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Concrete L’-spectral Analysis of a Bi-weighted I'-automorphic Twisted

Laplacian

Aymane El Fardi, Allal Ghanmi* and Ahmed Intissar

Abstract. We consider a twisted Laplacian A, , on the n-complex space associated
with the sub-Laplacian of the Heisenberg group C x,,, C™ realized as a central extension
of the real Heisenberg group Ha,41. The main results to which is aimed this paper
concern the spectral theory of AE , When acting on some L? space of I'-automorphic
functions of biweight (v, ) associated to given cocompat discrete subgroup I' of the
additive group C". We describe its spectrum proving a stability theorem. Using
the Selberg’s approach, we give the explicit dimension formula for the corresponding

L?-eigenspaces. We also construct a concrete basis of such L?-eigenspaces.

1. Introduction

The elliptic second order differential operator

n 2
(1.1) Ay, = ; {48zf8zj +2(p + iu)zjazj —2(p — iu)zja(zj — (V2 + 1))z + 2iu} ,
where v and p are real numbers such that > 0, has been considered recently in [4]. It is
shown there that A, , is closely connected to the sub-Laplacian of a group of Heisenberg
type C x, C" using partial Fourier transform in (s,t) with (v, ) as dual arguments.
Such a group is realized as a central extension of the standard Heisenberg group Hopt+1 =
(RxC™, g )- It can also be regarded as a Schrodinger operator with a uniform magnetic
field on the complete oriented Riemannian manifold C® = R?" and associated to a special
Berry phase. The concrete stationary spectral analysis of A, ,, is described there, when
acting on both the Frechet space C*°(C") of C*°-complex-valued functions on C™ endowed
with the compact-open topology and the free Hilbert space L?(C"; dm) of square integrable
complex-valued functions on C" with respect to the usual Lebesgue measure dm (see the

next section for a brief review).
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The considered Laplacian A, , can also be viewed as an operator on the space F17(C™)
of I'-automorphic functions of biweight (v, 1) defined as the set of smooth functions F' €

C*°(C™) satisfying the functional equation
(1.2) F(z +7) = erSmlzn)—ivRelz) p( )

for all z € C™ and all « in a given co-compact discrete subgroup I' of (C",+). This was

possible since A, , is invariant with respect to the unitary transformations

(13) [T[Z’l/fb] ](Z) — ei,u%m(z,A*b)—iu%(z,A*b)f(AZ + b)

with [A, b] an element of the the group of rigid motions of the n-complex Hermitian space
which is known to be the semi-direct product G = C" x U(n), U(n) being the unitary
group of C". Namely, A € U(n) and b € C". Thus, we denote by AZE ., the action of A, ,
on F#(C™). Notice here that we always confound the differential operators with their
Friedrichs extensions.

In the present paper, we focus our study on the spectral properties of the Laplacian
AE,M acting on F7*(C™) and on the associated L2-Hilbert space L?,’!L((C”/F) of all bi-
weighted I'-automorphic functions obeying the functional equation in and subject to

the norm boundedness

IFI? = (£, F) = [ PP dm(e) < 4o
A()

where A(T") is a fundamental domain of I'. To this end, we begin by showing the non-
triviality of F7"#(C") (and then of L2 ,(C"/T)) which requires a specific quantization
condition on the triplet (T';v,u). We next provide two kinds of concrete geometrical
realizations of F#(C™). The first one as sections of a line bundle over C"/T" and the
second one as equivariant functions of a principal bundle (see Section . Our main
results are proved in Sections [] and Mainely, we show a stability theorem for the
spectrum of the free Laplacian A, ,, on L?(C"; dm) and its perturbations AE, . Dy lattices
r (Theorem. In fact, we show that the spectrum consists of the eigenvalues —24(20+4n)
with £ =0,1,2,.... Moreover, under the quantization condition, the operator A,E , admits
a compact resolvent in L,2,7 4(C"/T). Therefore, the eigenspaces

Fi(Ay . C) ={F € L, ,(C"/T); A} ,F = —2u(20 + n)F}

are of finite dimension, for " being a co-compact lattice of C" (i.e., C"/I" is a compact
torus). Therefore, the index Atiyah—Singer theorem might be used to give the dimension
of the space ]-"g(Al,:’ 4 C") associated with the first eigenvalue of the operator AE , viewed
as an elliptic differential operator on the compact manifold C"/T", acting on sections of

a line bundle over C"/T" (see the next section). The general case of FZ(A] ,,C") with
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£=1,2,...,is not easy to handel in an abstract way. However, using the Selberg approach
we will be able to give the explicit dimension formula for the L?-eigenspaces .Fg(AE, " Cc™)
(Theorem [4.2)).

