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A Fractional-order Quasi-reversibility Method to a Backward Problem for

the Multi-term Time-fractional Diffusion Equation

Liangliang Sun*, Yuxin Wang and Maoli Chang

Abstract. In the present paper, we devote our efforts to a backward problem for an
anomalous diffusion model with multi-term time fractional derivatives. Such a problem
is ill-posed. For this purpose, we introduce a fractional-order quasi-reversibility regu-
larization method that is a new perturbation related to the time fractional derivative
into the original equation. Based on some properties of the multinomial Mittag-Leffler
function as well as the Fourier method, we theoretically give some regularity results
of the regularized solution, and prove the corresponding convergence rate under the
a-priori regularization parameter choice rule in the general dimensional case. Finally,
several numerical examples are given to demonstrate the effectiveness of the proposed

method. The numerical results are well in line with our expectations.

1. Introduction

Fractional diffusion equations have a wide range of applications and great influence in
mathematical physics and other fields. Fractional diffusion equations can more accurately
describe some anomalous diffusion phenomena, such as underground sewage survey and
oil pollution survey [1}/41625], so the study of fractional diffusion equations have attracted
the attention of many scholars.

The multi-term time fractional diffusion equation (MTFDE in short) is a special frac-
tional diffusion equation, which can improve the efficiency of studying anomalous diffusion
problems. Because this kind of model could describe the diffusion phenomenon of a solute
in a multi-scale medium. Such processes are believed to provide useful models for a crowd
of non-homogeneousand non-stationary processes, for example, it is shown to be efficient
models for describing some anomalous diffusion processes in the highly heterogeneous
media by [6] in which the authors indicated that diffusion equation with time-fractional
derivative was well performed in describing the long-tailed profile of a particle diffuses in a
highly heterogeneous medium. Therefore, the study of this multi-term fractional diffusion

equation is of great significance in physics and engineering.
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Let T be a fixed positive constant and € be a bounded domain in R? with sufficient
smooth (at least Lipschitz) boundary 9. In this paper, we focus on the following initial

boundary value problem (IBVP) for a multi-term time-fractional diffusion model

E;zl 40y w(z,t) = Lw, (x,t) € Q x (0,77,
(1.1) w(z,t) =0, (x,t) € 90 x (0, T,
w(z,0) = wo(x), x €,

where 0§ represents the Caputo fractional time derivative defined by

1 L ow(z,s) ds
Cw = - 1 t<T
Of'w F(l—a)/o 95 (=9 0<a<l 0<t<T,

where T'(-) denotes the Gamma function. For a fixed positive integer s, the orders a =

(a1,...,as) and the coefficients ¢ = (g1, . . ., gs) are restricted in the admissible sets

A::{(al,...,as)ERS162a1>a2>--->a52g},
Q:: {(qla"'7QS)ERS‘q1:17Qj€[g7q]7j:27‘”73}

with fixed 0 <a<a<land 0<q<7.
The differential operator L is defined by
) Ow
(1.2) Latet) =3 5 (am)%(x,t)) bl ),
where a;; € CY(Q) and a;j = aji, 1 <i,j < d, and b € C(Q), b(z) <0, x € Q. Moreover,
we assume that the operator L is uniformly elliptic on €, i.e., there exists a constant p > 0
such that

d
S @)t > ulel, v e £=(&,... &) €RE
ij=1
The initial state wp(x) satisfies the following compatibility condition:
wo(z) =0, x €.

To study various properties and results of fractional calculus, we can refer to [11,
26,128]. However, the multi-term time fractional diffusion equations whose mean-squared
displacement behaving like (Az?) ~ Ct™{i} as t — oo (see, e.g., [23]) grows in time
slower than linear case, which are very different from the traditional diffusion equations,
for example, the decay in time is slow, and the smoothness of the solution is limited. Up
to now, there are extensive profound literatures concerning theory and computation of the
forward problems for the multi-term time-fractional diffusion equations (see [9,/13,(15}20,

21,40] for an incomplete list).
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In practice, some parameters in the model, such as the fractional orders, some coeffi-
cients, source term, initial data or partial boundary data may not be measured directly,
which needs to be recovered by additional measured data by indirect means. Thus some
inverse problems in fractional diffusion equations arise. The published works were con-
sidered from different aspect on the inverse problems for multi-term counterpart, e.g.,
see [7.[812}/14}16,18.22,|30H33| etc, and review literatures on inverse problems in anoma-
lous models [10}/17].

Here the initial function wy(x) is unknown, so the inverse problem considered in this

paper is to identify initial state based on problem (|I.1) and an additional terminal data
(1.3) 9(x) =w(z,T), ze€.

