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On Some Properties of Dyadic Operators
Heng Gu, Qingying Xue* and Ko6z6 Yabuta

Abstract. In this paper, the objects of our investigation are some dyadic operators, in-
cluding dyadic shifts, multilinear paraproducts and multilinear Haar multipliers. We
mainly focus on the continuity and compactness of these operators. First, we con-
sider the continuity properties of these operators. Then, by the Fréchet—Kolmogorov—
Riesz—Tsuji theorem, the non-compactness properties of these dyadic operators will
be studied. Moreover, we show that their commutators are compact with CMO func-
tions, which is quite different from the non-compactness properties of these dyadic
operators. These results are similar to those for Calderon-Zygmund singular integral
operators.

1. Introduction

It is well known that the dyadic operators, such as paraproducts, Haar multipliers and
dyadic shifts, play very important roles in Harmonic Analysis. The study of paraprod-
ucts may be traced back to the famous work of Bony in [2]. Since then, many works
had been done in this field. Among those achievements is the celebrated work of David
and Journé [3]. Using the techniques of paraproducts, David and Journé established the
T(1) theorem and thus gave a boundedness criterion for generalized Calderén—Zygmund
operators. The investigation of Haar multipliers may be dated back to the Ay conjecture
for Haar multipliers consider by Wittwer in [1§]. Subsequently, using the combination
of Bellman function technique and heat extension, Petermichl and Volberg extended the
same result to Beurling-Ahlfors transforms in [14]. As for the dyadic shifts, it is known

that an elementary dyadic shift with parameter (m,n) (m,n € N) is an operator given by

Sf@) =Y 11r| /] a@nfdy =% 3 |}|<f, BV

IeD IeDI',1"eD, I')]"CI
I(I")=2""1(I)
1(I"=2""1(I)
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where hp and hpr are Haar functions for the cubes I’ and I” respectively in R?, subject

to normalization [|hy||ec - ||hr7]|cc < 1 and

ar = > ho (y)hir ().
I'1"eD, I',\I"cI
W(I)=2""1(1), I(I")y=2""1(I)

The number r = max(m,n) is called the complexity of the dyadic shift. There are two
important works in the earlier stage of investigation. The first one is given in [12] which
concerned with the boundedness of dyadic shifts. The second one is given by Lacey,
Petermichl and Reguera [10] which demonstrates the Ay conjecture for general dyadic
shifts. A recent nice work [6] states that an arbitrary Calder6n—Zygmund operator can be
presented as an average of random dyadic shifts and random dyadic paraproducts. This
demonstrates the importance of the dyadic shifts and people are beginning to pay more
attention to these operators.

Still more recently, the following multilinear dyadic paraproducts ﬂf, Haar multipliers
P9 and T have been introduced and studied by Kunwar [9]:

m 14y .
B =3 ST D)0, = o € 01

IeD j=1
m ] 1+, .
Paﬂ(w)—Z(HW)h?(“’, &e{0,1y"\{1,...,1},
IeD Nj=1
m ) 1+, .
Tfﬂ(ﬂf)zZq(HW)h}’(a), ae{0,1y"\ {1,...,1},
IeD j=1

where b € BMO?, and € = {e;};ep is bounded and o (&) is denoted to be the number of 0
components in a.
In [9], Kunwar investigated the strong and weak type boundedness properties of 7rgZ

and its commutators. Moreover, Kunwar [9] demonstrated that

froo fm= > PY(f) for f; € LPi(R).
&e{0,1ym\{(1,...,.1)}

If1 < pi,...,pm < oo with % =" p%_ and b € BMOY, Kunwar [8] showed that the

Haar multipliers and their commutators enjoy the properties that
TE: LPY X LP? % - x [P — [P

and
(b, T : LPY x [P2 x --- x LPm — [P for j=1,...,m,

where [b, T]; is denoted to be the commutator of 7 in the j-th entry.
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This paper will be devoted to investigate the continuity and compactness of the above
dyadic type operators, including their commutators. First, we consider the continuity

properties of them and get the following result.
Theorem 1.1 (Continuity of dyadic operators). The following statements hold:
(i) Let |Vf| € L>®(R?). Then Sf(x) is almost everywhere continuous.

(i) Let @ € {0,1}™\{(1,...,1)} and € = {e1} be a bounded sequence. Suppose that f;
is bounded when a; = 0 and f; is bounded when a; =1 in R. Then ﬂ'g(f)(x) and

TE(f)(x) are almost everywhere continuous.

Remark 1.2. For dyadic paraproducts Wf(f)(:v), when @ = {(1,...,1)}, then wf(f)(x)

is also almost everywhere continuous if '(z) is bounded and for all f; is bounded in R.

The square of the Littlewood—Paley square function Sf(z) = (Z 1eD (<f|’?|1 ))2)(1) 1/2

and
Haar multipliers P%(f)(z) are special cases of T(f)(z). Therefore, they are also almost

everywhere continuous.

There are many results about the compactness of the non-dyadic operators. For ex-
ample, [16,/17] are some nice works in the earlier stage. Recently, the authors in [1}/4]
studied the compactness of bilinear operators and their commutators. But there is no
compactness or non-compactness results for dyadic operators. Thus, it is quite natural to
ask whether these dyadic operators are compact or not. Below, we will give a negative

answer to this question.

Theorem 1.3 (Noncompactness of dyadic operators). (i) Let € = {er} be a bounded
sequence and suppose that there exists a constant A > 0 such that #{I € D : |ef| >
A} =o0. Let % = 1%1+"'+1i with 1 < py, ..., pm < 00. Then TS is not a compact
operator from LP'(R) x --- x LPm(R) to LP(R) for @ € {0,1}"™\ {(1,...,1)}.

