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Maximal Density of Integral Sets with Missing Differences and the Kappa

Values

Ram Krishna Pandey and Anshika Srivastava*

Abstract. Let M be a given set of positive integers. A set S of nonnegative integers is
said to be an M-set if a,b € S implies a—b ¢ M. In an unpublished problem collection,
Motzkin asked to find maximal upper asymptotic density, denoted by p(M), of M-
sets. The first published work on p(M) is due to Cantor and Gordon in 1973, in
which, they found the exact value of p(M) when |M| < 2. In fact, this is the only
general case, in which, we have a closed formulae for pu(M). If |[M| > 3, then the
exact value of p(M) is not known for the general set M. In the past six decades or
so, several attempts have been given to study (M) but u(M) has been found exactly
or estimated only in very few cases. In this paper, we study p(M) for the families
M ={a,a+ 1,2} and M = {a,a+ 1,z,y}, where y —x <2 and y > 2 > a+ 1. Our
results in the case of M = {a,a + 1,z} also give counterexamples to a conjecture of
Carraher. Although, different counterexamples to this conjecture, were already given
by Liu and Robinson in 2020. We also relate our results with the already know results
for the families M = {1,2,z, 2 + 2} and M = {2,3,z,2 + 2}.

1. Introduction

Let S be a set of nonnegative integers and let S(z) denote the number of elements n € S
such that 1 < n < z, x € R. The upper and lower asymptotic densities of .S, denoted
respectively by 6(S) and §(S), are defined by

4(S) := limsup S(w) and 0(95) := liminf @

T—00 T T—00 €T

If 5(S) = &(S) = 6(S), then we say that the density of the set S is §(S). Now let M be a
given set of positive integers. Then S is said to be an M-set if a,b € S implies a —b ¢ M.
In an unpublished problem collection, Motzkin asked how dense can an M-set be? More

precisely, Motzkin asked to determine the maximal density of M-sets, defined by

u(M) = S%M(S),
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where the supremum is taken over all M-sets S.

Since we have (M) = p(tM) for any positive integer ¢ |1, Theorem 2], it is sufficient
to consider the case gcd(M) = 1. Cantor and Gordon [1] found p(M) in the case |[M| < 2.
They also proved that if M is a finite set then there is a periodic M-set whose density is
equal to p(M).

For a real number z, let ||z|| denote the distance of x from the nearest integer, i.e.,
|z|| = min{z — |z], [x] — z}. The following remark due to Haralambis [14] gives some

equivalent definitions for the kappa value of M, denoted by, k(M ).

Remark 1.1. Let M = {my, ma,...,m,} and
di(M) = sup min|zm;||, do(M)= sup (1/m)min|km;|m,
z€(0,1) * (k,m)=1 ¢
ds(M) = max (1/m)min |km;|m,.

m=my;+ms
1<k<m/2

Then dy(M) = do(M) = d3(M) = k(M).

We also define for a real number ¢ and a set M of real numbers, |[tM|| := inf{|/tm]| :
m e M}.

The parameter (M) which serves as a lower bound for p (M) [1, Theorem 1], is related
to the “lonely runner conjecture”. The lonely runner conjecture is a long standing open
conjecture on the diophantine approximations, which was first posed by Wills [26] and
then independently by Cusick [11]. The conjecture, in our context, may simply be read
as: if M is a finite set of positive integers with |M| = m, then K(M) > 1/(m + 1). Our
focus is not on the conjecture in the present article. For the current developments and all
related references on the conjecture, one can see the recent paper by Tao [25]. Some old
and important results on «(M) may be found in [3-9].

Cantor and Gordon [1] proved that if M = {a}, then u(M) = x(M) = 1/2; and if
M = {a,b} with ged(a,b) = 1, then (M) = w(M) = L2 However, if [M] > 3,
then there exist sets M (see |1,|16]) such that (M) > x(M). In case |M| = 3, it is still
unknown that whether or not u(M) = k(M)? For |[M| > 3, the problem was studied
extensively by several authors in different contexts. Most of the important and relevant
results may be found in [1,/12-14,16-21}[23,[24]. Haralambis [14] gave expressions for
w(M) for most members of the families {1, z,y} and {1, 2, z,y}. For the general 3-element
set M, Gupta [12] gave a lower bound for p(M) and proved that in some specific cases
these bounds are the exact values. Rabinowitz and Proulx [22] gave a lower bound for
w(M) when M = {z,y,x + y} and conjectured that the bound is the exact value. Liu
and Zhu [16] confirmed their conjecture and completely determined the values of k(M)
and p(M) in this case. They also established that u(M) = k(M) in this case. They
further computed the value of k(M) for M = {z,y,y — x,z + y}, y > x and gave a better
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lower bound than k(M) for (M) when both z and y are odd. In the rest of the cases,
Liu and Zhu [16] exactly computed p(M) as well as x(M). Collister and Liu [10] has
discussed k(M) and pu(M) for M = {2,3,z,y} with |z — y| < 6. Very recently, Liu and
Robinson [15, Theorems 1, 2, 3] have found p(M) and (M) and proved their equality
for most of the remaining cases of the family {1,z,y}. Their results also provide the
counterexamples for the two conjectures of Carraher et al. [2].

