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Orlicz—Hardy Weak Martingale Spaces for Two-parameter

Kaituo Liu, Jianzhong Lu*, Jun Wu and Tian Yue

Abstract. In this paper, we investigate several two-parameter weak Orlicz—Hardy
martingale spaces generated by the p-convex and g-concave functions, and establish
their atomic decomposition theorems. Using the atomic decomposition, we obtain a
sufficient condition for the boundedness of a sublinear operator defined on the two-
parameter weak Orlicz-Hardy martingale spaces. Furthermore, the dual spaces of the

two-parameter weak Orlicz-Hardy martingale spaces are considered.

1. Introduction

The classical martingale theory was systematically studied by Garsia [2], Long [13], Weisz
[20] and more. In particular, Weisz [21,22] established the weak atom decomposition
theorems of weak martingale Hardy spaces and obtained some interesting martingale in-
equalities. The corresponding Banach-valued versions were studied by Hou and Ren [4].
For more information about weak martingale Hardy spaces, we refer the readers to [3./6l/15].

As an important generalization of Hardy martingale space, the Orlicz-Hardy martin-
gale space has been extensively investigated in the past few years. Liu et al. |[11] studied
the weak Orlicz spaces associated with convex function ® and discussed their applications
in the martingale theory. Miyamoto et al. |18] investigated the martingale Orlicz-Hardy
spaces, in which, some martingale inequalities and duality were established by the help of
atomic decompositions, and a John—Nirenberg inequality was obtained when the stochas-
tic basis is regular. Recently, Jiao et al. [8] extended the results in [18] to the weak type
setting. In addition, one can refer [5,/7,19,|12,24] for some recent progress on the weak
Orlicz-Hardy martingale spaces.

In this paper, we focus our attention on two-parameter martingale. Recall that multi-

parameter martingale was studied in a few papers (see [20] and the references therein).
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Cairoli [1] extended one-parameter Doob’s inequality to multi-parameter case. Metraux
proved the two-parameter Burkholder-Gundy’s inequality in [17]. Very recently, Weisz [23]
characterized the dual spaces of the multi-parameter martingale Hardy Lorentz spaces
by the help of atomic decomposition and a John—Nirenberg inequality was generalized
for these martingale spaces. Lu [14] investigated the two-parameter martingale Orlicz—
Hardy spaces, in which some new martingale inequalities and duality of these martingale
spaces were established. For multi-parameter martingales, the proofs are not usually the
analogues of that of the one-parameter martingales, they demand some new thoughts.

Inspired by [8], it is natural to study the two-parameter weak Orlicz—Hardy martingale
spaces. It should be emphasized that ® is essentially a concave function in [8}/14}/18] and
® is assumed to be convex in |11]. But in this paper, we investigate several two-parameter
weak Orlicz—Hardy martingale spaces generated by a more extensive class of functions,
namely, the p-convex and g-concave function; see its definitions in Section

The paper is organized as follows. In Section [2] some basic concepts and the definition
of two-parameter weak Orlicz-Hardy martingale spaces will be introduced. Section[3]is de-
voted to establishing the atomic decomposition for the two-parameter weak Orlicz—Hardy
martingale space wHg; see Theorem In Section as an application, a sufficient condi-
tion for a sublinear operator defined on the two-parameter weak Orlicz—Hardy martingale
spaces to be bounded is given; see Theorems and The duality of the two-parameter
weak Orlicz-Hardy martingale spaces w747 is considered in the last Section; see Theo-
rem .2

We conclude this section with some conventions. Throughout the paper, Z and N
denote the integer set and non-negative integer set, respectively. C' stands for a positive
constant, which can vary from line to line. The symbol f & g implies that there exist
two positive constants C and Cy such that Cig < f < Cayg. We write x(A) for the

characteristic function of the set A.

2. Preliminaries

In this section, we give some basic notions and knowledge that will be used in the sequel.

2.1. Weak Orlicz spaces

Let @: [0,00) — [0,00) be an Orlicz function. That is, ® is a non-negative, non-decreasing
and continuous function on [0, co) satisfying lim; o ®(¢) = ®(0) = 0 and lim;_, (1) =
oo. Denote by O the set of all Orlicz functions on [0, 00). In this paper, ® is not generally
assumed to be convex, except we mention it especially.

Let (2,.A, P) be a probability space. For an Orlicz function ® € O, the Orlicz space
Ly(2, A, P) (briefly by Lg) is defined as the collection of all measurable functions f
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satisfying || f||z, < oo, where

| fllLe ::inf{)\>0:/Q<I><’§> dPgl}.