(ii) Let m,n € N and suppose that there ezists a constant A > 0 such that
#{I € D:A < |hpll - [|hir]loc <1 for some I', 1" € D, I', 1" C I,
(I =2""(I),1(I") = 2*”Z(I)} = 00.
Then, dyadic shift with parameters (m,n) is not a compact operator.

There also exists b € L C BMO such that 7r§7 is not a compact operator. However,

for b € CMO, it can be shown that 7ng is a compact operator. Consequently, we get

Theorem 1.4 (Compactness of 7). Let b € CMO and % = p% + -+ # with 1 <
D1y, Pm < 00. Then ﬂf is a compact operator from LP'(R) x --- x LPm(R) to LP(R) for

ae {0,1}™.



524 Heng Gu, Qingying Xue and Ko6z6 Yabuta

Nevertheless, like in [1,/4] for many non-dyadic operators, they may be not compact but
their commutators and iterated commutators can be compact. Therefore, we try to figure
out whether the commutators and the iterated commutators of these dyadic operators
are compact or not. First, following the usual definition of commutators [b, T](f) =
bT'(f) — T(bf), we define the iterated commutators of Haar multipliers Tgnb by

—

T (F) = [b1, b2, - o1 [y Tl 1 - Jala ().
We formulate the results for the compactness of the commutators as follows:

Theorem 1.5 (Compactness of commutators). Let € = {er} be a bounded sequence and

1 _ 1
,_1714_...4_

5 % with 1 < p1,...,pm < 00. The following statements hold:

P
(i) Let b € CMO. Then [b,TS); is a compact operator from LPL(R) x --- x LPm(R) to
LP(R) for all @ € {0,1}™\ {(1,...,1)} and 1 <i < m.

(ii) Let b = (by,...,by) € CMO™. Then Tfnb is a compact operator from LP1(R) X
o x LPm(R) to LP(R) for @ € {0,1}™\ {1,...,1}.

(iii) Let b€ CMO. Then [b,S] is a compact operator from LP(R?) to LP(RY).

The rest of this article is organized as follows. Some preliminaries which will be used
later are given in Section[2] The proof of Theorem [I.I] will be given in Section[3] Section [4]
will be devoted to demonstrate Theorems and [[.4l The proof of Theorem [L.5] will be
presented in Section

2. Preliminaries

2.1. Standard dyadic lattices and Haar system

The standard dyadic system in R? is
D:=|J Dy, Dp:={2°([0,1)" +m):m ez}
kEZ
For I € D, IV is denoted to be the j-th dyadic ancestor of I (271(I) = I[(I¥)) and I ¢ 1)),
j € Z4U{0}. Given a cube I = 2+[0,1)%, let ch(I) := {z+nl/2+[0,1/2)¢ : n € {0,1}¢}be
the collection of dyadic children of I. Thus Dy_1 = |J{ch(]) : I € Dy}. Associated to the
dyadic cube I there is a Haar function h; which is defined by
hr = Z ayly, Z ay|J| = 0.
Je{ch(I)} Je{ch(I)}
When 1 is a dyadic interval and let I, and I_ be the right and left halves of I, then, the

Haar function hy is defined by hy = 17, — 1;_. It is well known that the collection of all
hr
VI
basis of LP(R) for 1 < p < oc.

Haar functions

: I € D} is an orthonormal basis of L?(R) and an unconditional
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2.2. Multilinear weights

Following the notation in [11], for m exponents pi,...,pm, we write p for the number
given by 1/p=1/p1 + -+ 1/pm, and P for the vector P = (P1y- -y Pm)-

Definition 2.1 (Multiple weights, [11]). For 1 < p1,...,pm < co and a multiple weight

W= (wi,...,wn), we say that & satisfies the multilinear A5 condition if
1/p m N\ 1/pj
1 1 1—p’. J
() TG )
1 177 /= ’
_1pm | /P 1=pf\1/p; ~1
where v = [[;Z; w;""’. When p; = 1, (| 7 Jrw; ) is understood as [lw; || Lo (1)

By Holder’s inequality, it is easy to see that
m

Moreover, if & € Ap, then we have v5 € App. We will similarly denote the dyadic

"Ul

multilinear A5 class by A%.

2.3. BMO space

For a locally integrable function b on R, set
1
[bllBMO = sup — [ |b(z) — (b)1] dz,
r Il Jr

where the supremum is taken over all intervals I in R, and (b); = |I|™! [} b(z) dz. The
function b is called of bounded mean oscillation if ||b||pmo < oo and BMO(R) is the set
of all locally integrable functions b on R with ||b]|pyo < co. We define CMO to be the
closure of Cg° in the BMO norm.

If we take the supremum over all dyadic intervals in R, we get a larger space of dyadic
BMO functions which is denoted by BMO?. For 1 < r < oo, define

BMO, = {b e L _:|bllsmo, < oo},

where ||b|Bumo, = (sup; ‘%'fl |b(z) — (b >1|’”d:n) For any 1 < r < oo, the norms ||b||Bmo,
and [|b||mo are equivalent (see [5,7]). For r = 2, it follows from the orthogonality of the

1/2
o = sup P S

On R, we may define BMO(R?) and its dyadic version in a similar way.

Haar system that
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2.4. A key lemma

The following lemma is quite useful and it provides a foundation for our analysis in the

proof.