In this paper, we study maximal density problem for certain three and four-element
sets M. In Section [2| we investigate the values of p(M) and x(M) for the 3-element
set M = {a,a + 1,z}. In Section [3| we investigate p(M) and (M) for the 4-element
sets M = {a,a + 1,z,2 + 1} and M = {a,a + 1,z,2 + 2}. In this study, we relate
our results with the already known results for the families M = {1,2,z,z + 2} [14] and
M = {2,3,z,x + 2} [10]. Our Corollary for a = 1, provides the counterexamples to
the conjecture [2, Conjecture 29]. Although, different counterexamples to this conjecture

were already provided by Liu and Robinson [15].

2. The family M = {a,a + 1, x}

For the sake of completeness, we mention below, Lemmas and which respectively,
give sharp lower and upper bounds for u(M).

Lemma 2.1. [1] Let M = {my,ma,...}. Then

(M) > k(M) := sup (1/m)min|cmg|m,
ged(e,m)=1 k=1
where for an integer x and a positive integer m, |x|, = |r| if = r (mod m) with

0 < |r| < m/2 and the supremum is taken over all pairs of relatively prime positive

integers ¢ and m.

Lemma 2.2. [14] Let S(n) = |{0,1,2,...,n} N S|. Let « be a real number, a € [0,1]. If
for any M-set S with 0 € S there exists a positive integer k such that S(k) < (k + 1)a,
then u(M) < a.

In this section, first we give a general lower bound for (M) in Theorem Then, in
Theorem we prove that this lower bound turns out to be the exact value for both of
(M) and k(M) for certain families of {a,a + 1,2}. Later, we improve the lower bound
for k(M) presented in Theorem in a series of propositions, for certain families of

{a,a +1,z}.

Theorem 2.3. Let M = {a,a+1,z} withz > a+1. Ifv = k(2a+1)—r, where 0 < r < 2a
and k > 1, then
k .
w(M) > s if0<r<a,

k 1— .
% ifa+1<r<2a.
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Proof. Consider the following two cases.
Case 1: 0 <r <aqa. Let t = k. Then we have

at = ak (mod x + a),
(a+1)t=(a+1)k=(a—r+k(2a+1)) — (ak+a—7)
=(a+x)—(ak+a—r)=—(ak+a—r) (modz+ a),
xt = —at = —ak (mod x + a).

Since x+a = (ak+k)+(ak+(a—r)) and 0 < r < a, we have ak < min{ak+(a—r),ak+k} <
(x +a)/2.
Case 2: a+1<r <2a. Let t = k. Then we have

at =ak (mod x+a+1),
(a+t=(a+Dk=(+a+1)—alk+1)+k2a+1)—2—1
=(@+a+1)—(a(k+1)—r+1)=—(a(k+1)—r+1) (modz+a+1),
rt=—(a+1)t (modz+a+1).
Since z+a+1 = (ak+k)+(a(k+1)—r+1) = ak+(a(k+1)—r+1+k) and a+1 < r < 2a,

we have a(k+1) —r+1 < min{ak,a(k+1) —r+1+k} < (z+a+1)/2.
So, using d3(M) for (M), we get

ak :
P ifo<r<a
k(M) >+ -
% fa+1<r<2aq.
This completes the proof of the theorem. O

Theorem 2.4. Let M = {a,a+1,2} withx > a+1. Ifr = k(2a+1)—r, where 0 < r < 2a
and k > 1, then
ak :
P if0<r<a,
KO =iy = {zre - TOSTE
AT ifa+1<7r<2a
provided
a—r—1 if0<r<|%2]
k>qa—r if [§] <r <a,

r—a—1 ifa+1<r<2a.