This kind of backward problems in fractional diffusion equations have significant ap-
plication background and have increased extensive attention. In 2010, Liu and Yamamoto
firstly proposed a quasi-reversibility regularization method to solve the backward prob-
lem in time for a time-fractional diffusion equation in one-dimensional case [19]. In 2011,
Sakamoto et al. also gave the uniqueness for the backward problem based on the theoretical
results of the forward problem [27]. Subsequently, some effective regularization methods
continue to emerge, such as the Tikhonov regularization method [3}/34,36], modified quasi-
boundary value method [37], iterative regularization method [35], variational method [38],
new adjoint technique [39], fractional Landweber method [5], fractional Tikhonov reg-
ularization method |2] and so on. Recently, Shi et al. [29] proposed a fractional-order
quasi-reversibility method to a backward problem for the time fractional diffusion equa-
tion. Some of the ideas in the present paper come from the above literature.

Compared with the inverse problem of classical heat equations, it is more challenging to
study the inverse problem of fractional equation, especially multi-term time-fractional dif-
fusion equation. For example, a fundamental fact is that under the time reverse t’ = T —t,
there holds 0; = —0p while 05 # —05 for a € (0,1), which makes some standard tech-
niques devoted to the backward problem for classical heat equation invalid in establishing
the convergence property of the regularized solutions of the backward problem for ([1.1)).
On the other hand, the appearance of the multinomial Mittag-Leffler function makes the
study of the forward and inverse problems for fractional equation more complicated in the
aspects of theoretical analysis and numerical calculation.

In this paper, we focus on the well-posedness as well as convergence analysis of the regu-
larized solution for backward problem based on the fractional-order quasi-reversibility
method. Our main contribution lies that a new regularization method based on time frac-
tional derivative as well as some crucial properties for the multinomial Mittag-Leffler

function are proposed. And the method we proposed is very different from [19]. Under



1188 Liangliang Sun, Yuxin Wang and Maoli Chang

a low regularity of the initial state, we establish the convergence property of the regular-
izing solutions of the backward problem and a uniform Holder type error estimate with
an optimal convergence order is obtained for a priori parameter choice rules with the aid
of the new quasi-reversibility method. Also, we put forward a numerical algorithm for
the forward problem and the backward problem with a regularization term. By this nu-
merical scheme, the original equation can be reduced to the form of matrix iteration, and
we reconstruct the initial value by numerical solution instead of exact solution. Finally,
Numerical examples demonstrate the effectiveness of the algorithm and also indicate that
our new regularization technique has better reconstruction effect on non-smooth functions.

The remainder of this paper is organized as follows. In Section 2] some preliminaries are
presented. In Section[3] we illustrate the ill-posedness of inverse problem and also consider
the existence and uniqueness of the regularized solution. In Section [ some properties
of multinomial Mittag-Leffler function are used to study the convergence analysis of the
regularized solution. In Section [5] the convergence speed of the corresponding regularized
solution can be accurately expressed under an a-priori parameter choice rule. In Section 6]
we present the numerical algorithm. In Section [7 three numerical examples demonstrate

the effectiveness of the algorithm. Finally, we make a concluding remark in Section

2. Preliminaries

In this section, we give some definitions and some necessary preparations. Denote || - || =
|- lz2()> (+,-) as the inner product of L%(Q). Henceforth C' (or C;) denote positive
constants that may have different values in each place.

Let D(—L) := H?(Q)N H{(€2) denote the domain of the operator —L defined by (L.2)).
Noting that —L is a self adjoint and positive operator. Let {n, pn}52; be an eigensystem
of —L, ie., =Ly, = tnpn. We know that 0 < puy < pg < ---, limy, o0 by, = 00, and
{on}22, forms the standard orthogonal basis of L?(Q2). Now we can define the Hilbert

scale space for later use.

Definition 2.1. For any v > 0, define

D((-L)") = { ¥ € LAQ) | 3 u 1 ep)? < o0 b

p=1
where (-,-) is the inner product in L?(f2), and define its norm

1/2

9l p—zyy = & D (W, op)I?
p=1
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Definition 2.2. The multinomial Mittag-Lefller function is defined by

k.
E Z ) (kik1y . k) T2, 257
(917"'795)790 (Zl7 e, R

Jj=17%j
k=0 ki+-+ks=k

D00 + 3251 05ks)

where 0y,0; € R, and z; € C (j = 1,...,s), and (k;k1,...,ks) denotes the multinomial

coefficient
k!

where k; (j =1,...,s) are non-negative integers.

For the convenience of the later, for a € A and g € Q, we adopt the abbreviation

(21) E((llf:lﬁ) (t) = E(al,al—ag,...,al—as),ﬁ( - Mnta17 _thal_a27 ey _QStal_aS)v t> 07

where & = (a1,1 — ag,...,a1 — as) and p, denotes the n-th eigenvalues of elliptic

operator —L with the homogeneous Dirichlet boundary condition.

Lemma 2.3. [15] Let0 < 0 <2 and 0 < as < a1 < -+ < a1 < 1 be given. Assume that
G < p < aqm, p < |arg(z1)| <, and z; € R for j =2,...,s, and there exists K > 0
such that —K < z; <0 (j =2,...,s). Then there exists a constant C > 0 depending only

onp, K, a5 (j=1,...,5) and 0 such that

C
‘E(al,a1—a2,...,a1—as),G(Zl7 cee 725)‘ < m
Lemma 2.4. (see also |31, Proposition 2.6]) For u, > 0, we have 0 < 1—Mnta1ngj‘1)+a1 (t)
<1 fort > 0. Moreover, 1 — unto‘lEc(!, 1)+a (t) is a strictly decreasing function on t > 0.