The obtained results generalize in some sort the ones previously obtained in [6]. More-
over, we provide an explicit basis of the holomorphic L?-eigenspace Fg(AEW(C”), ie.,
the one associated to the lowest Landau level £ = 0. Their respective eigenfunctions are
useful for different physical pictures. We will use them to generate the basis of the non-
holomorphic L?-eigenspace ]-'g(All:’ 4 C") with £ # 0 leading to a Hilbertian decomposition
of L2 4(C"/T'). The higher dimensions are also discussed.

2. Preliminaries

The operator A, , in (L.1) is essentially the known special Hermite operator

n 82 -
2.1 H,:=4 2u(E — E) — 1?|z|?
(2.1) z ]Z_;azjazj+ 1 )= w725 w>0,

where E is the Euler operator on the n-complex space C" and E its complex conjugate,
perturbed by the first order differential operator D, := 2iv(E + E + n) — v?|2|?>. The
operator H,, describes in physics the quantum behavior of a charged spinless particle on
the configuration space C™ under the influence of a constant magnetic field [1}/5}/7,/10,/11].
The realization of A, , as a Schrodinger operator corresponds to the isotropic magnetic

field ﬁﬂ = 1d#,,,, of constant strength p, and associated to the specific differential one-form

. n . n
w— v _ U 1%
9,/7“(,2) = — 5 E Zdej + T E Zjd?j.
j=1 j=1

The additional gauge function ¢(z) = %|z|? in the gauge transformation 6, = 0, +
%’d\zﬁ, is equivalent to multiplying the eigenstates of the Landau Hamiltonian H,; v = 0,
by the phase factor e~ 7l

From the general theory of Schrédinger operators on non-compact manifolds, the op-
erator A, ,,, viewed as an unbounded operator in L?(C"; dm), is essentially self-adjoint for
any smooth measure dm (see for example [9]). It is proved in [4] that the L?-spectrum
of A, ,, acting on the free Hilbert space L?(C™; dm) is purely discrete, independent of the

parameter v and coincides with the Landau energy levels
Ep:=—2u(2¢+n), £=0,1,2,...

of the twisted Laplacian in (2.1)). Moreover, each eigenvalue occurs with infinite degener-

acy, in the sense that the L2-eigenspace

FH (A, C") i={F € L*(C";dm); A, ,F = —2u(2¢ + n)F}
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is of infinite dimension. Moreover, the explicit expression of the reproducing kernel of the
L?-eigenspaces ff(Ayw C™) in terms of the confluent hypergeometric function is given
by [4, Proposition 5.11]

= (Pl P)rinSm(z ) o~ b le-w |

. n(n—144)!
K/ (z,w) = (H) ( ) —0;n; plz — w]?).

T (n—1)l!
The operator A, , satisfies the interesting invariance property
(2.2) Ay TPt =Ty A,

with respect the unitary transformations Ty"" F(z) = j¥#(g, 2)F(g- z) in (1.3) for ¢ in the

semi-direct product

A b
G:=C"xU(n)=q9g= =:[A,b; A€ U(n),beC"
0 1

that acts transitively on C" via the mappings g -z = Az + b for ¢ = [4,b] € G. The
mapping

(2.3) 7, 2) = exp {ivRe((z,97" - 0)) —ipSm((z,97" - 0))}
on GG x C™ satisfies the automorphic equation

(2.4) FH ' 2) = 5 (2 2) 5 (Y 2)

for every ~y, v/, if and only if

(2.5) vRe(y,v") — uSm(y,') € 2nZ.

Definition 2.1. The triplet (I';v, i), of real numbers v, p and discrete subgroup I' in
(R?" 4+) = (C™, +), is said to be quantized if it obeys the Riemann-Dirac quantization
(RDQ) condition ({2.5)) which equivalently reads

(2.6) vRe(y,v') € 2nZ and uSm(y,v') € 2rZ
for all v,7 € T.

From now on we assume that the triplet (I';v, u) is quantized in the sense of Def-
inition [2.1} Tt turns out that the quantization condition we require seems to be very
restrictive. However, we provide below examples of such triplets where the discrete sub-

group I is of full rank.
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Example 2.2. Let n = 1 and b, ¢ be integer numbers such that ¢ > 0 and b — 4¢ < 0.
Let 7 be the solution of the algebraic equation 72 — br + ¢ = 0 so that Im7 > 0. Then
the lattices I'y = Z + 7Z in C = R? are of special kind and include the Gauss numbers
'y =Z+iZ and I'; = Z + jZ. Making varying b and ¢, we can get other lattices I'; in C

such as those associated to 7 = _1‘Ei‘ﬁ, _1+2“ 1 _1+2“ 15 _H'Q“ 19

,-..and corresponding
tob=—1and ¢ =2,3,4,5,..., respectively. The choice of the parameters (v, u) such as
v =27k and p = wlp/ Im 7 for some ko, ly € Z, leads to a quantized triplet (I';;v, u).

