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Monogenic Binomial Compositions

Joshua Harrington and Lenny Jones*

Abstract. We say a monic polynomial f(z) € Z[z] of degree n > 2 is monogenic if
f(x) is irreducible over Q and {1,6,6% ...,6" 1} is a basis for the ring of integers
of Q(6), where f(8) = 0. In this article, we investigate when a pair of polynomials
f(z) = 2™ —a and g(x) = 2™ —b has the property that f(z) and f(g(z)) are monogenic.

1. Introduction

In this article, unless stated otherwise, when we say a polynomial f(z) € Z[z] is “irre-
ducible”, we mean irreducible over Q. Suppose that f(z) is irreducible with deg(f) =
n > 2 and f(f) = 0. We let A(x) denote the discriminant over Q of x € {6, f, K}, where
K = Q(#). Then the following equation is well-known [6]:

(1.1) A(f) = A0) = [Z  Z]0])* A(K),

where Z is the ring of integers of K. We say a monic polynomial f(z) € Z[x] is monogenic
if f(z) is irreducible and [Zg : Z[f]] = 1; or, equivalently from (1)), that A(f) = A(K).
In this situation, {1,6,62,... 0" 1} is a basis for Zy referred to as a power basis. We say
that a field K is monogenic, if there exists an irreducible polynomial f(z) with f(«) =0,
such that {1,a,a2,...,a" !} is a basis for Zg. There is a subtle difference here and
we caution the reader that although f(x) being monogenic implies that K = Q(#), where
f(#) = 0, is monogenic, the converse is false. For example, let f(z) = 2? —5 with f(a) =0
and g(z) = 22 — x — 1 with g(8) = 0. Observe that Q(a) = Q(3), and let K = Q().
Note that g(z) is monogenic since it is well-known [21] that {1, 8} is an integral basis for
Zg. Consequently, K is monogenic. However f(x) is not monogenic since {1, a} is not an
integral basis for Zg [21].

The existence of a power basis facilitates calculations in Zg. A classic example is the
cyclotomic field K = Q((), where ( is a primitive nth root of unity [30]. We see from ([1.1])
that if A(f) is squarefree (that is, an integer not divisible by the square of any integer

larger than 1), then f is monogenic. For any fixed degree n > 2, the density of monogenic
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polynomials is 6/72 ~ .607927 [4]. However, determining infinite families of degree-n
monogenic polynomials can be difficult, and much research has been done to locate such
families [1}2,5,[8,[10k/12}13,/16,(17,23}29].

Despite the difficulty in determining conditions under which a single family of degree-
n monogenic polynomials exists, we are inspired by research concerning power bases of
relative extensions [9}/11}/14,/15|19,26] to ask the following related question:

L9 Is it possible to characterize polynomial pairs (f, g)

(1.2 such that both f(x) and f(g(z)) are monogenic?
We see that, with g(z) = z, encompasses the original question concerning the search
for infinite families of degree-n monogenic polynomials. Therefore, we would expect a
complete answer to to be intractable. Nevertheless, progress is possible under suitable
restrictions. We focus here on the situation when both f(z) and g(z) in are binomials.
It is perhaps somewhat surprising that, without further restrictions, even this seemingly
easy setting is extremely complicated. The following recent result of Gassert [17], which
can be viewed as the special case of with g(z) = x and f(x) = 2™ — a, provides both

evidence for this complexity and motivation for our investigations.

Theorem 1.1. [17] For any integer n > 1, the polynomial ™ — a € Z[x| is monogenic if

and only if a is squarefree and aP % a (mod p?) for all primes p dividing n.

Remark 1.2. Bardestani 3] had previously examined the situation when both n and a are
primes.

