TAIWANESE JOURNAL OF MATHEMATICS
Vol. 27, No. 6, pp. [1075H1104] December 2023
DOI: 10.11650/tjm/230706

6%(2, 2)-Ideal Centroaffine Hypersurfaces of Dimension 4

Handan Yildirim* and Luc Vrancken

Abstract. Ideal submanifolds have been studied from various aspects since Chen in-
vented d-invariants in early 1990s (see [12] for a survey). In centroaffine differential
geometry, Chen’s invariants denoted by 6 are used to determine an optimal bound
for the squared norm of the Tchebychev vector field of a hypersurface. We point out
that a hypersurface attaining this bound is said to be an ideal centroaffine hypersur-
face. In this paper, we deal with §%(2,2)-ideal centroaffine hypersurfaces in R®> and
in particularly, we focus on 4-dimensional 6%(2,2)-ideal centroaffine hypersurfaces of

type 1.

1. Introduction

In the last decade of the last century, Chen constructed general optimal inequalities in-
cluding his d-invariants and the squared mean curvature of Riemannian submanifolds of
real space forms to determine an optimal lower bound for the squared mean curvature of
these Riemannian submanifolds (see [12] for details).

In [13], an optimal inequality was obtained for Lagrangian submanifolds of complex
space forms. Since centroaffine differential geometry is of great interest among geometers
(for instance, see [2,3,10,/12,20-22,27H324[35139] ), taking into account the similarity with
the Lagrangian case, the following éf-invariant was introduced for a centroaffine hypersur-
face M™ of R**1:

8 (n1,...,nx)(p) =7(p) — sup{F(L1) + - + 7(Ly)},

where 7(p) is the scalar curvature of M™ at p € M"™ and 7(L;) is the scalar curvature
of L;, i =1,...,k such that Lq,..., L, run over all k¥ mutually orthogonal subspaces of
TpyM™ with dim L; =n;, 2 <mny <--- <np<n—1land ni +---+ny <n (cf. [3,12]). We
emphasize that the norm of Tchebychev vector field T* is one of the main invariants in

centroaffine differential geometry and general optimal inequalities related to 6f-invariants
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include the squared norm of Tchebychev vector field T% instead of the squared mean
curvature in Riemannian geometry.

Submanifolds satisfying the equality cases of the inequalities related to either § or ¢*
are said to be ideal submanifolds. It is known that these inequalities and the classifica-
tion problem of ideal submanifols have been studied extensively by many geometers (for
example, see [1,[3-9}/11-19, 23,2528, 37-39]). However, there are still some submanifolds
which have not been classified yet.

We point out that the bounds for the inequalities related to ¢*-invariants are essentially
different depending on whether ny +---+ng =n or n; + --- + nx < n. We remark that
there have been some results regarding the inequalities about §%-invariants for the latter
one in the literature (for instance, see [3,27,128,37,39]). However, there have been no
results published related to the inequalities regarding ¢*-invariants for the first one yet.
Because of this reason, we deal with 4-dimensional 6%(2, 2)-ideal centoaffine hypersurfaces
in this paper. For our purpose, we mainly focus on 4-dimensional §¢(2, 2)-ideal centroaffine
hypersurfaces of type 1. Because, taking into account the classification of §(2,n — 2)-
ideal Lagrangian submanifolds in n-dimensional complex space forms in [14], the work
on 6%(2,n — 2)-ideal centroaffine hypersurfaces in R"*! is in preparation, where n > 4
(cf. |38]). We note that the methods developed and the results obtained in [38] are applied
for 4-dimensional 6%(2, 2)-ideal centroaffine hypersurfaces of type 2, type 3, type 4, type 5
and type 6 as explained in Section [3| and an additional assumption on the differentiable
extensions of the frame is used in some cases. We emphasize that different cases depending

on the form of the difference tensor are crucial for these problems.

2. Preliminaries

In this section, we recall some basic notions about centroaffine hypersurfaces by means
of [35].

Let M™ be an n-dimensional C*°-manifold and F: M"™ — R"*! be a non-degenerate
hypersurface whose position vector is nowhere tangent to M™. Then, F' is a transversal
field along itself and { = —F is said to be the centroaffine normal. Following [35], F
together with this normalization is said to be a centroaffine hypersurface.

Let X,Y,Z € x(M"™). The centroaffine structure equations are given by

(2.2) Dx¢ = —F(X),

where D denotes the canonical flat connection of R"*!, V is a torsion-free connection

on M"™ which is called the induced centroaffine connection and h is a non-degenerate
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symmetric (0, 2)-tensor field which is called the centroaffine metric. The corresponding

equations of Gauss and Codazzi are given respectively by

(2.3) R(X,Y)Z =h(Y,2)X — h(X, 2)Y,
(2.4) (Vxh)(Y,Z) = (Vyh)(X, Z).

The totally symmetric (0, 3)-tensor field C(X,Y, Z) = (Vxh)(Y, Z) is said to be the cubic
form.

We assume that the centroaffine hypersurface is definite, i.e., h is definite. If h is
negative definite, we shall replace £ = —F by & = F for the affine normal. In this way, the
centroaffine metric A becomes positive definite. In both cases, equations and
hold whereas equations and change sign. When £ = —F (respectively, £ = F),
M™ is said to be positive (respectively, negative) definite.

Let V be the Levi-Civita connection of h. Moreover, denote by R (respectively, 7) the
curvature tensor (respectively, the scalar curvature) of V. The difference tensor K is then
defined by

KxY =K(X,Y)=VxY —VxY

which is a symmetric (1, 2)-tensor field. K and C are related by
C(X,Y,Z) = —2h(KxY, Z).

Thus, for each X, Kx is self-adjoint with respect to h.
The Tchebychev form T and the Tchebychev vector field T of M™ are defined by

1
T(X) = —trace Kx and T X) =T(X).

If T'=0 and M" is a centroaffine hypersurface of the equiaffine space, then M™ is a
so-called proper equiaffine hypersphere centered at the origin, in the sense of |35]. Note
that it is an elliptic (respectively, a hyperbolic) equiaffine hypersphere when it is positive
(respectively, negative) definite. If K vanishes, then M™ is a hyperquadric centered at
the origin. Note that it is an ellipsoid (respectively, a two-sheeted hyperboloid) if M™ is
positive (respectively, negative) definite.