Example 2.3. Starting from I'; as in Example we can build a lattice in C* = R?"?
of maximal rank 2n, say ﬁ;‘ =T, xI'; x--- xI'; (n-times) such that (C”/f\ﬁ is a torus of
R?" = C™. Moreover, the triplet (FNQR v, 1) is subject to the (RDQ) assumption for suitable
conditions on (v, u) like the ones provided in the previous example, i.e., v = 27k and

w = 7lp/ImT for some ko, ly € Z.

The T, "-invariance property shows in particular that A, , leaves invariant the func-
tional space of C*°-functions f satisfying the functional equation T)"f = f, for every v
belonging to given discrete subgroup I' of G. Accordingly, the corresponding eigenvalue
problem is well-defined. In the sequel, we will treat the co-compact case, i.e., I' is a discrete

subgroup of (C", +) of maximal rank.

3. I'-automorphic functions of bi-weight (v, 1) on C"

In this section, we introduce the class of the so-called I'-automorphic functions of bi-weight
(v, ) on C™. We focuss our discussion on some of their elementary properties, including
their concrete geometrical realizations as a space of sections of some rank-one bundles over
C™/T under the assumption that the (RDQ) “quantization rule” in holds. In fact,
we will provide two kinds of such realizations, the first one as sections of a line bundle
and the second one as equivariant functions of a principal bundle. To this end, let I" be a
uniform lattice (co-compact discrete subgroup) of the additive group (R?", +) = (C", +),
so that the quotient space is the compact torus C"/I". Thus, there exists some R-linearly

independent vectors ui,us, ..., us, in C" such that
I'=7Zu1 + Zus + - - - + Zuay,.

Associated to such I' and given (v, ) € R?, we consider the functional space Fi*(C")
as defined in the introduction and consisting of all C*°-complex-valued functions on C"
satisfying the pseudo-periodicity ([1.2)).

Definition 3.1. The space .7-'11:’“ (C™) is called here the space of I'-periodic functions of
bi-weight (v, u) on C".
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The particular space .7-"19’0(@”), corresponding to (v, ) = (0,0), is nothing than the
space of I'-periodic functions which is known to be a non-zero vector space. However,
for arbitrary given (v,u) # (0,0) and T', there is no guarantee that the corresponding
space F#(C™) is not trivial. Thus, additional assumption on the triplet (T'; v, i) must be

imposed in order to ensure the non-triviality of the space F*(C™).

Lemma 3.2. Assume that (T;v, ) is quantized. Then, the space F*(C™) is an infinite

dimensional vector space over C.

Proof. Let ¢(z) be a compactly supported C*°-complex-valued function on C" with sup-
port contained in the interior of a fundamental domain A(T") of I'. Making a sort of

(I'; v, u)-periodization a la Poincaré

[PLHo)(2) = Z l=pSmlza)+Rezal (4 4 ),
yer

it is clear that P |y (2) = ¢(2). Moreover, we can check easily that P € Fo*(C")
thanks to the (RDQ)-assumption. Hence, the vector space F*(C™) contains all the
elements P¢ for ¢ € C°(A(T)). It follows that F#(C™) is not-trivial and it is of

infinite dimension. O

The above lemma can be reproved by realizing F#(C™) as a space of sections of a
“homogeneous” C*-line bundle over C"/I". Indeed, under the (RDQ)-assumption ({2.6]),
the automorphic factor j#(v,z) in (2.3]) satisfies the chain rule (2.4). Therefore, the

I'-action on C™ can be extended to C" x C by considering the mappings

V(z,0) = (v + 25""(7, 2)v)

for varying v € I'. The mapping 7 is linear on the fiber C, and hence the space C* x C
becomes a homogeneous line bundle over C* whose fiber is p~!(z) = {2} x C ~ C, where
p is the projection of C" x C onto C™. If # denotes the canonical quotient projection, then

the above claims can be pictured by the following commutative diagrams

- C*"x C
v+ T ~
O Y

C" x C 2l C" x C
l , l
cr 2l cr
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Accordingly, there is a line bundle over C"/T" (where the fiber is C) so that its cross
sections are indeed our space Fj*(C") of I'-periodic functions of quantified bi-weight
(v, ). Therefore, the space F{*'(C™) is of infinite dimension.

