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Multiplicity of Normalized Solutions for Schrédinger Equation with Mixed

Nonlinearity
Lin Xu, Changxiu Song and Qilin Xie*

Abstract. In this paper, we explore the multiplicity of normalized solutions for

Schrodinger equation with mixed nonlinearities

—Au+ V(ex)u = A+ plul?2u + [u[P~2u  in RY,
Jan [ul? dz = ¢,

where > 0,¢>0,2<¢<24+4/N <p<2N/(N —2), N >3, e >0 is a parameter
and A € R is an unknown parameter that appears as a Lagrange multiplier. The po-
tential V is a bounded and continuous nonnegative function, satisfying some suitable
global conditions. By employing the minimization techniques and the truncated argu-
ment, we obtain that the number of normalized solutions is not less than the number

of global minimum points of V' when the parameter ¢ is sufficiently small.

1. Introduction and main results

This paper concentrates on investigating the multiplicity of standing waves for nonlinear

Schrodinger equation with combined power nonlinearities
iy + Ap + V(@)p + plg|" 29 + [¢P ¢ =0 in RY,

where N > 3, ¢: RxRY — C, p > 0, and 2 < ¢ < p < 2N/(N — 2), while V is
a potential function. Over the last decade, significant interest has grown around the
nonlinear Schrodinger equations with combined nonlinearities, primarily ignited by the
influential work of Tao et al. [36]. Their pioneering research has triggered extensive ex-
ploration and studied in this domain. To identify stationary states, we adopt the ansatz
o(t,z) = eMu(x), where A € R, and u: RV — C is a time-independent function. Through

straightforward calculation, we determine that u satisfies the following equation

(1.1) —Au+V(z)u = u+ plu/%u+ [ufP2u in RY.
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Currently, there exist two significantly distinct viewpoints regarding the frequency X in
equation . The first perspective treats A as a constant, a scenario known as the fized
frequency problem. In this context, the variational methods can be applied to identify the
critical points of the energy functional corresponding to equation or other topological
techniques. The fized frequency problem has been the subject of extensive research over
recent decades, see [141|164|17}32,37].

The alternative perspective is to treat A as an unknown variable in equation . In
this view, it’s reasonable to set the mass value in a way that A can be interpreted as a
Lagrange multiplier. Then, equation with mass constraint is called fixed mass prob-

lem. Currently, physicists express great interest in solutions that adhere to the normalized

/ lul? dz = ¢
R3

for a priori given ¢, since the mass admits a clear physical meaning. From a physical

condition:

perspective, the normalized condition may signify the count of particles in each compo-
nent of Bose—Einstein condensates or the power supply in the nonlinear optics domain.
Furthermore, such solutions can provide deeper insights into dynamic attributes such as
orbital stability or instability, and they can describe attractive Bose—Einstein conden-
sates [15},/19,41,42]. These solutions are typically referred to as prescribed mass solutions
or normalized solutions in mathematics. A natural approach to obtaining normalized solu-
tions for equation is to identify the critical points of the associated energy functional
under the mass constraint. For the Schrodinger equation, we categorize cases into three
types: mass subcritical for 2 < ¢ < 2+ 4/N, mass critical for ¢ = 2 + 4/N, and mass
supercritical for 2+4/N < ¢ < 2N/(N — 2). Naturally, the techniques for handling these
cases differ, and the results on the existence of normalized solutions for these cases can be
found in references such as [23,31,33-35] and related references.

For the more general Laplacian operator, we introduce some (p, ¢)-Laplacian equations
here. Baldelli and Yang [8] investigated the existence of normalized solutions to a class of

(2, g)-Laplacian equations
—Au—Agu = u+ [uff2u in RY,

under the constraint [y |u|? dz = ¢, where Aqu = div(|Vu|?2Vu) is the g-Laplacian of
u. The authors tackled novel challenges presented by the quasi-linear term and considered
the different behaviors of the equation for ¢ < 2 and g > 2. Subsequently, Baldelli et
al. [7] utilized variational methods and explored the existence of solutions for a wide range
of quasi-linear problems, including those involving the Born—Infeld operator. For fized

frequency problem of (p, q)-Laplacian equations, we refer the readers to [4-6,/18].
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In [13], Ding and Zhong established the existence of a solution (u, \) € H'(RY) x R,
posed by