In this article, we use Theorem [I.I] and some additional new machinery to give sets of
conditions for when both f(z) = 2" —a and T (z) := f(g(z)) = (2™ —b)" —a are monogenic,
under certain restrictions on a, b, m, n. Each of our three main theorems provides an easy
and quick algorithmic test to determine when f(z) and 7 (z) are monogenic; and, with
the exception of the calculation of primitive sixth roots of unity modulo a prime in the
third theorem, these tests involve only the coefficients and the degrees of the polynomials

in the composition. More precisely, we prove

Theorem 1.3. Let a,b,m,n € Z with m,n > 2, and let k(%) denote the squarefree kernel
of x. Let f(x) =a" —a, g(x) =2™ —b and T (z) = f(g(x)). If

(1) a is squarefree,
(2) aP # a (mod p?) for all primes p dividing n, and
(3) &(|m((—=b)™ —a)|) divides an,

then f(x) and T (x) are monogenic.
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While the conditions given in Theorem [I.3] are sufficient, the conditions given in The-
orems [I.4] and [I.5] are both necessary and sufficient.

Theorem 1.4. Let a,b,m € Z with a # 0 and m > 2, and let m = m/ ged(2a,m). Let
f(@) =2*—a, g(x) = 2™ —b, T(z) = f(g9(z)) and suppose that k(lam|) = x(|b* — al),
where k(*) denotes the squarefree kernel of the positive integer *. Then f(x) and T (x)

are monogenic if and only if all of the following conditions hold:
(1) a is squarefree,
(2) a#1 (mod 4),
(3) b2 —a # 0 (mod p?) for all primes p dividing m,
(4) —(2b)P*! + 3% + a #£ 0 (mod p?) for all primes p dividing M.

The polynomials 7 (x) in Theorem are trinomials and much research has been
conducted concerning the mongeneity of trinomials (see [24] and the references therein).
Although necessary and sufficient conditions for a trinomial to be monogenic have been
given in [22], Theorem gives easier and more straightforward conditions to check the
monogeneity of the particular trinomials in Theorem We should also point out that
there is no overlap with the trinomials in a more recent examination in [25] and the
trinomials arising from Theorem

Theorem 1.5. Let a,b,m € Z with a # 0 and m > 2, and let m = m/ ged(3a,m). Let
f(z) =23 —a, g(z) = 2™ —b, T(x) = f(g9(z)) and suppose that r(|lam|) = k(|b> + al),
where Kk(x) denotes the squarefree kernel of the positive integer *. Then f(x) and T (x)

are monogenic if and only if all of the following conditions hold:
(1) a is squarefree,
(2) a# £1 (mod 9),
(3) b3 +a # 0 (mod p?) for all primes p dividing m,
(4) a#3 (mod 4) orb#3 (mod 4) if m =0 (mod 2),

(5) AC+B+b+a#0 (mod p?) for all primes p dividing m with p =1 (mod 6) and

each primitive sizth root of unity ¢ modulo p, where

A= (=1)PtD/29 . 3Gp=1)/23p 4 gptlp2ptl | (_3)(p+1)/2pp+2,
B = (—1)P=1)/236p=1)/2p3p 4 (_3)(p+1)/2,
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Although the following corollary, whose proof we omit, is not much more than an
observation from Theorems [1.4] and we state it formally to point out the fact that it
prescribes a method for constructing infinite collections of monogenic or non-monogenic
polynomials from these theorems. These collections are not “families” in the traditional

sense of the literature since the members of each collection here have distinct degree.

Corollary 1.6. Suppose that f(x) and T(x) = f(x™ — b) are polynomials such that all
hypotheses and conditions of Theorem (1.4} respectively Theorem [1.5], are satisfied. Then
the polynomial ’T(mmk) is monogenic for all integers k > 1. Similarly, suppose that f(x)
and T (x) = f(z™ —b) are polynomials such that all hypotheses of Theorem respec-
tively Theorem [1.5|, are satisfied, but that at least one of the conditions of Theorem
respectively Theorem fails to hold. Then the polynomial T(xmk) is not monogenic for
all integers k > 1.

All computer computations in this article were done using either MAGMA, Maple or

Sage.

2. Basic preliminaries
The first two theorems are due to Capelli (see Section 2.1 in [28]).

Theorem 2.1. Let f(z) and g(x) be polynomials in Q[z] with f(x) irreducible. Suppose
that f(a) = 0. Then f(g(x)) is reducible over Q if and only if g(x) — a is reducible over

Q).