Lemma 2.2 (Fréchet—Kolmogorov—Riesz—Tsuji theorem, [15,20]). Let 0 < r < co. A

closed subset KK C L is compact if and only if the following three conditions are satisfied:
(a) K is bounded in L";
(b) limg—0 f|a:\>A |f(2)|" dx = 0 uniformly for f € K;

(¢) imyo || f(z+1t) — f(z)||r = 0 uniformly for f € K.
3. Proof of Theorem

Now, we begin to prove Theorem

Proof. (i) Our first aim is to demonstrate the continuity of S(f). Let |V f| be bounded in
R?. For £ > 0, there exists kg > 0 such that Zzozko 2% < €. Then, it holds that

%1_13(1)|Sf(x+t) —Sf(z)| < I+ I

where
IIZPH(I) H/azx—i—ty y)dy — H/ajxy y’
- I)<2=*o 1(I)<2 k0
Iz—hm /a1x+ty y)dy — /alxy dy|.
t—0 1] 1]
>2 ko l(I>2 ko

Therefore, we need to consider the contributions of I1 and Is, respectively.
(1) Estimates for I. For any x € I, there is only one cube I” such that = € I”. Hence,
noting that [|h||eo||hr7]lee < 1, it yields that
1 1
) i =g > (f hp)hp
I

I'J1"eD, I' 1" CI
1(I")=2="1(I), 1(I")=2—"1(I)

= ‘I’ Z Z OéJ/f dyh]//

rcr Je{ch(I")}
/ e dy‘
[ I'Hoo

U)=27"()
1

1|

IN

rcrl

Je{ h(I')}
1(I)=2""1(I)
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Let o € I' be a fixed point. It is easy to see that 3 ;¢ oy @sf(z0)]J| = 0. Then,
the mean value theorem gives that
il -
Je{ch(I')} e

nnh/f @F
S VATVl

Je{ch(I’)}
< 24/d2—™ (1) 1.

Je{ch(I')}

IN

Consequently, this leads to
1 m
g fetentmals S evaresn

rcrl
1(I"=2""1(I)

< 27"Vd||V f ol (1)

Therefore, it holds that

T ’/afx—l—ty )dy’

H/“xy ‘

<2 ko n<2- ko
STWH\fHVfHoo > )

(<2~ ko
Se.

(2) Estimates for 5. Let D consist of all the boundary points of the dyadic cubes I € D.
Let 2 € R4\ D. Then there exists Iy € D_py—m such that x € Ip,. I I € UpZ_; .1 Dx
contains x, then it follows that € I, C I and I is an ¢-th ancestor of I, for £ > m.
Hence Iy, is contained in one of ch([/), which implies that hpv(z 4+ t) = hy(z) for all
I € Uz ko 41 Dk Thus, it follows that

12:}5% ’/GI z+ty) —ar(, ))f(y)dy‘
>2 ko
: 1
< g X:Tﬂ > (ko) +-0) = )|
1(I)>2—%0 I',1"eD, I'.1"CI

W(I")=2="(I), I(I")=2""1(I)

. 1
= hml Z m IIZ:CI <f7 h]/)(h[//(13+t) —h]//(ﬂf))
1(I")y=2—™1(I)

Therefore, Sf(x) is continuous almost everywhere.
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(ii) Now, we consider the continuity of 7§ ( £). The proof of continuity for T%(f) follows
similarly. Let a € {0,1}™ \ {(1,...,1)}. Suppose that f; is bounded when a; = 0 and
fj is bounded when «a; = 1 in R. For ¢ > 0, there exists kg > 0 such that Z,Ziko 2% <e.
Then, it holds that

lim |7 (F)(x +t) — 78 (/) ()| < 1L + 11,

t—0
where
1+a
1 <ba h1> <f]7 J> 1+0(a)
111_%5%1 Z,k et! \1! h 7 (@4 t)
(1)<2—*o j
m 14+a;
(b,hr) 71 (fishr ) 140(a) ‘
h (x)
I(I<2= ko m 31;[1 m !
and
m 14+«
(b,hr)y 1 (fishr ) 14e@)
II, = lim h (x+1)
(Ig;% s M !
m 1+«
<b,h1> <fj7h1 J> 140 (&)
2 o @

Next, we will estimate I[; and Iy, respectively.

(1) Estimates for I/;. For any a; = 0, the mean value theorem yields that

’<fj’hl>‘ _ ‘fbr(fj( f] l‘[ f] f] f(x[))d.%}
i u|

< |I]sup|f;(z)],
zeR

=

where 7 is the center of the interval I. By the definition of BMO?, we know that (b1

T |
is bounded. The boundedness of ¢ Jlli\l ) _ 7‘}‘“ ) follows from the boundedness of f; inR.
These basic facts yield that

1L <

m 1+,
(b, hr) (fishy ) 1to@a
3 T I1 Juf’ WD )
I(I<2= ko
I

<2
2~ ko

j=1
m 14+a;

(b, hr) v {(fishr ) L 110(@)

|I H |I‘ h[ (x)

—kq 7j=1

Un<

D

(
(N=2-

(b,hr) (fj hr) (fjxr)
7] 1—_1 1] H ]

a;j=1

_l’_
<2
!
1 o(d)

S 2[jbllBmo Z <2k>

k=ko
Se.
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(2) Estimates for IT. Let D consist of all end-points of the dyadic intervals I € D.
Let 2 € D°. Then there exists I, € D_j, such that v € Ij,. If I € UZO:%OH Dy,
contains x, then Iy, is contained in either Iy or I_, which implies h;(x +t) = hy(x) for
[t| < dist(xll,go). Therefore,ﬁfor I e Uil py11Drand z € T we get hy(x +1t) = hy(x).
Then h}JrU(a) (x+1t) — h}JrU(a) (x) = 0. Consequently, it holds that

m 1+a;

o O, he) 1 by ) 140(@) 1+0(&) _

I, = %g% g 1] H 1] (h; (x+t)—hy (z))| = 0.
I(I)>2—ko Jj=1

Finally, for @ € {0,1}"\ {(1,...,1)}, we have showed that wf(f)(x) is continuous almost
everywhere. When @ = (1,1,...,1), let ¥/'(z) be bounded, proceeding with similar argu-

ments as before, one may obtain that Trf( f)(m) is almost everywhere continuous for all
bounded f; in R. O