We conclude this section by providing another concrete geometrical realization of
FPH(C™) as equivariant functions of a rank-one principal bundle over C"/T. To this
end, we invoke the group N, := C x, C" constructed in [4] and realized as a central
extension of the Heisenberg group Hopy1 := R Xgynmew C™, where the mapping w denotes
the standard Hermitian form on C" given by w(z,w) = (z,w). Assume that we are given
a lattice T in (C,+) = (R?,+) and a lattice T' in (C",+) = (R?", +) such that w sends
I' x I" to Iy, i.e., for every v, 7/, we have

(3.1) w(v,7") = (1,7') € To.
Then under the condition (3.1)), it is easy to check that the following facts hold.

Lemma 3.3. T'g X, I' is a discrete subgroup of N, = C x,, C" and it acts freely by left
translations on N, = C x, C". The resulting quotient space IP’ZJrl =T x, '\ C x,C"

is a smooth manifold.

Obviously, the functions f € C°(P"*!) are those on C x C" that are Iy x,, I-left

invariants, i.e.,

F((037) w (205 2)) = fy0 + 20 + w(,2);7 + 2) = f(2032)
for all (y0;y7) € To x I" and (29;2) € C x C™.
Lemma 3.4. The group (C,+) is isomorphic to the center Z(N,) = C x,, {0} of N,,.

Subsequently, the group (C,+) acts on N,, = C x,, C" via the rule (left translations)

as follows
(3.2) A (2052) = (A + 20; 2).

The action in (3.2) can be restricted to A € I'g and (20, 2) = (70,7) € I'p x I, so that we
can see that the torus C" /T acts freely and effectively on the quotient space (C/I'g) \ P+

Definition 3.5. A function f(zp;2) € C*(C x C") is said to be equivriant with respect

to given pair of real numbers (v, p) if it satisfies
FOh+ 203 2) = RO HOmON] (2

for every A € C and (zp;z) € C x C™.
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Accordingly, equivariant functions f(zo, z) are necessary of the form
(3.3) flz0; 2) = elPReCo)+uSm0) ()
where F(z) is a C* function on C".

Proposition 3.6. Let I'g and T' be lattices in (C,+) and (C™, +) respectively, and assume
that the condition (3.1)) holds. Then, we have

(i) Let f(z0;2) be in C®(P**1) such that it is equivariant. Then the function F(z)
occurring in (3.3) must satisfy the following “pseudo-periodic condition” with respect
to the T-lattice of (C,+). Namely, for every v € ' and z € C", we have

(34) F(Z + 7) — ei/i%’rR(Z,"/)—iuﬂ?e(z;y)F(z).

(ii) Let v, p be in T} the dual lattice of Ty in R? = C defined by
T = {75 € R%;Re(vg - 7o) € 27Z for all v € T}

Then, a function F(z) on C" satisfying (3.4) with respect to T' gives rise, through
the formula (3.2), to a function f(zo;z) on P™! which is equivariant.

To conclude, we picture the involved algebraic and geometrical objects by the following

commutative diagrams keeping in mind the previous notations.

p

——> T %@ {0} —>Tg %, T r
i O i O A

L Cx, {0}, Cr P

q O q O q

. CfTe=T2 M prtl T v

w

Above inj is the natural injection morphism from the subgroup I'g x,, {0} into Iy X, I" and
similarly for C x,, {0} into the group N,, = C x,, C". The mapping p is the projection on
the second factor and it is a morphism of groups. The mapping ¢ is the natural quotient
projection from Cx {0} onto the quotient group I’y x,,{0}\Cx,{0} which is isomorphic as
a group to the torus T2 = C/T'g. To precise the projection mapping 7 in above, we should
notice here that T2 acts on P**! so that the set of its orbits O(T?,P2!) is diffeomorphic
to the torus C"/I. More precisely, we have O(T? P?*!) = P*+1/T2? and 7 is then the
canonical projection of the action 72 on P"*! for which Iy x,, {0} \ C x,, {0} = T? are
the fibers of the principal bundle P**! over C"/T.

In the next section, we investigate some spectral properties of the Laplacian A, ,, when

acting on € Space ’ or given co-compac 1screte subgroup 1.
ti th FPH(C™) for gi t discrete sub r
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4. Spectrum and dimension formula

From the definition of the space F#(C™) and the T, *-invariance property of the Laplacian
Ay, in (2.2)), we can consider A, , as an operator acting on the space Fi*'(C™), carrying

FPHE(C™) to FRH(C™). Thus, for given Fy, Fy € FH(C™), the function ¢(z) = Fi(2)Fa(z)
is I-periodic, in the sense that ¥ (z + ) = 1(z) for every v € I'. Therefore, the quantity

(4.1) <F1,F2> = /A(F) Fl(Z)FQ(Z) dm(z),

where A(I") is a fundamental domain of I' in C™, is well-defined and is independent of the
choice of the fundamental domain. Moreover, it defines a Hermitian scalar product on
FPH(C™). Hence, all the elements of F72#(C™) are necessarily bounded functions, for I'
being a lattice in C" = R?". We define LIQ,#(C” /T') to be the Hilbert space obtained as
completion of the pre-hilbertian space .7-}”’“ (C™) with respect to the scalar product .
The operator A, ,, acting with densely domain in L,%yu(C" /T'), is essentially self-adjoint.
Thus, we denote by AI; ;. its unique self-adjoint realization in the Hilbert space La L (C/T).