It is well known in centroaffine differential geometry that

MKXY,Z) =hY,KxZ),
R(X,Y)Z = KyKxZ — KxKyZ + ¢(h(Y, 2)X — h(X, Z)Y),
(VK)(X,Y,Z) = (VK)Y, Z,X) = (VK)(Z,X,Y),

where e = 1 (respectively, e = —1) when M™ is positive (respectively, negative) definite.
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3. d*-invariants, inequalities and ideal immersions

Let M™ be an n-dimensional Riemannian manifold. For a plane section m C T),M™, where
p € M", let k() be the sectional curvature of M" associated with 7. For an orthonormal

basis {e1,...,en} of T,M™, the scalar curvature 7 at p is defined by
Tp) =Y Rleihe), 1<i<j<n.
i<j

Let L be a subspace of T, M™ with dimension r > 2 and {ej,...,e,} be an orthonormal
basis of L. The scalar curvature 7(L) of L is defined by

F(L)=) Rleahes), 1<a<B<r
a<f

Given two integers n > 3 and k > 1, the finite set consisting of all k-tuples (nq,...,ng) of

integers satisfying
2<n; < <np<n—-1 and ni+---+nr<n

is denoted by S(n, k). Moreover, the union (J,~; S(n, k) is denoted by S(n).
For each (nq,...,nx) € S(n) and each p € M”, the invariant 6(nq,...,ng)(p) is defined
by
o(n1, ..., nk)(p) = 7(p) — inf{7(L1) +--- + 7(L)},

where L1, ..., Ly run over all £ mutually orthogonal subspaces of T),M" such that dim L; =
ni, i =1,...,k (cf. [12]).
In [7,12], Chen proved a sharp general inequality between §(ny, ..., ny) and the squared

mean curvature H? for submanifolds in real space forms. For Lagrangian submanifolds
of complex projective spaces, the final sharp inequality was obtained in [13]|. Taking into
account [3] (see also [12]), it is clear that this inequality can be adapted to centroaffine
differential geometry by defining the following invariant for a centroaffine hypersurface
M"™ of R+

$ (1, .. ) (p) = 7(p) — sup{F(Ly) + - -+ 7(Ly)},

where (n1,...,n,) € S(n), p € M™ and Ly,..., L run over all k¥ mutually orthogonal
subspaces of T, M" such that dim L; = n;, 7 = 1, ..., k. The difference with the Lagrangian
case is due to the difference of sign in the Gauss equation.

Throughout this paper, we deal with the case n1+- - -+ng = n in centroaffine differential
geometry. As a result, before stating the inequality in this case, we introduce some
notations. For a given é*-invariant 6%(n,...,ng) on M™ (n > 3, k > 1 and 2 < ny <

-+ <np <n-—1) and a given point p € M"™, we consider mutually orthogonal subspaces
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Ly,...,Ly of T,M"™ maximizing the quantity 7(L1) + --- + 7(Lg). We then choose an

orthonormal basis {e1, ..., ey} for T, M" such that
€1y,...,6ny € Lq, €ni+ly---3Enitng € Lo, ..., €ni44ng_141y -5 Cni4a4n;, € L;
and define

Ay =A{1,...,m}, Ag:={m+1,....,n1+n2}, ...,
Ay ::{n1—|—---—|—nk,1—l—l,...,nl—l—---—l—nk}.

From now on, we use the following conventions for the ranges of summation indices:
A,B,C’G{l,...,n}, iaje{la"wk}? aiaﬁiEAzV

The components of the difference tensor is denoted by KgB = h(K (ea,eB), ec). Due to
the symmetry of the cubic form, these are symmetric with respect to three indices A, B
and C. Adapting the proof of [13] (cf. also [12]), we have the following theorem in the

centroaffine case:

Theorem 3.1. Let M™ be a definite centroaffine hypersurface of R, Take e = 1
(respectively, € = —1) when M™ is positive (respectively, negative) definite. Then, for
each k-tuple (ni,...,n;) € S(n) with ny + --- + nx = n, we have

(3.1)

n2(k—1-2%% L 1 u
S (na, ... ,ng) > — ( z _2lm+2)||TtiH2+2 n(n—1)=Y ni(n; —1) | e
2(k =230 7s) P

The equality case of inequality (3.1) holds at a point p € M™ if and only if one has

() K&, =0ifi#jand A# a;,qj,

oo
(ii) if nj # min{ni, ..., ng}:

Ko, =0 ifi#jand Y Kbl =0,
OszAj

(ili) if n; = min{n,...,ng}:

Z Kg;a]. = (n; + 2)[(&0[Z for any i # j and any o; € A;.
Oé]'EAj

A centroaffine immersion of M™ into R"*! is called 6%(n1,...,ny)-ideal if it satisfies
the equality case of inequality ([3.1]) identically. A centroaffine immersion of M™ into R"+!
is called ideal if it is 6%(nq, ..., n)-ideal for the corresponding (n1,...,nx) € S(n).
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We now restrict ourselves to the case of 6%(2,2)-ideal centroaffine hypersurfaces in R.
Of course, we do not know whether the decomposition obtained in the previous theorem
is unique. Depending on how the Tchebychev vector field T% is related to a possible
decomposition of the tangent space TM*, we can consider the following types of such

ideal hypersurfaces:

1. M* is of type 1 if, for any possible decomposition of TM*, T% has a component in
the directions of both L1 and Ls. In this case, we can pick e; € L; and eg € Lo such

that 7% is a combination of e; and es.

2. M* is of type 2 if there exists a decomposition of TM* such that 7% is contained in
L1 and the difference tensor K restricted to Ly does not vanish identically. In this
case, we pick ey such that T!is a multiple of e; and we make a rotation in Lo such
that h(K(eg, 63), 64) =0.

3. M*is of type 3 if there exists a decomposition of TM* such that T% is contained in
L, and K restricted to Lo vanishes identically. In this case, we pick e; such that Tt

is a multiple of e;. We still retain a rotation freedom in Ls.

4. M*is of type 4 if, for any decomposition of TM*, T# vanishes and the restrictions of
K to both L and Lo are non-vanishing. Applying a rotation in both spaces, we may
assume that the basis is chosen such that h(K(el, e1), 62) =0= h(K(eg, es), 64).

5. M* is of type 5 if there exists a decomposition of TM* such that T% vanishes, the
restriction of K to Lp is non-vanishing and the restriction of K to Lo vanishes.
In this case, it follows easily that this happens if and only if M* is a (5ﬂ(2)—ideal
centroaffine hypersurface with vanishing T*%. These can be classified by following the

same approach in [24] (see also [16,|17]).

6. M* is of type 6 if there exists a decomposition of TM* such that T% vanishes and
the restrictions of K to both L1 and Lo vanish. We point out that this is valid if and
only if K vanishes identically. Therefore, by the classical Berwald theorem (cf. [35])
and the fact that the metric is definite, we get that M* is either a hyperboloid or

an ellipsoid.

Note that since both eigenspaces of a 4-dimensional §%(2,2)-ideal centroaffine hyper-
surface have the same dimension, it follows from the theorem that the conditions for a
4-dimensional 6%(2, 2)-centroaffine hypersurface to be ideal are weaker than the ones for a
5ﬁ(2, n—2)-centroaffine hypersurface of R"*! with n > 4. We emphasize that, in the latter
case, T* would automatically be in the direction of the first distribution and therefore sub-

manifolds of type 1 would not occur. However, this also means that in order to deal with
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4-dimensional 6*(2, 2)-ideal centroaffine hypersurfaces of type 2, ..., type 6, the methods
developed and the results obtained in [38] are applied, where an additional assumption on
the differentiable extensions of the frame is used in some cases. For this reason, we only
give the classification of 4-dimensional §%(2,2)-ideal centroaffine hypersurfaces of type 1
throughout this paper.

We emphasize that, in order to complete the classification of 4-dimensional (5’1(27 2)-

ideal centroaffine hypersurfaces, it is sufficient

1. to obtain a classification of 4-dimensional 6%(2, 2)-ideal centroaffine hypersurfaces of

type 1,

2. to show that the frames in the cases of type 2, ..., type 6 can always be chosen in
a differentiable way. We remark that these cases can be studied in exactly the same
way as 6%(2,n — 2)-ideal centroaffine hypersurfaces in R"*! with n > 4 (see [38] for

the details and see [14] for Lagrangian case).