It is well known that Lg equipped with this norm becomes a Banach space when & is
convex. In particular, if ®(t) = t* (0 < p < o00), then Lo returns to the usual L,
space with the norm (or quasi-norm) || - ||,. Moreover, one can easily check that for any

measurable set F' € A such that P(F') # 0, we have
Ix(P 1
X Lo = a9/ 1 \°
o))

Let ® € O. Then we define the weak Orlicz space wLg as the space of all measurable
functions f relative to (2,.4, P) for which

t
|| fllwLg := inf {/\ >0:sup® <> P(lf| >1t) < 1}
>0 \A
is finite. By a simple calculation, the following equivalences
1 lloze = suptlx(1f] > )llzq = sup 2¥[x(1f] > 2°)|L,
>0 keZ

hold. Especially, if ®(t) = t” (0 < p < 00), then wLg becomes the usual weak L, space

wL, with the following quasi-norm
[ fllwz, = suptP(|f| > )"/,
t>0

We say that a function ®: [0, 00) — [0, 00) satisfies the Ag-condition, written as ® €

Ao, if there exists a positive constant C' such that
®(2t) < CP(t) for any t > 0.

We say that a function ®: [0,00) — [0, 00) belongs to Ag, denoted by ® € Ay, if

lim sup M =0.

c—0 450 D(t)
For instance, if ® is convex, or ®(t) =t (0 < p < 00) then ® € Ag. Let ® € O. In [10] the
authors proved that the weak Orlicz space wLg is a complete quasi-normed space when
®c Ay and © € Ag.

Let ® € O and let 0 < p < ¢ < co. We say that & is a p-convex and ¢-concave

function if the function ¢ — ®(t'/?), t > 0 is convex while the function ¢ — ®(t'/9), t > 0
is concave.

The following lemma is used frequently in this paper.
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Lemma 2.1. Suppose that 0 < p < q < oo and ¢ € O 1is p-conver and q-concave. Then
the following statements hold.

() 271

(i) the functions ==, =7

are non-increasing on (0, 00);

—1
are non-decreasing on (0,00) and the functions %, ¢t1/£t)

(ii) for 0 < X <1, we have
NB(t) < D) < APD(E), AV/PE1(E) <71 (At) < AV9D7L(K), t>0;
for A > 1, we have

Nh(t) < BA) < NIDB(E), AV1d1 () < d~1(\t) < AVPDTL(t), t>0;

(i) ® € Ag and ® € A.

Proof. (i) Note that the proof of the monotonicity of the functions involved the index ¢ is
2(t)

similar to the one of the index p, it suffices to show that the function —;

o' (t)
tl/p
one can conclude that ®((At)'/?) > A®(t!/P) for any A\ > 1, ¢t > 0. Hence,

is non-decreasing

while the function is non-increasing. Since ® is p-convex, that is, ®(t'/?) is convex,

D((At)1/P) N AD(t/P)  @(t1/P)

At - At t

which implies that the function %/p)
that % is increasing on (0,00). Substituting ®~1(¢) for ¢ one can obtain that

decreasing on (0, 00).

is increasing on (0, 00) and it follows immediately
o—1(t)
t1/p

is

(ii) From the monotonicity of the functions in (i) we can get the desired inequalities.
(iii) Let A = 2. From (ii) we get ®(2t) < 29®(t), that is, ® € Ay. Using (ii) again, one

can conclude that sup,;- %Ctt)) < P for any 0 < ¢ < 1 and thus
_ D(ct)
e
namely, & € Ag. O

Remark 2.2. Let 0 < p < ¢ < oo. It follows from Lemma [2.1fiii) that the weak Orlicz
space wLg is a complete quasi-normed space for every p-convex and g-concave function
¢ eO.

Proposition 2.3. Let 0 < p < g < 2 and let & € O be p-convex and q-concave. Then
Lo C Ly Cwlg.
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Proof. Let f € Ly. Then by Lemma [2.1] we get

\fl) _ (If!) (\fl)
o apP = > P o ap
/ﬂ <”f”2 /{f|<f||2} £l i /{|f>||f|2} 1£1l2

|f )q
< (1) dP + MY o(1)dp
B /{f|<f||2} 0 /{|f|>||f||z} <\|f||2 M

< a(1)+ 20 e

1713
< 20(1).

Denote Cy = max{2®(1),1}. Then, applying Lemma again, we have

_ 1 < /| > 20(1)
L¢<%”wm)ﬂk*%4¢\mu‘”< cy =h

which implies

1fllze < Collfll2-
Assume that f € Lg. Then

t ur> <|ﬂ>
() 0= [ o () 22 < o () 27 <

which means Ly C wLg. The proof is complete. O

Definition 2.4. Let ® € O. A measurable function f € wLg is said to have absolutely

continuous norm if

1 wie = 0.
g)no\lfx( MwLe

Denote by w.% the set of all f € wlLg having the absolutely continuous norm. That is,

wEyp = {f € wlLg : hm fo( NwLe = O}.

Remark 2.5. (1) It was shown in [10] that not all elements in wLg have absolutely con-
tinuous norm, even if ® € Ay (see |10, Example 2.5]).