Within the above notation, we can state and prove the main results on the spectral
properties of Al;

The first one determinates the spectrum of A],  on L2 L (C/T).

u for lattices in R?® = C™ and reals v, p such that (I';v, ) is quantized.

Theorem 4.1 (Spectrum stability). Let ' be a lattice of C* = R?™ such that the triplet
(T; v, 1) satisfies the (RDQ) condition. Then, the spectrum of AEM acting on L?,’N(C”/I’)
coincides with the spectrum of A, , when acting on the free Hilbert space L?(C™; dm).

More precisely, we have
Sp(A,) ={Er == —2u(20 +n);£=0,1,2,...} = Sp(A, ).

However, each eigenvalue —2u(2¢ + n) occurs here with finite degeneracy in contrary to
those of A, on L*(C";dm).

Proof. For any given g € G = C" x U(n) and F(z) € C*°(C"™), we consider the function

defined on C" by the “averaging” formula over U(n),

AVRF(z) = /

oo T;};“F(z) dh = / jv*(gh, z)F(gh - z) dh,
n

U(n)

where j¥*( -, z) is the automorphic factor given by and dh stands for the normalized
(left) Haar measure on the unitary group U(n). By the compactness of the Lie group U(n),
it is easy to see that the output function Ag"F shares the same smoothness as that of the
input function F. For instance, Ag"F is a C*°-complex-valued function on C" if F is C*°
and A" F is a bounded function on C" if F is bounded. We also have A, F(0) = F(g-0)
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and A" F(z) is U(n)-invariant in the sense that Ag"F(k-z) = A" F(z) for all k € U(n)
and z € C". This is to say that Ag"F(z) is a radial function on C". Moreover, the

averaging operator Ag" leaves invariant the eigenspace
Ex(Ayu) ={f € C(C"); Apuf = =2u(2A + n) f}.

This relies on the co-cycle condition satisfied by the automorphic factor j*#(g, z) as well
as on the invariance property satisfied by A, ,, with respect to the Ty "-action defined in
(1.3). Accordingly, the explicit expression of Ag*F(z) is given in terms of the confluent

hypergeometric function |4, Proposition 5.2]

iy

AVIE(z) = F(g-0)e™ 2 F* By (<X ms pl2[?) = Flg - 0)5" ().

The spherical eigenfuction ¢*(z) is then bounded on C™ if and only if A is a nonneg-
ative integer. This immediately follows from the well-known asymptotic behavior of the

confluent hypergeometric function 1 Fy(a;y; x), near x = +o0, given by [8, page 332]

1F1(a; ¢; ) = T(c) {IE(:Z_:) + eal:gz;c} <1 o (51U>> 7

where I'(z) is the Gamma Euler function on C. Subsequently, the eigenspace

EY(A,,) = {F € Ex(A,,); F is bounded on C"}

formed by bounded eigenfunctions with —2u(2\ + n) as eigenvalue, is a nonzero space if
and only if X is a nonnegative integer, A = £ = 0,1,2,.... To conclude for Theorem
we need only to observe that for given lattice I' in C" the L?-eigenspace

FUAL,,C") = {F € L2,,(C"/T); AL, F = ~2u(2\ + n)F}

is indeed contained in (A, ). O

Then next result concerns the dimension formula of the L?-eigenspaces fE(AE 1 C).
Theorem 4.2 (Dimension formula). Let (I'; v, u) be a quantized triplet and ¢ = 0,1,2,. . ..

The dimension formula of .FZZ(AEW C™) is given by

dim F2(AL | C") = (ﬁ)n (=1 O Ay,

v ) (n—1)

where vol(A(T')) is the Lebesgue volume measure in C* = R?*™ of a fundamental domain
A(T) of T.
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Proof. For £ = 0,1,2,..., let Pg(AIEH) be the orthogonal projection of Ll%’#((C”/F) onto
the L?-eigenspace F} (AE 1 C"). Then, under the (RDQ)-condition, the Schwartz kernel
Cc")

PZ’MF(Z, w) of the orthogonal projector operator PK(AE,M) from ng (C™/T) to fZ(AEM,

can be proved to be given explicitly by the formula

P (s w) = (£)" (0= 14O (122 fuof2) 8 (200~

s (n -1
X Ze FhPP+s(etwn—(ztwn) o= glewl B (—pn plz — w — v[2).
~verl

The kernel function P} (z,w) is in fact the T"#-periodization & la Poincaré of the
Schwartz kernel PZ # of the orthogonal projection on the free Hilbert space L?(C";dm)
on the L%-eigenspace F2(A,,,C") = Ker |r2(cnigm) (Av,u — Ee) given explicitly in [4].