Lemma 2.5. [30] Let 0 < as < 51 < --- < aj < 1. Then

1+q CM—CX]')
Hn J _
11— talEa,mH |_§ T t>0,n=12,...,

where M is a positive constant.

Proposition 2.6. For any £ € R and £ > 0, we have

d () L@
'dgEahHm(t)‘ < @‘Ea/»al(m’ t>0.

Proof. From (2.1]), we know that

Ec(f’)l—i-al (t) = E,(oa,0417042,...,041701S 1+a1( ft gt T L, —qstalfo‘s)

_ i > (ks k1, - - s)(—ﬁtal)kl(—qzta“a?)’” L (—gatr o)
T(ar + 1+ arkr + Y5 (ar — aj)k;) ,

k=0 k1+-+ks=k
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then we have

o0 (kskiy .o k) (—1)Pr kg ehr—tgeakn) (—gppon—az)kz . (g gor—oas)hs ‘
k=0 ki+--+ks=Fk
k=0ki+--+ks=k

s ki (Bik, o k) (€)M eoRn) (—gat®1—o2)he - (—ggt1 =)k
= Z Z ¢ F(al +1+a1k1+2j:2(a1 *aj)kj)

(k; ki,..., k‘s)(f(—l)klfkltalkl)(—qgtal_(w)kz . (_qstal_as)ks
(Oq + 14+ a1kt + Z;;z(al - Ozj)k’j)

k=0ki+-+ks=k

oo

> > Fy (B ki k) (=€) (—gat®1—02)R2 - (—ggt@1 =)
5=0 k1 4+t ku—h 13 {Oq + ark) + 2;22(041 - aj)k:j}l‘(al +ark) + 2;22(041 — Oéj)k‘j)

1
ES (). O

&

IN

3. Ill-posedness of inverse problem and fractional-order quasi-reversibility method

In this section, we will first discuss the ill-posedness of the backward problem and then
propose a fractional-order quasi-reversibility method by introducing a new perturbation
related to the time fractional derivative into the original equation.

By a standard Fourier method, we know that admits a unique solution given
by [15]:

wt) = 3 Worn) (L — it ™ B, (1)) ul).
n=1

From , then we have

S (0 enlion(@) = (. T) = S (et o) (1 — T B9, (1)) ().

n=1 n=1
So we arrive at
(3.1) (worip0) = ——— BP0

1= TEL " o, (T)

From Lemma we know the denominator of tends to zero when n is suffi-
ciently large. Therefore, the above inverse problem is ill-posed and we need to add
some regularization strategies. By Lemma we also find that the backward prob-
lem for multi-fractional diffusion equation is mildly ill-posed because the multiplier 1/(1—
unTlang?l)Jral (T")) just grows linearly to p,, i.e., 1/(1—uan‘ng71)+al(T)) ~ by, AS T —> 00,
which is very mild compared to the exponential growth e*»T for the case o = 1.
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Motivated by the quasi-reversibility method in [29], we consider the following problem

as our regularizing scheme

Py q;0,7u(x,t) = Lu + f3 Py q;0,7 (L), (z,t) € Q x (0,T),
(3.2) u(x,t) =0, (x,t) € 9Q x (0,T],
U([I},T> :g(x)a xEQ;

where § = [(0) acts as regularizing parameter depending on the known noisy level 4.
After adding the regularization term, we can see that the ill-posedness of the backward
problem can be effectively avoided from the following theorem. Now we need consider the

existence and uniqueness of the solution to (3.2).

Remark 3.1. In the regularized problem , we have added a perturbation term of
fractional derivative to overcome the ill-posedness of inverse problem. The main idea is
to change the eigenvalue of the original elliptic operator. As we know from that
1/(1 — p,T f‘ng”l) o, (T)) is an amplification factor when n is sufficiently large because
tn — +00 as n — 0o. On the other hand, from we have A, — 1/ is bounded when
n is sufficiently large. So the backward problem becomes well-posed from by taking

t=0.

Theorem 3.2. Let g € D(—L) and § € (0,400). Then problem (3.2) has a unique
solution uB[g] € C([0,T]; L*(Q)) N C((0, T]; H2(Q) N HA()).

Proof. Our proof process can be seen as two steps.