Theorem 2.2. Letr € Z with r > 2, and let o € C be algebraic. Then x™ — a is reducible

over Q(«) if and only if either there is a prime p dividing v such that o = BP for some
BeQ(a) ord|r and a = —43* for some B € Q(a).

Theorem 2.3. (Dedekind [6]) Let K = Q(0) be a number field, T(x) € Z[z] the monic
minimal polynomial of 0, and Zy the ring of integers of K. Let p be a prime number and
let % denote reduction of * modulo p (in Z, Z|x] or Z[0]). Let
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where the t;(x) € Z[x] are arbitrary monic lifts of the t;(x). Let h(x) € Z[z] be a monic
lift of T(z)/g(x) and set

Then
[Zk :2[6]] #0 (mod p) <= gcd(F,g,h) =1 inFpla].

In general, Theorem does not give enough information to determine if K is mono-
genic. However, Theorem does give precisely the information needed to determine if

T'(x) is monogenic. That is,

Corollary 2.4. T(x) is monogenic if and only if ged(F,g,h) = 1 in Theorem for
every prime p such that A(T) =0 (mod p).

3. Proofs of Theorems , and

Before embarking on the proof of the main theorems, we require some additional machin-
ery. The first lemma, which we state without proof, gives a formula for the absolute value

of the discriminant of the composition of two monic binomials.

Lemma 3.1. Let a,b,m,n € Z with m,n > 1. Let f(z) = 2" — a, g(x) = 2™ — b and
T(z) = f(g(x)). Then

AT)] = [(mn)™"a™ "D ((=b)" = a)™ .

Lemma follows from the formula for the discriminant of the composition of two
arbitrary polynomials which is, as far as we can determine, originally due to John Cullinan
[7]. A proof of Lemma as well as a proof of the more general result, can be found
in [19].

The following lemma gives sufficient conditions for the irreducibility of 7 (x) when f(x)

is irreducible.

Lemma 3.2. Let a,b,m,n € Z with m,n > 1. Let f(z) = 2" —a and g(x) = ™ — b with
f(x) drreducible. If |(—b)" —a| # yP and |(—b)" —a| # 4™y* for any integer y > 1 and any

prime p dividing m, then T (z) is irreducible.

Proof. By way of contradiction, assume that 7 (z) = f(g(x)) is reducible. Suppose that
f(a) = 0so that @™ = a. Then, by Theorem[2.1] g(z) — o is reducible over Q(c). Thus, by
Theorem we have that either a+b = P for some € Q(«) and some prime p dividing
m, or m =0 (mod 4) and a + b = —43* for some 8 € Q(a). Suppose that a + b = BP
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for some 5 € Q(a) and some prime p dividing m. Then, since (z —b)"™ — a is the minimal

polynomial for a + b, we deduce by taking the norm, which we denote as A/, that
(=0)" —al = N (a +b) = IN(B)I,

which is a contradiction since [N (3)| € Z. A similar contradiction is reached using Theo-
rem [2.2|if m = 0 (mod 4) and a + b = —43* for some 5 € Q(«). O

In the next two lemmas, we examine the relationship between the monogeneity of
f(z) = 2™ — a and the monogeneity of T(x) = f(g(x)). In particular, the first lemma

shows that the monogeneity of f(z) is necessary for the monogeneity of T ().

Lemma 3.3. Let f(x) = 2" —a € Z[z], g(x) € Z[z], and T(z) = f(g9(x)). If T(x) is

monogenic then f(x) is monogenic.

