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The Discrete Case of the Mixed Joint Universality for a Class of Certain

Partial Zeta-functions

Roma Kacinskaité and Kohji Matsumoto*

Abstract. We give a new type of mixed discrete joint universality properties, which
is satisfied by a wide class of zeta-functions. We study the universality for a certain
modification of Matsumoto zeta-functions ¢, (s) and a collection of periodic Hurwitz
zeta-functions ((s, o; B) under the condition that the common difference of arithmeti-
cal progression h > 0 is such that exp {27”} is a rational number and parameter « is
a transcendental number.

1. Introduction

In 2015, the first result on the mixed joint universality theorem for a general polyno-
mial Euler product (or a so-called Matsumoto zeta-function) ¢(s) belonging to the Steu-
ding class S and a periodic Hurwitz zeta-function ((s,a;*B) was obtained by the authors
(see [5]). In 2017, this result was generalized to the case of the tuple consisting of one
Matsumoto zeta-function and several periodic Hurwitz zeta-functions (see [7]).

We recall the definitions of both of the above functions. Let s = o 4 it be a complex
variable, and by P, N, Ny, Z, Q and C denote the sets of all primes, positive integers,
non-negative integers, integers, rational numbers and complex numbers, respectively. Let
B = {by, : m € Ny} be a periodic sequence of complex numbers b, with a minimal period
k € N, and suppose that « is a fixed real number, 0 < o« < 1. Then, for ¢ > 1, the periodic
Hurwitz zeta-function is defined by the Dirichet series

o0

bm

((s,0;%B) = mta)

m=0
For o > 1, the function ((s, ;%) can be expressed as a linear combination of classical

Hurwitz zeta-functions (s, «) (see [10]), i.e.,
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from which we deduce that it can be analytically continued to the whole s-plane except
for a possible simple pole at the point s = 1 with residue b := k~1(bg + - - - + bj_1).
The polynomial Euler products ¢(s) or so-called Matsumoto zeta-functions are given

by the formula
oo g(m) ad N\
m=1 j=1
formeN, g(m) eN, jeN, 1<j<g(m), f(j,m) €N, and the mth prime number p,,
(see [14]). Suppose that, for non-negative constants a and 3, the inequalities

g(m) < Cip% and |ald)] < p,

hold with a positive constant C. In view of this assumption, the right-side of the equality
(1.1) converges absolutely for ¢ > a+ 3 + 1, and in this half-plane the function ¢(s) can
be presented by the Dirichlet series

w‘?rz

where the coefficients ¢, satisfy an estimate ¢, = O(k®t8+¢) with every positive ¢ if all
prime factors of k are large (for the comments, see Appendix in [7]). For brevity, denote
the shifted version of ¢(s) by

\ 2

oo
o(s)=p(s+a+p) = kzk
where c; := k~*7F¢,. Then ¢(s) is an absolutely convergent series for ¢ > 1. Also, let
the function ¢(s) be such that

(i) it can be continued meromorphically to o > 0, 1/2 < 0¢ < 1, and all poles in this

region are included in a compact set which has no intersection with the line o = oy,
(ii) for o > a9, p(o +it) = O(|t|“?) holds with a positive constant Cs,

(iii) it holds the mean-value estimate
T
/ p(o0 + it)2dt = O(T), T — .
0

We denote the set of all such ¢(s) by M.
Now we recall the definition of the Steuding class S (see [20]). We say that the function
©(s) belongs to this class if the following conditions are fulfilled:
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(a) there exists a Dirichlet series expansion

ols) = 3 Am)

mS

m=1

with a(m) = O(m?) for every £ > 0;

(b) there exists o, < 1 such that ¢(s) can be meromorphically continued to the half-

plane o > o, and is holomorphic except for a pole at s = 1;

¢) for every fixed o > g, and € > 0, there exists a constant C'3 > 0 such that
©

(o +it) = O(|t|+);

(d) there exists the Euler product expansion over primes, i.e.,

¢@=Hﬁ0fﬁ@)i

peP j=1

(e) there exists a constant £ > 0 such that

where 7(x) denotes the number of primes p not exceeding x as usual.