Step 1: The existence and regularity of the solution. We need to solve the above
problem by the separation variable method. Let u(z,t) = X (z)7T'(t) and substituting it
into gives

Z;:1 QjatajT(t) _ LX(x) B
T(t) X — BLX (x) ’
where —\ is called the separation constant and not yet known. Therefore, we deduce an

eigenvalue problem

(3.3) LX () = BALX () = =A\X(2), =€,
X(z) =0, x € 0§},

and an ODE with fractional derivative

(3.4) D> o T(t) + AT(t) =0, t>0.
j=1

We know that the eigensystem {u,, @, } satisfies Lu, = —punp, and ¢nlgq = 0. So
eigenvalue problem (3.3|) yields

Hn
. Ap=—7"7—, X, = pn(T), =12 ....
5 Sl Xa@) = ),
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Especially, we can easily verify the one-dimensional case. we know that u, = n?, A\, =
n?/(Bn? + 1) and ¢, = sinnz for L = A and Q = (0, 7). For fixed A = \,, we can solve
(3.4) (e.g., [26]) by using the Laplace transform to obtain

Tu(t) = 1= At EQY (1),
Noting u(x,T) = g(x) from (1.3]), and combining the above results, we have

21— Mgt EDY, L (#)

(3.6) Wg)(z,t) =Y el

1 ATaEQY, ()

where g, = (g, ¢n). Now we verify the regularity of u?(z,t). From Lemmas and

we obtain

gn(Pn(x)a

il — At EO (1) ot EX ) [

> ltingn o oy Zﬂnlgn i
(3.7) n=1 —A TalEo/ 1+a1( ) —MTES", (T)

SCQZM?JQHP for any ¢ > 0,
n=1
and
1 — At EY, t

2 |gn ?)\nH_al <Z‘9n 1( y

(3.8) n=1 )\ TuE ’1+a1( ) 1 - )\ TE ’1+a1(T)

<C? Zﬂilgﬂ? for any ¢ > 0,
n=1
where C is a constant. Since g € D(—L), the series > oo, u2|g,|? is convergent,
and are also uniform convergent. So we have from the Lebesgue theorem that
u? € C([0,T]; L3(2)) N C((0, T]; H2(2) N HE ().
Step 2: The uniqueness of the solution. Let u be the solution to for g = 0. Then

oo
= Zun(t)gpn(z:), n=12...,
n=1

where u,(t) = (u(-,t),¢n), and
Z ;0 un(t) = —Anun(t).
j=1

The condition u(x,T") = 0 yields u,(T") = 0. With the help of the existence and uniqueness
of the ordinary fractional differential equation, we have u,(t) =0,n =1,2,...int € [0,T].
Because ¢, () is a complete orthogonal system in L?({)), we have u = 0. The proof is

complete. 0
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4. Convergence analysis and error estimate

In this section, our goal is to give the main theoretical result: convergence analysis of the

regularized solution.

Theorem 4.1. Let w(x,T) = g(x) be the final value of (1.1]) and wy € L*(Q) be the initial

value. Then

uﬁ[g] —w

in C((0,T); L*()) as B — 0. Moreover,
as f — 0.

Proof. After calculation we have

u’[g)(z,t) — wlx, 1)

<1 Mt EQY (1) < 1yt EEY, (1)
=>. ) gnpn(@) = D ) gnpn(x)
1 1= AT E 11+a1(T) n=11— ppT9E ’1+a1(T)
o0
= Z I, 0 T gnQDn( )
n=1
where g, = (g, ¢n), and
hn « T(t)
(An) n
— — M talE o’ 1+a1 (t) 1- tOélE(‘f 1t+an (t)
)\ TO”E o 1+a1 (T) TalE(!fnlJqu (T)
An
1t B /Halw — T B /Halm — Mt B o ()
1- ,unTalE ’ 1+a1 (T) 1- /‘ntalE ! 1+a (t) — AMTME (’ 1)+a1 (T)

By Lemmas [2.4 and [2.5] we have

(4.1)

ZhnaT

N e’} 2
9n
(v ) (- )
(n-l n=N-+1 Tul E’(l‘;nl)+a1 (T)

[} (¢35} Ar
(LomT B (T). 1= At QMo (8) »
1= gt ES™, (6) 1= A\ EQY, (T)

o’ 1+a,

o', 1+a,
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2 o Un o An
B ZN On L= T EG (1) 1=t EQ) () ,
- 1— NnTal E(“n) (T) () An) )

= U)o 1=t S (8) 1= XTI EQY (T
+2 ) ( - )
n=N+1 1- M"Talng:Ll)—&-al (T)
n An 2 ?
} (1 — i T EL o, (1) 1= Xt Q). (1) ) o
n o An
1— ppter B, () 1= AT EQ, (T)
2 [e3% n « An 2
< i( 0 ) (1—unT U (1) 1= A EQY., () _1>
- U, o U, o An
DL T BEY, (D) \ 1=t BEY o () 1= AT ESY (D)
oo 2 T @i 2 2
+2C0 Y ( g”(u) ) ((1+() ) +1> for all ¢ > 0.
n=n+1 \1— M”TalEa/:Ll-&-al (T) t
Since w(-,0) € L?(Q), we have from (3.1]) that
= 1
(4.2) > ™= gnipn € L*(0),
n=1 1 - lu”nTalEa/’lJ,-al (T)
. o0 gn 2 .
which shows that > >, (l—unT‘lle") (T)) converges. Hence, for arbitrary € > 0, we

ol 1+aq

can find NV = N(e) such that

oo

9n
(4.3) > <
e G1 \ 1= T ESY, (1)

o’ 14+aq

| ™

By means of the continuity of A, in 8 and 1 — §t0‘1E(£)

o 140, (1) In & we can choose an

appropriate 5 = [3(g) such that

2
n A’ﬂ

(4.4) - MnTalEz(llf,l)-&-m (1) 1- )‘ntalEz(x’,l)er(t) 1] <&

: " ’ An N D)