(2) It was also proved in [10, Lemma 2.5] that w.% is a closed subspace of wLg when
® € A,. Furthermore, one can conclude that Ly C L C w.%s for every p-convex and
g-concave (0 < p < ¢ < 2) function ® € O. Indeed, it only needs to note the fact that
the Orlicz space Lg has absolutely continuous norm when ® € Ay (see [19]), then the
conclusion follows from Lemma and Proposition

The following proposition is a generalization of Lebesgue dominated convergence the-

orem in wLg space. We will apply it to state the convergence in wLg (see Remark [3.6)).

Proposition 2.6. [10, Theorem 3.2] Let ® € O be p-convexr and q-concave for 0 < p <
q <00, fn, [ €wLe, g € wEy and |fn| < g. If fn converges to f almost everywhere, then

lim || fn — fllwLe = 0.
n—00
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2.2. Two-parameter martingales

Let N be the set of all non-negative integers and let N? be its double Descartes product
N x N. We denote by (n1,n2) (or simply by n, if there is no confusion) the non-negative
integer pair from N2. The first and the second coordinates of a pair n € N? are written as
ny and ng, respectively. For n = (n1,ng), let n—1:= (n; —1,n9 —1). The partial ordering
on N? is defined as follows: for two arbitrary pairs n = (ny,ns),m = (my, m2) € N? we
say that n < m if ny < my and ng < mg. If n < m and n # m (n, m € N?), then we write
n < m. Furthermore, the notation n < m indicates that both n1 < mj and no < msy hold.
Besides, if n < m (respectively, n < m) is not true, we denote by n £ m (respectively,

Two non-negative integer pairs n,m € N? are called incomparable if neither n < m
nor m < n holds. For two arbitrary sets K, L C N? whose elements are incomparable we
say that K < L (respectively, K < L) if, for every n € L, there exists m € K such that
m < n (respectively, m < n). The infimum of a set K C N? is defined as

inf K := {m € K : there does not exist any n € K such that n < m}.

Here, we adopt the convention inf() = co. For any two subsets K,L C N? we say that
K < L (respectively, K < L) if inf K < inf L (respectively, inf K < inf L). In addition,
if K < L (respectively, K < L) is false, we write K & L (respectively, K & L).

Let (Q, A, P) be a probability space and let 7 = (F,,n € N?) be an increasing sequence

of o-algebras relative to the partial ordering on N? such that

A=o U Fn

neN2

The expectation operator and the conditional expectation operator with respect to F,, are
denoted by E and E,,, respectively.

A function sequence f = (fn,n € N?) is called a two-parameter martingale with respect
to (Fn,n € N2) if

(1) for all m € N2, f,, € Ly;
(2) for every n € N2, f,, is F,, measurable;
(3) for all n < m, E,, fr, = fn.

Denote by M the set of all martingales f = (f,,,n € N?) relative to (F,,n € N?).
Let 0 < p < co. For any two-parameter martingale f = (f,,,n € N?), define

[ £llp := sup || fallp-
neN2
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If || fllp < oo, then f is said to be an Ly-bounded martingale.
We say that the stochastic basis F is regular if there exists a positive number R such

that for all non-negative martingales (f,,,n € N?),

2
fnl,nz < anlfl,nzv fnl,nz < an17n2*17 n € N°.

The martingale differences of a two-parameter martingale f = (f,,n € N?) are defined
by

0 if ny =0 or ny =0,
dnf =
fnl,ng - fnlfl,ng - fnl,ngfl + fnlfl,ngfl else'

It is clear that (d,f,n € N?) is an adapted process such that d,, f € Ly (n € N?) and
(2.1) E.dnf =0, m%n.

Conversely, if (d,,n € N?) is a sequence of adapted and integrable functions which satisfies
the formula above then (f,,,n € N?) is a martingale, where
Ju= D dn.
m<n
We say that a function v which maps €2 into the set of subspaces of N2 U {oo} is a

two-parameter stopping time with respect to (F,,n € N?) if

(i) for every w € €, the set v(w) consists of incomparable non-negative integer pairs;

(ii) for any n € N2,
{weQ:nevw)}={nev}erF,.

For example, if H is a Borel set and (f,,,n € N?) is an adapted sequence then it is easy
to see that

v(w) :=inf{n € N*: f,(w) € H}
is a stopping time. Moreover, if v is a stopping time then one can conclude that

(2.2) {v&n}eFn, neN?

since

{v<n}= U {mev}, neN%

m<n—1
The collection of all stopping times relative to (F,,n € N?) is denoted by 7.
Suppose that v is a two-parameter stopping time and f = (f,,n € N?) is a two-
parameter martingale adapted to the same filtration. Then we can define the stopped
martingale f¥ = (f%,n € N?) as

f= " xv £ m)dp f.

m<n

In fact, one can use (2.1) and (2.2)) to verify that the definition above is well defined.