Denote by ¢* the infimum of all o; such that

1 T

0 2
L |g0(0'+’it)|2dt'\/z |a(m)|
m=1

m2cr

2T |

holds for any o > o7. Then 1/2 < ¢* < 1. This implies that ScM.

Also, throughout this paper we will use the following notation and definitions. By
H(G) we denote the space of holomorphic functions on a region G with the uniform
convergence topology (here G is any open region in the complex plane). Let K C C be
a compact set. Denote by H¢(K) the set of all C-valued continuous functions on K and
holomorphic in the interior of K, and by H§(K) the subset of elements of H(K') which
are non-zero on K, respectively. Let D(a,b) = {s € C: a < o < b} for every a < b, and
denote by meas{ A} the Lebesgue measure of the measurable set A C R, and by B(S) the
set of all Borel subsets of a topological space S.

Now we recall the statement of our first result on the mixed joint universality property,
which is of continuous character, for the functions ¢(s) and ((s,a;®B). This result is

Theorem 2.2 in [5] (while a more general case is contained in Theorem 4.2 in [7]).
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Theorem 1.1. (see [5]) Suppose that o(s) belongs to the Steuding class S, and a is a
transcendental number, 0 < « < 1. Let K; be a compact subset of D(c*,1), Ky be a
compact subset of D(1/2,1), both with connected complements. Then, for any fi(s) €
HE(K1), fa(s) € HY(K2) and every € > 0, it holds that

1
lim inf — meas {7’ € 10,77 : sup |p(s+i1) — fi(s)| <,
T—oo T seKy

sup |¢(s +1i7,a5B) — fa(s)| < 5} > 0.
scKo

This theorem shows that the set of shifts 7, with which the pair (p(s + i7),((s +
iT,;B)) approximates the tuple of holomorphic functions (fi(s), fa(s)), is sufficiently
rich and has a positive lower density.

The mixed joint universality property of discrete character is sometimes more inter-
esting. In this case, we study an approximation of the functions when the imaginary part
of the complex variable s varies only on the values from a certain arithmetic progression
with a common difference h > 0.

In 2017, the discrete mixed joint universality for the pair (¢(s), ((s, a;B)) was proved
by the authors (see [6]) under a condition for the set

L(P,a,h) = {(logp :p €P), (log(m + @) : m € Ny), 2}?} .
Theorem 1.2. (see [6]) Let o(s), K1, Ka, fi(s) and fa(s) be as in Theorem [1.1]. Suppose
that the elements of the set L(P,«, h) are linearly independent over Q. Then, for every
e > 0, it holds that

1
lim inf #{ngSN: sup |¢(s +ikh) — fi(s)| < e,
N—o0 1 s€Ky

sup |((s +ikh,a; B) — fa(s)] < 5} > 0.
sEKo

Here, and in what follows, N stands for a positive integer.

2. Statements of results

The main aim of this paper is to give a new type of mixed discrete joint universality
theorem for the aforementioned functions under a different condition from that in Theo-
rem Suppose that exp{%ﬁ} € Q. Then we can write exp{%”} = ¢ for (a,b) = 1,
Qd(1)

.. qd(l)
b=r]"-- Tg(dg)’ respectively. Put P), = {q1,...,qq1),71,---,7q(2)}, and let Pj, := P\ P,

a,b € Z. Write the factorization of numbers a and b into primes as a = ¢ - and
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Denote the set of all m € N such that p,, € P, by N,, and let N}, := N\ N,,. Also by N,,
denote the set of all m € N whose all prime divisors belong to P,.
Under the above notation, for o > a4+ +1, we define a modification of the Matsumoto

zeta-function @(s) by the formula

g(m) HORAN
ml;I\lh .71_[1 ( Sf(] m)> ’
and by ¢n(s) we denote its shifted version, i.e., pp(s) := @n(s + a + ). We call ¢p(s)
and @p(s) the partial Matsumoto zeta-functions. Note that the difference between ()
and ¢(s) is only finitely many Euler factors. Therefore the function ¢ (s) satisfies the
properties (i), (i) and (iii) too, so ¢p(s) € M. Moreover, if ¢(s) € S, then ¢,(s) € S.
Now we are ready to give the statement of the main results in this paper. The statement

of the following theorem was announced in [6].

