s > 0.

Lemma 2.9. [6/10] Assume w € HZ(U) and 0 < F(w) < d. Let¥; and 92 (91 <1 < VJ2)
be two solutions to the equation d(V) = F(w). Then Dy(w) does not change the sign for
v € (V1,02).

We define the weak solutions as follows.
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Definition 2.10. If a function w with w € L>(0,T; H3(U)) and w; € L?*(0,T; L*(U))

satisfies
(2.6) (we, @) + (Aw, Ag) + ([VwP7>Vw, V) = (g(w), ¢),

(2.7) /0 s 122 dr + Flw) = F(wo),

and w(z,0) = wy for t € (0,T) and ¢ € HZ(U), then it is said to be a weak solution of
(1.1). w(x,t) is said to be a global weak solution if it is a weak solution for each T > 0.

Lemma 2.11. [6l[10] Assume that 0 < F(wo) < d and w is a weak solution of (L.1)). Let
Y1 and 99 (V1 < 1 < ¥3) be two solutions of d(¥) = F(wy).

(i) we Wy for v € (91,92) if D(wo) > 0;
(ii) w e Vy for 9 € (91,92) if D(wp) < 0.
Lemma 2.12. For fized constant s > d,
0< b, <O, < +oo.

Proof. For w € HZ(U), the Gagliardo—Nirenberg inequality gives

(1-a)

[wllzr < CllAw]|Z: [[w]] 7

N(ZJZ) (The condition (H6) can ensure a € (0, 1)).
Now for s > d and w € K*, Corollary [2.2] means

with o =

1_
|Aw|2, < /U wg(w) dz < yAlwll, < CllAw] ],
and then
1Aw|25%Y < Cffw| 5.

Lemma [2.8(i) implies 6, > 0 and the Sobolev embedding theorem |jwl|p2 < M, ||Awl|p2
gives O4 < o0. O

3. Main results

We list the main results in this section.

Theorem 3.1. For wy € H3(U), F(wo) < d and D(wo) > 0, the problem (1.1)) owns
a global solution w satisfying Definition and w(t) € W for each t. It is unique for

bounded weak solutions. Moreover, ||w||2, < |lwol|2.e™* for some constant p > 0.
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Theorem 3.2. If wy € HZ(U), F(wy) < d and D(wp) < 0, then lim,_,- fg w2, dr =

+oo for any weak solution w and some constant T > 0, i.e., w blows up att =T.

Theorem 3.3. If wg € H3(U), F(wo) = d and D(wg) > 0, then owns a weak
solution satisfying Definition and w(t) € W for each t. Besides, it is unique for
bounded weak solutions.

Moreover, ||w||2, < C1e=2 for constants C1 and Cs if D(w(z,t)) > 0 for t > 0.

Otherwise, w will vanish in a finite time.

Theorem 3.4. If wy € HZ(U), F(wo) = d and D(wy) < 0, then lim, - fg w3, dr =

400 for any weak solution w and some constant T > 0, i.e., w blows up att ="1T.
Theorem 3.5. Assume that w is a weak solution, wy € HZ(U) and F(wo) > d.
(i) If wo € Ky and ||lwollrz < Ox(yy), then w(t) — 0 in H{(U) as t — oo.

11 wo S —_ an wollL2 = wo) 2 en w ows up at some poin = .
ii) I K d >@]:( 0) th bl t intt =T

4. The case F(wy) < d

In this section, we are going to show the proof for the global existence, uniqueness and
time decay rate if F(wp) < d and D(wg) > 0, as well as the blow-up behavior in finite
time if F(wo) < d and D(wp) < 0.