560 Kaituo Liu, Jianzhong Lu, Jun Wu and Tian Yue

2.3. Two-parameter weak Orlicz—Hardy martingale spaces

For f € M, we define the maximal function, the quadratic variation and the conditional

quadratic variation of f by

My (f) = sup |fml,  M(f) = sup |fml,

m<n meN2
1/2 1/2
m<n meN2
1/2 1/2
snlf) = Y. Ematldmf? |, s(H = Enaldnfl*| .
m<n meN2

respectively.

Further on, for ® € O, we define the two-parameter weak Orlicz-Hardy martingale

spaces as
wHe = {f € M: [|fllwrs = [M(f)lwrs < o0},
wHE = {f € M: || flloms = 1S()llwre < oo},
wHg = {f € M| fllwrg = [I5(f)llwr, < oo}

Remark 2.7. If || - ||lwLg is replaced by || - ||1, in the definition above, then we obtain the

corresponding two-parameter martingale Orlicz—Hardy spaces Hg, Hg and H§ defined by
Lu [14]. With the purpose of discussing the duality, we define the following martingale
space

wHy ={feM:s(f) e wLs}.

From Remark we know that w7 is also a closed subspace of wHj, if ® € Ao.
Similarly, if ® € Ao, then w % and w%%s are the closed subspaces of wHg and ng ,

respectively.

3. Atomic decompositions

In order to establish the atomic decomposition of the two-parameter weak Orlicz—Hardy

martingale spaces, we recall the definition of (¥, q) atoms first.

Definition 3.1. [14, Definition 3.1] Let ® € O and g € (1,00|. A measurable function
a € L, is said to be a (®,q) atom if there exists a stopping time v € 7 such that

(i) ap =Ena=0if v £ n,

.o V 1/
(i) 1M (@)l < [z
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Theorem 3.2. Let 0 < p < ¢ < 2 and let ® € O be p-convex and q-concave. If the
martingale f = (fn,n € N?) € wHE then there exist a sequence (a*)kez of (®,2) atoms
with respect to the stopping times (Vg )rez and a sequence of positive numbers (pg)rez € loo
such that

(3.1) fn = Z,ukEnak a.e., Vn e N?
kEZ
and
(3.2) sup pig < C||fllw -
kEZ

Conversely, if the martingale f has a decomposition of type then f € wH§ and
(3.3) | fllwrs ~ inf sup py,
keZ
where the infimum is taken over all decompositions of f of the form .
Proof. Assume that f = (fn,n € N?) € wHj. Let
Fp={s(f)>2"}
and consider the following stopping times for all k € Z,
vp = inf{n € N? : E,x(Fy) > 1/2}.
It is easy to obtain that (see [20, Page 82])

Fa= Y (= fiF) and M= fiE =Y dn fx(ve < m B vip)

keZ m<n
hold. Set
44/2 - 2k+1 & Vet [y
e = 4V2 - 2" I (v # 00) ||y = and a, = ———"—

(set a¥ = 0 if pg, = 0). It is clear that for arbitrary fixed k € Z, a* := (a¥,n € N?) is a
martingale. Furthermore, we can see that

fn= Z,ukaﬁ a.e.

keZ
for all n € N2.
Further on let us check that a* is a (®,2) atom relative to vg. It’s obvious that aX = 0
for each fixed k € Z if v, & n, which confirms Definition [3.1](i). To see (ii), we should
prove that

a2 P(Vk # 00)
B < e 2 o2,
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By [20, Proposition 3.4] and the definition of a* it suffices to show that
E(f74 — f)? <2 (2"1)2P (g # o).
Note that Ly and H5 are isometric, for the inequality above, we only need to verify that

(3.4) E( > EnoaldnfPPx(ve < n % vig) | <20 (2F1)2P (1 # 00).
neN2

Since {vy K n % vgpi1} € Fn—1, we divide the left side of (3.4) into the following two

parts:
(G) = Z E(Ep_1|dnfI*Xx (v < 1 % vir1)x(Fi4))

neN?
and
(H) = Y EEntldaf X < 1% i) X(Fit).
neN?
Consequently,
(3.5) E| Y EnaldafPXx(v < 0% viin) | = (G) + (H).
neN2
It is easy to check that
(3.6) (G) < 2"1)?P(wy, # o)

and
(H) = Z E(Ep_1|dnf*X(vk < 1 % V1) Eno1X(Fiet1))-
neN?
By the definition of v 1 one can conclude that, if vgy; &€ n, then E,_1x(Fry1) < 1/2.

Hence,

(3.7) (H) < SB[ Y EpaldnfPx(ve < n % viga)

neN2

Combining (3.5, (3.6) and (3.7), we get (3.4). Thus a* is truly a (®,2) atom relative

to vg. Of course, a* := (ak,n € N?) is Lo-bounded. Denote its limit still by a* then
ak = E,a* (n € N2). Consequently, holds.