4. Proofs of Theorems and

Proof of Theorem [1.3] Let T be any of these dyadic operators and K = {T(H(z) :
| fillges < 1,5 = 1,...,m}. According to the definition of compact operator, we need
to show that K is precompact (K is compact). It is obvious that ng}:l} is the identity
operator on LP(R) by the reason that ) ;. (f, hr)h; = f(x) for f € LP(R) (1 < p < o0).
Moreover, ng}zl} is not a compact operator since the unit ball of LP(R) is not a compact
set. Counter-examples will be given to illustrate that K doesn’t satisfy the condition (c)
for any Haar multipliers and dyadic shift, which implies the noncompactness of these
dyadic operators. (i) By the Fréchet-Kolmogorov—Riesz—Tsuji theorem, we need to show
that

K =A{T3(F)@) : I fillp, < 13

does’t meet at least one of the three conditions.
We first observe the following: For I € D, we define j:} = (fr1,- -5 frm) by fr; =
|I|=1/ps h}+aj . Then we have

1+a “1/ps
A1) iyl =1, (frgohy ) =Y, (fry,hy) =0 for I#J €D, a;=0.
Hence, noting «; = 0 for at least one 1 < j < m, we get

TE(f1) = erl 1|7y,

(4.2) ITESDp = lerl-
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For |I| < t, we have (I +¢) NI = (), and hence
(4.3) ITE(fr) (@ + ) = T @)l = 2T (fr)llp = 2lexl-

Next, suppose that there exists A > 0 such that #{I € D : |¢;] > A} = c0. We
consider the following two cases: (1) Ay := limy, 00 SUP/ep, 12k 00)U(—o00,—2k) [€1] > 0, and

(2) limg 00 SUP e, 1C (2% 00)U(—o00,—2) l€1] = 0.

(1) In this case, by (4.1) and (4.2) we see that

L 1/p
lim sup sup (/ |T2(fr)(x)[P d:r> > A >0,
|z|=B

B=oo |If1,4llp; <1, 1<j<m

which shows the condition (b) does not hold.

(2) In this case, there exists kg € N such that #{I € D, I € [-2F0, 2k0] . |¢;| > A} = oo,
from which it follows that there exists Iy € D such that |e, | > A, I, C [~2%0 2%0] and
limy_, o |Ix| = 0. Hence, by and , it follows that

lim sup sup ITE(fr) (@ + 1) = TE(f) ()], = 24 > 0.
t=0 |14l <1,1<j<m

This shows that condition (c¢) does not hold.

Hence, in any case, by the Fréchet—-Kolmogorov—Riesz—Tsuji theorem, we know that
T f ( f) is not compact, under our assumption.

(ii) Suppose that S is a dyadic shift with parameter (m,n). Then, we can show that
dyadic shift operator is not compact in the same way as in the case of Tf . We omit the

proof of it. O

Proof of Theorem [L4] Firstly, we recall the boundedness result of Wf. Since

1 2\ 1/2
?ugKbiIth = <§‘“§3|f| 2 W) = [[bllgpmog < lIbllBMO
€ € Jep,Jcl

(as pointed out by Kunwar [8, Page 14]) by Theorem 3.7 in 9] 7{ is a bounded operator
from LPL x---x LPm to LP, provided b € BMO, 1 < p1,...,pym < ocand 1/p1+---+1/py =
1/p.

We now proceed to show the compactness of 775.

(i) The case b € C2°(R). By the boundedness of {, it is trivial that 7' satisfies the
condition (a). Now we verify the condition (b) and the condition (c) for its compactness.
We may assume b € C°(R) with suppb C (—1,1). For k > 1, the supports of b and h;
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give that
|75 () ()P da
|| >2k
1+a
(b, hr) (firhy 7)) 140@) p
B h z)| dx
jaf>2¢ 1%:; 1] ]Hl uy (@)
1+a
b hI f]7 J> 1+o‘(o7) p
:/913|>2’C Z H hy (x)| dx
=7 1 1=(0,29),[-24,0),62k j=1
i |I|1/P »
§/|>2k< Z HbHoo H I £illp; —— 1] xr(x )) dx

I=[0,2¢),[—2¢ 0) >k

(anooH 1511, ( > )

=[0,2¢),[—2¢,0),6>k

p
) 22 1/p+1)X ¢ 90y (T )) dx
(26,2
$>2k<e>k
) 2Z+1

HbHooH s

<
c(ubumH 1571, Z 2 /)P g
(

E:k
p

¢ IIbHooHIIfJIIpJ S o c(||b|oor[uf]||pj> —

=k

Hence we have

lim 17 (f) ()P dz =0

A—o0 |z|>A
uniformly for f with 1 fillp, <1 (1 <j<m). Consequently, when b € CZ°(R), my satisfies
the condition (b) for its compactness.
Let 1 <pi,...,pm <oocand 1/p=1/p1 + -+ 1/pm. Now, we only need to consider

dyadic intervals I with (—1,1) NI # ) in the following summation. Therefore, it holds
that