Theorem 2.1. Suppose that « is transcendental, h > 0, and exp{ } s a rational num-
ber. Let pp(s) € S. Suppose K1, Ko, f1(s) and fa(s) satisfy the conditions of Th,eorem .
Then, for every € > 0, it holds that

1
I%ninf 1#{0§k§]\7: sup |en(s +ikh) — fi(s)| < e,
—00

seEK

sup |C(s + ikh, o B) — fa(s)] < e} S0,
s€EKo

Remark 2.2. A typical case when the elements of L(PP,«, h) are linearly independent is
that o and exp{ } are algebraically independent over Q (see [2]). On the other hand,
in Theorem we assume that exp{ } is rational. Therefore the arithmetic nature of
h in Theorem is quite different from that in Theorem

In the present paper we will prove the following more general result, which gives the
mixed joint discrete universality of a ¢, and a collection of periodic Hurwitz zeta-functions.
Let %B; = {bm; : m € No}, j = 1,...,r, be periodic sequences of complex numbers with
the minimal period k;. By ((s,a;;B;) we denote the corresponding periodic Hurwitz

zeta-function, j =1,...,r.

Theorem 2.3. Suppose that @p(s) and exp{ } are as in Theorem and the num-
bers aq, ..., are algebraically independent (hence transcendental; see [17]) over Q. Let
p(s) € S, Ki be a compact subset of D(c*,1), Ka; be compact subset of D(1/2,1),
Jj=1,...,7, all of them with connected complements, and fi € H§(K1), fo; € H(Ky;).
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Then, for every e > 0,

lim inf
N—oo

1
#40 <k < N: sup [pn(s+ikh) — fi(s)] <e,
1 seK

sup sup [((s+ikh,a;;B;5) — fa;(s)] < 6} > 0.

1§]§r SEKQJ‘

The mixed joint universality property for the tuple of different types of zeta-functions
(one having an Euler product expression and the other without them) was introduced by
Mishou in 2007 (see [16]), and independently by Steuding and Sanders in 2006 (see |19)]).
They obtained that any two holomorphic functions can be approximated simultaneously
by shifts of the Riemann zeta-function ((s) and the Hurwitz zeta-function ((s, «).

Generally speaking, the concept of discrete universality was introduced by Reich stu-
dying the Dedekind zeta-functions in 1980 (see [18]). Mixed discrete joint universality
theorems for zeta-functions are interesting and complicated objects for the investigation,
because an important role is played by arithmetic properties of parameters occurring in
the theorems. Until this moment only few papers related to this problem have appeared.
In the papers [2,3,[11,/12], the discrete mixed joint universality for the collection of periodic
zeta-functions or its subclasses are studied. The authors’ result in [6], which is stated as
Theorem gives a generalization of the result in [2]. While the most general result (at
this moment) for the function ¢(s) and collection of periodic Hurwitz zeta-functions is
contained in [8].

Note that the first attempt to prove mixed discrete joint universality theorem was
made by the first author (see [4]). The proof of universality property there unfortunately
contains incompleteness, but this work is the origin of our present investigation. In fact,
Theorem [2.1]is a generalization of the “corrected” version of [4], as was mentioned in [6].

The present paper is organized in the following way. Since Theorem is clearly a
special case of Theorem [2.3] it is enough to prove the latter. We separate its proof into
two parts: in Section [3| we prove a discrete functional limit theorem which contains the
most part of novelty of this paper, and in Section [ we study the support of the limit

measure and give a proof of Theorem [2.3]

3. Functional discrete limit theorem

For the proof of Theorem we adopt the well-known probabilistic method (see, for
example, [7,[13]), based on joint limit theorems. In this section, we assume @y (s) € M,
and give a proof of a mixed joint discrete limit theorem in the sense of weakly convergent

probability measures in the space of holomorphic functions.
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The function ¢(s) has only finitely many poles, say s1(¢),..., (), and let
Dy,:={se€C:0>00,0 #Rsj(p),j=1,...,1}.