Proof of Theorem 3.1} Let {¢;(z)} (j = 1,2,...) be a basis of H3(U) and we introduce
the approximate solutions of (1.1 as

m

w™ =Y "al'(t)gi(x), m=12,...
j=1
which solve
(4.1) (W], §5) + (Aw™, Agj) + (VW™ [P2Vw™, V) = (g(w™), ¢;),
(4.2) w™(x,0) = > b'¢;(x)
Jj=1

with w™(x,0) — wo(z) in HZ(U) as m — co. Peano’s theorem ensures the local existence

of (4.1)—(4.2) and it can become global from the following uniform estimates (4.6[)—(4.9).
For this purpose, we take %a?”‘(t) as a multiplier of (4.1)) to have

(4.3) /0 w12 dr + Flw™) = Fw™(0))
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for t € (0,00). Moreover, it is easy to check that
F(w™(0)) = F(wg) <d, D(w™(0)) = D(wpy) >0

as m — oo, which implies w™(x,0) € W and for big m. Furthermore, one has
t
(4.4) | e dr + Fm) = F@m0) <d, D" (0) > o
0

Next we prove w™ € W for big m and each t. If it is false, then we can seek a
constant tgp > 0 such that D(w™(tp)) = 0 with [[Aw™(to)|r2 # 0 or F(w™(tp)) = d by
applying the continuity of D(w™) and F(w™) with respect to t. By (4.4), we deduce
that F(w™(tg)) = d does not hold. Thus, D(w™(tg)) = 0 with ||[Aw™(to)||z2 # 0 which
implies F(w™(tp)) > d by the definition of d. It contradicts to (4.4)). Therefore, we obtain
w™(x,t) € W.

By (H6), one has

Flwm) = 5180”3 + 2 [9url, — [ G

1
e A N +1/w o(w™) da
1 1 1 1
— (5 ) 18w e+ (3= ) VWP + DG,
2 qg+1 P qg+1
For large m, (4.4) implies
1 1 1 1
4.5 - - A m|2 - - v m||P d
(45) (3 737 1w+ (5 = ) IVwmi, <

with 0 < t < co. Now combining (4.4) with (4.5) gives

m 2(q+1)d
(4.6) 072y < 205D
q
m plg+1)d
(4.7) VW™ |7, < P ——
t
(4.8) / w22 dr < d.
0

Besides, applying Corollary and HZ(U) < L?(U) to have

0 e -
lg(w™)|1 72 < /U(vAlme‘l)v—l dz = (yA) 7T [lw™7,

2(q + 1)d\ 2
qg—1

(4.9)
e/
< QAT ) < )70 (
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The estimates (4.6)—(4.9) and Aubin’s lemma (see |15]) allow us to find a function w and a
subsequence of {w™} (still denoted by itself here and hereafter) such that for each 7' > 0,

(4.10) wi — wy in L*(0,T; L*(U)),
(4.11) w™ in L°°(0,T; HZ(U)),
(4.12) w™ = w strongly in Wol’p(U) and L7(U) for each t € (0,7,
w™ = w a.e. in U x (0,7),
g(w™) — g(w) in L71(U x (0,7)),
g(w™) = g(w) a.e. in U x (0,7)

as m — oo, where we the notation — denotes the weak convergence and — denotes the
weak-star convergence respectively.
For any v € L?*(0,T; H3(U)) (may need an approximate process), we employ (4.1)—

to have
T T
/ ((w", v) + (Aw™, Av) + (V™ P72Vw™, Vo)) dt = / (g(w™),v)dt.

0 0

Take the limit m — oo to give
T T
/ ((we,v) + (Aw, Av) + (|VwP2Vw, Vo)) dt = / (g(w),v)dt.
0 0

The arbitrariness of 1" ensures
(4.13) (W, §) + (Aw, Ad) + ([Vw[P?Vw, Vo) = (9(w), )

for each ¢ € HZ(U) and t > 0.
Now we want to prove (2.7)). By mean value theorem, one has

/ (Gw™) — Gw)) dz
U

< [ o€ = wlds < g€l 0™ = wlo

where &, = (1 — 0p)w™ + dpyw for some 0 < J,, < 1. It follows that

w%i_l}noo UG(wm)da: = /UG(U)) dz.
By 7, the weak lower semi-continuity of L? space allows us to pass to the limit
m — oo in (4.3]). Hence, we can deduce .