Therefore, the dimension of FZ(AL o C") is given by

dim F; (AEW C") = Trace(Pg(A£7u))

= PZ”’”;F(z, z) dm(z)

A(T)
n(n—1+4¢)!
- (%) ((n - 1)!12!) vol(A(T)).

The last equality follows making use of the identity

/ M=) dm(z) = 8. vol(A(T)). O
A(T)

Remark 4.3. The dimension of F7(AL 1 C") is clearly independent of the parameter
v. Moreover, for n = 1, the eigenspaces .7-"3 (AVWC) are all of the same dimension

(&) vol(A(T')). An explicit basis is constructed in the next section.

5. Explicit basis of FZ(AL ., C") for high levels and higher dimensions

v,u0

The differential operator AI;” that we dealt with above and which is given by is
a particular case of the operators DZO = 4{A + ¢E — €F — |£2]?} + 09, for given com-
LAY and og = 2ivn. If Mg de-
notes the multiplication operator M¢F = ef‘ZFF, then direct computation shows that
M%iuAEﬂuMi%iy = 4A, — 2un, so that the spectral theory of Al;u on L,ZW((C"/F) re-

duces further to the one of

plex numbers £, op (not necessarily reals) with £ =

(5.1) ALX =
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acting on the Hilbert space L%,‘;(V (C™) := L2(C"/T; e =" dm) in [6] defined as the space

of (T, x»)-automorphic functions on C" satisfying the pseudo-periodicity
(5.2) 9(z+7) = xu(NeEMHHEN () zecn, yeT,

and subject to the norm boundedness
/ 1£(2))2e P dm(2) < +o0.
A()

Here the given mapping y, is defined on the lattice I by x,(v) := e3P Tt takes values
in the unit circle {\ € C;|A\| = 1} = U(1) and turns out to be a character on T'.

More precisely, to any L2automorphic eigenfunction A, f = E\f in L%:’;U((C”)
‘Zle of the operator A,EM
belonging to L2, 4 (C"/I) with A = 4E — 2un as associated eigenvalue. This reproves the
stability of the spectrum, since Sp(AE’X”) ={—ul;¢=0,1,2,...}, see |6]. Hence

. . . _pdiv
corresponds a unique L%-automorphic eigenfunction F' = e~ 2

Sp(A},,) = 4Sp(ALXY) — 2un = {—2u(20 +n); £ =0,1,2,...}.

Accordingly, to give the explicit basis of the L?-eigenspaces ff(AiwC”) of the bi-
weighted automorphic functions one might start by constructing an explicit basis of the

L?-eigenspaces of the invariant operator AE’X in (5.1 acting on LIQJ‘;(V(C”).

5.1. Explicit basis of EZQ(AE’X, C") = Ker(AX — pf) with given pseudo-character

Associated to these data (I', x, i), we define the functional space (’)1%’;( (C™) to be the space
of all L?-holomorphic functions obeying the functional equation ([5.2)) and belonging to
L%";{ (C™). The non-triviality of O?”;(C”) requires that

(RDQ) x(71+72) = X(yl)x(fm)ei”%(“ﬂ,w)

holds for every ~1,7v2 € I'. Moreover, O%’;(C") is of finite dimension with [6]

dim O (C") = (%)" Vol(A(T)) = N,..

In fact (’)%‘;(((C”) appears here as the first L?-eigenspace of the invariant operator AE’X in
(5.1) acting on L%‘;(C”) The construction of the basis for O%‘;(C”) and SZQ(AE’X, Cc™) =
Ker(A)X — 1) is based on the fact that Aj,X can be factorized in terms of the first order
operators A_ ; = 0z, and their formal adjoint Ay ; = (=0, + pz;) with respect to the

Gaussian measure. Namely, we have

n

Ix — E ’ ) .

Ap, - A+)]A_7.7'
Jj=1
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We provide below an explicit basis of EZQ(AE’X, C™) in terms of the modified Riemann theta

function with characteristics

(5.3) J, b<z‘7_) _ Z eiw7(n+a)2+2i7r(n+a)(z+b)
neZ

and its derivatives. To this end, we begin by giving a concrete basis of (’)%‘;(((C”)
Theorem 5.1. For given reals «, 5, we set

a L2219 (a+m)z
P (2) = e27 TEAMEg, (N 2|NT).