I MntalEz(llfJ)-‘roa (t) 1 - )\”TalEt()t'71)+oz1 (T) 2

foralln=1,2,...,N(e). Combining (4.1))—(4.4) we have

2

00 N
€ 9n 2
(4.5) e ar(tgn < 5 + C(t)e < C()(1 + [|wol*)e.
nz:l o, 2 ;:1 1 — T ngq:_al (T)

o h2

Since € has been arbitrary chosen, it follows that 2 ; h2 _ (t)g2 — 0 as e — 0. We can

get the following result
[u?lg](-,t) —w(-, )| =0, B—0

holds for all 0 < ¢t < T
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We find that constant in (4.5) depends on the variable ¢ > 0, and hence, the conver-

gence at t = 0 also need us to consider. For the particular case ¢ = 0, there holds

ar (in)
hn,a,7(0) = ! il B, (1)
n,oT (i) oy 2O

L= pnTHELY  (T) \ 1= A\T4ELY, , (T)

We can easily get the results below

o0

ulg)(,0) ZhnaT )gnen ().

On the other hand, we have from Lemma [2.5] that

Z

2 2
N ( n)
n=1 n=N+1 1- TalE(ltnl)+a1 (T) 1- )\ TQIE( o’ 1)+a1 (T)
N > (in) 2
o n
<Z In LT Byla,(T)
n=1 TalE(lj;nl)+a1 (T) —A TOélEl(l, 1)+a1 (T>
- 2
9n
+4 >
i \ L= T EL, (T)
Similar to the case at t > 0, we obtain
lu”lg](-,0) = w(-,0)| =0
as § — 0. The proof is complete. O

However, problems encountered in real life, we only know additional noisy data. Here

we consider ¢°(z), the noisy input data of g(x) with a weak regularity, as our input data
which satisfies

(4.6) lg° — gll <.

Theorem 4.2. Let a € A, q € Q and ¢°(x) denote the noisy data which satisfies ([.6).
Then

1 @1g°) (-, 1) = w(-. )| = 0

as 6 — 0, where 5 = () denotes the regularization parameter satisfying
(4.7) B(6) =0, —=—=0

as 6 — 0.



1196 Liangliang Sun, Yuxin Wang and Maoli Chang
Proof. Note that for t € (0,T),

1e?[g°)(- 8) —w (-, ) < [W’[g°) (-, 8) — WP lg) (-, )l + [’ [g] (-, 8) — w(-, T)II.

By virtue of Theorem the second item of the above equation tends to zero as 6 — 0

because of (4.7), and hence, we only estimate the first item. Our estimation process is as

follows:
2
S0\
= : 9n — 9n
n=1 1- )‘ TalE(’ 1)+a1 (T)
< Z (96 - gn)2
Ca n
=1 (“A T '1+An"Ta1>
> 1+ A\, T 2 s )
< _
_§C<1+)\ Tor — Ta1> (9n = 9n)
— a1\2( .0 2 r 2 2
<O (L4 AT (g —gn)® <2C- [ 1+ .82,
n=1 B
Here t € (0,7). From the above discussion, we get the corresponding results. O

5. The convergence rate of the corresponding solution

In addition, if some additional conditions can be given to the initial data, the convergence
rate of the corresponding solution can be accurately expressed, and we can prove the

following conclusion.
Theorem 5.1. Assume the assumption wy € H}(Q) (i.e., ||W0||H3(Q) < M?) holds, then
H'LL’B[QK ' 7t) - OJ( ' 7t)H < CSM51/27

where Cy is a constant depending on o, @ and T. Moreover, if ||g° — g|| < § and B(8) =
C62%/3, we have

1@ [g°] (- 1) = w(-, )| < CoM s>,
where Cy is a constant depending on o, & and T.

Proof. Taking advantage of the previous discussion, we have

le”[g](-8) —w (-, t)|* = Zgn nor(t
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and
h T(t) —A talEt(l’ 1)+a (t) 1— MntalEt(x’ 1)+a1 (t>
n,o, >\n
1= AT EQY, () 1= T ELT, (T)
—Bus
=qQ An = Hn) = ! : - )
QO —m) = Q€)1
Lt B () .
where Q(&) = - gTalE(g/)1+a1(T) and £ € (An, pin). For € # 0, it follows from Lemmas [2.3

and Proposition [2.6] that

1Q'(&)]
‘ (talE(g’)lJrou( ) + gtal t%Eéc )1+a1( )) ( éTalE( ’)1+a1 (T))
1— ¢ ES) (1))

o’ 14+a;

(1S, ) (T B, (1) +erm 45, (1))

1T ES, (D)
\talEa/Hal ()] + ¢t £ ES) 0, O] +\TQ1E§51+Q1 )|+ |67 e B (T)]
11— &.TalEof’)l—i-al(T)} ‘l_ngES/)Hal(T)‘Q
Cli+ | el | O+ ol |l isferer]
R sTmEﬁhmTﬂ i £Ta1Ef?m1<T>\2
<C‘ L e |1 1 CJ1+ |71 4 [€T]
- a1 CET*r  C| (14 |¢To1| - C_¢T)”