Following that, we establish the uniqueness of bounded weak solutions. Assume for this
reason that w and v are two bounded weak solutions that fulfill . In the difference
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of the corresponding equalities for w and v, we choose ¢ = w — v as the test function to

obtain
t
// (o1 + | A2 + (|Vw[P2Vw — |Vo[P~2Vo, Vo — Vo)) dedt
0JU
t
= // (g(w) — g(v))(w — v) dzdt.
0JU

From ¢(x,0) = 0, we employ the monotonicity of |s|P~2s for s € R or RV and the

boundedness of two solutions to have

t
/@2dx§0//¢2dxdt.
U 0JU

| #ands=o
U

Gronwall’s inequality gives

and then ¢ = 0in U x (0, 00).
In order to show the decay behavior, taking ¢ = w in (4.1]) to have

1d

1) gl = o) = —[ulfe — Vol + [ wglw)ds = Do)

According to Lemma we conclude that w(z,t) € Wy for t € (0,00) and 91 < I < 9
if F(wo) < d and D(wp) > 0. This implies Dy, (w) > 0 for 0 < ¢ < co. Therefore, one has

1d

§allwlliz = —D(w) = (91 = Dl|Awl|[72 + (91 = D[ Vwlz, — Dy, (w)

< M2 (01 — 1) ||lw|)3e,
where M, is the best constant for the embedding H, 2(U) — L2(U). Consequently,
0
w32 < [luwg|3oe—2M- 0008

with C = 2M2(1 —9;) > 0. O

Proof of Theorem [3.2] Suppose that w is a global weak solution to (1.I)) with F(wg) <
d, D(wp) < 0. Define a function with respect to ¢:

t
L’(t):/ lwl2 dr, ¢ > 0.
0
One has

(4.15) L'(t) = |[wllZs,
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and
(@16) £ =2 w) = 2 (8wl + [Vulf - [ wolw)ds) = -2D(w)

It is easy to check

1 1
Flw) = 3lAulfs + 2| Vul, /G ) de

1 1
(417) > 5||Awuiz + IVl - — / wy(w) dr
q-— q+1— 1
= Aw —_— ——D(w).
= sty lAuls + LIV, + —Dw)
We can employ (2.7)), (4.2), (4.16|) and (4.17) to obtain
2(g+1
L'(t) > (¢ - D Awl72 + gllvwl\ 2(q + 1) F(w)

Y

t
(¢ = Dl Awz +2(q +1) / lwr |72 dT — 2(g + 1) F (wo)

> L)+ 20+ 1 / Jeosl12 dr — 2(q + 1)F (wp).

In view of

t 2
(E’(t))2 =4 <// W, W d:L’dT) + 2||w0||%2£’(t) — Hon%Q,

0JU

one has

1" qg+1 ,, 2 ! 2 ! 2
LAOL(E) — —5—L (t)>2(¢+1) HwTHL2 dr ”wHL2 dr —2(q + 1)F (wo)L(t)

M2 — L e - 2g+ 1) (//wdexdT>

~ (g Dllwol3a£/(t) + T ol
By Hélder inequality, we deduce that
£ L() — %ﬁ’(tﬁ
@1 =L 0L6) = @+ DllwolFa£/(0) + 5 funllfs — 20+ DF(w0)£00)
> Lo £/ 0L0) = 0+ DllwolF£/(0) — 20+ DF wn)£(0).

Next we consider two cases F(wp) < 0 and 0 < F(wg) < d respectively. If F(wgy) <0,

then (4.18)) implies

ey - 1

2

L) 2 M2 —LE0L0) - g+ Dllwol 2L/,
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Here we need to show D(w) < 0 for ¢ > 0 firstly. If it does not hold, then there exists
a constant to such that D(w) < 0 for 0 > t < tp and D(w(tp)) = 0. For 0 < t < tp,
Lemma implies ||Awl|z2 > 7(1) and ||Aw(to)|/zz > 7(1). Hence, w(ty) € K and
F(w(tp)) > d. That contradicts to and so we have D(w) < 0 (¢ > 0).