4. 6%(2,2)-ideal centroaffine hypersurfaces of type 1 in R®

In this section, we suppose that M* is a 6%(2, 2)-ideal definite centroaffine hypersurface of
type 1 in R%. We assume that the affine normal is chosen such that the affine metric h is
positive definite. In this case, expressing the conditions of Theorem and choosing an

appropriate orthonormal basis in each A;, we have the following lemma:

Lemma 4.1. Let M* be a 6%(2,2)-ideal definite centroaffine hypersurface of type 1 in R>.

Then, at each point p of M*, there exists an orthonormal frame {e1,...,e4} such that
K(e1,e1) = (a1 + 3b3)er + azes + azes, K(e1,e2) = azer + (bg — aq)es,
K (es, e3) = bzer + (b1 + 3az)es + baey, K (e3,e4) = baez + (a3 — by ey,
K (eg,e2) = (bs — a1)er — azes + ases, K(eq,eq) = bger + (ag — b1)€3 — boey,
K(ei,e3) = ager + bses, K(e1,eq) = bses, K(ea,e3) = ages, K(ea,eq) =

where ay,as, as, by, ba,bg € R such that ag # 0 # bs.
Since ag # 0 and b3 # 0, we deduce that
Lemma 4.2. Let M* be a 6%(2,2)-ideal definite centroaffine hypersurface of type 1 in R>.

Then, if necessary by restricting to an open dense set, around each point p of M*, there

exists an orthonormal frame field which can be also denoted by {e1,...,es} such that
K(e1,e1) = (a1 + 3b3)er + azea + ages, K(e1,e2) = ager + (b3 — a1)es,
K (es,e3) = bse; + (b1 + 3as)es + boey, K(es,eq) = boes + (a3 — by)ey,

=

(

(e3,€3) = (es,e4) = )
K(eg,e2) = (bg — a1)er — azes + ases, K(eq,eq) = bger + (ag — b1)63 — boey,

(e1,€3) (e2,€3) ) =

e1,e3) = aze; + bses, K(ei,es) =bses, K(ez,e3) =azez, K(ea, ey
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where a1, as, ag, by, by and bs are functions such that ag # 0 # bs.
Proof. First, we remark that
T = g(bgel + ages).
This implies that b3 + a3 is a differentiable function. We then introduce a vector v by

4
v=7 (K(Tﬁ,Tﬁ) — %(ag + b§)T“) .

Hence, we have
v = albgel + a2b§62 + a%bleg + a§b264
which implies that (a? + a3)b3 + a3(b? + b3) and a1b3 + biaj are differentiable functions.

It can be easily verified that

K (T v) — g(ag + 2

3
= 5((2&%611)3 + bg(a% + a% + 2a11)3))61 + (a§(2a3b1 + b% + b%) + 2a1a3b§)63).

Now, there are two possibilities. First, we assume that this vector and T% are linearly

independent. In this case, we get
az(bi +b3) — bi(at + a3) # 0.
We introduce a differentiable vector w by
w = K(T* v) — g(bg + a2)v — 2(adby + biap)T*.
It can be easily seen that

3
w=_((af +a)bder + (b + 3)afes).

Because of our assumption, w and T% are linearly independent. In order to simplify
notations, we write

by by
, b=, b=
b3 as as

a1
b3’

az
al = ag = —

It follows respectively from the inner products (T%,T%), (v,v), (T*, w), (T*,v) and (v, w)
that there exist differentiable functions d, ..., ds such that

(4.1) b3+ aj = di,
- . ~2 ~2

(4.2) ba(ar? + %) + a2 (b1 +by) = do,
. . ~2 ~2

(4.3) bi(ar? + az”) + a3(bi” +by") = ds,

b3ar + a3by = d,

L o2~
byar(ar’ + a2”) + azby(by” +by") = ds.
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We now introduce 5

w = K(v,w) — §d31) — dyw — dsT*
which gives

3

~ ~ ~ ~2  ~2
w= 5(( 1%+ a%)bzer + (b1 + by )2a363).

Therefore, (w,w) yields that
- - ~2  ~2
(4.4) bg(alz + a22)2 + ag(bl + by )2 = dg

is a differentiable function. It is clear that we can solve and for a% and b%.
Substituting these solutions into and , we get solutions for a1’ +as? and 13124—1;22.
These solutions allow us to express e; and es in a differentiable way by means of the
differentiable vector fields 7% and w. Additionally, from the last two equations, we can
also express a1 and 1;1 in a differentiable way. Now, looking at either K (ej,e;) or K (es, e3),
for the eigenspaces of either K., or K., restricted to the space {eg, e4}, we see that es and
e4 are determined uniquely unless ao = by = 0 = a; = b;.

Next, we consider the case
2012 2 20 2 2
a3(by + b3) = b3(ay + a3)

or equivalently
~2  ~2 _
bi” 4+ by = a1 +az’
We define the vectors T%, v and w as before. In this case, w = (a1 4+ a2°)T* implying

that @12 + a3° is differentiable. Under the above case, we define a differentiable vector
- - - - ~ 2, . -
W= K(v,v) + (a1 4 @2% — 2a103 — 2a3b;)v — g(a12 + @3%) (a3 + b2)TF.

Thus, we get
W = (a1 + a2*)(2a1bzer + 2b1azes).

Proceeding now in the same way as in the previous case, we obtain a differentiable
frame unless 1;1 = aj, in which case (if necessary by replacing e4 by —ey4) we may also
assume that by = 3. As before, we can easily get that a1, az and a3 + b3 are differentiable
functions. The vectors T% and v are linearly independent if and only if ay # 0. We
also have that the space spanned by T* and v is invariant under K. Consequently, its
orthogonal complement is also invariant under K;4. Since ap # 0, we see that this space
has two distinct eigenvalues (and so two well-determined unitary eigenvectors fi and f2).
Computing A (K (f1, f1), f2) vields the differentiability of “35% and therefore ey, €3, €3

azbs

and ey can be expressed by means of T, v, fi and f» in a differentiable way.
Next, we consider the case that a; = 0 and a1 # 0 on an open set. In this case,
K(T* T*%) is a multiple of T%. Hence, we obtain that a; and a3 + b2 are differentiable
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functions. We also find that w = —age; + bses is a vector of the length a3 + b3 spanning a

1-dimensional eigenspace of Kr;. Consequently, w is a differentiable vector. Computing

h(K (w,w), @), we deduce that aé;}iﬁ is also differentiable. Thus, we get e; and es in a
differentiable way. As explained in the first case, this also gives ey and ey4.

Finally, we consider the case with an additional condition a7 = 0. In this case, we take
the differentiable frame as the vector T* together with 3 arbitrary mutually orthogonal
unitary vector fields. A straightforward computation shows that this differentiable frame
is compatible with Chen’s equality, where a1 = ag = by = by = b3 = 0. Note that in this
case, M* is not of type 1 with respect to the new frame since a; = ag = by = by = b3 = 0.
Moreover, in this case, we have the decompositions of TM* in mutually orthogonal planes,

each of which realising the equality. O

We note that if both ag and b3 vanish, then the classification results can be obtained
in a similar way to that of Lagrangian submanifolds of complex space forms (see [16},17]).