Now we verify that also holds. By the Chebyshev inequality and [20, Proposi-
tion 3.4], we obtain (see Lu [14, Page 40])

P(vy, # 00) < 64P(Fy,).
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Note that P(Fy) = P(s(f) > 2¥) and ® is non-decreasing, by Lemma we obtain

1
(1/P(vy # o0))
1 1
SR ateirE) VY ST ePe0 > 7))
(spatnsm) ! “1/p
= 4\/5. ok+1 @‘1(1/(64]3(5(]”) > Qk))) (64P(s(f) N 2k)>

o = AVE 2 £ 00)ll 1y = V225

1 -1/p
&1(1/(P(s(f) > 27)) <64P(s(f) > 2k>>
! — C2*x(s(f) > 29)[|g < Cllf oty

O-1(1/P(s(f) > 2¥))

Taking the supremum of all k € Z, we get (3.2).

To prove the converse part, we need the following lemmas.
Lemma 3.3. [16, Theorem 10.1] Let @1, @2, ¢ be Orlicz functions.

(1) If for some C > 0,
o7 (w)py (u) < Co(u)  for all u >0
and x € Ly, y € Ly,, then the product vy € L, and

lzyllz, <2C2lL,, vz,

(2) If for some D >0,
o' (w) < Doyt (u)gy (u)  for allu >0
and x € Ly, then there are x; € Ly, (i = 1,2) such that x1x2 = |z| and

lz1llL,, 22|z, < DllzllL,-

Lemma 3.4. Suppose that 0 < p < ¢ < 2 and ® € O is p-convexr and g-concave. Let
1< L <oo. Then

picllls(@)Fllzy < C25F|Ix(vk # 00) Lo

Proof. Consider the Orlicz function ¥ satisfying the condition

U () = w207 (w), u>o0.
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Since s(a¥) = 0 on the set {v; = 0o}, using Lemma 3.3 we obtain

uillls(@®))F |y = pxlls(@™) x (v # 00)llLy < Crglls(a®)*la/zlix(vi # 00)lzy
= Cpglls(@)FlIx (e # 00) Ly < Cui | M ()3 lIx(ve # 0)llLy

L
< Oy <”‘L"(Z ’“j;f;)u” ) I # 09) 1
— O (v # 50) |5 # 00) Iz

= C2M || (v, # 00)layLlix (i # 00) |1y < C2%|Ix (v # 00| Lg-

O]

Remark 3.5. If we replace the operator s with S and M in Lemma [3.4] respectively, the

conclusion also holds.

Now we show the converse part of Theorem[3.2] It needs to prove that if the martingale
f = (fu,n € N?) has a decomposition as (3.1)), where {usrez and {a*}icz are just the
same as the statement in Theorem then f € wHg and (3.3 holds. Set I = supez, px <

oo and for an arbitrary kg € Z, let

fZZMkak = Z pna® + Z ppak = Fy + Fy.

kEeZ k<ko—1 k>ko

As s is sublinear, we get s(f) < s(F1) + s(F») and

We now estimate s(F) and s(Fy), respectively. Note that s(a¥) = 0 on the set {v}, =

oo}, we have {s(a*¥) > 0} C {v}, # oo}. Hence,
{s(Fp) > 2%}  {s(Fy) > 0} € | {s(a") >0} ¢ | J {wk # o0}
k=ko k=ko

Consequently,

E <q) (2’“OX(S(FI2) > 2’““)))

e (0 (2) xtotm > 2 < > (o (3 ) w2 )
D) e )

ke>ko ke>ko
<CP op(ko—Fk) (cp ( X(vp # o) >> < QP or(ko—k) — 1
2 Ix (v 7# 00) | g 2

k>ko k>ko
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where the third “<” above is due to Lemma [2.I] Thus, by the definition of Lg norm we
obtain
2||x(s(F2) > 2)l|Ly = 12"x(s(F2) > 2%)[|, < CT.

This implies ||s(F2)|lwre, < CI.
Set 1 <L <o00,0<\<1—1/L, and denote by L’ the conjugate number of L such
that 1/L 4+ 1/L' = 1. By Hélder’s inequality we have

s(Fy) < Z pps(a®) = Z okX . 9=RA 1 s(ab)

kgko—l kSkO—l
1/L 1/L

< Z 2k/\L’ Z kaALﬂﬁz(S(ak))L

k<ko—1 k<ko—1

1/L

S SIELY 1D SRR

k<ko—1 k<ko—1

1/L
<o (Y sl
k<ko—1

Applying Lemma [3.4] we have

Ix(s(F1) > 27)| L,

L
S F1 _ —
< [xtstry > 200 (SSR) | copmron | 57 a iyt
Lo k<ko—1 Lo

< 02EO) S 9 () g, < 02RO ST 2 Ny (1 £ o),

k<ko—1 k<ko—1
= 02 EO) ST RO 9Ky (1 £ o),

k<ko—1
<TI- C2k0L()\—1) Z 2I<:[L(1—)\)—1] - 7. CQ‘kO.

k<ko—1

Thus one can conclude that
25| x(s(F1) > 2M)||1, < C1,

that is, [|S(F1)||wre < CI. Note the fact that || - ||wr, is a quasi-norm when @ satisfies
the condition in Theorem [3.21 So we obtain

Is(HllwLe < CUIs(F)llwry + I5(F2)llwL,) < CT.

