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Sheaf Theoretic Compactifications of the Space of Rational Quartic Plane

Curves
Kiryong Chung

Abstract. Let Ry be the space of rational plane curves of degree 4. In this paper, we
obtain a sheaf theoretic compactification of R4 via the space of a-semistable pairs on
P? and its birational relations through wall-crossings of semistable pairs. We obtain

the Poincaré polynomial of the compactified space.

1. Introduction

1.1. Compactifications and results

Let R4 be the space of irreducible rational plane curves of degree d. The space Ry is an
irreducible variety of dimension 3d — 1 [16]. One of very famous compactification of Ry is
so called the moduli space of stable maps, which is a key role in the curve counting theory.
For the detailed description, see [11]. This compactification is motivated by viewing the
rational plane curve with its unique normalization map (up to isomorphism). In this
paper, our aim is to obtain a sheaf-theoretic compactification of R; and its birational
relations. In this case, the curve is regarded as the pair of the direct image sheaf of the

normalizaition map and its canonical section. In detail,

(1) let M(dm + 1) be the moduli space of stable sheaves F' with Hilbert polynomial
X(F(m)) =dm + 1 and

(2) M“(dm+1) be the moduli space of a-semistable pairs (s, F') with Hilbert polynomial
X(F(m)) =dm+ 1.

For explicit definition and properties, see Section [2l Note that all of these moduli spaces
are projective schemes [14}|17,/21]. For the irreducible plane curve C of degree d, let
n: C¥ — C be the normalization map such that C¥ = P!. Then the pair (resp. sheaf
n«Ocv) (8,n:Ocv) with the unique section s € H(n,Ocv) is a-stable (resp. stable) for
any positive parameter o > 0 [2, Proposition 3.18]. That is, we have natural injective

maps

Ry C M(dm+1); [C]— n«Ocv and Ry C M*(dm +1); [C]— (s,n.Ocw).
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Let us denote My (resp. M) by the closure of the rational curves space Rg in the moduli
space M(dm + 1) (resp. M*(dm + 1)).

Problem 1.1. Study the geometry My via its variations spaces Mg.

Remark 1.2. For the degree is d < 3, one can easily see that all of a-stable sheaves spaces
M are isomorphic to My. For d = 1 and 2, the space My is isomorphic to the complete
linear system |Opz2(d)|. The space M3 is isomorphic to a P®-bundle over P2. Here the fiber

PS parameterizes the rational cubic curves passing through a singular point of P2.

For the higher degree cases since there does not have any systematic method to study
the geometry of My, we do the work for case d = 4 firstly. We will prove that there
exists a divisorial contraction among M. Let us state the main theorem of this paper.
For sufficiently large parameter o > 1, let denote by M3‘>>1 = Mj. It is known that
the space M is isomorphic to the relative Hilbert scheme of (d — 1)(d — 2)/2-points
over the complete linear system |Op2(d)| (see [14, Section 4.4]). We call that a birational
contraction is a smooth blow-down whenever the two birational varieties are locally smooth

around the exceptional divisor and its image in the target space.

Theorem 1.3 (Proposition . Under the above notation, there exists a smooth blow-
down

pr: M — My
where the exceptional divisor parameterizes the pair of the (degenerated) rational cubic

curve and the collinear three points.

The key ingredient of the the proof of Theorem is the analysis of the restrictions of
pair wall-crossing of M“(4m + 1). Using this fact, one can compute the virtual Poincaré
polynomial of the space My (see Corollary .

Corollary 1.4. The virtual Poincaré polynomial of My is given by
14262 4+ 5t 4 865 4 1145 + 12610 1 13412 1 1341 1 11410 4 7418 4 3620 422,

Question 1.5. Find out a smooth resolution of the space My and study its geometry in

the view point of curve counting theory.

In the introduction part of the paper [8], Diaz and Harris have already mentioned the

necessity of a good compactification of the space Ry for the intersection theory.