The poles of ¢(s) and of ¢p(s) in the region o > op exactly coincide, and hence the
functions ¢p(s) and ¢p(s + ikh) are holomorphic in D,. Also, the functions ((s, o;;B;)
and ((s + tkh, a;;B;) are holomorphic in

{seC:0>1/2} if ¢(s, oj;*B;) is entire for all j,

Dg =
{seC:0>1/2,0 #1} if s=11is a pole of ((s,;;B;) for some j

(for the arguments, see [5]).
Put s, = (s1,821,...,82,) € C"" a = (a1,...,a,) and B = (By,...,B,). Let D; be

an open region of D, and D, an open region of D;. Write

H

T

= H(D1) x H(D3) x -+ x H(D2),

where H(Dj) denotes the space of holomorphic functions defined on Dj, j = 1,2. Let

Zhr(§r) = Zhr(ﬁwgv E) = ((Ph(Sl), €(5217 aq; %1)7 <o 7C(327’7 Or; %T»

anda on (ﬂr? B(ﬁr))a define

1
T ON+1
where s, + ikh := (s1 + ikh, so1 + ikh, ..., so, + ikh).

Let v be the unit circle on the complex plane C, i.e., v := {s € C : |s| = 1}. Define

Pypr(A) #{0<k < N:Z,(s, +ikh) € A}, AecB(H),

two tori -
Qqyp = H Ypr and g = H Ym
pEP), m=0

with ~y,, = v for all p € P, and v, = 7 for all m € Ny, respectively. Further define
Qpp = Qyp X Qo1 X -+ X Qo

where (29; = )y for all j = 1,...,r. By the Tikhonov theorem, the tori {15, and 2
are compact topological Abelian groups (see Lemma 5.1.5 in [9]) with probability Haar
measures m; and m s defined on the spaces (11, B(Q17)) and (22, B(22)), respectively.
Therefore the torus 2, is also a compact topological Abelian group, and, on (., B(2,)),
there exists a probability Haar measure m’}h. Here m}ﬁr ‘= Mp1p X Mo X -+ X Mgy
with mpa; = mpa, j = 1,...,r. This leads to the probability space (Qy,, B(Qy,.), m%.).
For the elements wyj, € 2y, and wy; € Q;, denote by wyp(p) and wy;(m) the projections

to the coordinate spaces v, for p € P4, and ~,, for m € Ny, respectively.
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Let wy, = (wip, w21, - .-, war) € Q.. For s; € D1 and wyy, € Qyp,, define

g(k) () e\ !

pn(swin) == ) Ckwlh = 1T 11 (1 - sjjizggﬁlg)](cy(}]k))) '
keN,, keNy, j=1

This series, for all wyp € 45, converges absolutely for Rs; > 1. From the properties of

Dirichlet series it follows that this series converges uniformly almost surely on any compact

subsets of Dj. Therefore, ¢, (s1,w1p) is an H(Dq)-valued random element defined on the

probability space (1p, B(Q14), main). On (Qa;, B(Q2;), mu2;), define

o0
bmjwa;j(m) :
(25, aj, wa;; Bj) == Z:OW s2j € D2, j=1,...,7
m=

for wy; € Q;, which is an H(D5)-valued random element (for the details, see [10]).
Now, on the probability space (L., B(Qy,), m%,), define an H,-valued random ele-
ment Z;,.(s,,wp,) by the formula

Zhr (§r7 Qhr) = Zhr (§r y Q& Whps ﬁ)

= (on(s1,w1n), ((s21, a1, w213 B1), . . ., {(S2r, O, wr; By) ).