Proof. From Theorem [2.3] we have

k .
(M) > mam if 0 <r <a,

ak+a+1l—r
T ztatl if a + 1 S T S 2a.
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If possible, let pu(M) be strictly greater than the above mentioned bound. Then by
Lemma 2.2 there exists an M-set S such that for any n > 0,

2.1) S(n) > xa—J’]fa(n—i—l) if0<r<a,
tatlr(n+1) ifa+1<r<2a.

Now using
a—r—1 if0<r< |92,
k><a—r if [§] <r <a,
r—a—1 ifa+1<r<2a
in (2.1, we can show that S(2a — 1) > a. On the other hand, |S N [0,2a]| < a, as S is an
{a,a+ 1}-set. So |[SN0,2a — 1]| = a. To obtain SN[0,2a — 1] = [0,a — 1], we assume on
contrary that SN [a,2a — 1] # 0.
Let a+1 be the largest element of [a,2a — 1] which isin S, ie., fori < j<a,a+j ¢ S.

Now we have the following conditions on an {a,a + 1}-set S.
e SNJ[0,2a —1]=5N][0,a+ 1],
caticS = ii—1¢S5,
e S(0)>1,gives0€ S = a,a+1¢ S andi>2,
e S has at most one element of {l,/ +a + 1}.

We partition [0,a + 7] into disjoint sets {0,a,a + 1}, {1,a + 2},{2,a + 3},...,{i — 2,a +
i—1}{i—1,i,a+i},and {i+1,i+2,...,a — 1}. This gives

1ISN[0,a+i]| <1+1+1+-- 4141+ (a—1—i—1+1)
|\ S —

(i—2) times

=1+71-24+14a—-1t—-—1=a—-1.

This means S contains at most a— 1 elements from the set [0, a+1], which is a contradiction
as [SN[0,2a—1]| = [SN[0,a+i]| = a. Hence SN|0,2a —1] = [0,a —1]. Now we consider
the following two cases.

Case 1: 0 < r < a. From , we have S(k:(2a +1)+a—r— 1) > ak. Moreover,
since S is an {a, a+ 1}-set, we have S(k(2a+1)—1) < ak. Therefore, at least one element
of the set {k(2a +1),k(2a +1)+ 1,k(2a+1)+2,...,k(2a+ 1) + a — r — 1} must be in
S. But this is not true since for 0 < r < a — 1 we have {r,r +1,...,a — 1} C S and
xr=k(2a+1)—re M. So

ka ak

'UJ(M):MM):k(2a+1)+a—r:x+a'
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Case 2: a+1 <r < 2a. From , we have S(k(2a+1)+a—r) >ak+a+1—r.
Moreover, since S is an {a, a+ 1}-set, we have S(k(2a+1) — (2a+2)) < ak —a. Therefore,
at least (2a — r + 2) elements of the set {k(2a + 1) — (2a + 1),k(2a + 1) — 2a, k(2a +
1) = (2a—-1),....,k(2a+1)+a—r—1,k(2a + 1) + a — r} must be in S. But, since
{0,1,2,...,a — 1} C S and z = k(2a+ 1) —r € M, elements from the set {k(2a +
1) =7 k(a+1)—r+1,...,k(2a+ 1) + @ — r — 1} cannot be in S. Furthermore, since
[(k(2a+1)+a—71)—(k(2a+1)—r—1)] =a+ 1 € M, we have exactly one element of
{k(2a +1)+a—71,k(2a+1) —r —1} in S. Therefore,

SN[k2a+1) — (2a+1),k(2a+1) +a—1]
=5N([k(2a+1) = (2a+1),k(2a+1) —r —2]U{k2a+1) +a—rk(2a+1) —r —1})

can contain at most (2a — r + 1) elements. This is a contradiction. So

ak+a+1—r ak+a+1—7r
u(M) = k(M) = - .
Ea+1)4+a—r+1 r+a+1
This completes the proof of the theorem. O

Corollary 2.5. Let M ={a,a+ 1,2}, where t = k(2a+1) —r >a+1 with0 <r < 2a
and k> 1. Letr € {a—1,a,a+1,a+ 2}. Then

ak -
= if0<r<a,
M) = w(ap) = { e WOSTS

ktatl—r
Gl ifa+1 <7 < 2a.