From now on, we always work on the open dense subset introduced in Lemma [£.2] We
denote by IA“Z (respectively, @f(ez)) the Christoffel symbols (respectively, the connection
forms) according to the Levi-Civita connection of the affine metric.

Since M* is of type 1, az # 0 # bz. Note that if a; = ay = b; = by = 0, we can change
the frame to make it of type 3 (cf. [20]). So, this case is excluded here. Hence, there are two
cases to consider (if necessary) after interchanging distributions: (i) a? + a3 # 0 # b? + b3
on an open set or (ii) a? 4+ a2 = 0 and b? + b2 # 0 on an open set. We call the first case
type (1i) and it is the case that will be considered in detail in the remainer of this paper.
Using the fact that C is totally symmetric, we have the following Levi—Civita connections

for the case (i) by a tedious, long and straightforward computations:

a1d2 — a2d3

Velel = 5762 + C3€3 + Co€y4,
3
= —a1d2 + a2d3
Ve eg = ——————exy,
b3
= bzco
Ve, €3 = —c3e1 — ——ey,
as
=~ bzco
Ve 64 = —c2e1 + ——es,
as
= a3(b31<; + 63) — b103 — szQ
Ve,€1 = 2 €2,
3
~ —as(bsk + ¢3) + bics + baco
v62€2 == b e1 + czes + coey,
3
Ve €3 = —Cgéa,
Ve,e4 = —cae9,
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o azds
V8361 - - €2 — d3€3,
b3
= a3d2
Ves2 = e1 — does,
b3
= bica — bacs
Ve363 = dseq + doeg + ——ey,
as
= blCQ — b2C3
Ve,04 = —————e3,
as

Ve,€1 = —dsey,
Ve, €2 = —daey,
= —a1ds — agdz + bz(d3 + agk)
Ve4€3 = €4,

as
-~ ards + agdy — b3(ds + ask)
V64€4 = dse1 + dyes + es,

as

where cs, c3, da, d3 and x are additional unknown functions and the coefficients ag, b3, as,
ba, a1 and by of the difference tensor satisfy respectively the following system of differential

equations:
e For the function ag, we have

= —bzcs,

=0,

(&) (a3)

62(@3)

63(@3) = —2b202 — 2b103 — a2d2 — CL1d3 + bg(dg + a3/<;),
(as)

eqlas) = blcg — 1)203.

e For the function b3, we obtain

e1(bg) = —baca — bicg — 2azds — 2a1d3 + az(cs + b3k),
e2(bs) = ardy — azds,

e3(bs) = —asds,

ea(b3) =0

e For the function as, we deduce

—a11b3 + 3as (b103 + bocoy — a3(03 + bgli))

61(0,2) = b 7
3
—3a1ds + 3asds + bad
ea(ag) = agy — bacy — “2( a 2+b azds + 03 2)’
3
3 d
e3(az) = azcs + %7

64(&2) = agCy.
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e For the function by, we find
31)11)302
a3

ea(b2) = bads,

e1(b2) = + bads,

3b d da — bal(d
e3(by) = —by1 + 2(@2 2+ ap :(313 3( 3+a3m))7
ba(azca — 3bica + 3bacs)

as

eq(bz) = b2 — — asds.

e For the function a;, we get

3aq (b202 + (—as + b1)03)

el (al) = by — (CLQQ — baco + asdy + 2a1ds + 3a1a3n),
—a11b 3a; — 2b do — asd
ex(ar) = a11b3 + (3a; 5 3)(a1ds — ag 3)7
3a2a3d2
e3(a1) = ajc3 — b

64((11) = ai1cCy.

e For the function b1, we obtain

3bobsc
el(bl) N 2@33 2

ea(b1) = bida,

3b1 (azdz + (a1 — bs)ds)
as
(2@3 — 3()1)(*[)162 + b263)

eq(by) = —bi1 + o .

+ bld?n

e3(b1) =

— (b2 + baca + 2b1c3 — agda + 3b1b3k),

In the above, a11, as2, b11 and bey are arbitrary functions defined additionally.

We now focus on the distributions D; = {ej,ea} and Dy = {es,eq}. For this reason,
we recall some notions about distributions (see [34] for the details). Let (M"™,h) be a
Riemannian manifold and V be its Levi-Civita connection. Then, a subbundle £ C TM"
is called autoparallel if @XY € FE holds for all X,Y € E, whereas a subbundle F is
called totally umbilical if there exists a vector field H € E* such that h(@XY, Z) =
h(X,Y)h(H,Z) for all X,Y € E and Z € E+. Here, H is said to be the mean curvature
vector of E. If, moreover, h(@ xH,Z) =0 holds, E is called spherical.

From the formulas for the Levi—Civita connection, we deduce that both of the distri-
butions D; and D are integrable. Moreover, since one is also the orthogonal complement
of the other one, their orthogonal complements are also integrable. Furthermore, we see

that each subbundle with the mean curvature vector cses + coeyq or dge; + daes is totally
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umbilical in that case. In sense of Definition 3 of [33], this implies that M* is a TP net
and in view of Proposition 4 of [33], the manifold has the structure of a twisted product.

In order to obtain a classification, we now have to consider the following subcases:

l.ai #0and by #0, 2.a1#0and by =0, 3.a;=05b; =0.

Suppose that a; # 0 and by # 0. We first try to find coordinate vector fields. We know
that M* is a twisted product. We try to take isothermal coordinates on each of the two
components, i.e., we try to find isothermal coordinates which are linear combinations of
respectively e1, ez and e3, eq. Take U x V, where U C R?, V C R?, (u1,u2) € U and

(v1,v2) € V in order to define the vector fields as follows:

g1 = uiel + uses, gs = —ugel + uje2, gz = vieg+ voey, gg = —Uge3z + viey,
where
p2 cos (3 arctan (%)) pa2 sin (5 arctan (Z—i))
p1 cos (% arctan ($2)) pysin (§ arctan (22))
Ul = ’1)2 =

Vb2 + b3

Vb2 + b3

such that po is a function depending only on the first component and p; is a function
depending only on the second component. It follows now by a straightforward computation

that
[91, 93] = [91,94] = [92, 93] = [92,94] = 0.

Moreover, [g1, g2] and [g3, g4] also vanish if and only if the functions p; and ps satisfy the

following system of differential equations:

2
e1(p2) = _3((1%4—[)2(1%)193 (a11a2b3 + a1bs(aze — baca + agds)
+ 3a%(—b202 + agcs — bics + bsds + a3b3/<c)
+ a%( - 3b202 - 3b163 + b3d3 + 3a3(b3/£ + Cg))),
2
62(p2) = :s(a%_i_pil%)b?)(fga?dg — 3a%<b3d2 + a2d3> — ag(—aggbg + bobgco + 2a9bsds + 3a%d3)
+ a1( —ai1bs + ag(gagdg + ngdg))),
2p1 2 2
=————F——(—3(bf+0 d — b3)d
es(p1) 52 ) (= 3(b7 + b3) (azda + (a1 — bz)ds)
+ a3 (bubg + b1(bag + baca — aads) + 35%([)3:‘1 +c3) + b%(?)bgfﬂ + 63))),
2
es(p1) = Moo (= 3(0 + 03) (bica — bacs)