Let Pgzp, denote its distribution, i.e., Pgzp, is the probability measure on (H,,B(H,.))
defined by

PZ/W(A) = m%r{ghr € Qhr : Zhr(ﬁraghr) € A}’ A€ B(Er)

The aim of the present section is to show the following mixed discrete joint limit
theorem in the sense of weakly convergent probability measures in the space of holomorphic

functions.

Theorem 3.1. Let pp(s) € M. Suppose that, for h > 0, exp {2%} is a rational number.
Let the numbers aq,...,a, be algebraically independent over Q. Then Pyp, converges

weakly to Pzp, as N — oo.

The basic structure of the proof of this theorem is similar to those of same type of
discrete limit theorems for ¢(s) (Theorem 4 in [6] and Theorem 5 in [8]). Therefore we
skip some standard details, and focus onto the points which are novel and essential in the
present proof.

The first necessary lemma is the following discrete joint limit theorem on the torus

.. The assumptions of Theorem are essentially used in the proof of this lemma.
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Lemma 3.2. Suppose that pp(s), exp{ } and oy, j=1,...,7, are as in Theorem .

Then the probability measure

QNhr( )
N+1#{0§kz§N: ((p_ikh:pE]P’h),((m+aj)_ikh:mENO,jzl,...,r)) GA},

A € B(8y,,), converges weakly to the Haar measure m%, . as N — oc.

Proof. We use the well-known Fourier transform method. The Fourier transform gy, of

the measure Q) np, is defined by the formula

r L
INmr (ks 1) :/Q I1 w’fZ(p)H 11 «57(m) | dQwer,
=Zhr

pEP Jj=1meNy

where k = (kp : p € Pp), [; = (lmj : m € Ng), j =1,...,7, with the condition that only a
finite number of integers k, and [,,; are distinct from zero. Then, from the definition of

QNhr, we have

N
gNh?“(Ealla'-w, Z H _Zkth H m—i—a Zklm]
k: €Py,

7=1meNy

{ —ikh( > kplogp+ Z > g log(m—I—Ozj)) }

= pEP), Jj=1meNy

|Mz

We claim that
(3.1) exp{ —ih< Z k:plogp—kz Z lmjlog(m+aj)>} #1
pEP}, j=1 meNg

when (k,1;,...,1.) # (0,0,...,0). In fact, if (3.1 is not true, then

—ih Z k,logp + ZT: Z lmjlog(m + «j) | = 2mir

pEPy, 7=1 meNyg
for some integer r. Then
>kl +i2z<1(+')——2ﬂ
P plogp 22 mjlog(m + a;) = —— =,
and taking the exponentials, we obtain

(3.2) 1+ T IT 0m + o my_exp< 22?“)

pEP), Jj=1meNy
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Since the right-hand side is rational by the assumption, the algebraic independence of
ai, ..., implies that all [,,,; = 0. Therefore (3.2) reduces to

1 o = exp (=22
pr =exp h .
PEP)

But this is impossible in view of the condition of P,. Therefore (3.1]) is valid, and so,

gnnr(k by 1)
1 l—exp { —i(N+1)h( > pepy, Fplogp + 3771 30 en, bmj log(m + o))}
N+1  1—exp{ —ih(X ep, kplogp + D71 > men, lmjlog(m + o)) }

On the other hand, if (k,{;,...,l.) = (0,0,...,0), then the left-hand side of (3.1) is clearly

equal to 1. Thus we have

. 1 if(k?ll""’LT):(9797""9)’
lim gNhr(Evlla‘-'vir) =
N—ro0 0 otherwise.