Proof. We prove the contrapositive. If 7 (z) is reducible, then 7 (x) is not monogenic. So,
suppose that 7 (z) is irreducible. Let 7(8) = 0, K = Q(#) and Zg denote the ring of
integers of K. Since f(z) is not monogenic, we have by Theorem that either a is not
squarefree or a? = a (mod p?) for some prime p dividing n. In each of these two cases,
we calculate for 7 (x) the polynomial F(z) in Theorem and we denote it as Fr(z).
Suppose first that a is not squarefree and that p is a prime such that @ = 0 (mod p?).
Then

(3.1) T(z)=g(x)" = (H Tz‘(ﬂf)ei> (mod p),

where the 7;(x) are irreducible modulo p. Thus,

prin) = QLr@)' (00 —0)_ (Lney) ata) o

where the 7;(z) are arbitrary monic lifts of the 7;(z). If « is a zero of any 7;(z) in an
algebraic closure of F, then 7;(«r) =0 (mod p). Therefore, from (3.1), we have that

(H Ti(a)el) =g(a)" =0 (mod p2),

since n > 2. Consequently, Fr(a) = 0 (mod p), which implies that [Zg : Z[f]] = 0
(mod p) and T (z) is not monogenic by Corollary

Now, suppose that a? = a (mod p?) for some prime p dividing n. Then

(3.2) T(x) = (9(x)"" )’ = (Hn(ﬂf)“) (mod p),
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where the 7;(x) are irreducible modulo p. Hence,

()¢ — (g(x)" — a
Frte) = L) - wle ~o)

where the 7;(z) are arbitrary monic lifts of the 7;(z). If « is a zero of any 7;(x) in an
algebraic closure of F, then 7;(a) = 0 (mod p) so that (I]; 7s(z)%)” =0 (mod p?) since
p > 2. Additionally, from (3.2)), we have that g(« )"/ P = a (mod p), which implies that

gla)"=a? =a (mod p?).

Thus,
()€ )P n _
TT(O()E (Hle(a) ) _g(Oé) a =0 (HlOdp),
p p
so that 7 (x) is not monogenic by Corollary in this case as well. O

Although the full converse of Lemma [3.3] is not true, the next result shows that, if
f(z) = 2™ — a is monogenic, we only need to check primes that do not divide A(f) when

using Corollary [2.4] to determine whether 7 (z) = f(g(x)) is monogenic.

Lemma 3.4. Let f(z) = 2" — a € Z[z] and g(z) € Z[z]. Suppose that T (x) = f(g(x)) is
irreducible, T(0) =0, K = Q(0) and Zx is the ring of integers of K. If f(x) is monogenic,
then

[Zi :2]0]] #0 (mod p) for all primes p such that A(f) =0 (mod p).
Proof. From Lemma we have that
A = [n"a" 7.

For each of the polynomials 7 (z) and f(z), we calculate the polynomial F'(z) in Theo-
rem [2.3] first for a prime divisor of n, and then for a prime divisor of a. For each of these
primes, we denote this polynomial F'(x) respectively as Fr(x) and Fy(z). Suppose first
that p is a prime that divides n. Then

P
T(@) = (9(x)"? —a)? = (Hn($)6i> (mod p),
where the 7;(x) are irreducible modulo p. Thus,

Hn )% = g(a)"? — a + pr(x)
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for some polynomial 7(x), where the 7;(z) are arbitrary monic lifts of the 7;(z). Hence, in
Theorem we have that

Fr(z) = ’
_ (9@ —a+ pr(@)) ~ (g(a)" ~ a)
p
a+(—a)? — @ n/pyp—j
=t Ry
S R
3 @) (o) — @ ()
j=1
Therefore,
e (4 A
(3.3) Fr(r) = “H O, ?(—uﬂw(g(a:)”/p)p—f (mod p).

Similarly, we have that

(3.4) f(z) = @V —a)P = (H ti(x)ei> = (2™? — a4 ps(z))? (mod p)

for some polynomial s(x), where the ¢;(z) are arbitrary monic lifts of the irreducible factors
t:(z) of f(z). Then the expansion of the right-hand side of (3.4) yields

o _at (P K6
(3.5) Fp(lz) = ———+ Z = (=1)7a? (z™P)P77 (mod p).
p = p
Now, if [Zg : Z[¢]] = 0 (mod p), then there exists a in an algebraic closure of F, such
that

Fr(a)=7i(a) =0 (mod p) for some i.