Now apply to get L”(t) > 0 for t > 0, and so L'(t) is increasing with respect to
t. Besides, means £/(0) > 0 and there is a constant ¢, > 0 such that £/'(¢1) > 0 and

L(t) > L'(t)(t — t1)

for t > ¢1. For big enough t,

qg—1

Wﬁ(t) > (g + 1)[lwol?-,
and
(4.19) L)L) — q—;—lﬁ’(t)z > 0.

For the case 0 < F(wp) < d, we still want to obtain (4.19). We apply Lemma
to give w(t) € Vy with ¥ < ¥ < 9, here 91 and Y2 (91 < 1 < ¥J2) are two roots to
d(9¥) = F(wp). As a result, one has Dy,(w) < 0 and ||Aw|| ;2 > r(¥2). (4.16) yields

L"(t) = —2D(w)
= 2(02 — 1)[|Aw|72 +2(J2 — 1) w7, — 2Dy, (w)
> 2(99 — 1)r2 (D).
Then
L'(t) > 2r2(02) (V2 — 1)t and  L(t) > r2(9) (99 — 1)t2.
From it, we deduce that

q—1
2M2

for sufficiently large t. Hence (4.18)) is positive and (4.19) holds again.
According to (4.19)), we can seek a constant t such that ( £ )/ >0 for t >t and

1+q
L2

—1
L= L(t) > (q+ 1) wol s,

oY £/(t) > 2(q + 1) F(wp)

SO0
1+q 1tg ~~°

L2 (t) L7z (t)

By solving this equation, there exists two constants Cs, C4 > 0 such that

C3
Cy—t’

which gives Theorem O

g—1
2

L2 (t) >
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5. The case F(wg) =d

The critical case F(wp) = d is considered in this section and the proofs of Theorems
and [3.4] will be shown.

Proof of Theorem [3.3] Let 0, =1—1 (s =1,2,...) and w§ = 6swo(z). We introduce the

following approximation problem

wi + A?w® — div(|VwsP~2Vw®) = g(w®), (z,t) € U x (0,T),
(5.1) w® =2 =, (z,t) € OU x (0,T),
w*(x,0) = O;w(x), xeU.

According to D(wp) > 0 and Lemma there exists a unique constant 6* = 6*(wg) > 1
such that D(6*wp) = 0. The condition 6; < 1 < #* implies D(w§) = D(0swp) > 0 and
F(w§) = F(fswo) < F(wo) = d. Theorem [3.1f allow us to deduce that has a solution
w® € L(0, 00; Ho(U)), wi € L%(0,00; L?(U)), w® € W with

t
/ s |2, dr + Flw®) = F(ws) < d.
0

Thus we only take a similar process of Theorem to seek a subsequence of {w®} and a
function w such that w is a solution of with D(w) > 0 and F(w) < d. The uniqueness
is also similar to Theorem and we do not give the details here.

Now we prove the large time behavior under the condition D(w) > 0 for 0 < ¢ < oo.

This means that w can not vanish in a finite time. We treat ¢ = w as a test function in

(2.6) to have
1d

2dt
This implies w; #Z 0. From (2.7)),

H’U}H%g = /thwdx = —-D(w) < 0.

to
0 < Fluw(ty)) = d — / w22 dr = dy < d
0

for a small ty > 0. It allows us to treat tg as the initial time. In view of Lemma [2.11] one
has w € Wy for t >ty and ¥; < ¥ < ¥2. Here 91 and 92 (¥1 < 1 < 3) are two roots to
d(9¥) = dy. Thus Dy, (w) >0 (t > ty) and