—~Au+V(x)u+ A u=g(u) inRN N >3

(1.2) )
w>0, [on|ul?dr=c,

where V' (z) < 0 satisfies some regularity conditions and ¢ satisfying suitable conditions.
Ikoma and Miyamoto [21] investigated the existence and nonexistence of normalized so-
lutions for equation . They also investigated distinctions between the cases when
V(z) = 0 and V(z) # 0 using a scheme introduced by Shibata in [31]. Bartsch et al. |9]
studied the existence of a solution for g(u) = |u[P~2u, 2+ 4/N < p < 2N/(N — 2) and
assumed that V(x) > 0, V(z) — 0 as |x| — oo. Very recently, in [2], Alves and Ji studied
the existence a solution for g(u) = |u|P~2u, p € (2,2 + 4/N), the potential V satisfies
different types of potentials. When V' (z) = 0 and g with mass critical growth close to 0,
Bieganowski and Mederski [11] proved the existence of a normalized ground state solution
for equation by using the minimization method of functional on the linear combina-
tion of Nehari and Pohozaev constraints. Subsequently, Liu and Zhao [30] obtained some
similar results by weakening the assumptions on g.

Numerous authors have extensively investigated the existence of infinitely many nor-
malized solutions for the nonlinear Schrodinger equations with combined power non-
linearities. They employed genus theory and deformation arguments in their studies
[3,/10,/12,22,[25H27]. Recently, without using of the genus theory, Alves [1] explored the

existence of multiple solutions for a problem in the form of

—Au = Mu+ h(ex)f(u) in RN,

u>0, [enl|uPdz=c,

where ¢ > 0, € > 0, and A € R as unknown parameters. Here, h: RV — [0,4+00) is a
continuous function, and f exhibits mass subcritical growth. Alves demonstrated that, for
sufficiently small €, the number of normalized solutions is at least equal to the number of
global maximum points of h. Yang et al. [40] extended the findings from [1] to fractional
Schrodinger equations. They also introduced new insights into the existence of normalized
ground states for non-autonomous elliptic equations. Li et al. [28] investigated the multi-
plicity of normalized solutions for the Schrodinger equation with mixed nonlinearities, as
expressed by
—Au = \u+ h(ex)|u|2u + nlufP~?u = € RV,

Jan~ [uf? dz = ¢,

where n > 0, ¢ < 2+ 4/N < p < 2N/(N — 2), and A € R as unknown parameters.
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The study established that a similar result to [1]. Additionally, the research included an
analysis of the orbital stability of the obtained solutions.
Building upon the work of [1,28], this paper studies the multiplicity of normalized

solutions for Schrodinger equation with mixed nonlinearities

—Au+ V(ex)u = M+ plu|%u + [uP~2u  in RY,

(1.3)
S Jul? dz = c,

where p >0,¢>0,2<¢<2+4/N <p<2N/(N—2), N >3, ¢ >0 is a parameter and
A € R is an unknown parameter that appears as a Lagrange multiplier. The potential V'

is a bounded and nonnegative continuous function satisfying the following conditions:
(V1) V€ L®(RY), V(x) >0 for all + € RV,

(V) Voo =limp|s 100 V(2) > Vo := mingcpn V(z) = 0.

(Vs) V7LH{0}) = {a1,az,...,a} with a; = 0 and a; # a5 if j # s.

Theorem 1.1. Assume that (V1)—(Vs) hold. Then there exist €, Vi, and ¢ > 0, such
that problem (1.3) admits at least | couples (uj,\j) € H*(RN) x R of weak solutions for
Voo < Vi, € € (0,€) and c € (0,¢] with [pn |uj|?*dz =c, \; <0 for j=1,2,...,1.

A solution u to the problem (|1.3]) corresponds to a critical point of the functional

1 1 1
I (u) := 2/ |Vul|* d + 2/ V(ex)|ul|® dx — ,u/ |ul? dz — / |ulP dz,
RN RN q JrN P JrN

restricted to the sphere

Se = {UGHI(RN):/ |u|2dx:c}.
RN

In this paper, our primary focus lies on the mass supercritical case, which arises due to the
presence of the term |u[P~2u where 2+4/N < p < 2N/(N —2). Consequently, we observe
that the functional I, becomes unbounded from below on S, for any ¢ > 0. This is contrast
to the mass subcritical case, where the constrained functional I, remains bounded from
below and exhibits coercive behavior. Furthermore, it should be noted that an arbitrary
Palais Smale sequence does not necessarily exhibit boundedness in the space H!(R™). To
address the first difficulty, we utilize the truncation technique as demonstrated in [3}28],
in which they studied a modified functional that is both bounded from below and coercive
(see Lemma . The second major challenge lies in establishing the compactness of the
Palais Smale sequence. This is thoroughly examined in Lemmas and where the
crucial step is to prove that the Lagrange multiplier A is negative, which heavily depends

on the properties outlined in conditions (Vi)—(V3).
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The remaining sections of this paper are structured as follows. Section [2] provides some
technical results. Section [3] investigates the characteristics of the truncated functional.
Section [] will show the proof of Theorem