1.2. Stream of the paper

In Section [2] we explicitly propose relevant spaces and review its properties. In Section [3]
we prove our main theorem by analyzing the wall-crossing of a-stable pairs on P2. In
the last section, as presenting the special fibres by using Macaulay2 [12], we calculate the

Poincaré polynomial of My.
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2. Relevant moduli spaces

In this section, we collect known facts for the proof of Theorem

2.1. Kronecker quiver and Hilbert scheme of cubes

Let N := N(3;2,3) be the moduli space of the space of sheaf homomorphisms (so called,

the Kronecker quivers)
(2.1) Op2(=2)%? — Op2(—1)®3

up to the action of the automorphism group GLg x GL3 /C*. It is known that N is
a smooth projective variety of dimension 6 [9]. On the other hand, let Z be a finite
subscheme of P? of length 3. Since a resolution of a general ideal sheaf I7(1) twisted by
Opz(1) is of the form (2.1)), the moduli space N is birational to the Hilbert scheme H[3] of
three points in P2. The classification of locus in H[3] are very well-known. We list some

loci which we will use later. Let z, y, 2 be the homogeneous coordinates of P2.

(a) Let Dy be the locus of collinear three points on P2 which is isomorphic to a P3-bundle

over P2.

(b) Let Ds be the locus of curvilinear three points which is isomorphic to C* x C-bundle

over P2, The general element is of the form (2%, xy,y? — zx).

(c) Let D3 := D3\ D3 be the locus of the non-curvilinear three points which is isomor-

phic to P2. The general element is of the form (2, zy, y?).
An explicit birational relation between H[3] and N has been studied in [18§].

Proposition 2.1. [18, Section 6] Under the above notation, there exists a smooth blow-
down morphism
t:H[3] - N

which contracts the fiber P? of the exceptional divisor Dy .

2.2. The moduli of stable maps space

Let C be a projective connected reduced curve. A map f: C — P" is called by stable if
C has at worst nodal singularities and | Aut(f)| < oco. Let M(P",d) be the moduli space
of isomorphism classes of stable maps f: C' — X with genus g(C) = 0 and deg(f) = d.
The space M(P", d) has been widely studied in [11]. In special, the space is compact and
naturally contains the space Ry as a dense open subset because the normalization map of

an irreducible rational curve has the trivial automorphism.
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2.3. Summary of the result in [4]

Let X be a projective variety with a fixed ample line bundle Ox(1). Let

dim X

X(F(m)) = (-1)" dim H*(F(m))

k=0
be the Hilbert polynomial of the coherent sheaf F' € Coh(X).

Definition 2.2. A pair (s, F), s € H(F) is called a-semistable if F is pure and for any
subsheaf F’ C F, the inequality

X(F'(m)) +0-a _ x(F(m)) +a

(22) r(F") - r(F)

holds for m > 0. Here § = 1 if the section s factors through F’ and § = 0 otherwise.
When the strict inequality holds, (s, F') is called an a-stable pair.

It is well-known that there exists a projective scheme M*(P(m)) parameterizing S-
equivalence classes of a-semistable pairs with Hilbert polynomial P(m) (see [17, Theo-
rem 4.12] and |14, Theorem 2.6]). By decreasing the stability parameter o, one can obtain
a sequence of flips among the moduli spaces of a-stable pairs.

As we let @ =0 in , one can obtain the usual concept of semistable sheaves and
thus the moduli space M(P(m)) which parameterizes S-equivalence classes of semistable
sheaves on X with Hilbert polynomial P(m) (For construction and its properties, see [21]).
In this paper, we deal with the case X = P? and P(m) = 4m + 1. In [4.[7], the authors
studied the geometric properties of M®(4m + 1) and M(4m + 1) using the wall-crossing
of pairs. It turns out that there exists a unique wall at « = 3 |4, Lemma 3.1]. Let us

summarize the result for later use.

(i) (see |14} Section 4.4] and [20]) Let M (4m+1) := M*(4m+1)for @ > 3. The moduli
space M (4m +1) of a-stable pairs is isomorphic to the relative Hilbert scheme H|[3]
of three points on the complete linear system |Op2(4)|. For (s, F') be a stable pair,
the corresponding point in the relative Hilbert scheme H[3] is given by

Mt (4m +1) = H[3], (s,F)~ (Z,C), Z C C =Supp(F), I(Z)=3.