This and the continuity theorem for probability measures on compact groups prove the

lemma. O

Suppose that o > 1/2 is fixed, and let

vi(m,n) = exp {— (7:)01} for m,n € N

and
N o1
va(m,m, o) —exp{— (m—l—aJ) } formeNy,neN j=1,...,7.
n+ q;
Define, for n € N and a fixed @y, = (W1p,Wo1, - . ., W2r) € Ly,
o crvr(k,m) ' o bmjva(m,n, o)
(ph,n(sl) = Z Ta Cn(SQj’O‘ja%j) = Z (m—l—aj)S?J' )
keN,, meENy
—~ Ckalh k U1 k,n
Pha(s1,810) = Y (kll (k)
kEN,,
and

bmijL)Qj (m)vg(m, n, Oéj)
(m + ;)52

Cn(SQj,aj,agj;%j) = Z , j:1,...,7".
meENy

These series are absolutely convergent when the real parts of the variables are greater than

1/2 (for the comments, see [5]). Now we consider the weak convergence of the measures

1
PNh,n(A) :

- m#{o <k < N:Zy (s, +ikh) € A}
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and

N+ #{O<k<N Zpy (8, +ikh,&y) € A}

for A € B(H,), where

Zhrn(5,) = (@hm(s1)s Cals21, 015 B1), - . -, CalS2r, 00s By))

and

Zpy (80, @py) = (@ (51, D18), Cals21, 01, D213 B1), - - -, Cn(S2r, A, Wor; By)).

Lemma 3.3. Suppose that the conditions of Theorem hold. Then, for all n, Pnpy
and ﬁNh,n both converge weakly to the same probability measure, which we denote by P,,
n (H,B(H)) as N — oc.

Proof. Because of the absolute convergence of the series for ¢, ,,(s), ©nn (s, @11), Ca(s, oj;
B;) and (n (s, aj, Waj;B;), we can use Lemmaabove and Theorem 5.1 in [1], and argue
in a way similar to the proof of Lemma 3.2 in [5] (see also Lemma 3 in [8]), to obtain the

statement of the lemma. O

Now we need to pass from Zy,.,,(s,) to Z,(s,) and from Z, . (s,,ws,) to Z,,(s,,Wp,),
respectively. This can be done by using the approximation method together with Lem-
ma For this purpose, we introduce a metric on H.,..

It is known that, for any open region G C C, there exists a sequence of compact sets
{K;:1e N} CGsuch that G = J;2, K, K; C K44 for all 1 € N, and, if K is a compact
set, then K C K; for some [ € N. For the functions f(s),g(s) € H(G), let

& e I7(5) — g(5)
eclh0) =2 2 T — o

Set o1 = op, and g2 = op,. For f = (f1, fo1,..., f2r) and g = (g1, 921,...,92-) € H,,

o(f,g) = max {@1(f1,g1) nax QQ(f?]ngJ)}

Then o(f, g) is a metric on the space H,. which induces its topology of uniform convergence

on compacta.

Lemma 3.4. Under conditions of Theorem the following relations hold:

N

ZE(Zhr(ﬁr + ikh)azhr,n(gr + lk‘h)) =
k=0

lim li
gl 57

and, for almost all wy,, € Qy,.,

lim lim sup
n—oo N—o0o

N
Z Zhr S +ikh,wh), Zpy (5, —l—ikh,gm)) =0.
1=
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To prove this lemma, we need some elements from ergodic theory. Let
frr ={@ " pePp),(m+a;) ™" :meNg,j=1,...,7)} €,

and, on the probability space (Qp,., B(Q,,.), m". ), define the measurable measure-preser-
ving transformation ®,: Q,, — Q,, by the formula ®;,(w;,) = frrwy, for w,, € Q.
Recall that a set A € B(£2,,) is called invariant with respect to ®, if the sets A and
®y,,-(A) differ only by a set of zero m%r—measure, and the transformation &y, is ergodic if

its o-field of invariant sets consists only of sets having m’}h,—measure equal to 0 or 1.

Lemma 3.5. Suppose that « is transcendental, h > 0, and exp{%’r} 1s rational. Then

the transformation ®y,. is ergodic.

In the proof of this lemma, again the conditions for « and exp {27”} play the essential

role. Therefore we give the full details.