Proof. The proof follows immediately from Theorem [2.4 O

Corollary 2.6. Let M = {a,a+ 1,2}, where xt = k(2a+1) —r >a+1 with 0 <r < 2a
and k> 1. Let a € {1,2,3,4}. Then

ak ;
p) = san) = {20 TOETE

ktatl—r
% ifa+1<r<2a.

Proof. Tt follows from Theorem [2.4] that if a € {1,2,3,4} and M ¢ {{3,4,7},{4,5,7},{4,
5,8},{4,5,9},{4,5,10},{4,5, 18}}, then pu(M) = k(M). However, for these few excep-
tions of M the p(M) and k(M) may directly be computed to obtain

k .

W) =y = {3s - POSTE
ak+at1l—r if 1<r<2
a1t Ha+l=<r=<ila

For the sake of the convenience of the reader, we verify the above relation for M = {3,4, 7}.
Clearly, we have a = 3, x = 7. Hence £k = 1 and » = 0. From Theorem we have



Maximal Density of Integral Sets with Missing Differences 23

w(M) > k(M) > ak/(x + a) = 3/10. To prove the reverse inequality, assume to the
contrary that u(M) > 3/10. Then by Lemma there exists an M-set S such that for
any n > 0, S(n) > 3(n+ 1). This implies, for instance, |S N[0,9]| = S(9) > 4. But

10
no subset of S N [0,9] has this property. Therefore u(M) < 3/10. Combining, we have
3/10 > (M) > k(M) > ak/(xz + a) = 3/10. Hence u(M) = (M) = 3/10. O

From Corollary we have if a < 4, then the lower bound established in Theorem
for k(M) is the exact value of k(M). Furthermore, it also gives that u(M) = k(M).
However, this is not always true for a > 5. Following three propositions give some families
of M in which the lower bound established in Theorem for k(M) have been improved.

Proposition 2.7. Let M = {a,a + 1,2a — 1}, where a = 5k + i with k > 1. Then

a—k ; ;
0<i<2,
R(M) > { 20t f0<i<

+k ,
st if3<i <4

Proof. Consider the following cases.
Case 1: 0 <7 <2. Let t =2k + 1. Then we have

at =2ak+a=k(2a+1)+(a—k)=a—k (mod 2a+1),
(a+Dt=(k+1)(2a+1)—(a—k)=—(a—k) (mod 2a+1),
(2a — 1)t = (2a+ 1)(2k + 1) — 2(2k +1) = —2(2k + 1) (mod 2a + 1).
We have min{a — k, 4k 4+ 2} = min{dk + i, 4k +2} =4k+i=a—k < (2a+1)/2.
Case 2: 3<i<4. Let t = 3k + 1. Then we have
at=k(B3a—1)+ (a+k)=a+k (mod 3a—1),
(a+Dt=(k+1)Ba—1)—2a+4k+2=(k+1)3a—1) —2(a — (2k + 1))
=-2(a—(2k+1)) (mod 3a—1),
(2a — 1)t = —at (mod 3a — 1).

For 3 <i <4, we have that a + k <2(a — (2k + 1)) < (3a — 1)/2. Therefore,

k- .
w(M) > izﬁ if 0<i<2,

a+k : -
3a—1 1f3§2§4

This completes the proof of the proposition. O

Proposition 2.8. Let M = {a,a + 1,2a + 3}, where a = 5k + i > 6 with k > 1. Then

a—Fk : ;
1<i<2,
k(M) > ¢ 21! yl=is

a+2+k - -
3ard if 3 <1 <5.
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Proof. Consider the following cases.
Case 1: 1 <i<2. Let t =2k + 1. Then we have
at =2ak+a=k(2a+ 1)+ (a—k)=a—k (mod 2a+1),
(a+1)t=—-at=—(a—k) (mod 2a+1),
(2a+3)t=(2a+1)2k+1)+22k+1)=2(2k+1) (mod 2a+ 1).
For 1 <i <2, we have that a — k < 4k +2 < (2a + 1)/2.
Case 2: 3 <1i<5. Let t = 3k 4+ 2. Then we have
at = k(3a+4) +2(a —2k) =2(a—2k) (mod 3a+4),
(a+t=(k+1)Ba+3)—(a+1)=(k+1)3a+4) — (a+k+2)
=—(a+k+2) (mod3a+4),
(2a+3)t=—(a+1t=(a+k+2) (mod 3a+4).