Consequently, f € wHg and (3.3) holds. This completes the proof of Theorem O
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Remark 3.6. If f € wg in Theorem [3.2] then in addition to (3.1) and (3.2), we have the
following convergence result:
J
the sum Z,ukak converges to f in wH§ as j — 00, i — —o0.

k=i
In fact,
J
F= ma = (f = f) + f*.
k=i
Note that
S2(f - fyj+1) = Z En—1|dnf|2X(Vj+1 < n) = 82(f) — SQ(ij+1)

neN?2

and
S =Y EnaldafPx(vi & 1),
neN?2

we obtain

s(f— fY), s(fY) <s(f) and s(f — f7+), s(f") -0 a.e. as j — 00, i — —00.
From Proposition [2.0] it follows that
IsCf = 7 wre, 15U lwre =0 as j — o0, i = —oo.

Consequently, by the sublinearity of s we have

j
F= ma = l[s(f = f7 4+ [)lwee < NIs(F = F71) + () wLs
k=i

S
wHE

< C(Is(f = " wre + Is(f)lwLs),

and

—0 asj—o00,1— —o00.

J
k
=Y ma
k=1 wH

Furthermore, note the facts that Ly = HS C Hj C wHj (see Proposition [2.3) and
a* = (aF,n € N?) is Ly-bounded for every k € Z, thus Ly = Hj is dense in w.¢;.

Remark 3.7. Let 0 < p < ¢ < 2 and let ® € O be p-convex and g-concave. If the
martingale f € M has a decomposition of type , where {p }rez and {a¥}rez are just
the same as the statement in Theorem then similar to the proof of the converse part
of Theorem we can prove that

|Fluss < Csupp and | f sy < C'sup .
kEeZ keZ

Indeed, we only need to replace the operator s with operators S and M in the proof of

the converse part of Theorem respectively.
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If F is regular then the previous theorem can be shown for wH:g as well.

Theorem 3.8. Suppose that F = (Fp,n € N?) is reqular. Then Theorem also holds
for wH(g.

Proof. For every k € Z, set
1
Fk:{s(f)>2k} and I/kZIHf{nENQEnX(Fk)>2m}’

where R is the regularity constant. Since Lo is also isometric to Hég , we only need to

modify the inequality (3.4]) to the following one:

S Jdaf Px(vn < n % vg) | <20 @5)2P(y, # 00).
neN2

Accordingly, we define the formulas (G) and (H) as follows:
— Z E(|dnf*x(vk < n 3% ve41)x(S(f) < 28)
neN?

and

(H) =Y E(ldnfPx(vk < 1% vi)x(S(f) > 28h).

neN2

It follows from the regularity of F that |d, f|?> < R*E,_1|d,f|?, and we obtain

(H) < Y E(R*En aldnfI*x(vk < n % vrsr)X(S(f) > 25)

neN?
=R* > E(En1ldnfPx(vk < n % ve1)Bao1x(S(f) > 211))
neN?2
=R Z E(Ep_1|dnfI*X(vk < 1 % V1) Eno1X(Fit1))
n6N2
2R2 > E(ldnfPx(vk < 0% V1))
neN?
1
=3B > ldnfPx(vk < 1% visr)
neN2
The rest of the proof is similar to that of Theorem [3.2] so we omit it. O

4. Bounded operators on two parameter weak Orlicz—Hardy martingale spaces

As an application, in this section, we first obtain a sufficient condition for a sublinear

operator to be bounded from two-parameter weak Orlicz—Hardy martingale space to usual
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weak Orlicz space by atomic decomposition. Immediately, some martingale inequalities are
deduced by equipping this condition to the sublinear operators M, S and s, respectively.

Let T be an operator defined on a martingale space X and taking values in a measurable
function space Y. T is said to be sublinear if for any martingale f,¢g € X and complex

number A, the following
T(f+ 9l < |Tfl+1Tgl, [T = N[T]].

hold.
Now we give a theorem below without proof, since the proof is similar to that of
Theorem 3.1 in [8].

Theorem 4.1. Let 1 <r <2 and T: L.(2) — L.() be a bounded sublinear operator. If
P(|Ta| > 0) < CP(v # o0)

for all (®,2) atoms a, where v is the corresponding stopping time, then, for every p-convex

and g-concave function ® € O with0 <p<qg<r,

ITflwre < Cllfllwmg,  f € wHg.
The following result follows immediately from Theorem

Theorem 4.2. Suppose that F = (Fp,n € N?) is reqular. Let 1 < r < 2 and let
T: L. (Q) — L.(Q) be a bounded sublinear operator. If

P(|Tal > 0) < CP(v # o)

for all (®,2) atoms a, where v is the corresponding stopping time, then, for every p-conver

and g-concave function ® € O with 0 <p < q <,

HTwaI@ < CHf”ngv f € ng'

Next we apply Theorems [4.1] and [£.2] to obtain some martingale inequalities.