Hence, g(a)™? —a =0 (mod p), which implies that the sum in (3.3) is identically zero at

z = «. We conclude that

(3.6) ————> =Fr(a)=0 (mod p).

Let 8 = g(a). Then 8P —a =0 (mod p), from which we deduce that ;(8) = 0 (mod p)
for some 4, and that Ff(3) = w (mod p), since the sum in (3.5) is identically zero at
z = (3. But then (3.6) implies that F¢(3) =0 (mod p) so that gcd(Fy, ;) # 1, which, from
Corollary contradicts the fact that f(x) is monogenic. Consequently, [Zg : Z[6]] # 0

(mod p), and the lemma is established for primes dividing n.
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Next, suppose that p is a prime that divides a. Then

T(x)=g(2)" = (H Tz‘(fﬂ)ei> (mod p),

where the 7;(x) are irreducible modulo p, and

67 o < TLm@9)" = 0@ =0 _ ([Ln@))" ~g@)" o
p p p

where the 7;(z) are arbitrary monic lifts of the 7(z). If [Zg : Z[f]] = 0 (mod p), then

there exists o in an algebraic closure of I, such that
(3.8) Ti(a) = Fr(a) =0 (mod p) for some i.

Hence, .
(H Ti(a)ei> =g(a)"=0 (mod p2)

since n > 2. Consequently, from ([3.8)) and ([3.7)), it follows that @ = 0 (mod p?). However,
f(z) = 2™ (mod p), so that

Since f(x) is monogenic, we deduce from Theorem that a is squarefree, which implies

that a # 0 (mod p?). This contradiction completes the proof. O
We are now in a position to present proofs of our main theorems.

Proof of Theorem [1.3] Conditions (1) and (2) imply that f(z) is monogenic by Theo-
rem To show that 7 (z) is monogenic, we show first that 7 (x) is irreducible. To do
this, we examine the prime divisors of (—b)" —a. Let p be a prime such that (=b)" —a =0
(mod p). Then condition (3) implies that p | an. If p | a, then p | b, which implies that
p || (=b)" — a since n > 2 and a is squarefree. If p | n and p { a, then p { b. That is,
ged(ab,p) = 1. Then, if p? | (=b)"™ — a, it follows from Euler’s generalization of Fermat’s
Little Theorem that

™t = (((=0)"Py)P T = (=P =1 (mod p?).

Hence, a”? = a (mod p?), which contradicts condition (2). Thus, (—b)" — a is squarefree,
and by Lemma we conclude that 7 (z) is irreducible.

Finally, Lemma3.1]and condition (3) imply that all prime divisors of A(T) divide A(f).
Then, since f(x) is monogenic, we deduce from Lemma that 7 (z) is monogenic. [
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Proof of Theorem [I4]. First note that since n = 2, conditions (1) and (2) are equivalent to
f(z) being monogenic, according to Theorem We show next that 7 (z) is irreducible,
assuming conditions (1), (2) and (3) hold. If |»* — a| = yP for some integer y > 1 and some

prime p dividing m, then y > 1 since

k(|b? — a|) = k(am) > 1.
Thus, since p | m, we have that p | b> — a so that

Y =b—a=0 (modp),

which implies that p | y, contradicting condition (3). Similarly, |b*> — a| # 16yP for any
integer y > 1 and any prime p dividing m. Hence, we conclude from Lemma 3.2/ that 7 (x)
is irreducible.

Next, we examine primes that divide |A(7)|. By Lemma we have that

[A(T)| = [(2m)*"a™ (b — a)" ).