1d _
§§HWII%z = —D(w) < (V1 — 1)[|Aw|72 = Dy, (w) < M*(91 — 1)||wl|72.
Gronwall’s inequality gives

lwll72 < Jlw(to)||7:Cre” "
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with Cq = Hw(to)H%2€2M*_2(17191)t0 and Cy = 2M;2(1 — 191)
On the other hand, if there is a point ¢ty > 0 such that D(w) > 0 for 0 < t < tp with
D(w(x,tg)) = 0, then apply (2.7) again and w; #Z 0 to obtain

to
Flw(te)) = d — / w22 dr < d.
0

The definition of d can ensure ||Aw(to)||3, = 0 and w(ty) = 0. Since [|w||3, is decreasing

with respect to t, we have w(x,t) = 0 for t > to, which can complete the proof. ]

Proof of Theorem [3.4] From F(wy) = d and D(wp) < 0, the continuity of F(-) and D(-)
ensures that there is a constant tgp > 0 such that F(w) > 0 and D(w) < 0 for 0 < t < tp.
(w, w) = —D(w) implies wy Z 0 (0 < t < ?p) and so

to
Flw(ty)) =d— / |we|F2 dr = di < d.
0

The constant ¢ty can be treated as the initial time. Lemma [2.11] implies w € Vg with
Y1 < ¥ < 9 and t > ty here ¥ and Y2 (V1 < 1 < ¥J2) are two roots to d(¥) = d;. Thus,
one has Dy(w) < 0 and [[Awl||?, > r(¥) (91 < ¥ < g, t > to), and then Dy, (w) < 0 and
|Aw| 2 > r(92) (t > tp). The remaining proof is similar to that of Theorem and we
do not show the details again. O

6. The case F(wy) > d

We investigate the existence and nonexistence of solutions for the case F(wg) > d in this

section.

Proof of Theorem [3.5. For wy € HZ(U), use the notation T'(wp) to represent the maximal

time of existence and we define the w-limit set of wq as

w(wg) = ﬂ {w(s) : s > t}.

t>0

(i) Suppose that wy € Ky with [[wol[z2 < 0F(w)- At first we need to show w(t) € Ky
for t > 0. If it is not true, then there exists a constant ¢ty > 0 such that w(¢) € K, for
t € [0,t9) and w(ty) € K. From D(w(t)) = —(wy, w), we have wy £ 0 for ¢t € (0,tg). By
[27), we can give F(w(ty)) < F(wp). Hence w(ty) € F7 0 w(ty) € K/ (0 and

(6.1) lw(to)llz2 2 07 (w)-

However, by w(t) € Ky and (4.14)), one has

|w(to)llz2 < [[wollz2 < 07 (w,)
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which contradicts to (6.1). Therefore, we obtain w(t) € K4 with w(t) € FF o) for ¢ > 0.
Lemma [2.8(ii) implies that w(t) is bounded in H3-norm for ¢ > 0. For w € w(wy), we have
w(wp) NK =0, and then w(wg) = {0} (see [5] and [21] for details).

(ii) Let wo € K_ and |lwol/z2 > © £(yg). For each t € [0,T(wp)), we need to show
w € K_. If it is false, then we can seek a constant t° € (0, T(wp)) such that w(t) € K_
for t € [0,Y) and w(t) € K. By a similar proof as part (i), one has F(w(t?)) < F(wo)
and w(t?) € F7(®0) Thus w(t?) € KF(*0) and

(6.2) Jeo(t)2 < © 5.

According to w(t) € K_ and (£.14), one has [|w(t°)||z2 > |lwollz2 = O F(uy)- It contradicts
to (6.2)).

Now if we suppose T'(wg) = oo, then for w € w(wy) we have w(wp) NK = @ and
so w(wg) = {0}. It yields a contradiction to Lemma [2.8(i). Therefore, we finally have
T (wp) < oo (see [b] and [21] for details). O
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