Proposition 4.3. Let 0 < p < g < 2 and ® € O be a p-convex and q-concave function.
Then

(4.1) [fllwrs < Clifllwrg, 1 flwms < Cllifllwrg

hold for all f € M, namely, wHE C wHe, wHy C wHE. In addition, if F = (F,,n € N?)

s regular, then

(4.2) wH = wHY C wHg.
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Proof. First we show (4.1). Let f € wH. For the first inequality of (4.1]), we consider the
operator 71" in Theorem to be the maximal operator M, that is, T f = M f. Obviously,
M is sublinear and ||M f|l2 < 4| f]|2 (see [20, Proposition 3.4]). If a is a (®,2) atom and

v is the stopping time associated with a, then
{|Ta] > 0} = {|Ma] > 0} C {v # oo}
and hence P(|Ta| > 0) < P(v # c0). Since ¢ < 2, it follows from Theorem [4.1| that

[fllwts = 1T Fllwre < Clfllwmg-

Similarly, considering the operator T'f = S f we get the second inequality of .

Now we check . Assume that the stochastic basis F is regular, and let f € wH;g .
Considering the operator T in Theorem to be the conditional quadratic variation
operator s. Then by Theorem we obtain the following inequality

1 llwrry, < Cllf s

Combining with (4.1]), one can conclude that (4.2]) holds. O

Remark 4.4. It should be noted that Proposition [£.3] can be proved directly with the
help of the atomic decomposition theorems in Section [3| Indeed, let f € wHg. Then by
Theoremthere exists a decomposition such that and hold. Hence, it follows
from Remark that

C U fllwry < suppx < Cllfllwmg  and  C7H|fllyps < suppx < Cll fllwi,
keZ kez

which complete .

On the other hand, assume that the stochastic basis F is regular, and let f € ng .
By Theorem there exist a sequence of (®,2) atoms (a*)rcz and a sequence of positive
numbers of ((x)kez € loo such that

Z,ukEnak = fp a.e. and suppui < CHwaHqS)
ez keZ

From the converse part of Theorem we conclude that
CH fllwrry < sup i < C|lfllors-
keZ

That is, wH3 C wHg. Combining with (4.1, we obtain (4.2).
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5. On the dual spaces of w3

In this section, we first introduce the two-parameter weak generalized Campanato mar-
tingale space wL,,, which is similar to [8, Definition 0.1], then the dual space of the

two-parameter weak martingale Orlicz-Hardy space w73 is characterized.

Definition 5.1. For g € [1,00) and a function ¢: (0,00) — (0, 00), let

~tl(x
WLy, = {f € Ly | fllwey, = /0 gDg(c)dx < oo},

where .
——a M sup  |f — £l

td(x) :=
<p( ) QO(J}) P(v#oc0)<z

and fY is the two-parameter stopped martingale with respect to the stopping time v.
Now we are ready to describe the duality theorem.
Theorem 5.2. Let 0 < p < g <2 and let ® € O be p-conver and q-concave. Then
(wAg) = wlyy,,

where p(r) = @.

Proof. Assume that g € wls ,. Then g € H3. Define

ly(f) =E(fg), feH;.

Note that H5 C wi. By Theorem there exist a sequence of (®, 2) atoms (a¥)gez with

respect to the stopping times (v;)rez and a sequence of positive numbers (pg)rez € loo

such that
f= Z wa®  ae.
kEZ

It is easy to check that the last series converges to f in H5 as well. Therefore,

ly(f) = Z MkE(ak9)~

kEZ

By Definition (1) of the atom a*,
E(a"g) = E[a"(g — g")].
Indeed,

E(akg) = Z E(dnakdng) = Z E(dnakx(l/k < n)dng)
n€eN2 neN2
= Y E(dna*dn(g — g")) = ElaF(g — g"*)].
n€eN2
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Recall that puy, = 4v/2 - 284 ||x (v, # o0)||Le- It follows from the Holder inequality and
Definition [3.1](ii) that

A= mEaF (g — g™ <> wEla*(g - g*)]
kEZ kEZ
<> mellafllallg = g% N2 <7 el M () |2llg — g7 12
kEZ keZ
P(v, # 00)1/?
<O 2M|x(vp # 00)|lLy - “llg — g |l2
el o
< CY 2PP(uy # 00)'2||g — g2
kEZ