For 3 <i <5, we have that a + k + 2 < 2(a — 2k) < (3a + 4)/2. Therefore,

—k . .
w(M) > 2aa+1 if1<i<2,
|92 if3<i<s.

This completes the proof of the proposition. O

Proposition 2.9. Let M = {a,a + 1,2}. Let a = 3k+i > 6 withk > 1 and z =
n(2a+1)xr, where 1 <n < (k—1) and (i,r) € {(0,k),(1,k),(1,k+1),(2,k+1)}. Then
k(M) > (a—1)/(2a +1).

Proof. Note that
3a=2a+1)+(a—1), 3(a+1)=22a+1)—(a—1)
and
3(n(2a+1)£7) =3n(2a+ 1) £ 3r.

We see that, in each case, a — 1 < 3r < a + 2. Therefore u(M) > w(M) > HﬁMH =
(a—1)/(2a + 1). Hence the proposition holds. O

3. The families M = {a,a + 1,z,y}

In this section, we study ~(M) and p(M) wheny = z+1 and y = x+2 with a < x—1. For
M ={a,a+1,z,x+1}, first we give a general lower bound for k(M) in Theorem 3.1} Then,
in Theorem [3.2] we prove that this lower bound turns out to be the exact value for both
of u(M) and k(M) for certain families of {a,a+ 1,2,z +1}. For M = {a,a+ 1,z,z + 2},

we give general lower bounds for x(M) in Theorem and in a series of propositions.
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Theorem 3.1. Let M = {a,a + 1,z,x + 1}, where x = k(2a+ 1) +r > a+ 1 with
0<r<2a. Then

k+ ;
K(M)> foHlJ:l ZfOS?"SCL—l,

ak+a .
ot if a <r < 2a.

Proof. Let t =k + 1. So we have
at=ak+a (modz+a+1),
e+ Dt=(a+1)(k+1)=(x+a+1)—(x—(a+1)k)
=(x+a+1l)—(ak+7r)=—(ak+7r) (modz+a-+1),
t=x(k+1)=xk+ (r+k(2a+1))
=k(zx+a+1)+ (ak+r)=ak+r (modz+a+1),
+Dt=(@+1)(k+1)=(k+1)(z+a+1)—alk+1)
=—(ak+a) (modz+a+1).

We see that, if 0 <r < a —1, then

min {|at|(z1at1), [(@ + Dtl@rarn)s [2t@rasn)s (@ + Dt rarny ) = ak +1,

and if a < r < 2a, then

min {‘at‘(x—i-a-i-l), (a+ l)t’(x+a+1)> ‘xt‘(x-i-a-‘rl)a ’(:L’ + 1)t‘(x+a+1)} = ak +a.

Therefore,
ak+r :
A jf 0 <r<a-—1
r(M) > f“:fl - ’ O
a a 3
oot if a <r <2a.

Theorem 3.2. Let M = {a,a + 1,z,x + 1}, where z = k(2a + 1) +r with 0 < r < 2a.

Then
k .
k(M) = (M) = rrarr FO0STSa-1l,

ak+a .
ot T ifa<r<2a

provided
a—r—1 if0<r<a-1,
k>qr—a—1 ifa<r<|[3]
r—a—2 if [32] <r < 2a.

Proof. From Theorem we have

ktr
(M) > w‘fi_a_f_"l ifo<r<a-1,

ak+a :
I if a <r <2aq.
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We first prove that equality holds when r = 0. If possible, let pu(M) > ak/(x +a+1) =
ak/[k(2a + 1) + a + 1]. Then there exists an M-set S such that for any n > 0, S(n) >
Wﬁwm—i—l). This gives S(k(2a+1)+a) > ak and if k > a—1, then SN[0,2a—1] =
[0,a—1]. Moreover, since S is an {a, a+ 1}-set, we have S(k(2a+1)—1) < ak. Therefore,
at least one element of the set {k(2a +1),k(2a+1)+1,...,k(2a+ 1) + a} must be in S.
But this is not true as k(2a + 1), k(2a+1)+1 € M and {0,1,2,...,a—1} C S.

Now let 1 <r < 2a and k be as it is stated in the theorem. Then using Theorem

we have

u(M) < p{a,a+ 1a}) = 23 if1<r<a-1,
T\ e({a,a+ Lz +1)) = St it < < 2.
This completes the proof of the theorem. 0

Corollary 3.3. Let M = {a,a + 1,z,2 + 1}, where x = k(2a + 1) +r > a + 1 with
0<r<2a. Letr €{a,atl,a—2}. Then, k(M) = pu(M).