Thus, to determine when 7 (x) is monogenic, it follows from Lemma and the fact that
k(am) = k(|b? — a|) that we only need to check primes p that divide M. So, let p be such
a prime. Then, since 7 (z) = 2>™ — 2b2™ + b?> — a, we have that

p
(3.9) T(z) = 2™(@™ — 2b) = 2™ (x™/P — 2b)P =z (H Ti(x > (mod p),
where the 7;(x) are irreducible modulo p. Thus,

HTZ ) =am —Qb—l—ps(:c)

for some polynomial s(x), where 7;(x) is an arbitrary monic lift of 7;(x). Therefore, the
polynomial Fr(z) := F(x) in Theorem is

2™ (x™P — 2b + ps(x))P — (22 — 2b2™ + b — a)

Fr(z) = 5 ;
so that
Fr(z) = (—2b)pp— (—2b)xm
(3.10) )
+ azmz p (2™/P)P=I (—2b)7 — p (mod p).

We see from (3.9) that if 7(a) = 0 (mod p), then either & = 0 (mod p), or 7(a) = 0

(mod p) for some ¢, in which case

2b = a™? = (/PP = o™ (mod p)
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and the sum in (3.10) is identically zero. Consequently,

_(#-a) (mod if o =

_ D) if a =0,
11 F = p

(3 ) T(Oé) (_Qb)pp_(_gb) (2b) B (bzp_a) (

mod p) otherwise.

We have from Corollary that 7 (z) is monogenic if and only if neither of the quan-
tities on the right-hand side of (3.11)) is zero, which is easily seen to be equivalent to
conditions (3) and (4). O

Proof of Theorem [1.5 First note that since n = 3, conditions (1) and (2) are equivalent
to f(x) being monogenic, according to Theorem Under the assumption that condi-
tions (1), (2), and (3) hold, an argument similar to the one used in the proof of Theorem [1.4]
shows that T (z) is irreducible by Lemma [3.2]

Using Corollary to determine when 7 (x) is monogenic, we only need to examine

primes p dividing m by Lemma Let p be such a prime. Since
T () = 2™ — 3b2®™ + 3b%2™ — b° — q,

we have that

T(x) = xm((a:m/p)2 — 3b(z™/P) + 362)p (mod p)
=z (Hn(:p)&) (mod p),

where the 7;(x) are irreducible modulo p. Then, expanding (3.12)), we get that

(3.12)

PPr(x) = " ((@"/7)? = 3b(a™ /)y + (80" + V) = T (x)
(313) =M (me + (_3b)17xm + U+ (3b2)p 4 V) _ ’T(;L-)
(=3b)P +3b)a™™ + ((30%)" — 36" + U + V)™ + b° +a,

U= 5 <P) ((2™/P)2)P~ (=3b2™/P) and V = pi (P> ((2™/7)? = 3b(a™/P)) I (36%).
1 =Y

If T(a) = 0 (mod p) for some « in an algebraic closure of F,, we see from (3.12)) that
either
a=0 (modp) or a™P=b(C+1) (modp),

where ( is a primitive sixth root of unity modulo p.
If « = 0 (mod p), then we see from (3.13)) that Fr(a) = 0 (mod p) if and only if
b +a = 0 (mod p?), which is condition (3). Suppose then that o/ = b(( + 1) # 0
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(mod p). We make use of the fact that (2 —(+1 =0 (mod p), and split our analysis into
three cases: p =2, p=1 (mod 6) and p =5 (mod 6). Straightforward computations and

induction arguments yield

3bP¢  (mod p) if p=2,
(3.14) ™ =< (=3)P=D/2p (¢ +1) (modp) ifp=1 (mod 6),
(=3)P=D/2pP(¢ —2) (modp) ifp=5 (mod 6),

96?P(¢ — 1) (mod p) if p=2,
(3.15) o™ = ¢ 3Pp2P¢  (mod p) if p=1 (mod 6),
(=3)Pb?P(( —1) (modp) ifp=5 (mod 6)

and

—18v* ifp=2,
(3.16) V|_, =
0 otherwise.

Since

p—1 D p—1 D
_ 2\D—J(_ap2 J— 2\p—3j /P—J 2NI(_r _1\]
U!m:a—Z(j)@b P (=312 + 1)) Z(j.)(?)b) I3 (~¢ — 1)

J=1 J=1

S (")t c- vy - i S (") =20y

j=1 =1
p—1
—yrer . ()¢ 2 = (- 1 - -2 - 1),
j=1
we also have that
3Ph2P(—4¢ + 2) if p=2,
(3.17) Ul,_, =1432((=3)PD/2_1)((+1) ifp=1 (mod 6),
3% ((=3)P=D/2 £ 1)(¢(—2) ifp=5 (mod 6).