 3az(b2 + b2)
+ as (36%02 + b1(b11 — 2b2cs) + ba(—baa + 2b2ca + agdz))).
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Of course, we have to check if such functions p; and p2 exist or not. In order to do so, we

have to verify that the so called integrability conditions stated as

€; (%‘(Pk)) — €y (ei(Pk)) = (ﬁeiej - ﬁejez‘)(f)k)

are satisfied. It can be easily verified by using the Gauss equations and by checking the

integrability conditions for the other functions. We remark that the Gauss equation yields

the following:

ei(cz) = o

e1(c2) = [)?’22037

es(ds) = _ai’»(bgb:d%)7

e3(dz) = a3Z§d3,

e1(dy) = d3(a2d;23— ardy) wob 4 dods,

esler) = _Cg(blcza;:bwg) — azby + cacs,

e4(cs) = —agby + cacy — 2 (aads + aldga; bs(ds + azk)) |
ea(ds) = —agbs + dods — do (bQCQ + b1C3b; as(cs + b3,n<;)) |

63(63) = —2&% —agby —a1bsz — ng + C% + d% +q1 + €,

e1(ds) = bibgcl — bobzcacs + ajazds — azazdads — azbsq
a3b3 ’

bic2 —b dz —
ea(ds) = 2a1bs + 1€ 2C2C3 + azds — asqy

as
| b8+ (baco — ascy + bacs)ds — byds(ds + asr)
b3 ’

1
eq(c) = —( — ag + agbl — ajasbs — 2a3b§ + CLgC% — b1c§ + bacacs + ascsds

as
+ arcsds — bacsds + asd3 + azqr + aze — agbsesk),

where ¢; is an additional unknown function. We now denote e;(k) by &;. Then, it follows

from the integrability conditions for c¢3 and ds that

K1 bg(al =+ 2()3)02(5162 - b203) + a%ag(—bg =+ d%)

K
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+ agasda(3baca — 3ascs + 3bics — 2a1ds + 2bsds — asgbsk)

+ a3 (babscak — a1ds(3cs + byk) + bibs(—bs + c3k))

+ az(aid; + ay (b3 + 3(baca + bies)ds — bs(d3 + d3 + q1))

+ b3(2b3 — ar1ds — asads + 2bacads + bicsds — bge + biesr))
— ajbs(esk + by(—2 + k7)),

(3a1a3d2d3 3a%a3d2d3 + agbg(CLQQdQ + bicgdy — a11d3)

+ aras( — da(baca — ases + bics + 3bsds) + az(b3 + 3d3 — 3d3))

+ a2 (bgCg(blcQ — bgCg) — a:%63d3 + as (ng + (bQCQ + 1)103)d3 — bg(d% — 2d§ + QI))))a
K3 = 2()2 (2a3b3 + b3( — bibacocs + b263 + 3agbacads + 3asbicsds

+ 3(a1 — bs)(baca + bics)ds) + a3bs(—by + d3k)

— aZ(b3bs + b3bs + ayb3 — 265 — 2a,1d3 + 2asdads + bze + b3K?)

+ agbs( — biica — bagcs + 2bacacs + 2agcsdy — bs(bacy — azdy + bads)k

+ a1 ( — bibs +ds(cs + bsk)) + by (= c3 +d3 + q1 + € — b3(2bs + c3K)))),

1
73((()162 — 5263)(2b202 + 3b103 — a2d2 + b3d3)
3

+ a1 (—agbabs + azcads — bycads + bacads)
+ a3 (bQQCQ — (b11 + 3bic2)cs + bg(—Qb% — C% + 36% + d?g +q¢ + 6)))

A long but straightforward computation shows that all the Gauss equations as well as

the integrability conditions for the functions a3 and b3 are satisfied. The integrability

conditions for the functions aq, b1, as and by give that

€1 (all) =

ea(arr) =

es(an) =

1
@( — adasbzdads + wy + agbs (3b302(b102 — bocs)
3

+ ag(bg + ngd% + dagods — Bbocods — byczds + 3b3d§ - 3b3q1)
+ a§d3(03 + bglﬁ))
+ agbs (b3(3aze — 4baca)ds + 4ary (baca + bics — bsds — as(cs + bsk)))),

1
@( -t + a2a3( — 12a%d2d3

+ aldg( — 12byco — 12b1c3 + 11b3ds + 12a3(63 + bgli))
+ bg( — 4aq1ds + do(—boco + aszcs — byeg + bsds + agbglﬁi)))),

(2b3 a11bses + 2asz(age — bgCQ)dQ) — 3a1a3d2d3 + 3a2a3d2d3

+ a2 (b 3b162 — 3bscocg — 2()503d3)
+ az(3(baca + bicz)ds + b3 (b3 + 2d3 — 3(d3 + q1))) — 3adds(cs + b3k))



1090 Handan Yildirim and Luc Vrancken

+ 3aq (a2a3(3b§ — 3d% — dg) + do (b%C?, — ag(bQCQ + bicg — 2b3d3)
+ ag(c;; + bgli)))),
64(0,11) = 02(2011 + 3a1d2 - 2a2d3),

1
el (agg) = @(12a§a3d2d3 + 11+ a%ag( - 7()3 + 12((b262 — agc3 + blcg)dg
3

+a1(—d3 + d3)) + b3 (6d5 — d3(5ds + 12a3k)))
+ b3 (b%CQ(3b1€2 + 5263) + as (a11(4a1 — b3)d2 + bQCQ(—4b202 —4bic3 + b3d3))

+ 4@%1)202(03 + b3k) + 4agsas (bQCQ + bies —as(es + bgfi)))),

1
62(0,22) = w (w1 + ajas (12a%d2d3
3

+ 4d2( — 3a1(b202 —agcg + bies + a1d3) + b3 (a22 —boco + 3aq <d3 + agli)))
+ ag( — 81)% + 12(—a1d§ + bocods — azcsds + biesds + aldg)
+ b3 (5d5 — 6d3(d3 + 2a3k))))),

1
e3(az) = @(3&@%(263 — d3) + 3a3a3(—b3 + 2d3 + d)
3

+ asda (3bab3ca — 2asbics + a3(3baca + 3bics + Thads) — 3aj(cs + byk))
— 3a1 (agbsea(—bica + bacs) — babjcads

— a3 (b3 + (baco + bics + 2aada)ds — bs(d5 + dj + q1)) + ajds(cs + b3k))
— by (a3(b3bs + dar1da) + babs(bicacs — baci + 3bscads)

+ agbg( — 2agc3 + ca(by1 + bacs + 3b2b3/<;)))),

1
eq(age) = (:T( — a3by + a3bibs + ba (2b163 + c3(—2baco + asds + ards — bsds))

+ ag( — a1bobs + CQ(QCLQQ + bog — 3a2d2)
+ bg( — 26% + dg +q +€— b3(2b3 + Cgli)))),

1
61([)11) = ?( — 5a§b2b3 + a§(6b1b2b3 + 2b11d3 + 3b102d3 — 2b203d3)
3

+ 3bg( — bcacs + bacs(2bacy + agdy + ards — bads)
-0 (4bzcg + back + ascads + (ag — b3)02d3))
+ a3b3( — 3a1bobs + ca(4baa + 6b1c3 — 4asds + 3b1bsk)
+ by (2¢3 + 3(d3 + q1 + €) — 3b3(2b3 + c3K)))),

e2(b11) = (2b11 + 3bica — 2bacs)da,

1
63(b11) = ?(21 + as (4()11 (agdg + (CL1 — bg)dg) + 6203(4622 + 2bsco — basds — a1ds + b3d3)
3