(i) (see |4, Proposition 4.4]) Let M~ (4m + 1) := M*(4m + 1) for a < 3. The forgetful
map r: M~ (dm + 1) — M(4m + 1), (s,F) — F is a smooth blow-up along the
Brill-Noether locus {[F] € My | dim H(F) = 2}.

(iii) (see |4, Section 3.1]) The single flip over M3(4m + 1) is a composition of a smooth
blow-up and a smooth blow-down. Let us denote Y by the blow-up center in M.
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Then Y is isomorphic to a P3-bundle over P? x P? where the base parameterizes
the pair of line and cubic curves and the fiber parameterizes three points on that

line.

Remark 2.3. The image of the blow-up center Y~ in M~ by the forgetful map r in (ii)

parameterizes the stable sheaf F' which fits into a non-split extension:
0—>0c—F—0,—0

for a line L and a cubic curve C. By a simple computation, we see that the image (Y ™)
is isomorphic to a P(Extps (Or, O¢)) = P2-bundle over P? x P9. Also,

1 if [F] € P2\ P,

0 =
R 2 if [F] e P!

and thus Y~ = r(Y ™) by (ii).

In summary, there exists a commutative diagram

(2.3) M(4m + 1)

/\

MF(dm 4 1) < — — M N (4 1)

4m—i—1 M(4m + 1).

Let M¢ be the closure of the space Ry of M$(4m +1) for each o € Q. Then the diagram
(2.3]) has been restricted to

(2.4)

H[3] ;

where 7 : M — HJ[3] is the restriction map of the structure morphism of the relative

Hilbert scheme #[3] — H]3]. The remaining one of this paper is to prove that
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e the restrictions of maps p* and r are an isomorphism,
e the composition of the restriction maps
Pr:=Trop o (p+)_1: MI — My
is a smooth blow-up map and
e the exists a generically bundle morphism 7~ : My — N such that 7~ opp =ton™.

Remark 2.4. For the degree case d > 5, it is natural work to to find an explicit birational
relation among the spaces M§. It might be helpful to use a geometric description of the
wall-crossings of M*(dm + 1) for d = 5,6 [3L|4].

3. Proof of Theorem

In this section, we analyze the restricted diagram in (2.3)) during the wall-crossing. One
of main method is to use the elementary modification of sheaves coming from the family

of stable maps.

3.1. Some lemmas via stable maps

Lemma 3.1. [2, Proposition 3.18] For the irreducible plane curve C, let f: C* — C
be the normalization map and s € Hom(Og¢, fvOcv) = HY(Ocv) = C be the canonical
section. Then the pair (s, fxOcv) is a-stable for all « € Q. In special, f.Ocv is stable.

The correspondence between R4 and the relative Hilbert scheme #H[3] is given by the
following way. For the curve C', the direct image sheaf f,Ocw fits into the short exact
sequence

0= 0c — fiOcv — Q—0

such that dim Q@ = 0. By taking the dual Hom®(—, O¢) in the exact sequence,
0 — Homo(fOcv, Oc) — Home(Oc, Oc) = Oc — ExtH(Q,0¢0) — 0

we have a pair (Z,C), Z C C such that the subscheme Z is defined by the (conductor)
ideal sheaf Iz o = Homc(f«Ocv, Oc¢) (cf. [20, Proposition B.5]).

Example 3.2. Let f: P! — P2 [s: t] = [g3(s,t)s : g3(s,t)t : ga(s,t)] be a map such
that g;(s,t) are homogenous polynomial with respect to s, t of degree i. Then it is
straightforward to check that the conductor ideal sheaf is defined by

IZ = <$27 zy, y2>

where z, y, z are homogenous coordinates of P?.
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Recall that My (resp. MY) is the closure of Ry in M(4m + 1) (resp. M*(4m + 1)).