(b, hy) Ty, ” N
(/ ’ url 1% 1 e ) 1O ) d‘””)
7=1

711/7; . 1/p
<(/ anooH”fj”’]}'H (077 a4 1) = O )P

G
<l T 141, o
j=1
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Thus we get
pite . B P 1/p
</ Z H f]7 ‘I‘ )(h}—l—a(a)(l, + h) B h}+a(a)(x)) dl’)
[1]>1 j=1
b h m f,h1+aj> - (& D 1/p
(/' ’[|I H ’ |II| (h}+ @ )( +h) — h1+ ( )( ) dx)
|1\>1 j=1
h|t/P m
ST | (T SR S | (PYMNE
Jj=1 1=[0,2¢),[-2¢,0),£eN Jj=1

Next, for |h| < |I\ noting that 1/p=1/p1 + -+ 1/pp and [ hydz =0, we have

L hy I+aj P 1/p
|f\ s 1 U|
1+a,- 1/p
(b —b(zr), (fishi ) 1te(@ 140@), |7
</‘ 7 1;[1 D ) )
1/p
< [ E >l”dx>

1—&-04J
< Ot |l H 151l | P11 2] P,
j=1

If,
< V]l IIIH BT

where z is the center of the dyadic interval I.
Similarly, in the case |I| < |/, it holds that ( [ |(k 1+U(a)( +h)— h1+a(a (z))[P dz) Yr <

C|I|'/?. Then, we may also obtain

b, hr) 1o (50T iioa o, P ) 0T
([ T e 0@ sy @ @ ae) < 1wl [Tl 1)

j:]- ]:1

So, for any 0 < a < 1, we have

(b, hr) 1 (b ) 1 ioa (@
(T i eon-ar

P 1/p
dl‘)

< Ol H Fixrllp, Il 11

j=1

Thus, when p > 1, for every £ € N, we get

> (/5 M) @ ) 1)

P 1/p
d:r)

[7|=2-*

< Ol |l AP \Ill’l/”HHijIllpj

1j=2* j=1
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m _ 1/17]
SCHb’!oolhll/pZ(ll/p)ZH( > ||fm|r£;)
j=1

|I|=2-"

< OV ool /P27 VDT T £l -

J=1

This leads to the following estimate:

(/

< O lloo TT 14511, 11212

Jj=1

m 1+ay
Z (b,hr) H (fi by >(h}+o( )( +h)— h1+0(07)(x))

P 1/p
dx)
[I)<1,IN(=1,1)#0 1l Jj=1 ]

When p < 1 and |h| < ||, it is easy to see that |h|'/P|I|'=1/P < |h|*|I|'~® for some
0 < a < 1. Therefore, when |h| < |I] < 1, for some 0 < a < 1, we have

b h 1 ’7h1+aj o(a o(a
j=1

P 1/p
da?)

< OV lloo H Lfixallp, 11121
j=1

Consequently, when p < 1, by modifying a little bit, for some 0 < a < 1, we get
1+ 1/p
(b.hr) y1 (fishr ) 140(@) Ito(@), |
</ > 5 I 0w ) =)o
[1)<1,IN(—1,1)£0

< ClIWloo [T 1£7llp, 101"

J=1

Jj=1

Thus, we obtain
lim || (2 + h) — 7 (2)]|, = 0
lim [ + h) = 7 (2)

uniformly for f with I fillp, <1 (j =1,...,m). This shows that 7§ satisfies the condi-
tion (c).

Hence, by the Fréchet—Kolmogorov—Riesz—Tsuji theorem, it follows that 771‘7’7 is a com-
pact operator, provided b € C°(R).

(i) The general case b € CMO(R). Since C2°(R) is dense in CMO(R) in BMO norm, for
any b € CMO we can approximate it by a sequence of C¢°(R) functions b; in BMO norm.
So, by the case (i) 7rg7 can be approximated arbitrarily near in operator norm by compact
operators 7757_, and hence it follows that 71'22 itself is a compact operator. This procedure is
used by many authors, but we can find no references we shall give a corresponding lemma

and its proof in the appendix, for the sake of completeness. O
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Remark 4.1. The condition that b € CMO is necessary by the reason that there exists
b € L* c BMO such that ﬂf is not a compact operator. To show this, we will construct
an example. Let kg € N and ¢ € [27%0 3.2 %0+1) Suppose that

o
b= Z(—1)kX[1—2/2k+1/2k+1,1—1/2k)
k=1

and

_9ko 1 ko
o) = fo (@)= 4 2 vhen@ € g5 (0,1 20 - 2),

0 otherwise.

We assume that 0° = 0 and f; = f17%. Then one can verify that

limsup sup |l (f)(z + 1) — 75 (/) (@)oo 2 1.
=0 || f5llp; <1

5. Proof of Theorem

To begin with, we need to consider the strong type boundedness of these commutators.
From [8], we know that the commutators in the j-th entry are bounded from LP* x LP2 x
coex P — [P if b € BMO. Naturally, we ought to study the boundedness of iterated
commutators and we obtain the following lemmas.

Lemma 5.1 (Weighted strong bounds for Tgnb)' Let = (p1,.-.,pm) with }D = p% +ot
Ii and 1 < pi,...,pm < 0o. Let @ € {0,1}"™\ {1,...,1} and € = {er}1ep be bounded.
Suppose that b = (bi,...,bm) € (BMOY™, & € Ag and vg = H;”:l wé.)/pj. Then there
exists a constant C' such that

17500 ey < € TL bslisno, TL 160201
j=1 i=1

Lemma 5.2 (Weighted end-point estimate for Tfnb). Let a € {0,1}™\ {1,...,1} and

e = {er}rep be bounded. Suppose b = (b1,...,bp) € BMOJ', @ € A?l,...,l) and vg =
H;nzl w§/pj. Then there exists a constant C such that

3=

va(r € R: T (/) (z) > t™) < c(li¢(|fjix)l>wj($) dm) 7

——
where ®(t) = t(1 + log™ t) and M) —=Po...0d.