1
—>C(1+>T°‘1, & — 400,
Qg

where C_ is a constant greater than 0 and less than 1. We can obtain there must exist a
constant C' = C(c) such that

Q&) < - <1+1> e,
o

For ¢ = 0, we obtain

1—gto1 E® ()

ol 1+a; 1
1Q'(0)] = 1L ‘1 —ErNES) (1) | li |§Ta1E ’)1+a1(T) gtmE(é/)Hm(t)’
= lim = l1m
€0 H €0 €(1— e ES) L. (1))
= lim ‘TOQE ’)1+a (T) toqE( ’)1+a1 (t)‘ 1t + T
£—0 ‘1 gTalEa/)l+o¢ (T)‘ | T(a1 +1)
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From the above two inequalities and trigonometric inequalities, we draw a conclusion
1
Q1)) < C'(0n) max { <1 n ) e, 2Ta1} tefoT],
o1

where C’(a) = max {C’, T 1+a1)}

It suffices to estimate the term » 7, p2 g2, which can be achieved by the fact wy €
H}(Q) and Lemma

00 2
HUng
M? = |lwoll21 o = Z n
() n 2
0 n:1 TcxlEl(lV; 1)—|—a (T))

Z ,Ung > Co > ,ungz (1 + p, T2
- 072 T ot (Z;:2 Talfaj)Q

1+,uT,TO‘1
= + %)2 - u g2
:CT2Q1 ([Ln T 2>CT2011 nJdn ’
9 nz::l (Zj’:2 Talfaj)2ungn = L9 nzz:l (2;22 Ta1faj)2

that is,
CrM2 - (Y3_, Tore5)?

j=2
Z IU/T'LgTL — TQOCI

From the above discussion, we come to a conclusion

Huﬁ[g](',t)—w(.,t)w
_ S (=P ’ 2 =By )23 g2
=2 1) (52) & < Y B ©Puta:

n=1
9M2 (Z To1— aj)
T2a

<B- C’(al)max{<1 + 1) ST 1,2T°‘1} .
aq

=B -M?*.C%,

y Cont2 (s or)

where Cip = C'(ar) max {(1 + Z7) - T, 1,27 o

result in Theorem we have

Combining the

WO~ Dl £ 2078 + 20T -5 4 Crohag

(&) 3

mm{(l + )TZO“ 1}]2/ 352/ 3 then we can get the convergence rate of the regularized

Assume the assumption wy € H}(2) holds, further we choose 5(8) =
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solution %) with noise data ¢°(x), as shown below

l®@1g°) (-, 1) = w(-.t)l|

o NV 1 1 8 )
e Tal _ e i 1 - Tal 1
2070 +2C7 5([(6@,0’(%)) Mmm{< +a1> 7 H ’ )
C? 1/2 1 1 1/3 1
M| (o) Zomind (14— 7o 1 Y| 63
+ Clo|:<090/(aj)> Mmln{( +a1> ) H 1)

< 2(07 + <C7M(C'(a1)09)1/2 min { <1 N 1)Ta1’ 1}—1> 2/3

2/3
+ <MC’(a1)Cg max { (1 + 1>T20‘1, 1}) )51/3
aq

for all t € [0,T) and arbitrarily fixed oy € (@, ), where ¢° satisfying ||g° — g|| < 6 for all
5 €[0,1). O

6. Numerical algorithm

This section considers a finite difference method for solving a class of multi-term time-

fractional diffusion equation. For simplicity, we mainly consider the following IBVP in

one-dimensional case:

(6.1) > 40w, t) = wea, (x,t) € (0,7) x (0,T),
Jj=1

w(0,t) = w(m,t) =0, te(0,T],
w(x,0) =p(x), xe€l0,n],

where 0 < a; < 1, ¢ is a well-known function, and ¢(0) = ¢(7) = 0.
Taking the positive integers M and T, let Ax = 1, At = % We remember z; = iAx
(0<i<M),ty=nAt (0<n<N), Q={2;|0<i<M}, Q={tn|0<n<N}.
Define the following grid function ul" ~ u(x;, t,,).
Using Murio’s scheme [24] for time-fractional derivative and the central difference
scheme for A, The following result can be obtained from (6.1)):
s e M
>y S ()

=

1
= +1 +1 +1
= (AW~ 2w ).
Denote U™+ = (U?Hv u?“, e 7U7]\12L,11)T, after processing, we can get the following itera-
tive format
d
BUI = UO7 BUn—l—l — ClUn _|_02Un—1 4ot nU(),

do
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where
g (AL
:Z‘;((Q_) ;((n—i-l)l “ —n'"%), n=0,1,...,N -1,
= K
cn_d”‘;_d”, n=1,...,N—1,
0

and B is a tridiagonal matrix, which is given by B;; = 1 + X ( To(Aw)? fore=1,2,..., M —1
andBm-_l:—mfori:2,3,...,M—1andBm+1 d(A) fori=1,2,...,M—2.
For the regularization problem (3.2)) corresponding to the qua51—rever51b1hty method,

we can get the following format
o d
i1 1_ Z 1-k —ky\ %k

dg

_ n n+1—=k n—k
3DU +5Z DU ~- DU )d0

k=1

After a simple calculation, the above formula can be reduced to the following formula