Proposition 3.3. For each closed point [F] € My,
dim H(F) = 1.
Hence the forgetful map r is an isomorphism M = My.
Proof. Let K4 be the moduli space of stable maps of degree 4 into P?. Let

c—f.p2

lﬂ

Ky
be a flat family of stable maps parameterized by 4. Let ® := (,f): C — K4 x P? be the
push-out map. Then the direct image sheaf F := ®,0¢ is the flat family of pure sheaves
parameterized by K4. The general sheaves parameterized by K4 is stable by Lemma (3.1
Also, HY(F | xp2) = HO(f,O¢) = C. The claim is proved by the below Lemma O

Lemma 3.4. Let S be a small disk in C containing 0. Let F be a flat family of sheaves
on

P'xS—S

with Hilbert polynomial x(F(m)) = dm + 1. Let F be stable sheaves over S except the
origin 0 € S. Furthermore, h°(F|s) = 1 for all s € S. Then the modified stable sheaf at

the origin has a unique non-zero global section.

Proof. Following the proof of |15, Theorem 2.B.1], it is enough to show that, after the
single elementary modification of sheaf F along 0 € S, the resulting center fiber has a

one-dimensional global section space. Let
GCF:=F
be the non-zero maximal destabilizing subsheaf of F'. Then we have a short exact sequence
0—-G—F—H:=F/G—D0.

Let
X(H(m)) =dm+x" and x(G(m))=(d-d)m+1-x"

Then by the maximality of GG, we have

/
1—x >l
d—d — d d —




470 Kiryong Chung

Since h!(F) = 0 and G is supported on a curve in P", h*(H) = 0. That is, h%(H) = x’ > 0.
Also, by above inequality, x’ < 1. If X/ = 1, then it is contradict to the assumption of G.
Thus h°(H) = 0. This implies that h'(G) = 0 because h!(F) = 0. Now, for the modified

sheaf 7/ on P" x S, the central fiber fits into the short exact sequence
0—+H — ]:/|[P>'r><{0} — G — 0.

Therefore h' (F'|prygo1) = 0. That is, h?(F'|pryqoy) = 1. O

3.2. Proof of Theorem

One of simple observation is that the canonical form of rational quartic plane curve with

the prescribed singular points ([1:0:0], [0:1:0], [0:0:1]) can be written as
F(z,y,2) = agz’y® + a1y?2? + a22°2* + aza®yz + agay®z + azwy??

where x, y, z are the homogenous coordinate of P? and ag,a,...,a5 € C. Hence the
projection map 7*: M — H[3] in the diagram (2.4) is generically P5-fiberation over
H[3].

Lemma 3.5. The map
7t M} — H[3]
has a P°-fibration over H[3]\ Dy U Ds.

Proof. Let Z be the universal subscheme of H[3] and ¢: H[3] xP2 — H[3] be the projection
onto the first component. Then, the push-forward sheaf £ := ¢, (I% X Op2(4)) is locally
free of rank 6 away from the union D; U Ds. Indeed, it is straightforward to check that

6 if [2] € H[3]\ Dy U Ds,
hO(I2(4) =47 if[2] € Dy,
7 if [Z] € Dsg
and thus the claim is proved. Now let P(E) := Proj(Sym®(€)) — H][3] be the projective
scheme over H[3]. Then P(€) is a subscheme of M (cf. [14]). Since Ry is irreducible

and the canonical form of rational quartic curve, Ry is a subscheme of P(£). Thus M =
R4 C P(E). Therefore M is also a PS-fiberation away from D; LI Dj. O]

Proposition 3.6. (1) The map
T M4 — N

is a P°-fiberation over N \ t(D3).
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(2) Furthermore, the birational morphism pg: MI — M is a smooth blow-down of

(7H)~1(D1) such that there exists a commutative diagram

P
MI—R>M4

A

H[3] - N.

Proof. Recall that the image of the blow-up center Y~ by the forgetful map r: M~ (4m +
1) — M(4m + 1) is isomorphic to a P2-bundle over P? x P where the base space parame-
terizes the pair (L, C) and the fiber is P(Ext! (O, O¢)) for the line L and cubic curve C.
Considering the image of the stable maps parameterized by K4, the support of the sheaf
FeMnr(Y™) must be Supp(F) = LU Q for some line L and conic Q.