Combining (3.14)), (3.15)), (3.16) and (3.17), and using (3.13)), we get, after some ma-

nipulation, that

(270° — 9 + 2765 — 27B5 + b3 +a if p =2,
(3.18) pEFr(a) = AC+B+b+a ifp=1 (mod 6),
C(+D+b+a ifp=5 (mod 6),
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where
A= (—1)P1)/29 3Gp=1)/2y3p 4 gptlp2ptl | (_3)(pH+1)/2ppt2,
B = (—1)P=1/236p=1)/2p3p | (_3)PH+1)/2,

C = (—1)Pt1)/29. 3Bp=1)/2p3p _ gp+lp2p+l | (_3)(pH+1)/2pp+2,

D = (=1)P=D/236p=1)/2p3p 4 gptlp2p+l 4 (_1)(=1D/29 . 3(p+1)/2pp+2,
When p = 2, the minimal polynomial for ¢ has degree 2, and we see from (3.18)) that

pFr(a)=0 (mod4) = 270°—9v"=0 (mod 4)
— b=0 (mod2) or b=3 (mod4).

However, b = 0 (mod 2) implies that a = 0 (mod 4), which contradicts condition (1).
Thus, b = 3 (mod 4), which in turn implies that a« = 3 (mod 4). It is easy to see that if
a=b=3 (mod 4), then pFr(a) =0 (mod 4). Hence, we arrive at condition (4).

In the case when p =1 (mod 6), we have that { € F, so that the minimal polynomial
for ¢ is a linear polynomial. Thus, we just have from that

pFPr(a)=0 (modp®) <= AC+B+b+a=0 (modp?),

which simply yields condition (5).
Finally, when p =5 (mod 6), we see from (3.18]) that

pFr(a)=0 (modp®’) = C=0 (modp?),
since the minimal polynomial for ¢ has degree 2. We claim that
(3.19) C=0 (modp?) = D=0 (modjp?).
To see this claim, tedious, but straightforward calculations show that

C = (=3)PH1)/2pp+2((—3p2)(P=1)/2 4 1)(2(=3b7)P~1D/2 4 1),

(3.20) D— (_1)(p—1)/23(p+1)/2bp+2((_3b2)(p—1)/2 + 1)((_352)(19—1)/2 + 2).

By Euler’s criterion, we have that
2(—=3b%)P" /2 L1£0 (modp) and (=3b*)PV/2 4220 (mod p).
Thus, if C =0 (mod p?), then either

2 =0 (modp?) or (=3b>)PD/241=0 (mod p?).
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In either case, it follows from ([3.20)) that D = 0 (mod p?), and the claim (3.19) is estab-
lished. Consequently,

pFr(a)=0 (modp®) = b +a=0 (mod p?).

As previously pointed out, if b3 +a = 0 (mod p?), then pF(0) = 0 (mod p?). Therefore,
in this case, no additional conditions are required since condition (3) covers this situation.
O]

4. Examples

Using the ideas from Corollary the following example illustrates how to construct

infinite collections of monogenic and non-monogenic polynomials in the setting of Theo-

rem [T.4]

Example 4.1. Let p be an odd prime such that p — 1 is squarefree. (Note that it is
well-known that infinitely many such primes exist [20,[27].) Let £ > 1 be an integer. Let
a=b=1—pand m=p", so that

k(laml) = w(p(p — 1)) = K(|b* — al).

Then f(z) =22 — (1 —p), g(z) = " — (1 —p) and
T(z) = f(g(x)) = (@ — (1 —p))® — (1 —p) = 2" —2(1 - p)a?" + p(p — 1).