Notations. In this paper, unless otherwise specified, the following notations are em-

ployed: || -|| represents the standard norm in H*(RY). |- ||, signifies the standard norm in
L"(RYN) for r € [1,+00]. H™Y(RY) refers to the dual space of H'(R"™). B,(u) defines an
open ball centered at w with radius r > 0. Constants, such as C,C7,Cs, ..., denote pos-

itive values whose value is not relevant. o,(1) represents a real sequence with o,(1) — 0
as n — +o0o. Symbols like := and =: are used for definitions. The symbols — and —

indicate weak and strong convergence, respectively, in the relevant function spaces.

2. Preliminary results

In this paper, we shall usually use the following Gagliardo—Nirenberg type result. The
proof can be found in [34,38].

Lemma 2.1. Fort € (2,2N/(N —2)), then there exists a constant Cy := (W)l/t >0
t
such that ’
lule < ClIVul3 fully ™ for any u € H'(RY),

where v = N(;t_2) and Wy is the unique positive solution of —AW + (% — 1)W =
wlrw.

Set a1 := qyg — 2, a2 := pyp — 2, where ; and C; are given by Lemma For any

¢ > 0, we consider the function
a(1=vq) 1 p(1=7p)
2 rM ——CPlc 2 12, r>0.

Moreover, if ¢ € (0,00) is fixed, we regard that f.(r) := f(c,r). Note that ¢ty < 2 for
2<t<244/N,tyy =2fort=2+44/N and ty; > 2 for 2+4/N <t < 2N/(N —2). Since
2<qg<2+4/N <p<2N/(N —2), similar to that of [24], Lemma 2.1], we know that
fe(r) = —oo as r — 0T and f.(r) — —oo as r — oco. There exists ¢, > 0, the function

fe(r) has a unique global maximum and the maximum value satisfies

>0 if c < ey,
(2.1) max fe(r) S =0 if ¢ = ¢y,
<0 ife>c,.

Moreover, for any ¢ > 0, with the similar setting, we define that

1 a(1—7q) 1 p(1—7p)
gle,r) = 57“2 - %C'gc T i — ];C'gcfprm”, r > 0.




594 Lin Xu, Changxiu Song and Qilin Xie

Now, we investigate the properties of g.(r) := g(c,r) = r2f.(r). Forc < cx, lim,_o+ ge(r) =
0~ and lim, 400 gc(r) = —00. By (2.1)), g.(r) attains its positive global maximum if ¢ < ¢,.

In the following sections, we always assume ¢ < ¢, where ¢ < ¢,. Then, there exist
(2.2) 0 < Ry < R; < 400 dependent of ¢ such that g.(Ry) = g.(R1) = 0.

Moreover, g.(r) < 0 in the intervals (0, Rp), (R1,+00) and g.(r) > 0 in the interval
(Ro, Ry). Setting 7: RT — [0, 1] as being a non-increasing and C'*° function that satisfies

1 if 0 <2z < Ry,

0 ifxz> R;.

7(z) =

By Lemma and (V1), for any u € S., we have

1 " 1
I(u) > = 2 B2 = = |ul|p
(w) 2 SIVellz = llellg = 2l

(1—~q) 1 p(1—7p)

1
> S Ivulf — ¢ Cae™ = [ Vul — S Cpe = ully

P
= 9(c, [Vullz)-

Similarly, we consider the truncated functional

1 [Vull2)
2

1 i 7(
()= 5IVulg+ 5 [ ViewluP do - Juls - Julf;

By Lemma and (V1), we get

Q(l—’Yq)

1
Lir(u) 2 5[ Vulp = Cge™ = | Vullf’” -

\Y% (I—vp)
HIVulla) oy 00

= gr(c, [[Vull2),

a(1—vq) p(1—vp) .
where gr(c,r) = 3r? — %C’gc 3 — %Cgc 3 P r > 0. It is easy to see that

91.¢(7) := gr(c,r) has the following properties

91.¢(r) = ge(r) for all r € (0, Ro],
g1.(r) is positive and strictly increasing in (Rp, +00).

Correspondingly, for any w € [0,[|V||s], we denote by I, I,7: H'(RY) — R the

following functionals
1 w o 1
Lo(u) = S [IVull3 + Slluls - 7 ele = Sluly

and
(I Vull2)

1 w u
Lor(u) := S|IVull3 + 5 lJull3 — = [lullf — [[ul|5-
2 2 q
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3. The autonomous problem with truncated

In this section, we study the properties of the functional I, 7 restricted on S..
Lemma 3.1. The functional I, T is bounded from below in S. and coercive.