— 12()%02(63 + b3/€) + bl( — 4bygco + dascads + bz( — 80% + 603(63 + 2b3/€))))),



6%(2,2)-Ideal Centroaffine Hypersurfaces of Dimension 4 1091

1
eq(bi1) = aTbg( — z1 + agbs (4(baz — azds)(azds + ards — bds)
3

— by (451103 + ascads + (a1 — b3)62d3)
+ b162(4b11 + 11bocs + 1262[)3,‘%) + b%(Gc% — 50% — 12[)363&))),

61(b22) 2b (a2a3( b + d%) — (12d2( — 3b§(b262 + b163)
+ a3( — 3bocy — 3b1cs + (a1 + bg)dg) + 3a§((:3 + b3/€))
— by (3azbibs + a3(—3b7bs + 3b3bs + ar1ds — 2baads + 2bacads)
+ 3b5 (2b102 2()202 3blb26203 — b2c3 ( a1 + bg)(szg + blcg)dg)
+ azbs (3a1b1b3 + ¢y (4b11 — Thocg + 3b2b3!€)
+ 3b1(21)3 + 02 d% —q — €+ b303/€)))),
1
ea(bog) = asbs (agb3(a22 + 2bog — 3baca)ds + a1a2a3(2()3 + 3d2) 3a%a3d2d3

— az(bsea(—biea + bacs) — az (b3 + (baca + bics)ds — bs(2d3 + d3 + q1))
+ a§d3(03 + b3l€))),

1
e3(baz) = %(121?253(—5102 + bacs) (baca + bics + azda + ayds — bads)
3

+ ad( — 7b30s + da(3a1dz + asds)) + a1
+ agbg( — b1cg + bacacs + agcesdy + b3(—4bag + bacy + 4a2d2)/£)),

1
64(b22) = ?(5a§b2 — 5a§blbg — 126y (b102 — b203)(b202 + bicg + asdy + ardg — bgdg)
3

+z1 + a% (3a1b2b3 — 3basco + dascads + 4b11(63 + bglﬁ;)
+ by ( — 2c3 — 3(2¢3 + d3 + q1 + €) + b3(6b3 — cs3k))))s

where t1, x1, w1 and z; are additional unknown functions. It now follows that the inte-
grability conditions for the functions p; and ps are also satisfied. Thus, g1, g2, g3 and
g4 can be interpreted as coordinate vector fields. Moreover, using Proposition 1 of [33],
we see that these vector fields are parallel vector fields for the underlying structure on
the twisted product related to both components. Furthermore, using the formulas for the

derivatives of the functions, it follows that
2 2 2 2
uy +u uy +u
n—5——2)) =0, In———2)) =0,
g1 <g3(n0%+v%)> g1\ 94 n’[)%-f-’l)%
2 2 2 2
Uy + U uy +u
] 2)) =o, In—+—2))=o0.
92<93(D 2+ )) g2<g4(nv%+v§

This implies that we can write /u? + u2 = <+ and \/v? + v5 = €2 where k1 is a function
depending only on the first component and /{2 is a function dependlng only on the second
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component. We also get that there exist functions k1, ..., kg such that
2 2 2 2
uy +u uy t+u
K(g1.91) = (4k1 + k3)g1 + kaga + ks—5———2 93 + ka—5——o g4,
vy + 05 vy + 35

K(g1,92) = kag1 — k3go,
K(g1,93) = ksg1 + k193,
K(g1,94) = kag1 + k194,

2 .2 2 .2
uy +u U

K (g2, 92) = —ksg1 + 3kago + ks————2g3 + ka———= g4,
vi + v (s O

K (g2,93) = ksg2 + kags,
K(92,94) = kaga + k29a,

2 2 2
+U vy + 05
K(g3,93) = ! N 291 + ko— N 295 + (4ks + k) g3 + kaga,
K(g3,94) = /f493 — kega,
—{—v vz—i—vz
K (gu, oy LT g, AT s+ Sk
(94 94) 1 1+ % g1 zu%+ugg2 693 494

Consequently, in order to complete the classification, it is now sufficient to check which
twister spaces can be immersed as centroaffine hypersurfaces with cubic form as described
above. In order to do so, we need to express everything in terms of the vector fields g1,
g2, g3, g4 and the twistor metric. We start with U x V, where U C R? and V C R? are
equipped with its canonical metric. We can consider g; and g2 (respectively, g3 and g4)
as the standard basis on the first (respectively, second) component. The twistor metric
is determined by the functions k1, ko and p, where k1 is a function depending only on
the first component and ks is a function depending only on the second component. We
point out that since each surface is conformally flat, this can be also considered as the
twistor product of two surfaces with the same twistor function % We emphasize that
these surfaces correspond to equiaffine spheres (cf. [32]).

On the other hand, we note that the case (2) a1 # 0 and b; = 0 and the case (3) a1 =0
and b; = 0, using similar computations, lead to the same result.

Summarizing the previous computations, we have shown the following:
Theorem 4.3. Let F: M* — R® be a 6%(2,2)-ideal definite centroaffine hypersurface of
type (1i). Then, we have locally

M = (F x M)

such that M} C R3 is a surface with metric {-,-) = e**(dz? + dz3) and M3J C R3 is

a surface with metric {-,-) = e*2(dy? + dy3). Moreover, in terms of the standard basis
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{8381’ a%zv 8?/17 ay2} we have
<£1,£1) (4k1+k3)£1+k288 +k5izaal+k4i§a§2
K ((9?61’3?/1) :k5<98:161+k136y1’
K (;m,;w) - %al +klaay2,
K <£2,£2> = —kgaal +3k26i +/~c5;z 88 + k4§;y2,
K (81’6;) :k5('9?vg+ 28?/1’
K <88x2’8?/2) _k48ax2+k288y2’
K(;zn;yl) :klg ooy iz ay (ks ko) i
2 2
K(;ij) :kli%aﬁk i? 52~ gy + gy

K K
where A\] = = and g = %

We emphasize that any M* constructed in this theorem is a 6%(2,2)-ideal definite
centroaffine hypersurface of type (1i) in R>.
“w

In the following, “,” used after the index in the expressions k;, x;, n11 and 711 shows

that partial derivative(s) is (are) taken, where ¢ =1,...,6 and j = 1, 2.

Lemma 4.4. If M* is as described in Theorem then there exist constants C1, Ca and
C such that

(4.5) (k1 + k3)e*™ = Oy,
(4.6) (ks + kg)e*2 = Oy,
(4.7) 20375 4 (K1 gyzy + Flagzy)e 2 = C,

(4.8) 203752 4 (Ko, + Koysys)e 22 = —C.