We use Theorem [1.4] to determine when 7 (z) is monogenic. Condition (1) of Theorem [1.4]
is satisfied by assumption. Note also that p = 3 (mod 4) and a = 2 (mod 4), so that
condition (2) is satisfied. For conditions (3) and (4), we only need to check the prime
p using Corollary Clearly, b> —a = p(p — 1) # 0 (mod p?) so that condition (3) is

satisfied. For condition (4), we see that

=21 —pP 431 —p)’ +(1—p) = (p— (2" +3p—4) (mod p?),
and therefore, 7 (x) is monogenic if and only if
(4.1) 2P 4 3p—4#0 (mod p?).

Interestingly, a computer search of the first ten million primes reveals that the only ex-
ception to among primes p = 3 (mod 4), such that p — 1 is squarefree, is p = 79.
Finally, we observe that for each such prime p for which holds, there exist infinitely
many pairs of binomials f(x) and g(z) such that both f(x) and 7 (z) are monogenic, simply
by letting the exponent k range on m = p* to Corollary Similarly, from Corollary

the polynomials T(:L‘mk) are not monogenic for all £ > 1.
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We now give some examples of polynomials that satisfy the conditions of Theorem [I.5]
We outline an algorithm for constructing these polynomials. First choose a # 3 (mod 4)
in such a way that a satisfies Theorem Then choose b to be a multiple of a such
that b3 4 a is squarefree. If x(|b + a|)/a has no prime factors p = 1 (mod 6), then all
conditions of Theorem [I.5] are trivially satisfied and 7 is monogenic. An example of such

a polynomial is
T(z) = 1908162 | 958,1272108 | 997188,636054 4 36054,

If k(|b® + al)/a has a prime factor p =1 (mod 6), then we go on to examine condition (5)
of Theorem If condition (5) holds, then we deduce that 7 is monogenic. An infinite

family of such polynomials is given by
T(z) = 2337 — 182237 4 108257 — 222.

The final example shows that there exist infinitely many pairs of binomials that do
not satisfy the conditions of Theorem

Example 4.2. Let k be a positive integer, and let m = 217%. Let a = 29, and b = —58,
so that [b% +a| = 7-29-31% and k(Jam|) = k(|63 +a|) = 7-29 - 31. Then f(z) = 23 — 29,
g(x) = 2217 4 58 and

T(x) = 27 £ 1742>27" 4 100922217 4 195083,

Conditions (1) and (2) of Theorem are easily confirmed to be true. However, condi-
tion (3) is not satisfied with p = 31. Thus, although f(z) is monogenic, we have that 7 (z)
is not monogenic.

Since k was arbitrary, we have found an infinite collection of pairs of binomials f(x) =
23 —a and g(z) = 2™ — b such that f(x) is monogenic but f(g(z)) is not monogenic. Note
that this process can be duplicated for any other single pair satisfying conditions (1) and

(2), but not condition (3) to arrive at other such infinite collections.

5. Final comments

Although generalizing Theorem to T(x) = f(g(z)) = (™ — b)"™ — a, where n > 3
is arbitrary, seems to be theoretically possible, there appear to be severe computational
obstacles. Even the case when m and n are both arbitrary odd primes presents extreme

difficulty. Nevertheless, along these lines we make the following conjecture.

Conjecture 5.1. Let a,b € Z. Let p and q be odd primes with p = —1 (mod q). Let
flx) = a% —a, g(x) = 2P = b, T(x) = f(9(x)) and suppose that k(lap|) = r([b? + al),
where k(x) denotes the squarefree kernel of the positive integer *. Then f(x) and T (x)

are monogenic if and only if all of the following conditions hold:
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) a is squarefree,

(2) a?—a#0 (mod ¢%),

(3

) b +a #0 (mod p?).

Let ¢ be a primitive 2gth root of unity modulo p. Since p = —1 (mod ¢), the minimal

polynomial for ¢ has degree 2 [18], and therefore we can write

(5.1) (P HC+1)P 1) +1=AC+ B (mod p?).

Conjecture [5.1] will then follow if it can be established that

A=0 (modp?) == B=0 (modp?

in .
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