The ideas and main steps of proofs for Lemmas and are almost the same as
in [13//19]. Moreover, Lemma 3.1 of [8] makes the proofs much easier. Here we omit the
proofs.

Now we return to the proof of Theorem
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Proof of Theorem [I.5} (i) First, we shall prove the compactness of the commutator [b, T%];.
By its boundedness, Verlﬁcatlon of condition (a) is trivial and we will only prove that
[b, T); satisfies conditions (b) and (c) for its compactness. Firstly, we may assume
b € C*(R) with suppb C (—1,1) and f; € LP(R) (1 < p; < 00). For k > 1, by the
supports of b and hy, it holds that

[ b T
|| >2%

- /|zz2k
|_7|1/p;-

HfiX(—ll)Hpi >p
<C €7|11b]] 0o ————2 RTH I da
- wk( 2 lallbleT g [T sl

I=[0, 22)[ 2¢,0),6>k 1<j<m,j#i

p
<c(le ||oo||b||ooHuf]||pJ [ G SR )

1=[0,2%),[—2¢,0),6>k

D
C lle HopoHooHHngpj > o tWPEPI N o) ) da
|z|>2k

1>k
2€+1

)

)
_c(rre||oo||b||ooﬂufj||pj) ) [ ey

)

)2

dx

o opltag oty .
Z € <bf27h] ) H <fjah[ >h}t(a)($)
Al )

1=[0,2%),[—2¢,0),>1 | ‘ 1<5<m,j#i |I‘

_ (H ool TT I, ) S 20

J=1
o—kp/V}

_c<,, |yoo|yb\|ooHnyHpJ

Hence we have

lim 16, T8 (f) ()P dz = 0
A—o0 lz[>A

uniformly for f with [ fillp, <1 (1 <j < m). Consequently, when b € CMO, [b, T9);

satisfies the condition (b) for any 1 <i <m and & € {0,1}™\ {1,...,1}.
Let |k < 1. We can rewrite [b, T7;(f)(x + h) — [b, T%;(f)(x) in the following way

=

[0, T:(F) ( + ) = [b, T (f) ()
=b(z + NI ()@ +h) = T(f1,. .. bfi, firts - fm)(z + B)
= b(@)TE(f) (@) + TE(f1, -, bfis fists - ) (2)
= (b(z + h) — b(z))T* ()(x—l—h)
1+a; .
+> er(b(x —bml))HL’hf >h}’<“’(x+h)

D o M
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= b)fi, byt (Fisht™™) | oa)
DI 1] 1L =
IeD 1<j<m,j#i
m . h1+aj ol
= S erloe) = o) [T 209
IeD j=1

_ 14a; Lty .
X Z er((b(xr) b)fu hy ) H Wh?(a)@:)

IeD 1<) <mji

=1 + 1z + 13 — I4 — I,

where xy is the center of the dyadic interval I.
For p with 1/p =1/py + --- 4+ 1/pm, by the boundedness of T%, we obtain

m
Tllp < CIY llsol 2l TT 151l
j=1

Now, we estimate ||Iz — I4||,. Similar as in the proof of Theorem we get
m 1+aj
iy h ! o(a o(a
(| = aow-senTLE0500 0 -1 w)
[1>1,I0(=1,1)40 =1
< v (/

1[>1,10(~1,1)#0

2 1/p
dx)

P 1/p
dx)

er(b(x) — () [ <'|I|<h;’<&><x 1) — D ()

J=1

m m
A7 1
<C > [bllol[{€r} loo Hl 151ls; T Clbllooll{er}Hloo TT I1£5llo 11"
]:

[1|>1,I0(—1,1)0 j=1

If |h| < |I|, we take any a < min{1,1/p} and have |h|'/?|I|'=Y/P < |h|*|I|'=®. Then we

obtain
1+O‘J . B p 1/p
(/ er(b b(xr) H Yih ) |I| > (a)(x—l—h) h (a)(aj)) dx)
m 1+o¢J 1/p
< ||v \I! </|h (z + h) — 15D )\”m)

< Ol llool{er}loe [ | IIijJHpjlhll/p\Ill_l/p
j=1

< Ol llsoll{erlloo [T I1fixrly [R1%1212.
j=1

When |h| > |I], as in proof of Theorem we have

(/

er(b(z) — b(xr))
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< O llsol{er} oo TT Ifixtlli, 111 < Ol ool ferd oo TT a1 21

j=1 j=1

Thus, for every ¢ € N, it holds that

(/

< O [lsoll{er}llsclpl® D IIII_“HHijIHpj

|T|=2¢ J=1

< O lsol{er} ool l®2~ = TT 11551,
j=1

1+aj>

2> al H oot 179 o 1) - 1)

[T|=2-*

P 1/p
d:c)

This leads to

(fishy %) 1+aj> (@ @, w|? o\
</ Z er(b H ] hy (x4 h) —h; 7 (2)) dac)
[I|<1,IN(—1,1)#0 j=1
< CIV lol{er oo [T I15llp; 121
j=1

Then we have [|Iy — L4||, < C||V|looll{€r} oo H;nzl [ fillp;|~]*. The estimate of [|I3 — I5]|, is
similar and we omit the details.

Therefore, we have shown that

lim [|[b, Z23:(F) (@ + h) = b T () () | = O
—0
uniformly for f with [ fillp; <1 (G =1,...,m).

(ii) Proof of compactness for iterated commutators. We will need the following lemma.

Lemma 5.3. Let T be a multilinear operator and b € CMO. Suppose that T is a compact
operator from LPY(R) x --- x LP™(R) to LP(R). Then for any i with 1 <i < m, [b,T]; is
a compact operator.