Proof. The proof follows immediately from Theorem [3.2] O

Corollary 3.4. Let M = {a,a+ 1,z,2 + 1}, where x = k(2a + 1) + r with 0 < r < 2a.
Let a € {1,2,3,4}. Then
aktr if0<r<a-—1,

K(OM) = (M) = § 70T

ak+a .
e if a <r <2a.

Proof. Tt follows from Theorem that if @ € {1,2,3,4} and

M ¢ {{3,4,6,7},{3,4,7,8},{4,5,6,7},{4,5,7,8},{4,5,8,9}, {4,5,9, 10},
{4,5,10,11}, {4,5,17,18}, {4, 5,18,19} },

then p(M) = k(M). However, for the above exceptions of the set M, one can directly
obtain u(M) and k(M) from their respective definitions that

aktr i) <r<a-—1,
R(M) = p(M) = ¢ =ttt -

ak+a :
P if a <r<2a.

Hence the corollary holds.

For the sake of the convenience of the reader, we verify the above relation for M =
{3,4,6,7}. Clearly, we have a = 3, x = 6. Hence k = 0 and r = 6. From Theorem we
have u(M) > k(M) > (ak+a)/(x+a+1) = 3/10. To prove the reverse inequality, assume
to the contrary that 4(M) > 3/10. Then by Lemma [2.2] there exists an M-set S such that
for any n > 0, S(n) > (n+1). This implies, for instance, |S N [0,9]| = S(9) > 4. But
no subset of S N [0,9] has this property. Therefore u(M) < 3/10. Combining, we have
3/10 > (M) > k(M) > (ak + a)/(x + a+ 1) = 3/10. Hence u(M) = (M) =3/10. O
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Theorem 3.5. Let M = {a,a+1,z,z+2} withx > a+1, where x+a+2 = (k+1)(2a+2)+r
with 0 <r <2a+2<(2k+3)+r. Then

ak+a ak+1)4+r—2
2z +2 ’

Proof. Since z > a+ 1, we have k > 0.
For t; = k+ 1, noting that z + a + 2 = (k + 1)(2a + 2) + r, we have

1
aty = ak + a, (a—l—l)tl:(a+1)(kz+1)§§(x+a+2),

i =k(zr+a+2)+ (ak+a+r)=ak+a+r=—(ak+a+2k+2) (modz+a+2),
(z+2)t; = —a(k+1) (mod x+a+2).

It follows that

min {[at1|(z1at2), (@ + D1l @rare): [2t1]@rat2), [(@ + 2)t1|@rate) ) = ak +a.

Hence L
ak + a
M) > ——.
g )_x—i—a—|—2

For t9 = 2k + 3, noting that x + 1 = (a + 1)(2k + 1) + r, we have

ato=a(2k+1)+r—-2+ 2a+2—-7r) <z +1,
(a+Dte=—((@+1)—(2a+2—7r)) (mod 2z + 2),
(x4+1)—2a+2-7r)=ak+1)+7r—-2+2k+3+r—2a—2)>a2k+1)+r—2,
ata=2e+2)(k+1)+z—-2(k+1)=al2k+1)+r—2 (mod 2z + 2),
(x+ 2ty = —wty = —(a(2k+ 1) +7—2) (mod 2z + 2).

Ifk>1,thena(2k+1)+r—2>3a+r—2>0. If r > 2, then a(2k+1)+r—2>a > 0.
Ifk=0andr <1,thenz+1=(a+1)2k+1)+r <a+2,ie., 2z <a+1,acontradiction.
So, in all cases, we have 0 < a(2k + 1) +r — 2 <z + 1. It follows that

min{|at2](2x+2), ](a + 1)t2|(2x+2)7 |:ct2](2w+2), ’(1‘ + 2)t2|(2x+2)} = a(2k + 1) +r—2.
Hence
ak+1)+r—2
20 + 2
This completes the proof of the theorem. O

k(M) >

The remaining case, i.e., M = {a,a+ 1,z,x +2} withz+a+2=(k+1)(2a +2) +r
and 0 <7 < (2k+3) +r < 2a + 2 is dealt with the following three propositions.
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Proposition 3.6. Let M = {a,a + 1,z,x + 2} with 2a # x = n(2a + 1) — r/, where

1<r' <a—n+2. Then
na

M)> ——M.
g )*x+a+2

Proof. Let t = n. Then we have

at=an (mod z + a + 2),

(a+1) =(a+1)n (mod z +a+ 2),
=@x+a+2n—(a+2n=(r+a+2)—(a+2)n (modx+a+2),
(

(x+2)t=(x+a+2)n—an=—an (mod x+ a+ 2).