Proof of Lemma [3.5] Let x be a non-trivial character of €. In the proof of Lemma [3.2

we have already known that such characters are given by

r

Xwi) = [T oz T TT wsy’ (m)

pEPy Jj=1meNy

with only a finite number of integers &, and l,,; distinct from zero, where wy,, = (w1, wa1,

c W), Wip € Qip, woj € Q5. Therefore,

X(frr) = eXp{ - ih( Z kplogp + ZT: Z L log(m + aj)> }

pEP), Jj=1meNy

As in the proof of Lemma (see the equation (3.1])), under the assumptions for « and
exp {2%}, we have that

(3-3) X(fhr) # 1

for (k,l;,...,L.) # (0,0,...,0).
Denote by II4 the indicator function of the set A, and by ﬁA(X) its Fourier transforma-
tion. Let A € B(£2,,) be an invariant set of the transformation ®;,. Then we have that

Ia(frrwp,) = La(wy,) for almost all wy, € .. Therefore we obtain that

~

Ta(x) = /Q 3 (@) L4 (a1 (i) = / N JLaFrron, ym, (day )

Qhr

— X(fu) / (@) LA (@)l (de) = X (Far)TA(0).

Qhr

Hence, in view of (3.3)), for the non-trivial character x, we have ﬁA(x) =0.
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Now let xo be the trivial character of Q,,., i.e., xo(wy,) = 1 for all w, € Q,.. Put
uA ZEA(XO)- Taking into account the equalities

1 if x = xo,

/ N(wp)mly (duy) =4
Qhr 0 if X 7& X0,

and the fact /]I\A(X) = 0 for x # xo, obviously we obtain that

~

Ta(x) = ua /Q (@)l (depy)

for every character x of ;.. However the right-hand side is equal to u4(x) (here, we
regard u4 as a constant function on ).

Since the function I 4(wp,) is determined by its Fourier transform Ta (x), it follows that
(3.4) Ta(wp,) = ua

for almost all wy, € Q;,.. This especially implies ug = 0 or ug = 1, because [4(wj,) only
takes the values 0 and 1. Thus from (3.4)) it follows that I4(wy,) = 0 or I4(wy,) = 1 for
almost all wy,,. € Q.. From this we find that m, (A) = 0 or m%, (A) = 1, and, therefore,

the transformation @y, is ergodic. O

Proof of Lemma [3.4] Since the properties of the function ¢y (s) are similar to those of
©(s), in view of Lemma the proof of the lemma goes in the same way as in the proof
of Lemma 3 in [6]. O

On (H,,B(H,)), for A € B(H,), define one more probability measure Py by

#{0<k < N:Zy(s, +ikh,w,) € A}.

~ 1
Pyir(A) = N1l

Lemma 3.6. Suppose that the conditions of Theorem are fulfilled. Then, on (H,,

B(H,)), there exists a probability measure Py, such that the measures Pyp, and ﬁNh'r both

converge weakly to Pr,. as N — o0.

Proof. The lemma is an analogue of Lemma 4 in [6], and can be proved similarly as
Lemma 5 in [2]. O

Proof of Theorem [3.1 Taking into account Lemma [3.6] the proof of Theorem [3.1] will be
completed if we can show that the limit measure Py, coincides with the measure Pzp,.. We
can do this, using Lemma together with the Birkhoff-Khintchine ergodicity theorem,
in a standard way (for the details, see [9,[20]). O
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4. Proof of Theorem

The deduction of Theorem 2.3 from Theorem [3.1] is now rather standard. We first need
the explicit form of the support of the measure Pgzj,. Recall that the support of Pgzp, is
a minimal closed set S C H, such that Pz, (S) = 1.

Let op(s) € S, and K, Kjj, fi(s) and fa;(s) be as in the statement of Theorem
We can find a real number o¢ such that ¢* < o9 < 1 and a positive number M > 0, such

that K is included in the open rectangle
Dy ={seC:o9<o <1t < M}.

Since ¢, (s) € S, its pole is at most at s = 1 (as for the function ¢(s)), then we find that
D, ={s € C:0 > 09,0 # 1}. Therefore, Dy is an open subset of D,. Also we can find
T > 0 such that K5 is included in the open rectangle

Dr={seC:1/2<0<1,|t| <T}.