Proof. To illustrate [b,T]; is a compact operator, we only need to verify conditions (a),
(b) and (c). Let K = {[b,T];(f) : Ifllp; < 1,5 =1,...,m}. We can deduce that T is a
bounded operator because 1" is a compact operator. Therefore, we have

—

16, TV (Plp < 1Bl 1Tl + ITCfrs -5 )l

(rbnoo [T150h, + IT 150 rbfzupz)

JF

< 2[|b]]oo H 151lp; < 2[[bllo0,

j=1
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which implies that the condition (a) holds. Therefore, we only need to check that the

—

conditions (b) and (c) hold. By the boundedness of [b, T];(f), we may assume b € C°(R).

Due to the compactness of T', by the Fréchet—Kolmogorov—Riesz—Tsuji theorem, we have

(5.1) lim  sup / o IT(f) ()P dz = 0,

A=00 ) £l <1

= —

(5.2) lim sup ||T(f)(z+h)=T(f)(@)|p=0.
h=0£51p, <1

We assume that M;(f) =(f1,--9fis---, fm). From (5.1]), we see that

=

lim  sup /lmub,ﬂxf)(:c)rpdx

A=00 | £5p; <1

S [Ibllg Jim - sup </|>A IT(f)(x)\pd$+/||>A T(M (3)($)pdw> =0.

A=00|£51p, <1 Tolloo

Obviously, it follows that

— —

lim ~ sup 116, TTi(f)(x + h) = [b,TT: () (@)
=0 £5p, <1

< lim sup (b + W)T(F) (@ + ) = b(@)T(F)(x + 1)l
Ol <1

— — —

+ [[b(@)T(f) (@ + h) = b(@)T(F)(@)lp + | T(M(F))(x + h) = T(M(f))(2)]lp)-

By (5.2) and the boundedness of T', we deduce that

— —

i sup ||[b, T]i(f)(2 + h) = [0, TT:(f) (@)l
U llpy <1

— — —

< Vlloc lim sup RIIT(f)(z + P)llp + [Blloc lim —sup [ T(f)(z + h) = T(F)(@)llp

Hfijj <1 - Hfijj <1
+ [blloc lim sup [T(M?, (F)(@+h)=T(M", (f))()],=0.
h=0 501, <1 Mlloo Tllo
Therefore, [b,T]; is a compact operator for any 7 with 1 <7 < m. O

Now, by Lemma and the compactness of commutator [b, T%];, we can deduce that
iterated commutators 7%, is a compact operator for all @ € {0,1}™\ {1,...,1}.

(iii) Proof of the compactness of [b,S]. We need the following lemma for [b, S].

Lemma 5.4. Let b € BMO(RY) and 1 < p < co. Then, for any 1 < p < oo there exists
C > 0 such that

116 SI(Hlle < Cllbllsmoll f1lp-
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Proof. Let x € R and Iy € D contain x. Let 1 < s < oo and I be the n-th ancestor of
Iy. Then, it holds that

[0,S](f)(x) = (b(x) = br,)Sf(x) = S((b = bry) fxrp) () = S((b = bry) X (15)e) ()-

It is easy to show that

L [(b(x) — b1,)Sf(2)] dz < C||bllpmoMEAS(f))(x)
|To| J1,

and .
— | IS((b = bry) fxip)(2)dz < C|IblleMoMI(f)(x).
|To| J1,

As for S((b — br,) fx(1p)¢) (%), take any y € Iy and denote zy, to be the center of Io.
To estimate S((b — br,) fX(1n))(x) on Ip, we only need to treat dyadic cubes I, I" and I”
satisfying I/, I" C I, 0(I') = 2-™(I), £(I") = 27"(I), I" N Io # O and I' O (I3)° # 0.
If I C I, it follows that I} D (I”)™ = I, which contradicts I' N (I')¢ # 0. So, we have
IhCI

Since hy» is a constant on each child of I”, it is a constant on Iy. Hence we get

1
S((b—bro) Fxap)s)y) =Y > m<(b = b)) X(rpye [ hr) e (y)
1eD I'1"eD, I'1"CI
U(I)=2="1(1), I(I")=2—"1(I)
= S((b = b1y) fXx(17)e)(210)-
Thus we have
(5.3) M#([b,S](f))(x) < Cllbllspo (ME(S()) (@) + ML(f)()).

Let b € L®(R?) and f € LP(RY). Then, since [b,S](f)(z) = b(z)S(f)(x) — S(bf)(x), it
follows that [b,S](f) € LP(R?). By inequality (5-3), we see that

16, S1(Nllp < ClibllBMmol| f1lp-
Now, letting
j if b(zx) > 7,
bj(x) = b(z) if [b(z)] < 4,
j o ifb(z) < —,

and taking a subsequence (if necessary), we can deduce that (cf. [11]):

116 SI(Hlle < Cllbllsmoll fllp- O
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Now we turn to the proof of (iii). We may assume b € C°(R?) with suppb C (—1,1)%.
For the sake of simplicity, we only consider the integration on Ej := [0,00)¢ \ [0,2F).