Since z+a+2 = n(2a+1)—r'+a+2 = n(a+2)+(na+a+2—n—r")and 1 <7’ <a—n+2,

we have
min { |at|(:c+a+2)a |((L + 1)t|($+a+2)7 |:Et|($+a+2)a |(.T + 2)t|(:c+a+2)} = na.
Therefore k(M) > na/(x + a + 2). O

Proposition 3.7. Let M = {a,a + 1,2,z + 2} with x = n(2a+ 1) + 1/, where 0 < 1’ <

a—(n+2). Then
na+ 1’
K(M) > ———.
rz+a+1

Proof. Let t =n + 1. Then we have

=(x+a+1l)—(na+r+(n+1)=—-(na+r+Mn+1) (modz+a+1),
(a+1)t—( +a+1)—(na+r")=—(na+r") (modz+a+1l),

=(@+a+1)(n+1)—(a+1)(n+1)=(na+7r") (modzxz+a-+1),
(x+2)t—( +a+1)(n+1)—(n+1)(a—1)=—-(n+1)(a—1) (modz+a+1).

Since z+a+1 = n(2a+1)+r'+a+1 = (n+1)(a+1)+na+r" = (n+1)(a—1)+2(n+1)+na+r’
and 0 <r' <a— (n+ 2), we have

min {[at|(z+q41) [(@ + Dt|@tas1)s [ zrat1)s [(€ + 2)t (zpas1) } = na+ 77"
Therefore k(M) > (na+1r")/(x + a+1). O
Proposition 3.8. Let M = {a,a+ 1,2a,2a + 2} with a > 2. Then

22 ifa=0 (mod 3),

3
> (M) > k(M) > Q3 ifa=1 (mod 3),
=2 ifa=2 (mod 3).

W =
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Proof. Clearly, u(M) < u({a,2a}) = 1/3. We prove the reverse inequality in the following

cases.
Case 1: a =0 (mod 3). Take t = (2a + 3)/[3(2a + 1)]. Then
a2a+3) a 2a
T 3(2a+1) 3 3(2a+1)
(a+1)t:(a+1)(2a+3):a+3_ 2a
3(2a+1) 3 3(2a+1)’
9t — 2a(2a + 3) _20+3  2a+3
3(2a+1) 3 3(2a+1)’
(2a+2)(2a+3) 2a+3 2a+ 3
Qe+t ="~ 3 T 3@atl)

Therefore u(M) > w(M) > ||[tM|| = 2a/[3(2a + 1)].

Case 2: a = 1 (mod 3). Clearly, M does not contain any multiple of 3. Hence
w(M) > k(M) >1/3.

Case 3: a =2 (mod 3). Take t =1/(3a + 2). Then

a a+1 a+2 a
t=—— 1)t = 20t =1— —— 2 2)t=1- .
=gy etbi=g—m, 2 3ar2 (Zat?) 3a + 2

Therefore (M) > (M) > |[tM| = a/(3a + 2). O

4. Concluding remarks

1. Let M = {a,a+1,z,x+2}. If a = 1, that is, M = {1,2,x, 2+ 2}, then Haralambis [14]
proved that

ﬁ ifz=0 (mod 3),
w(M) =r(M) = 3(1:1:#24) ifx=1 (mod 3),
: ifz =2 (mod 3).

We see that for a = 1, the lower bound established in Theorem for k(M) is strict.
Whereas, for a = 2, Collister and Liu [10] computed the exact value of k(M) and they
proved that if M = {2,3,z,z + 2} with 2 +4 =63 + r, then

Sl ifo<r<o

k(M) = L%{flj o ’

Sra if3<r<5s.
Moreover, k(M) = p(M), if r # 3. So we see that for M = {2,3,z,z + 2}, the lower
bound established in Theorem for k(M) is the exact value.

2. If we extend the family of sets M = {a,a+ 1,z,2 + 1} to
M =MU{y:y=+aor £(a+1) (modz+a-+1)},

where x = r (mod 2a+ 1) with 0 < r < 2a, in Theorems Corollaries and
then we get k(M) = k(M') and p(M) = u(M").
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