Proof. Following the properties of gr ., for any u € S,
Loz (u) 2 gr.e(IVull2) 2 f gr.c(r) > —o0.
Moreover, I, 7(u) = oo as || Vul|s = .

Have this in mind, we can define that

(3.1) Yo 1, := inf I, 7(u).
UESe

The following lemma presents an important property of T, 7.
Lemma 3.2. For ¢ <¢, there exists Vi, > 0 such that Y, 7. <0 if w < V.

Proof. Fixed u € S,, we set
Ns
sxu:=e2 u(e’r) forall seR.
A direct computation gives
|s*xul3=c, and |[sxull=e""|u|l for 2 <t < 2N/(N —2),

which lead to )
e’ we e?Vas
Loa(sxu) < - |[Vul3 + 5 £

lullg-

Since ¢ < 2+ 4/N, there exists s < 0 such that

2s qYqS
e e
- IVull3 — [[ull§ :== As < 0.
2
Therefore, setting w < Vi, := 7?5, it follows that
A A
I,r(s*u) < Ag — 75 = 75 <0,

which implies that Y, 7. < 0.

595

O

Now we always assume that w < V, holds. The proof of the following lemma is standard

and a similar proof can been seen in |28, Lemma 3.3].

Lemma 3.3. (i) I,r € CL(H'(RY),R).
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(ii) If I, < 0 then ||Vu|2 < Ro, and I, 7(v) = I,(v) for all v in a small neighborhood
of u in H'(RN).

We recall
1 4(1-7¢) T(r p(1—7p)
r(er) = =12 — Eoac =" po — ) )Cpc > P >0,
gric, 2 q ¢ p P )
1 e q(1—q) 7_(7,) » p(1—vp) a . .
and define fr(c,r) =5 —LCqc 2 r* — =2Cpe 2 r*2. We consider fr.(r), which

is defined on (0,00) by r — fr(c,r).

Lemma 3.4. Let (c2,72) € (0,00) % (0,00) satisfy f(c2,72) > 0. Then for any c1 € (0, ca],

we have that
fT(Cl,Tl) >0 Zf r e |} / ZITQ,TQ:| .
2

Proof. Since ¢ — fr(-,r) is a non-increasing function, we clearly have that

fr(ci,r2) > fr(ca,m2) > f(ca,m2) > 0.

Through direct calculations, we can get that

Ir <C1, \/ETé) > f <C1, \/ET2>
Cc2 (&)

03 g(1—g) 4 p(1—rp)
L e (AT T e Lo ()T 0
2 q T\ p P \eo
1 U a(1=7q) o p(1—p) o
> 5~ gcgcz I ;90502 > ry? = f(cg,r2) >0,

where a3 := %, oy = W > 0. Then, this means that

Ir <c1, \/ETT'Q) >0 and fr(ec,r2) >0.
2

By the definition of 7, we know that fr(ci,r1) > 0 for ry € [, /%7“2,1”2]. The proof is
completed. O

Lemma 3.5. For any u € S., we have that
Lo (u) > [ Vull3 fr(e, [[Vull2).

Proof. Applying the Gagliardo—Nirenberg inequality, we obtain that, for any u € S,

q(1—vq)

1 T(||Vul2 p(1—7p)
L) 2 51 9ulf - Loge™ = pvupe - T e g -

1 pu a(1=7¢) 7(||Vul|2) p(1—7p)
= [[Vul3 5—5030 7| Vullyt = ————=Cjc 7 || Va3

= [Vull fr (e, [[Vull2).

The lemma, is proved. t
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The proof process of the following lemma is standard and for detailed information,
see [20, Lemma 2.3], we omit the proof. We recall the definition of Y, 7. in (3.1

Lemma 3.6. Y, 7. is continuous with regard to c € (0,¢].

For any € < ¢, by setting of (2.2)) and g(¢,r) = r2f(c,r), it follows that f(¢, Ry) = 0.
Moreover, ¢ — f(-,7) is a non-increasing function, it follows that f(c, Rg) > 0 for all
c e (0,¢.

Lemma 3.7. %TMT,C2 < YurTe <0 where 0 <cp <cy <C.
Proof. Set §£ = /ca/cq then £ > 1. Let {un} C Se, be a minimizing sequence with respect
to Yo 1, that is, I, r(un) = Yur1e < 0 as n — 400 by Lemma Consequently,

there exists ng such that

(3.2) I, 7(u,) <0 for n > ng.

In view of Lemma and f(ca, Ro) > 0, fr(c1,7) > 0 for any r € [\/gRO,RO]. Hence,
we can deduce from Lemma and that

(3.3) Vg2 < \/ERQ for n > ny.