Moreover, we have the following system of differential equations:

I e inyy + k1K1 g b — Kokt g, — (2k1 + Cre™ 2R ) g,
X1 T 9

7
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kl,:pg

k17y1

kl,y? -

k2,:(31
k2,z2
k2,
k27y2
k3,zl
kB,:L‘Q
k3vy1
k3o

k4,:r1

k47$2 =

Ky,
k4yy2
k5,$1
k5,xg
k5yy1
ks, o
k6,z1

kﬁ,xz
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 kokig kiR go i — kopiz, + (—k1 + Cre™ ) g,

i
_ (k5ux1 + kllu’lh)
7 )
_ (k4/%31 + kl:u’y2)
" )
 kokig kiR gy i — kopiz, + (—k1 + Cre™ ) g,
y )
B e2Fing — k1K1 gyt + K2Rt zopt + Cre 2% 1y, — 2kojig,
1

(k5ﬂx2 + k2ﬂy1 )

9

I
_ (k4uz2 + k?2,U/y2)
1 )
 —kik1 g — 20 e 251 K1y fb+ Kok gt — 2R, + (21 + 01672”1)/%31
1
B k?lﬂ,mﬁ‘ + kllﬂ,xQ,u — k2,uzl — klu:tz + 016—251 (2”51,:1:2# + Hx2)
I
_ Fsltary & Kty
[ )
_ Fattay & Kupty,
L )
_ (k4.ux1 + kl,uyg)
L )
—— (Kapiay + kopy,)
1 )
_ haray i+ kskogot — kapty, + (—ks + Coe™ 2y,
7 )
ey — ksky, o+ kako g i+ Coe 2y, — 2kapuy,
7 )
_ (kBM:vl + kl:u'yl)
1 )
- _ (kspiay + kapy,)
1 )
_ 62"'627111 + k5l€2,y1ﬂ - k4ﬁ2,y2ﬂ — (2k5 + 026_2’{2)1{1/1
1 )
— k4’%27y1:u + k5’€2,y2,u - k4ﬂy1 + (—]€5 + 02672”2)/%;2
1

_ Fspay + Ry,
p ;

 kspiay + kopy,

a—

Y

Y
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—kskoy b — 2026_2"‘2/12@1# + kako g, pt — e2r2nyy + (2ks + 026_2“2),%,1
u b
kakoy i+ K5kt — kapiy, — Kspiy, + Coe ™22 (2’%27212/14 + Ky, )

k6 = - )
Y2 M

kﬁ,yl =

where nyiy is expressed by

nip = —e 2dy + e kK gy po— e 2 koK1 gyt + €2 (3ky 4 k3) iy + 2672 ko piy,
or

nin = —e 2R+ e R kskgy = € P2 kakz g i+ e (3ks + Ko )y, + 2672 kajuy,
such that di1 and mq1 are functions.

Remark 4.5. Because of equations (4.5)—(4.8) and the paper [32], M? and M2 correspond

to equiaffine spheres.

It can be easily verified that

B —2 (K1+k2) k; 2 kQ " ot o o
Nilz, = ( 1€ ( + 2):“’ +e ( €+C:U’ ) /“Latl H:Ez)
+k6 1(k4+k5/‘ 7:uy1 N?;z)),
B 72 (k1+kK2) kipe 2ko k‘2 k 2Kk1 C 2y 2 2
Ml = ( ( + 2)'u' te ( €+ Cpu ) Hy luasz)
+ ko 62“1( (k3 + k2)? — p2 — ),
,2(/{14»&2 5 ) )
Mgy = ——5 (= ke (= (K + k3)p? + & (e + Cp?) + pi3, + pi3,)
+ ks 62’“( (ki + K3)® — g, — 13,))
e~ 2(r1+k2) ) ,
Mgy = —5—— (= kae®2 (= (ki + k3)p? + € (e + Ou®) + iz, + 113,

+ ka 62’“( (K + RE)* = g, = i1y))-

C C
N1z, = k1 (Q'LL + 7”11) , N11,ze = ko2 (2'u + 7‘11> ;

C C
My = k5 <_2M + 7"11) ) Nily, = k4 <_2M + 7"11> )

We can write

where
e 2mtRe) o (12 L 12V,2 | 21/ N 2 2
T = o (€22 (kT + k3)p® + e* (=€) — pz, — p13,)

+ 2 (kT + B — s, — )
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Moreover, it can be easily seen that
Tz, = kini — zClg,, T2, = koni1 — zClig,,

2 2

1 1
T11,y, = ksni1 + icﬂyly T11,y, = kani1 + 50'%2'

On the other hand, a straightforward computation yields

P 21Me—2(m+52)( 2y Oy 2
+ 2002 (— (3K 4 k) + 261 0 ok, 12y — 260 sy + 112,)
+ et ( — (K3 4+ k2)p? + e*2 (e 4+ Ou?) + /‘731 + “1212))>

lars = ka(—k1 + C1e™ > )i + K1 gy flay + K12, Moy

Py = —kiksp,

Payy, = —kikaps,
s = 5”0 (2 Oy
2R ( (k2 4 3K3)u® — 261 0y fihty + 12, 2K g fiflzy + p2)
F e (— (2 4 R + 22 (e + Op2) + a2, + 4i2))),
Haoyy = —koksp,
Py = —kokapt,
Haryr = 21,16_2%“2)( = 2k Coe™™ pi?
(= (B + R)? + e (e — OuP) + 122, +422,)
20 (— (k4 B3 - 2y, uhtyy + 1, — 2z by, + 41, ))

Hyryz = k4( — ks + CQB_QHZ)IM + K2,yo lyy + K21 Hys

1
Hyay = @6‘2(”””2) (2k5Coe™ 2 + ' (— (KT + k3)p? + € (e = Cp®) + pil, + iz,

+ 2R (— (3] + k) ® — 2R,y iptyy + gy + 2K fifly, + 1) )-
We now define
fl = 672;&1 (klu - Mm)(kllu’ + /1’361)7
f2 = 6_251 (kQM - MJTQ)(I{;QIU’ + /1’502)7
1
f3 = (nn —rn+ 2C/~L> (km - Mz1)7

f4 = 6—251 (klﬂ - Mm)(k?:u’ + /1’502)7
fs = e (kap — pay) (K1t + i),
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1
f6 = <n11 —rn+ 20H> (kapt — pay),

1 1
fr = e <n11 —ri+ 20N> <n11 +7r11 = 2C/~L> ,

2

fs = <n11 +ri— 1CM> (k1p ~+ pg, ),
fo = (

1
ni1 + 111 — 2CM> (kapt + piz, ),

g1 = e 22 (ksp — py, ) (ks + fiy,),
g2 = € 22 (kapt — gy ) (kap + fy,),

1
g3 = <n11 — 711 — 2CM> (ks — My1),

g1 = € 22 (ks + py, ) (kapr — fy, ),
95 = € 22 (ksp — g, ) (kap + fy,),

1
g6 = <n11 — 711 — QC,M> (kap — Myz)a
2 1 1
gr=¢€ nip —7ri1 — 5Cu ni1 +ri1 + iclﬁ »

1
ni1+ri+ CH) (Fspe + py,),

gs = < 5
1
g9 = <n11 + 71+ 20M> (Kape + piy,)
such that

by = e (f3(=2(n11 +711) + Cp) — §s(2n11 — 2r11 + Cp))
—4pfr ’

by — e (f(—2(n11 +711) + Cp) — §o(2n11 — 2r11 + Cp))
—4pfr ’

by = e*2 (gg(—2n11 4 2r11 + Cp) — g6(2(n11 + r11) + Cp))
—4pg7 ’

s = e*2 (gg(—2n11 4 2r11 + Cp) — g3(2(n11 + r11) + Cp))
—4pgr ’

~e® (fs(2na1 — 2r1 + Cp) — f3(2(n11 4+ r11) — C))
Han = 4f7 ’
_e*(fo(2n11 — 2r11 + Cp) — f6(2(n11 4+ m11) — C))
Hea = 4f7 ’

€2 (gg(2(n11 + r11) + Cp) + gs(—2n11 + 2r11 + Cp))
Hyy = —4g; )
) = e?2(gg(2(n11 + r11) + Cp) + go(—2n11 + 2r11 + Cp))
y2 = .