. d - d
n+1l __ n n+1-—k n—ky %k n+1—k n—ky %k
(B—BD)U™™ = AU™ =Y (u] — ! )d—0+6Z(DU — DU )d—0
k=1 k=1
= AU™ — i(uﬂ"rl—k — )dk + 5D Z Un+1 k " k‘)dk
[ 7 dO dO
k=1 k=1
Further we can get the following iterative form
dn
(B—BD)U' = AU®, (B - BD)U"™ = ¢/ AU™ + ;AU + - + y AU,
0
where D is a tridiagonal matrix, which is given by D;; = —ﬁ fori=1,2,...,M—1and

D;; 1= ﬁ fort =2,3,...,M—1and D; ;41 = ﬁ fori=1,2,..., M —2. Moreover,
Aisa trldlagonal matrix, which is given by A; = 1+ ( 6) fori=1,2,...,M — 1 and
Ai,i—l— (Aw) fOl"Z—2 3 M —1 and Ai’H_l:_W fOIZ:1,2,...,M—2. With
the above algorithm we can eﬂ'ectlvely perform numerical examples.

7. Numerical experiments

In this section, we provide the numerical results for three examples in one-dimensional
case to verify the validity of the algorithm.

The noisy data is generated by adding a random-perturbation, i.e.,

W (z,T) = u(z,T) + eu(z,T) - (2 - rand(size(u(z, T))) — 1), € [0,7],
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and ¢ is noise level which can be calculated by
§ = [[u’ (2, T) = u(@, T)| 20,

We compute the approximate L? error to show the accuracy of numerical solution, and

error denoted by
HU(IE, 0) — ul&é(xa 0)”
e(u,e) = ,
[u(z, 0)

where 159 (z,0) is the regularization solution corresponding to the fractional-order quasi-
reversibility method.

In the following examples, we reconstruct the initial data from the information of the
solution at 7" = 1. Here we set fractional order terms s = 3, = (0,7) and ¢; = 1 for
j =1,2,3. The grid points on [0, 7] and [0, 7] are 101 and 201, respectively.

Example 7.1.
Opu+ 0 u+ 9P%u = 24, (z,t) € (0,7) x (0,T),
u(0,t) = u(m,t) =0, t € (0,7,
u(z,0) = f(), v e [0,

Let the fractional orders o« = 0.9, ay = 0.7 and ay = 0.5. Assume that f(z) = sin(x),
the additional data u(xz,T) is obtained by solving the forward problem using the finite

difference method.

Table 7.1: Relative error of the regularization methods of Example for a« =
(0.9,0.7,0.5) with € = 1%, 0.1%, 0.01% and 8 = (0.01 % 6)/3.

B\e e=1% e=1% €=0.01%
B =(0.01%6)%% 0.0396 0.0130  0.0049

The results for Example are shown in Figure The input data u(z,T") is shown
in Figure (a). In order to illustrate the ill-posedness of inverse problem, we present
numerical result without regularization method shown in Figure (b) We can see that
the inverse problem of the non-regularization method is not fixed, and the effect of recon-
structing the initial value is not ideal.

2/3 moreover, in order

Choosing a reasonable regularization parameter 5 = (0.01 % 0)
to verify the effectiveness of the fractional-order quasi-reversibility regularization method,
the reconstruction result are presented in Figures [7.I|c), (d) and (e) with different noisy

levels e = 0.01, 0.001, 0.0001. We can see that the numerical results of the initial state for
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Example match the exact ones quite well even up to 1% noise added in the “exact”

Terminal data u(x,T), and the relative error also decreases as the noise data decreases,

and the fitting in the image is more optimal.

60

o/

40 / \

u(x,T)

30 / \

20F / \

ot R
Ay
0.9 * P
& S
_ .
Sos &
X A
z f
207
8 A %
S 06
3
2 os iy
g * Y
204 }‘
g Q\;
G 03 f %\
s
Zoal £ 5
5 *
7 X
\
o %
0 05 1 15 2 25 3 35

(c) € = 0.01 and 8 = (0.01 % §)%/3

exact

D =001
€=0.001

% e=0.0001

u(x,0) and its approximation u’(x,0)

0 0.5

0.8

0.6

1/

u(x,0) and its approximation u’(x,0)

0 0.5

(d) € = 0.001 and 3 = (0.01 * §)*/3

u(x,0) and its approximation u‘(x.O)

v

exact
* €=0.0001

0 0.5 1

(e) € = 0.0001 and 8 = (0.01 % §)%/3

Figure 7.1: The numerical results for Example

From Figure we can find that the numerical results of the inverse problem based on

FDM with regularization method are obviously better than those without regularization

method. As our inverse problem is mildly ill-posed, so the reconstruction result doesn’t

work very well without regularization terms.
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Example 7.2. We also consider a numerical result for the same backward problem in case
of a non-smooth unknown initial state. Assume the fractional orders o = 0.8, oy = 0.6
and as = 0.4. Let the exact initial function be
2z if0<z<m7/2

flx) = _

—2r+21 ifr/2<z<m.