Setting v, = &uy, then v, € S.,. By (3.3), one has [|[Vu,||2 = £[|Vu,|la < Ro. Therefore,
T(||[Vun|l2) = 7(]|Vug||2) = 1. Through direct calculations, we find that

Tw,T,cz < Iw,T('Un)

7([[Vun|2)€? — ([ Vunll2)€
p

P
= £2Iw,T(Un) + ||“n||g

2 _ ¢q
“(f>m%m+

= &1, 1 (un) + [[wnl[5-

2 _ ¢q
“(f)m%m+

(€% —¢")
p
For any t € (2,2N/(N —2)), there exist positive constants C' and ng such that ||u,||t >

C for all n > ng. If not, there exists t; € (2,2N/(N — 2)) such that HunH% — 0 as

n — —+o00, then by the Vanishing Lemma [29, Lemma L.1], |ju, |5 — 0 and |ju,||d — 0 as

n — +o0o. Now, recalling that

([[Vull2)

0>TM@Z«JWMZ—%WM— lunlZ =0 as n — oo,

which is a contradiction and the result holds. We obtain that for n € N large

Totes < ELor(un) + (52‘(]5")0

By Lemma [3.6/and let n — +o0, it follows that Yy, 7, < €2Y, 1., which implies that
C1
7TOJ,T,CQ < Tw,T,cl-
C2

This completes the proof of this lemma. O
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Lemma 3.8. Let {u,} C S. be a minimizing sequence with respect to Yo, 7.. Then, for

some subsequence, either
(i) {un} is strongly convergent, or

(ii) There exists {y,} C RN with |y,| — 0o such that the sequence Uy () = un(x + yn)

is strongly convergent to a function w € S, with I, 7(W) = Yo, 1.

Proof. Observing that {u,} is bounded in H'(R") by Lemmas and There exists
u € HY(RY) such that u, — u in H'(RY) for some subsequence. Now, let’s explore the
following three possibilities.

Case 1: Tf u # 0 and |jul]3 = b < c¢. Tt follows from the Fatou Lemma and the
Brézis-Lieb Lemma [39, Lemma 3.5] that ||Vu||2 < liminf, 1o || Vu,||3 and

lunll3 = lonll3 + lull3 + on (D), [IVunl3 = [Vull3 + [ Vo3 + on(1).

If we set vy, = up, — u, dy, = ||vn]|3, one has that ||v,]|3 — d, where ¢ = d + b. Noting that
dy € (0,c¢) for n large enough, and by the fact that 7 is continuous, non-increasing and
Lemma we obtain that

Tw,T,c + On(l) = w,T(un)

1 1 o TV R)
= 519wl + geloal = E ey - T o
1 1 e T90al)
+ 51l + el - &g - T g+ 0,(0)

> Iw,T(Un) + Iw,T(u) + On(]-)

>Yord, + Yorp+on(l)
d
> ?nTw,T,c + Tu.z,T,b + On(l)-

By Lemma letting n — +o00, we obtain that
d d b
Tw,T,c > ETUJ,T,C + Tw,T,b > ETw,T,c + ETw,T,c = Tw,T,w
which is a contradiction.
Case 2: If ||lu||? = ¢, then u,, — u in L*(RY). Moreover, u, — u in L}(RY) for all
t€(2,2N/(N —2)). Then

Tw,T,c = RETOO Iw,T(un)

. 1 1 1
= dim_ (5190l + golinl £l = SV el

n—+oo

> I, 7(u).
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As u € S, we conclude that I, 7(u) = Y, 7¢, then u, — u in H'(RY), which implies
that (i) occurs.

Case 3: If u =0, then u,, — 0 in H'(RY), we assert the existence of R, k; > 0, and
a sequence {y,} C RY such that for all n,

(3.4) / [ | d > K.
Brr(yn)

Otherwise, it would imply that u, — 0 in LY(RY) for all ¢t € (2,2N/(N — 2)) by the
Vanishing Lemma. As a result, we have I, 7(u,) > 3||Vu,|3 + on(1). However, this
contradicts the fact that I, 7(un) — Yo 1. < 0. Hence, in all cases, holds and
|yn| — 400 obviously. Consequently, by defining @, (x) = u,(x + yy), it is evident that
{1,} C S and it is also a minimizing sequence with respect to T, 7. Furthermore, there
exists © € H'(R™)\ {0} such that @, — @ in H'(R"). Following the approach used in the
first two proof progress, we conclude that @, — @ in H'(R"), confirming the occurrence

of (ii) and thereby establishing the lemma. O

Lemma 3.9. Y, 7. is attained.