Note the facts that P(vj # 00) < 64P(F}) = 64P(s(f) > 2¥) and @ (172

iy ) P() >
2F) < 1. Tt follows from Lemmathat

s
P

64 1
Py # o0) < o < .
—1/p . __ 2k
() 2O477 )
Denote ¢, = @(6471/; - ) . Then P(yy # o0) < ¢; and

s
qu)

k
1/2 2 1/2
(NI <Y 2% g — g"ll2 < Cll fllwry > 6477 g = g%

keZ keZ Hf”“’
11\ 152 y
=CWM%§FN<%>/HggHb
kEZ
R 2
<O fllwry > ——c sup  [lg — 9"ll2 = Cl fllwry ) to(ck).
® ;Z SO(C]C) P(v#00)<cy, ® kEZZ v

Applying Lemma once more, we obtain

/p. 2%
cny 2647 s 9k \P  /1\P
+ _ D < _ -
- — 2kt \ = \ok+1 | — :
% R(64Tr i) A2 2
Hence,
(cx)( Ck+1) )(cr — cry1)
SR -3 Z
@ _ _
keEL kez kT Gkl =1 1/2 ke
lAC)
<c [ % dr=Cllghucs..
0 X
Consequently,

gD < Cllfllwrg lgllwes,,»
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that is, [, is a continuous linear functional on Hj. Since Hj is dense in w.#y (see Re-
mark , l4 can be uniquely extended to a continuous linear functional on w73 .

For the converse part, let | € (wg)'. Since H§ C wg, we have | € (Hj) which
implies that there exists g € H3 such that

I(f) =E(fg), [eH;.
Suppose that v, are the stopping times such that P(vy # oo) < 27% k € Z. Let
(BTN - g)
(2)12||s(g — g7 )ll2”
Obviously, a¥ = 0 on the set {v}, &« n} for each fixed k. For any given y > 0, we can

find m € Z and N € N satisfying 2! < y < 2™ and |m| < N. Now let us define the
martingales f, g™ and A" by

N m—1 N
_ Z ak, N = Z a*, hN:Zak’
k=—N k=—N k=m

respectively. Since ® is p-convex and g-concave for 0 < p < ¢ < 2, one can conclude that
®(t+s) < 4(P(t) + ®(s)) for any t,s > 0. In fact, by Lemma [2.1] we have

ke Z.

O(t+s) < ®(2max{t, s}) < 29®(max{t, s}) < 4(P(t) + ®(s)).
Then, by the sublinearity of s, we get

O(s(fV)) < @(s(g") + () < 4(@(s(g™)) + @ (s(h™))).

Hence,
P(O(s(fN)) > 8y) < P(®(s(g™)) + ®(s(h™)) > 2y)
< P(®(s(g™)) > y) + P(@(s(h™)) > y),
that is,
P(s(f) > 7 (8y)) < P(s(g") > () + P(s(h") > &7 (y)).
Since .
M2 < Z Is(@™)la < Y @7F)2e1(2h),
k=—N

then by Lemma we obtain

P(s(g") > 7' (y))
m=1 o j\1/2g—1 ok \ > m—1 Ky U\ 2
< o= (8 T ) < (e (2)”)

k=—N k=—N

m—1 2 m—1 ?
S y_2/q ( Z (21/q_1/2)k> S y—?/q < Z (21/q—1/2)k> S Cly_l-

k=—N k=—o00
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The last inequality above follows from ¢ < 2. Taking C] = 2max{C1,1}. Then

o1 _ 1 _ 1
® <(Ci)(3’)’> Ps(g") > 27 W) < GruPls(e™) > @MW) < 5.
Recall that a® = 0 on the set {v, & n} and P(v # 00) < 27%, we have
N 00
P(s(h™) > o7 1(y)) < Z Py # 00) < Z 27k = ol=m < 9y~1
k=m k=m
and )
-
o () P > 07 < 5.

Taking C' = 8'/P max {(C})/?,4'/P}. Then

~1
@ (‘DC(S”) P(s(s) > @' (81)

i -1
=7 <<1> ) P(s(g™) > 27 (y)) + @ (q)c(&y)> P(s(h™) > 7 (y))
v 1/pp—1
< <:1/p¢’0, w,) P(s(gN) > d7 Y (y)) + @ (W) Ps(h™) > 31 (y)
< 1 + 1
—2 2

which means ||fNHwH$ < C. Since

(N) =E(fVg) = i E(a*g) = g: Ela*(g — g*¥)] = i 1 (2%)[lg — g"*1I3
k=—N k=N [ h— (25)12|1s(g — g7*)ll2
N _1 b N 1 s "
ZN % 2l — gl = kZ_N Sz H @)l = g% e
we get
S 1 —ky—1/2 v N
k:ZN@(Q_k)@ )2lg = g% [l = 1(FY) < O

Let N — oo, while taking the supremum over all of such stopping times satisfying P(vy #

o00) <27k k € Z, we can immediately conclude that

Iohoes, = [ 2 o) g

The proof is finished. O

) < CJtl-

k=—o00
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