Then, there exist some reals oy, f1, . . ., Gy, B, sSuch that the functions g ; K = (k1,...,kp)
€{0,1,...,N —1}", defined by

(5.4) prc(2) = ot P (z1) - g ()
form an orthogonal basis of the functional space O%‘;(C")

Proof. We first consider the special case of n = 1 and I'; = Z + 7Z, Sm7 > 0. Let «
and 8 be two real numbers such that y(1) = €™ and x(7) = €75, and set P(z) =
—L£2? — 2iraz. Thus, for every f € (’)?ﬁx(@), the function hf(z) := eP() f(2) satisfies
hy(z 4+ 1) = hy(z). Moreover, we have

hi(z+7) = x(*y)e_zm‘we_“(”%)(V_V)hf(z).
So that for the particular case v = 7, we get

(55) hf(Z + 7_) _ X(T)e—ZiwaTe—H(Z—O—%)(T—F)hf(z) — eQiW(ﬂ—aT)e—in(Qz-H')hf(Z)’

where N = dim O%*_(C) = % Im(7). Hence, we can expand h; as
T'rx ™ f

hf(Z) — Z akeik*z _ Z ake%ﬂ'kz
kEZ kEZ
by means of |2, page 79]. Therefore,
f(Z) _ e%z2+2i7rozz Z ak€2i7rkz _ €%ZZQ? Z akq];a
keZ kEZ

where ¢, and ¢, stand for ¢, = €?™* and ¢, = €?"7. Then, (5.5) reduces further to the
following
hf(Z + 7_) _ e?iﬂ'(ﬁfon')q;Nq;Thf(z)

which is clearly equivalent to

. _N
Zakq];qf = Z (akJrNeQ“T('BaT)QT 2 > q,l;-

keZ keZ
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—2in(B—a7) g, by identification of power series in q~. Accordingly,

. E+X
This yields ax+ny = qTJr ‘e
f is completely determinated by knowing ag,aq,...,an—_1. The other coefficients are

obtained by the recurrence formula

kj+k*5 o _
U kN = Gr e~ 2imk(Bar)g
Subsequently
N-1 N-1
5 kN
f(Z) =ez” qz Zaqu = Z < qz Zam+/€qu+ ) = Z am(p%ﬁ(Z)
keZ m=0 keZ m=0

where we can reexpress ¢ "3( );m=0,1,... <N —1, in terms of ¥, (- |-) in (5.3)) as

i k+k2 Y
il (2) = 57 g2y ek (Amam) IS gt

keZ
_ 6%22+2i7r(a+m)z Z e2i7r[Nz+(a+m)7’—B]keiﬂk2NT
keZ

— ¢5” 2+2m(a+m)2190 (at+m)T—8 (Nz|NT).

These functions are orthogonal in L%TM +(C) and therefore form a basis of the functional
space O%’Tﬂx(C).
The result for higher dimensions readily follows by taking the product of n copies of

gom’ﬁ , namely the functions ¢(2) in . form an orthogonal basis of O 24t ((C”) O

The next result concerns the eigenspace Eg(AE’X, C") = Ker(AE’X — k) for £ > 0. To
this end, we denote by H7; o > 0, the rescaled complex Hermite polynomial defined by
2 dk 2
H{(€) = (—1)Fe” @6“’5 , £€C.
Theorem 5.2. Let i be as in . Then, the functions Ay jox = Ay jy As jy -
Jkn) € {0,1,...,N — 1}"
is an orthogonal basis of SE(AE’X,C") forany £ =0,1,2,..., andn = 1,2,.... For the

particular case of n =1, they reduces further to

AL i forvarying 1 < gy < - <5 <noand K = (kq,...

B2 0
905;5( ) . ( 1)6622 +2im(a+m)z

(56) ¢ J4 /2 2
X Z (k) iRH <2%mz + 7(04 + m)> 851907(a7_5)+m7(Nz|N7-)
k=0

with varying m = 0,1,..., N — 1, and constitute an orthogonal basis of Sg(AE’X,(C) for

every £.

The proof of Theorem [5.2]is contained in Lemmas [5.3] 5.4 and [5.6] below.
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Lemma 5.3. Fizn =1 and let £ be a nonnegative integer and set A% = (=0, + pz)* and
A = oL,

(i) The operators A% and A" leave invariant the space Cr° (C) of C* functions satis-

fying the functional equation in (5.2)).

(i) We have A A% = A% (A, + pl). Moreover, the Ay is injective from 5e2(AE’X,(C)
into EEQH(AE’X, 0).