Proof. By Lemmas and there exists a bounded minimizing sequence {u,} C S.
and u, — u in H'(RY) with respect to Yore = lyr(u) < 0. Then {u,} is also a
minimizing sequence for I,(u) and YTy, 7c(u) = L,(u) by Lemma [3.3] O

A direct result of Lemma [3.9]is the subsequent corollary.
Corollary 3.10. If w; < wy < V4. Then Yy, 7c < Yoy Toe-

Proof. Let u € S; satisfy I, 7(u) = Yw, e Then, Yy 7. < Iy 7(u) < Iy r(u) =
Tu.zg,T,c- Ol

4. Proof of Theorem

In this section, some properties of the following functional I, 7: H LRY) — R are given:

1 T([Vull2)

1
Tr(u) = 5 IVulld + 5 el

2 H
[ Vee)luf do = uly -
RN q
More precisely, we study the following the minimum value:

Te,T,C = ulélgc IE,T(u)7

where T 7. is well defined by the properties of gr.(r). We shall denote by Io 1, loo,1:
H'(RYN) — R the following functionals:

1 1%
Tor(u) == §HVUII§ - gHUHZ -

([ Vull2)

lull3
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and

T([Vull2)

1 1 n
T = 5Vl +5 [ Violuf do =2l - ol

By (V1)-(V3), Voo < Vi, and Lemma in Section , the minimum value Yo7, and
Y o, 7,c defined by

Yo, = uléléf Ior(u), Yoore:= quSf To 1 (u),

respectively, are attained. There exist ug,us € Se such that Ior(ug) = Yor,. and
Ino 7(tuso) = Yoo, Furthermore, by Corollary and Vp < Vi, we know Yo, <
Too,T,c < 0.

Lemma 4.1. limsup,_,o+ Yere < Yo e

Proof. By Lemma let ug € S. with Iy 7(ug) = Yo 1. Then

T([Vuoll2)

1 1
Yoire < lor(w) = 519uld+ 5 [ Viea)uol do = ol - ol

Letting € — 0", we obtain, by the Lebesgue dominated convergence theorem,

limsup Y7 < limsup I 7(uo) = Ior(uwo) = Yo7,

e—0T e—0t

which completes the proof of this lemma. O
From Lemma and Yo 7. < Yoo 1., there exists eg > 0 such that
Yere < Yoo forall ee (0,€).
Similar to the proof of Lemma [3.3] we have the following result, whose proof is omitted.
Lemma 4.2. (i) I.r € CY(H'(RY),R).

(ii) If Icp(u) <0 then |Vul2 < Ry and I p(v) = I.(v) for allv in a small neighborhood
of w in H'(RN).

Let {u,} C S. be a minimizing sequence of I. 7(uy) with respect to any m < Yoo 10 <
0. Similar to the proofs of Lemmas|3.1] and {||Vuynl||2} is bounded. Hence, there exists
u € HY(RY) and a subsequence of {u,}, still denoted by itself, such that

up, —ue in HY(RY) and  w,(z) = u.(x) ae. in RY,

Lemma 4.3. The weak limit u. of {u,} is nontrivial.
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Proof. Assume by contradiction that u = 0. Then

1

m+ o0,(1) = I 7(un) = Ino 7(un) + B /RN(V(EI') — Voo)|un|2 dx.

By (V1)—(V3), for any given ¢ > 0, there exists R > 0 such that
V(z) > Vo — ¢ forall x| > R.

Hence,

1
mt 0n(D) = Lrlun) = Lor(wn) + 5 [ (View) = VillunPdo =5 [ funfPd
B0 B0

Recalling that {u,} is bounded in H'(R") and u, — 0 in L?(Bp/(0)), it follows that
(41) m + On(l) > Im7T(un) — CC > Too,T,c — CC

Since ¢ > 0 is arbitrary, we infer that m > Y, 7., which is a contradiction. Thus, the

weak limit u of {u,} is nontrivial. O

Lemma 4.4. Let {u,} be a (PS)n, sequence of I restricted to S, with m < Yoo,
and u. is the weak limit of {u,} in HY(RN). If u, = uc in H'(RY), there exists B > 0
independent of € such that

liminf ||u, — ucll2 > 8.
n—+00

Proof. By Lemma and m < Yoo 1, < 0, this implies that [|Vu,|l2 < Ro for n suffi-
ciently large. Consequently, the sequence {u,} also qualifies as a (PS),, sequence of I,

constrained to Sg, that is,
I.(uy) = m and HI6‘/SC(“71)HH—1(RN) —0 asn — +oo.