Notice that

/ b, S) (/) (@) P de
Ey

-1,
1Bl oo 15 X0, 1y 11722 [[oo 1o [ o P
[©.1) X1 (J,‘)> dx

ScEk( 2 2 7

1 p
> > 08 (@) d
I=[0,29),0>k I'1"eD, I'.I"CI
W(IY=2—""1(I), I(I")=2""I(I)

I1=[0,20)4 0>k I'1"eD, I' I"CI
1(I"Y=2""1(I), I(I")=2""1(T)
P
< Cllbl&!\f\lg/ < > |Iy—1><1(x)) d < C||b|E || £II x 2~ ®—Dik,
kN 1=[0,26)2,0>k

which yields that
lim |[b, S](f) (@)[” dz = 0

A—o0 |z|>A
uniformly for f with || f||, < 1. This shows that condition (b) holds.
Now, we are ready to check condition (c). We rewrite [b,S](f)(z + h) — [b,S](f)(x) in

the following way
[0, S](f)(z + h) — [b,S](f)(z)
= (b(z + h) = b())S(f)(z + h)

1
+y ) g7 (@) = b)) (b (o + b) = o ()
IeD I'.1"ep, ' 1'"cl
1(1M)=2""1(1), [(I")=2""1U(1)
1
= > 7 {0 = d@rD fhar) (e + 1) = b (@))
IeD I'1"ep, ' 1'"cI

(I =2=m1(I), I(I")=2—"1(I)
=: IIl —+ IIQ + II?,
The LP boundedness of S yields that
[ L1]lp < CIIVblso |l fllp|R]-
For I,I',I" € D satisfying [I| > 1, I N (=1,1)% # 0, and I', 1" C I, I(I') = 27™(I),
I(I") =27™(I), we have
1 P 1/p
([0 = sttt bomto+ m = oo ac)

< Cllloc I L X Il 1/ iR oo i oo (1RI | D) P
< Cllbllooll fllplhl/?12) /).
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Thus, noting that suppb C (—1,1)%, we get

1
(/] = ) H00) = bar )£, )
IeD, |1>1, I'1"eD, I'.1"CI
IN(=1,1)%£0 I(I")=2""1(I), I(I")=2""1(I)

P 1/p

X (h]//(l' + h) — hpn (l’)) dx)
< C|BlloolFlp|RfMP - 20mHmd N 1TV EP) < O[] oo | 1] 7.
1=[0,2¢)4 0EN

Next, we treat the case |h|? < |I| < 1. For every £ € N, using the support of h([f(&) (x+
h) — h?(a) (z) and by Holder’s inequality, we get

( /= > ,},(b@) —bler)

IeD, |h|%<|I|=2"%, .1"ep, ' 1I"cl
In(=1,1)dzp  I)=2""1(1), II")=2""1(I)

P 1/p
< AFo o) 1) = )| o)

1_1 hyn h) — h
SCIIVblloo</ > > p||fXI||p‘ (x4 h) = hy(z)]

I€D, |h|d<|I|=2-%, I"€D, I"CI ozl
In(=1,1)d=zp  I")=27"U(I)
. s\ /P
<ol X palgialn )
I€D, |h|d<|T|=2"%,

IN(—1,1)%£0
< C27 0P| b oo || £ 1| 2.

P 1/p
dx>

Thirdly, noting that |I|'/¢ < |h| implies |h|/|T|"/? > 1, we get

( / > > 7(b(a) = blar)

IeD, |I|=2~%<|h%<]1, r.Irep,r'1'ci
IN(=1,1)4£0 I(I)=2""1(I), (I'")=2""1U(I)
P 1/p
< o) oot +1) = 0| o)
» |B| ) 1/p
< O Vbloo > [l — | fxrlly
IeD, |T1|=2-#<|h|¢<1, 7]
IN(—=1,1)%#£0
, 1/p
<o Lt Y 1)
IeD, |I|=2%<|n|?<1,
IN(—=1,1)%£0

< 027 0=V Tb| o || | 2.
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(/

Hence

> > L o) — b))
I

IeD, |I|<1, I'1"eD, I' I"CI
IA(=1,1)%£0 LI )=2~"(D), U(I")=2~"1(1)

p 1/p
o) (1) = )| o)

<Y C2 T YP|Tb||oo || £l h] P
(=1

< Ol Vbloo || Fllp| 2] /P-

Thus, we obtain that || I L], < C||Vb|ls||f|lp|h|'/P. Similarly we have the same estimate
for |[113]|p.

Therefore, we have shown that [b, S| satisfies conditions (a)—(c) and [b,S] is a compact

operator. O

6. Appendix

In this section, we shall give a lemma, which was used in the proof of Theorem [T.4]

Lemma 6.1. Let Xi,..., Xy, be Banach spaces with norms || - [|x; (j=1,...,m) and Y
be a complete quasi-normed vector space with quasi-norm || - ||y. For every n € N let T),
be a bounded m-linear operator from X1 x --- X X, to'Y, which is a compact operator,

and T be an m-linear operator from X1 X --- X X, to 'Y satisfying

T () —T(F
lim sup I n(fn) (H)lly
T 0 fEX XX Xim [1o2 [1fellx,

=0,

where f: (fi,---, fm). Then T is also a compact operator from Xi x --- x X, to Y.

Proof. We borrow the proof idea from Yosida’s book [20, p. 278]. Let {g;}32; be a bounded
sequence in X x - -- x X, such ||gj;/|x, <1 (I =1,...,m), where g; = (gj.1,-.-,9jm)- By
the compact property of each 7T;,, we can choose, by the diagonal method, a subsequence
{ﬁ}‘;‘;l of {g;}52, such that lim;_, Tn(f;) exists in Y for every fixed n € N. Noting that
I fiellx, <1 (=1,...,m) implies [[,2 || fj.llx, <1, we have for every n,

IT(f5) = T(D)lly < CUT) = Talfi)lly + 1T(F5) = TulD)lly + 1Ta(f2) = T()llv)

T.(f) =T
coe oy DO -TO)
0£FEX1 XX Xm Hé:l HféHXe

¥ s o)) - Ty

Hence

—

Jl—o0 0#f€X1><"'><Xm H?:l ||féHXé
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and so {T'( f;) 2, is a Cauchy sequence in Y. This shows that T is a compact operator

J=1

from X7 X -+ x X;, to Y. ]
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