Proof. The proof is straightforward. O

Subsequently, if f is a given eigenfunction of AF’X in LQ’“ ((C") with A as the corre-
sponding eigenvalue, then A % f is again an eigenfunction of A DX but with A + wl as the
associated eigenvalue. This is to say that for n = 1 the basis of the eigenspace 55 (A X C)
can be constructed from the ground states (the elements of O? ’;(((C) = 50(Au )) by ap-
plying A%, since in this case all the eigenspaces Sg (AL X ,C) have the same dimension.

More precisely, we assert

Lemma 5.4. For n = 1, the functions A’ (pm’ﬁ, m=20,1,... < N —1, form a basis of
EX (AL X C) for every £. Moreover, they are given by (6], i.e., AYom (z) =: go?;g(z).

Proof. We need only to prove the R-independency of A +apm ;m=0,1,... < N—1, which

immediately follows since this family is orthogonal, indeed we have
L, o 1 /3 ¢
<A+%0m AL onr ), Ly (©) ~ €'<‘Pm s Pon >L§¢(X(<C) -0 ’BH 5m,m’-

The explicit expression of Af +<,0m can be handled by rewriting the operator Aﬂ as Aﬂ f=
(=1)ferl= 9t (e=+I#” ) and therefore

AL P (2)
l

Lz im(a+m)z ¢ N —la-
=e2 *+2im (atm) Z(—l)k (k) Glz_i(z, Z‘2Z7T(Ck + m))@fﬁ(oy(m_ﬁ)mﬂ (NZ‘NT),
k=0

where the polynomials

‘ 2

Gl (2,3¢) = (—1)FerelmostEgtemuliirosthes s g 20, ceC

are the Intissar-Hermite polynomials introduced and studied in [3] and showed to can
reexpressed as
_ . o (202 —pz+¢
Gy (2,21€) = (=i)"HY, <> : -

2i0
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Remark 5.5. The functions involved in the right hand-side of can be seen as a
special kind of generalization of the Jacobi theta functions to the non-holomorphic setting
for satisfying the functional equation and that for £ = 0 they reduce further to Jacobi
theta function 9(Nz + (ar — 8) + m7|NT).

Lemma 5.6. For n > 2, the set of functions Ay j Ay j, - Ay oK for varying 1 <
i< <gji<nand K = (k1,...,kn) € {0,1,...,N — 1}" is an orthogonal basis of
E2(ALX,CM).

Proof. Notice first that Lemma [5.3| remains valid for high dimension and the assertions
holds true if we replace there AL by A, ; and A_ by A_ ;. Thus, for every fixed j =
1,...,n, the map A, ;: SEQ(AE’X,(C") — Egﬂ(AE’X,C") is injective and therefore the
function

Argp=Av i At gy At jip

belongs to E2(A,,X, C") for every given ¢ € E2(A,X, C™"). Moreover, by means of Lemma
and the definition of gk (see ) and applying Fubini’s theorem, it is clear that the fam-
ily of functions Ay s, K for varying J; = (j1,...,51) € {1,...,n}f and K = (k1,...,k,) €
{0,1,..., N — 1}" is orthogonal in EZZ(AE’X,C”). Then the result of Lemma follows

since

™ (n—1+20)! ) "
ﬂ{A“F,JgSOK; J@? K} - |:<;> VOI(A(P)):| X m = dim gg(AE’X7 (C )’
where § denotes the cardinality of a set. ]

5.2. On the basis of FZ(AL ,,C")

U,
The key observation in obtaining our basis for fg(AE’“,C”) is that the multiplication
operator

MYE: s 2"

|Z|2f

defines an isometric bijection from L 4 (C™/T), the L?-space of bi-weighted automorphic
functions, onto the space L%f;y (C™) of simple (T, x)-automorphic functions satisfying
and associated to the character x,(v) := e%MQ; vel.

According to the discussion in the beginning of this section, the basis for the eigenspaces
of AE’# are inherited from those of the eigenspaces of the Laplacian AE’X”

Lz,u (C™/T"). We formulate the result of the above discussion as follows.

acting on

Corollary 5.7. Keep notations as above. The functions

_ ilf;r# |z\2 w4

2
_ z
Apgox =e 2 AL AL Ay ok

(&
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for varying 1 < j1 < - < j; <nand K = (k1,..., k) € {0,1,...,N — 1}, form an

orthogonal basis of ]—“g(iﬁgwscn), Here pg is the function in (5.4)). In particular, for
n =1, the functions e~ 2 Il @?’fi(z), m=20,1,..., N —1, constitute an orthogonal basis

of ]:ZQ(AE’#,(C), where @Z’g are the functions given by (5.6)).
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