Introducing the functional ¥: H'(RY) — R defined as ¥(u) = 1 [on |un|? dz, we observe
that S. = U~1(c/2). By referencing Willem [39, Proposition 5.12], we deduce the existence
of a sequence {\,} C R such that

(4.2) |1 (un) — )\n\I/'(un)HH_l(RN) —0 asn— +oo.

Since {u,} is bounded in H'(RY™), then u, — u. and we let v, := u, — u.. It follows
that {\,} is also bounded, for some subsequence, there exists A, such that A\, — A as
n — 400. The combination of this with (4.2)) results in

(4.3) I'(u)=AV'(u) =0 in HH(RY), [[1E(vn) =AW’ (vn)[| 1 vy = 0 a5 1 — +o00.
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Through straightforward calculations, we get that

. . 1 A 1
0> Toor,e > ngrfoo Je(uy) = ngrfoo <Ie(un) — §Ié(un)un + %]\uan + on(1)> > 5/\60,
implying that

27T
< o0, Tc
&

(4.4) Ae <0 forall €€ (0,¢).

By (4.3), the above analysis yields that
HanH% + /]RN V(ex)|vn|2 dx — )‘EHUn”% = NHUan + ”Uan + on(1),

which combined with (4.4) give that

2TOO,T,C

(4.5) HVUanJr/RN V(ex)|vn|® da — lonll3 < wllvalld + lonllh + on(1).

By (4.5) and the Sobolev inequality, we deduce that
Culloall? < pllonlld + lvallh + 0n(1) < uCallval|” + Cslloa” + on(1).

Since v, -+ 0 in H'(RY), there exists C; independent of ¢ such that ||v,|| > Cy. Moreover,
there holds,

. R
(4.6) tim inf (4 [on |7 + [[0a]7) = Cs

for some C5 > 0. By (4.6) and the Gagliardo—Nirenberg inequality, there exists § > 0
independent of € € (0, ¢p) such that

. >3
i s > 9
The proof is complete. O
From now on, we fix 0 < pp < min {TOO,T,C — Yo7, éj(Too,T,c — TO’T,C)}.
Lemma 4.5. I. 1 satisfies the (PS)., condition restricted to S. if m < Yo 1.+ po.

Proof. Let {u,} C S. be a (PS)p, sequence of I r restricted to S.. Noting that m <
Toor,e < 0, by Lemma {u,} is bounded in H'(RY). Let u, — wu, in HY(RY)
and u. # 0, see Lemma [£.3] A straightforward computation gives that vy, := u, — ue is a
(PS) sequence of I, 7 restricted to S, and m’ < m. If v, - 01in HY(RY), by Lemma
liminf,, 1 ||on]2 > B.

Setting b = ||uc||3, d = ||vn||? and supposing that ||v,]|3 — d, then we get d > 32 >0
and ¢ = b+ d. By the fact that v, — 0 with a similar proof of , we can obtain that
I 7(vn) > Yoo 1 a, +0(1). From d,, € (0,c) for n large enough, we have

(4.7) m+0,(1) = Icr(un) > Ier(vn) + Ler(ue) > Yoo r,d, + Yoo + 0n(l).
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From the proof of Lemma and , it follows that

d b
TO,T,C +po = m+ On(l) > ?nToo,T,c + ETO,T,c-

Letting n — 400, we obtain that
d B2
o > E(TOO,T,C - TO,T,C) > ?(TOO,T7C - TO,T,C))
which contradicts pg < B—S(TOQT,C —Yo1,.). Thus, we must have u,, — uc in HY(RM). O
4.1. Multiplicity result

In this section, we manage to prove our multiplicity result and borrow some arguments

from [1]. In what follows, we fix p,7 > 0 satisfying

e Bj(ai) N Bs(aj) =0, for i, j and a;, a; are defined in (V3).
° Ué:l Bﬁ(ai) C B’;(O).

o K2 = Uizi Bja(as).

We set the function Q.: H'(RV)\ {0} — R by

S x(ex)|uf? da
Qe(u) := fRN ‘u|2 dr

where x: RV — R¥ is given by
x if |z| <7,
x(@):=9_._ _
Ty if |lz| > 7.
The following two lemmas will be instrumental in generating (P.S) sequences for I

within the constraints of S..

Lemma 4.6. There ezist 1 € (0,e0] and p1 € (0, po] such that if € € (0,€1), u € S and
Icr(u) < Yore+ p1, then
Qe(u) € Kﬁ/Q.

Proof. If not, there exist sequences p, — 0, €, — 0 and {u,} C S, such that
(4.8) I, 7(un) < Yore+ pny  Qe,(un) & Kz
Consequently, we have

Yore<Ior(un) < I, v(un) < Yorc+ pn,

thus, {u,} C Se and Iy 7 (u,) — Yo 1. According to Lemma we have two cases:
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(i) u, — uin HY(RY) for some u € S,, or

(ii) There exists {y,,} C R with |y,| — +o0 such that v, () = u,(x + yn) converges to
some v € S in H'(RY).