The additional data u(z,T') is obtained by solving the forward problem using the finite
difference method, and the result is shown in Figure [7.2{a).

u(x,0) and its approximation u’(x,0)
o

=
% 100 / \
z
80 \
I / \\ 10
ol / \ 20 ;
20 / \ 30
o ‘ ‘ ‘ ‘ ‘ ‘ w0 ‘ ‘ ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 25 3 35 0 0.5 1 1.5 2 25 3 35
X X
(a) The direct problem (b) No regularization method
35 35
exact exact
* =0.01 * =0.001
3 3
s / g
O e R
g 25 fw LN g 25
3 3
E 2 E 2
8 8
g g
© 15 ©15
2 2
3 b 3
& 4 s 4
s s
k- /j k-
0.5 0.5
0 L L 0
0 0.5 1 15 2 25 3 35 0 05 1 15 2 25 3 35
X X
— _ 2/3 _ _ 2/3
(¢) 6 =0.01 and 8 = (0.01 % §) (d) 6 =0.001 and 8 = (0.01 % §)
35
exact
* €=0.0001 |
s
=
‘s 25
§
T
£
s
2
3
L2
2
g
5
k1
0.5
3 35

(e) § = 0.0001 and 8 = (0.01 % §)%/3

Figure 7.2: The numerical results for Example
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Table 7.2: Relative error of the regularization methods of Example for a =
(0.8,0.6,0.4) with € = 1%, 0.1%, 0.01% and 3 = (0.01 % §)%/3.

B\e e=1% e=1% €=0.01%
B=(0.01%8)%3 00947 00484  0.0177

Moreover, to verify the effectiveness of the fractional-order quasi-reversibility regular-
ization method, we firstly present numerical result without regularization method shown
in Figure (b) We can see that effect of reconstructing the initial value is not ideal. This
is easy to predict because our inverse problem is mildly ill-posed. On the other hand, the
numerical results under regularization method are presented in Figures c)f(e) in case
of the noisy levels € = 0.01, 0.001, 0.0001 with reasonable choice strategy 8 = (0.01%8)%/3.
We can also see that the relative error decreases as the noise data decreases, and the fitting

in the image is more optimal.

Example 7.3. We continue to consider the backward problem for a three-term time
fractional diffusion equation in one-dimensional case. But here we consider a initial state
that is a piecewise function with two cusps. All other definite conditions are the same as
in the previous examples.

Let the exact initial function be

T if0<z <7,
fl@)=q-2z+3r fI<a<i,
%—%ﬂ' if § <z <.

Table 7.3: Relative error of the regularization methods of Example for o =
(0.9,0.7,0.5) with € = 1%, 0.1%, 0.01% and 3 = (0.01 % §)%/3.

B\e e=1% e=01% e=0.01%
5= (0.01%6)23 02384 00870  0.0280

The input data w(z,T) is also obtained by solving the forward problem using the
finite difference method, and the result is displayed in Figure (a). The numerical result
without regularization method is shown in Figure [7.3(b). And in case of noisy levels
e = 0.01, 0.001, 0.0001 with a fine choice strategy 8 = (0.01 % 5)2/3, the reconstruction
results are presented in Figures[7.3(c), [7.3|d) and[7.3[e). We come to a conclusion similar
to the previous example. In Tables we show the relative error e(u, €) with different

noise levels € under the prior selection rule for regularization parameter .
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Figure 7.3: The numerical results for Example

Now we can draw the following conclusions from above numerical test.
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First, the

numerical result of the inverse problem is very dependent on the regularization param-

eter although the backward problem is a mildly ill-posed. Secondly, as with the other

inverse problem calculation results, the reconstruction effect for backward problem be-

comes unsatisfactory with the increase of noise level. Finally, the reconstruction effect

of the fractional-order quasi-reversibility regularization method proposed in this paper is

not better than that of the classical quasi-reversibility method for smooth unknown initial
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values, but the inversion results for non-smooth functions are still quite well. This can be
seen from the numerical results in Examples and

8. Concluding remark

This paper considers a backward problem for a multi-term time-fractional diffusion dif-
fusion equation by using the fractional-order quasi-reversibility method. Adding a small
perturbation related to the time fractional derivative to the original equation make the
original problem become well-posed. Based on the properties of multinomial Mittag-Leffler
function, we demonstrate the well-posedness and regularity of the regularized solution, and
we also illustrate that the backward problem for time-fractional diffusion equation is mildly
ill-posed. Under an a-priori parameter choice rule, we prove the convergence and conver-
gence rate of the regularized solution. Also, we propose a finite difference sequence for the
direct problem as well as the regularization problem. Finally, the numerical experiments

for three numerical examples show that our proposed method is effective.
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