Now we choose D1 = D) and Dy = D7 in Theorem 3.1, Denote by S, the set of all
functions f € H(Djs) non-vanishing on D)y, or constantly equivalent to 0 on Dys. As a

special case of Lemma 5.2 in [7] (when all I(j) =1, j=1,...,r, i.e., A =r), we have

Theorem 4.1. Suppose that a1, . . ., . are algebraically independent over Q, and exp {27“}
is rational. Then the support of the measure Pyp, is the set Szp, = S, x H"(Dr).

To complete the proof of Theorem we use the following well-known Mergelyan

theorem on the approximation of analytic functions by polynomials (see [15]).

Lemma 4.2. Let K C C be a compact subset with connected complement, and f(s) be a
continuous function on K which is analytic in the interior of K. Then, for every ¢ > 0,

there exists a polynomial p(s) such that

sup [ f(s) — p(s)| <e.
seK

Proof of Theorem [2.3 Since the function fi(s) # 0 on Ki, by Lemma there exists
the polynomials pi(s) and pg;(s) such that

(4.1) sup [fi(s) — e @] < S and  sup |fo;(s) —pai(s)| < =, j=1,....7.
seK; 2 s€EK2 2

Next we define the set

13 g
G= {(91,921,-~~,92r) € H, : sup |gi(s) — e"¥| < 57 SUp sup |g2;(s) — p2;j(s)] < 2},
s€K; 1<j<r s€Ks;
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which is an open subset of the space H,., and by Theorem [£.1] it is an open neighbour-
hood of (eP*() poy1(s), ..., par(s)) which is an element of the support of Pyzp,y. Therefore,
Pzpr(G) > 0. Moreover, Theorem and an equivalent statement of the weak conver-
gence in terms of open sets (see [1]) together with the definitions of Pnp, and G show
that

1
lim inf <k<N:Z ) > P
im in N+1#{O_k_ Zp (s, + ikh) € G} > Py, (G) > 0,
or
1
lim inf #00 <k < N: sup |on(s +ikh) — P (] < <,
N—o00 1 s€Ky 2
sup sup [((s+ikh,a;;B;) — p2j(s)] < 8} > 0.
1<j<r s€K»; 2
From the last inequality and (4.1) we obtain the assertion of Theorem O

5. Final remarks

We can generalize Theorem to the following direction (as in [8]). Suppose that «; is
a real number such that o € (0,1), j = 1,...,r. We construct the collection of periodic
Hurwitz zeta-functions ((s,a;;%Bj;) by, for each parameter o, j = 1,...,r, attaching a
collection of periodic sequences Bj; = {byj; € C:m € No}, [ =1,...,1(j), where [(j) is a
positive integer.

Because the proof of the following general mixed discrete joint universality result is
quite similar to that of Theorem we give only the statement.

Let A :=1(1)+---+1(r), and, for periodic sequence B;;, k;; be the minimal period for
coefficients by, j; for each j =1,...,7, 1 =1,...,1(j). Let k; be the least common multiple

of periods kj1, ..., kj;), and

biji bz - b
I T

Bj = 1 272 231G) , J=1,...,r
brjj1 kg2 b5

Theorem 5.1. Suppose that pp(s) belongs to the class §, exp{%’r} is rational number
for h > 0, ai,...,a, are algebraically independent over Q, and rank B; = I(j), j =
1,...,7. Let Ky be a compact subset of D(c*,1), Kaj; be compact subsets of D(1/2,1),
l=1,...,1(), all of them with connected complements. Suppose that fi(s) € H§(K1) and
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f2j1(s) € H(Kaj1). Then, for every e > 0, it holds that

lim inf <k<N: ikh) —
imin N+1{O_ < sseufglsoh(sﬂ ) — fils)] <&,
sup sup sup [((s+ikh,a;;B5) — fa(s)] < 5} > 0.
1<5<r 1§l§l(]) SEKQJ'[
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