Analysis of (i): Applying the Lebesgue dominated convergence theorem, it follows that

0. (u) = Jex Xlen®lun dz - Joe X(O)luf? de
e Jrw [un]? daz Jew ul? dz

which contradicts to Qe (un) ¢ Kz/a.

Analysis of (ii): Now, we will examine two cases, (I) |e,yn| — +oo and (II) €y, — ¥

- O S Kﬁ/g,

for some y € RY.
If (I) holds, as the limit v,, — v in H'(R"), we obtain

7([Venll2)

1 1
Ie, m(un) = §HanH§ + 5 /RN V(enT + Enyn)|”n‘2 dx — %H%HZ - ”Uan

(4.9)

— Ioo,T('U)~

Since I, 7(un) < Yo,1,c + pn, we conclude that Yoo 7 < Ino 7(v) < Yo 1, which contra-
dicts Yoo, 7c > Yo,7,c-

If (II) holds, similar to (4.9), I, r(un) — Iyr(v), which combined with I, 7(un) <
Yo+ pn imply that Yy 7. < I, 7(v) < Yo7 According to Corollary it follows

that V(y) = Vo and y = a; for some i = 1,2,...,1. Consequently,

. fRN X(Gnl’ + 6nyn)|vn|2 dx fRN X(y)|v|2 dx

en(Un) = = a; € Ko,
@ t0) o Tonl? do Jo Pz~ % < K2
which implies that Q,(u,) € Kj/p for n large enough. This contradicts to (4.8) and
completes the proof. O

From now on, we will use the following notations:
o 0l :={ue S :|Qc(u)—ai| <p}, 00! :={uc S :|Qc(u) —a;| =p}.
o Bl :=inf,eqi I (u), Bi = inf,cap: Le(u).

Lemma 4.7. There exists €3 € (0, €;1] such that

(4.10) Bl < Yore+ % and Bl < B for any € € (0, €2).

Proof. In what follows, let u € S, satisfy Ipr(u) = Yo7, For 1 <i <[, we define the
function ui: RY — R as
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Therefore, ul € S, for all ¢ > 0 and 1 < i < [. Through a straightforward change of

variable, it can be shown that

" 1 1 7(||Vu
Lr@) = 3IVulf+ 5 | View +adluldo - Eluly - (”p””HuH%
and
(4.11) lim I (@) = I, 7(u) = Ior(u) = Yoz
e—0t

Note that, as € — 0%, Qc(U!) — a;, this implies that @ € 67 when e is sufficiently small.
According to (4.11)), there exists ez € (0,¢€1] such that

Bé <Yor.e+ % for any € € (0, €2),

indicating the first inequality in (4.10)).
For any v € 96!, we can conclude that Qc(v) ¢ K5/5. Thus, by Lemma one has

I.7(v) > Yo+ p1 forallv e 98 and € € (0, €3).
This implies that Bé = inf,cpgi Ler(v) > Yo+ p1 for all € € (0, e2). Consequently,
Bl < BE for all € € (0, €2).
This completes the proof. ]

Proof of Theorem 1.1} Let € € (0,€) where € := €3 as determined in Lemma For
each i € {1,2,...,1}, we can apply the Ekeland’s variational principle to find a sequence

{ui} C 07 satisfying
IE,T(ufl) — ' and HIﬁT’/SC(“:'z)HHfl(RN) —0 asn— +oo.

In other words, {u},} is a (PS)s: sequence for I 7 when restricted on S.. Because ! <
Yo, 7.+ po, Lemma guarantees the existence of u’ with u; — u' in HY(RY). Therefore,

ut e Gi, IE7T(ui) = ,82 and IE7T|'SC(ui) =0.

For

Qe(ui) € Bj(ai), Qe(uj) € Bs(aj) and Bj(a;) N Bs(a;) =0 for i # j,

then u’ # uJ for i # j, where 1 < 4,5 < [. This argument shows that I, possesses at
least [ nontrivial critical points for any e € (0,€).

Using Lemma and the fact that I.r(u') < 0 for any i = 1,2,...,l, it becomes
evident that u’ are in fact the critical points of I restricted on S, with Ie(ui) = Bé <0
and I'(u*)u’ = \jc. Then, we deduce that

1 : 1 1 : 1 1 .
gre= 1)+ (3= 2wy + (3 - 3) Il
This implies that A\; < 0 for ¢ = 1,2,...,l. The proof of Theorem is completed. O
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