—4g7
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We point out that whereas f1, f2, 3, f4, 5, s, f7, fs and fo depend only on z; and x2; g1,
g2, 93, 94, 95, 96, 97, gs and g9 depend only on y; and yo. Moreover, we define two maps
F1 and F5 by

e M2 — N
(4.9) fi fs fs
(T1,22) — |1 f2 Fo
fs o f7
and
F: M2 — N
(4.10) g1 g4 88

(Y1,92) — o5 92 99>
g3 96 07

where N C R3*3 is the space of 3 x 3 matrices of rank 1 over R.
Note that F} is determined by

0
6;11 =3 — ”1,r2f4 - "5171‘2f5 + s,
0
8i = (K10, + Cre >y + (K12, — Cre2™)fs,
€2
0
8;;21 = I£17;52f4 + 51,w2f57
o )y (1, - Cre-
Oxy (K10, + C1e Jfa — (K12, — Cie )T5 +fo =+ o,
M~ oom —2n1
A C’e fl + (KLZ'I —+ Cle )fS - ffl,ngﬁ + f77
8331
0
8& = Hl,mf?) + 062’“ f4 + (’%1@1 - Cle_znl)fﬁ’
X2
0 —2k
8;41 - ’%l,xzfl - HmeZ +2Che 2 1f4 + fg,
0
ai = (—h1a, + Cre ) + (K10, — Cre >™)fa + s,
X2
0 —2k
8-251 - Kl,mfl - 51,:}02‘:2 - 2Cle 2 1f5 + fﬁ’
s _ 21 21
oy = ("{1,901 + Cie )ﬁ + (/‘il,:pl + Che )f2 + fs,
0
aj = ’Ql,azzf?) + 062’{1 f5 + (HLII - 016_251)%’
X1
I

Ore Ce*™fy — (K12, + C1e">™)fs + K1 a,6 + Fr,
T2



Ofr.
81‘1
Ofr

81‘2
s
(91’1
s
8:132
B
le
B
a$2

6%(2,2)-Ideal Centroaffine Hypersurfaces of Dimension 4

Ce*™ g + 21 4, fr + Ce* g,

Ce*™ g + 261 4y fr + Ce* o,

Ce*™ 1 + fr + (k12 — Cre2)fg — K1 2,0,
Ce* ' f5 + K1 zofs + (K12, + Cre” 2o,

Ce2mf4 + /{1,12?8 + (Kl,fEl + 016_251”:9?

= C’e%lfz + 7+ (K12, + C16_2m)f8 + K12,f9-

Furthermore, F3 is determined by

dg1
oy
dg1
Y2
dga
oy
g2
y2
dgs
oy
dgs
Y2
dga
oy
A4
Y2
dgs
oy
dgs
y2
dgs
oy
dgs
Y2
dgr
Iy
dgr
y2
dgs
oy

93 — K2y, 04 — K2,y,05 1 98,

(K2, — Cae ™) gy + (Kay, + Coe™2)gs,

= K2,4,04 + K24, 05,

(—Kay, + 02672@)94 — (Ko, + C2672K2)95 + g6 + 9o,

_06%291 + (HQ,yl + 02672@)93 — K2,,96 + 97,

2Ko

K2,4,03 — Ce™gs + (Kay, — 026_2”2)96,

—2K9

K2ys @1 — K2,4,82 — 2C2e™ "2 g4 + gg,

— (Ko, + Coe™ ) g1 + (Ko, + Cae™ ™) gy + gs,

—2K9

K2y 01 — K2,4,02 + 2C2e™ "2 g5 + go,

(=Ko, + Coe™ ) g1 + (Ko, — Cae™ ) gy + g3,

= Ko4,03 — Ce™2 gy + (K2, — Cae™2"2)gg,

—Ce*2gy — (kay, + Cae™ ) gs + Koy, 06 + 07,
—Ce*2g3 + 269y, g7 — Ce™ g,
—Ce*™2gg + 2ka,y,07 — Ce* gy,

—Ce*2 g1 + g7 + (r2y, — Cae™>™)gs — Kz, 09,

1099
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9 _

8752 _ _062N294 + 52,y298 —+ </<[,27y1 =+ CQ@ 2:‘62)99,

P _

87291? = —Ce*f2gs + Ko,y,08 + (K2,y, + C2e 2@)99’

8 —

3722 = —Ce™ gy + g7 — (Ko, — Cae™ ") gs + Ky, 0.

It is easy to check that these derivatives preserve the rank one conditions as well as the
conditions
—f718_2"il + Cf1 + Cf2 = Dy, 976—252 + Cg1 + Cgo = Do,

where D1 + Dy — Ce = 0. We point out that if we take the initial conditions in N, the
solutions will remain in V.
Conversely, starting with two equiaffine spheres (see [32]) and 2 maps in the space of

3 x 3 matrices of rank 1 over R with suitable initial conditions, we obtain

1 2
(k1 + pray ) + (kg + pray)* + € <n11 — T+ 20M>

(4.11) e
= (kipt — po)® + (kopt — pgy)® + €' (nn +ri— 20M>
and
1 2
(Ksp+ pyy)® + (kap + g, )? + €M (nn —ry - 2C'M>
(4.12)

) 2
= (ks — iy )? 4 (kape — )2 + 2 (nn +ru+ QCM) :

Applying the existence and uniqueness theorem gives an ideal definite §%(2, 2)-immersion

of type (1i). As a result, we have the following corollary:

Corollary 4.6. Let F: M* — R® be a definite centroaffine hypersurface. It is 6%(2,2)-ideal
and of type (1i) if and only if
1
M4 = 7(M12 X M22)7
I

where M} C R? is a surface with metric (- ,-) = e2*(dz?+dz2) and M2 C R3 is a surface
with metric {-,-) = e*2(dy? + dy?) such that Fy is a map given in [1.9) and Fy is a map
gwen in (4.10) with suitable initial conditions.

Proof. We have already seen that if M* is a §%(2, 2)-ideal definite centroaffine hypersurface
of type (1i), we have the twisted product decomposition and the corresponding maps Fj
and F5. Conversely, given a twisted product decomposition and such maps, it follows
from the definitions of §f; and g;, where [ = 1,...,9, that we can determine functions k1,

ko, ki, ks, fwys Pass Myrs Hys, 711 and 711 (by means of f; and g; and therefore in terms
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of F; and F3). Moreover, equations (4.11)) and (4.12)) show that these functions satisfy

the differential equations for k; ., ki y;, n11.2;, M1y, T11,2;, T11,y,;, Where i =1,...,6 and

j = 1,2, as well as the second order differential equations for the function u. Applying

then the existence and uniqueness theorem for the definite centroaffine hypersurface, we
obtain the desired result. O
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