Step 1. Through the elementary modification of stable maps, we prove that

MNOr(Y") =P xP5:=T

where P? (resp. P5) parameterizes lines (resp. coincs) in P2. Main stream of the proof
is the same as that of [5, Proposition 5.10]. For the convenience of reader we address
the detail. Let A be the locus of the stable maps f: C — P? of degree 4 such that the
image is f(C) = L UQ where L (resp. () is a line (resp. conic). One can regard f as the
composition map
f=goh: CQC’%PQ,

where C’ is a pair of lines. Here h is a 2 : 1-covering from L; and a bijection from Ls.
Also, g is a partial normalization map such that the image is g(C’) = LU Q. By applying
the octahedron axiom for the complex f*Qpe — h*Qcr — Q¢, we see that the normal
space of A in M(P?,4) at [f] is identified with

Name2 4,1 = Exté ([g*Qp2 — Qcr], Or(—1)).

On the other hand, let i: Ly C C’ be the inclusion map. By the octahedron axiom for
the complex (i o g)*Qp2 — i*Q¢r — Qr, again, one can easily see that there exists a

quasi-isomorphism between
19" s = Q0] = N pa(~1)[1]
and thus
Nawaez )5 = Hom(N] p2(—1),0r(-1)) = Hom(I1(-1), Or(-1)).
By analyzing the Kodaira-Spencer map

¢: Najme2 ), — Ext!(g:0cr, Or(-1)),
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one can prove that ¢ is injective by using the short exact sequence 0 — Og(—p) —
9:0cr — O — 0, p = LNQ\ f(L1N L) and thus each modified sheaf is non-split
(cf. [6, (4.10)]). Hence after the modification, we have a flat family of stable sheaves
parameterized by P(Na nip2,4)) = Pl-bundle over A. For w € P!, let F,, be the stable

sheaf which fits into a exact sequence
0— Op(-1) = Fy = g.0¢cr — 0.

By Proposition hY(F,) = 1 for each point [w] € PL. Hence F,, & F,, for any point
[w], [w'] € P! by Bézout’s Theorem (see Remark [2.3)). By some diagram chasing, we know

that F}, fits into the short exact sequence

0—>OLuQ—>Fw_>OL_>O

—_—

and thus the claim is proved. Hence the composition map to 7w op™: M(4m +1) — N
factors through M; = My by the rigidity lemma. That is, we have a morphism

m : My — N.

Note that the fiber of [L] € (D7) C N is constantly a P% which parameterizes conics. By
Lemma we know that the map 7~ is a PP-fiberation except the locus Ds.
Step 2. By (1), the normal space of I" in My at [F,,] € My is naturally isomorphic to

Nrmy,Fy = Nypy) /N (F)-

This implies that the blow-up of M4y = MI along I' is nothing but the strict transformation
of the blow-up morphism p~: M(4m + 1) — M~ (4m + 1) because the projectivation of
the normal space Nyp,)/N [x—(F,) determines three points on the line L. In special, the

exceptional divisor E in M+ is a P3-bundle over I'. Then the image pT(E) X ECY™is
+

—~ ., P
still divisor in M and thus MT™ = M™. Note that E is the inverse image (7)~1(Dy)
by its construction. This finishes the proof of (2). O

4. Poincaré polynomial of My

In this section we compute the Poincaré polynomial of My by using Proposition [3.6

4.1. Fibre over the non-curvilinear points

In this section, we describe the fiber of the morphism p over Y; by using the computer
algebra system, Macaulay?2 [12] and hence we compute the virtual Poincaré polynomial of
My.
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Proposition 4.1. Each fiber 7= : My — N over the closed point [Z] € D3 is isomorphic

to a projective space P8,

Proof. We assume that 17 = (z2, 2y, 4%). We prove the claim by presenting a local neigh-
borhood of M containing the fiber p~1([Z]) with the help of the computer system. Let a1,
ag, b, ba, c1, ca be a local affine chart of H[3] at [Iz] = [(x?, zy,4?)] (see [13, Section 3.1]).
The ideal of subschemes parameterizing the points of H[3] around [Z] is generated by three

quadric polynomials:

2 —a1m — agy — ag(by — c2) — ba(be — ay);

(i) qri==z
(ii) g2 = 2y — biz — bay — azcy + bybo;
(iii) g3 := y? — c12 — cay — c1(ba — a1) — by (b1 — c2).
Note that (q1, 92, ¢3)|{a;=b;=ci—0y = Iz for i = 1,2. Let
flz,y,2) = doz* + diz3y + do®y® + dszy® + - - + dgy’z + doa®2? + digy?2?
+ dllxyzQ + digz2® + d13y23 + dyg2?

be the homogeneous polynomial defining the plane quartic curve. Let f,. be the partial
derivatives of f with respect to z (similarly, f, and f.). The rationality condition of the

plane curve provides us the nine resultant conditions

J = (Res(fz,q), Res(fy, ¢:),Res(fz,q;)) fori=1,2,3.

Note that f(z,y,1) = s(x,y) mod (q1,q2,q3) for some quadric polynomial s(z,y) (sim-
ilarly, fy(x,y,1) and f.(z,y,1)). Hence the resultant can be easily computed by using
the computer algebra system, Macaulay?2 [12] and obtain that the ideal J is the defining
equation of M+ around (7+)~1([Z]). The special fiber (7+)~1([Z]) is nothing but

<] + <a17 az, b17 b27 C1, CQ) = <d97 d107 d117 d127 d137 d14>
which defines the space P®. Thus we finish the proof of the claim. O

Remark 4.2. The fiber [Z] by 7~ in the statement of Proposition can be described by
the stable map. As we have seen in Example the conductor ideal of the map

f: Pt — P2, f([s:t]) =[g3(s,t)s : g3(s,t)t : ga(s,t)]

is given by (22, xy,y?) for the general choice of g3(s,t) and g4(s,t). Also the supporting
curve C' = f(P!) is defined by the ideal Ic = (g3(x,y)z — ga(z,y)). Hence the fiber
p~([Z]) contains an open part of P(H(Op1(3) © Op1(4))).
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4.2. The virtual Poincaré polynomial of My

In this subsection, we calculate the virtual Poincaré polynomial of M by using The-
orem Let X be a quasi-projective variety. For the Hodge-Deligne polynomial
Ec.(X)(u,v) for compactly supported cohomology of X, let

P(X) = EC(X)(_t7 _t)

be the virtual Poincaré polynomial of X. For the motivic properties of the virtual Poincaré

polynomial, see [19, Theorem 2.2] and [1, Lemma 3.1].
Proposition 4.3. (1) P(P") = (t2""2 - 1)/(t* - 1).
(2) P(X)=P(2)+P(X\ Z) for any closed subset Z C X.

(3) P(X) = P(F) -P(B) for the étal locally trivial fiberation X — B with the constant
fiber isomorphic to the Grassmannian variety Gr(k,n). Here Gr(k,n) parameterizes

k-dimensional subspaces in the vector space C™.
Corollary 4.4. The virtual Poincaré polynomial of My is given by

1+ 22 + 5t + 8¢9 + 11¢% + 12410 + 13412 + 131 + 11#10 4 7¢1° + 3620 + 22,
Proof. By P(H[3]) = 1 + 22 + 5t* 4 6t% + 5¢% + 2¢10 4 #12 [10] and Proposition

P(N) = P(H[3]) + (1 — P(P?)) - P(P?) = 1 4 % 4 3t* + 3% - 3¢® + 10 4- 12,
Also, from Propositions and we have

P(M,) = P(P%) - (P(N) — P(P?)) + P(P*) - P(P?).

Cooking up these ones, we obtain the results. O

Remark 4.5. The result of Corollary can be also obtained by using Lemma [3.5) and
the birational map pg in Proposition [3.6(2).
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