TAIWANESE JOURNAL OF MATHEMATICS

Vol. 24, No. 4, pp. [1005H1020] August 2020
DOI: 10.11650/tjm /191103

Generic Well-posedness for an Inverse Source Problem for a Multi-term

Time-fractional Diffusion Equation

Zhiyuan Li*, Xing Cheng and Yikan Liu

Abstract. This paper deals with an inverse source problem for the multi-term time-
fractional diffusion equation with a diffusion parameter by using final overdetermina-
tion. On the basis of analytic Fredholm theory, a generic well-posedness of the inverse

source problem in some suitable function space is proved.

1. Introduction and main result

In recent years, more and more anomalous diffusion processes whose mean square displace-
ment (MSD) is of the power type Cot® (0 < a < 1), as t — 0o, were found in many fields:
biology, polymer physics, chemistry, biochemistry and etc. As is known, the MSD of the
processes modeled by the classical diffusion equation behaviors like Ct, as t — 0o, so the
classical diffusion models are inadequate to model these anomalous diffusion. On the other
hand, these anomalous diffusion processes usually admit a non-Gaussian profile in space
which are poorly characterized by the classical diffusion model, for example, [1] pointed
out that the field data in the saturated zone of a highly heterogeneous aquifer indicated
the long-tailed profile in the spatial distribution of densities as the time passes, which
cannot be described by Gaussian processes, see, e.g., [5L/11] and the references therein. In
many attempts for modeling the anomalous diffusion processes mathematically, there is
an effective one named time-fractional diffusion equation (TFDE) which is obtained by
replacing the first-order time derivative by a fractional derivative of order « € (0, 1), that
is,

Ofu—Au=F, (z,t)eR?x(0,00).

Here by 05, we denote the Caputo fractional derivative with respect to ¢:

() = rrmag [ (=) e dr
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and I'(-) is the Gamma function. See, e.g., [25] for the definition and properties of Caputo
derivative. This modified model is presented as a useful approach for the description
of transport dynamics in complex system that are governed by anomalous diffusion and
non-exponential relaxation patterns, and attracted great attention from different areas.
For example, the TFDEs well captured the slow decay in time and non-Gaussian profile
in space for the diffusion in the heterogeneous anomalous medium, see, e.g., [5,11] and
the references therein. For the theoretics, we refer to [3}/10,[21,22,26] and the references
therein. Regarding numerical treatments, we refer to [9,154/19,24].

As a natural extension, the multi-term time-fractional diffusion equation (MTTFDE)
with a linear combination of fractional derivatives is proposed, which is expected to im-
prove the modeling accuracy in depicting the anomalous diffusion due to its potential
feasibility. Regarding physical and practical importance, in this paper, we consider the

following initial-boundary value problem for the MTTFDE

Z?zlqj(x)afju+rAu+B(x)-Vu:F in Q x (0,77,
(1.1) w=0 in Q x {0},
u=0 on 0§ x (0,77,

where we assume € is a bounded domain in R? with sufficiently smooth boundary 05,
and 0 < ay < --- < a1 < 1. The operator A denotes a second-order partial differential
operator, ¢j € W2>(Q),j=1,...,land B € (W22°(Q))4. Moreover r > 0 is a parameter,
and T > 0 is a fixed value.

Owing to its applicability in describing the anomalous diffusion phenomena in highly
heterogeneous media, the MTTFDEs gained increasing popularity among mathematicians
within the last few decades, see, e.g., [8,/12L[14}/17,/18,20,23] and the the references therein.
The article |14] discusses the spatial one dimensional case with constant coefficients where
also the spatial fractional derivative is considered, and establishes the formula of the solu-
tion. In the paper [8], a solution of the corresponding initial-boundary value problem was
formally represented in form of the Fourier series via the multivariate Mittag-Lefler func-
tion introduced in [21]. [23] assumes that the coefficients of the time derivatives are positive
variable to prove unique existence of the solution by the Fourier method of the separa-
tion of the variables as well as the maximum principle and related properties. Later, [20]
obtained a strong type maximum principle by carrying out the fundamental solution ar-
gument. In [18] the authors assert that the multi-term fractional diffusion equation is
completely different from the classical diffusion case in terms of asymptotic behavior.
More precisely, it was shown in [18] that the decay rate of the solutions u to these prob-
lems was dominated by =% as t — oo, while |lu(-,?)| g2(q) is dominated by t =t as t — 0.

In these papers, mainly the case of the symmetric fractional diffusion equations with the
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coefficients of lower order time-fractional derivatives being constants or positive variable
were discussed. The case of symmetric fractional diffusion equations with the variable co-
efficients of time-fractional derivatives was recently considered in [4], where the regularity
estimates of the solution were proved by constructing an integral equation corresponding
to the initial-boundary value problem. [17] complemented the proof for the existence of
the solution and further investigated several properties of the solution. Very recently, [12]
established a Carleman type estimate of the solution by regarding the the lower fractional
order term as a perturbation.

On the other hand, in many cases for the anomalous diffusion model such as ,
the term f(x) models a source term, and it is often unknown and cannot be measured
easily. However, these physical quantities can be identified from some additional infor-
mation which can be observed or measured easily based on the forward problem. Here,
assuming F'(z,t) = f(x)h(x,t), we consider the inverse source problem in determining
spatial component f from final overdetermination data. In other words, our main concern
is
Inverse problem. Provided h is known, we want to identify the spatial component f

from
(1.2) o(x) =u(z,T), z€q.
Throughout this paper, we assume
e h € CH[0,T]; L*°(£2)).
e There exists a constant § > 0 satisfying |h(z,T)| > & > 0 for z € Q.

We fix an arbitrary open interval I C (0,00). Then for arbitrarily fixed r € I, f € L*(Q)
and h € C1([0,T]; L>(£2)), using the regularity of A and modifying the proof in Lemma 2.4
in [13], we can prove that there exists a unique solution u[r, f] € C([0,T]; H*(Q) N H(2))
such that 8" ulr, f] € C([0,T]; L*(2)) and (L.2). Moreover, there exists a constant C' > 0
such that

(1.3) lulr, fllleqom;m2 @) + 105 wlr, fllleqo,mzz @) < Cllfllce@)-

Here and henceforth in this section, C' denotes generic constants only depending on r, d,
{ozj}gzl, {g; ?Zl, Q, T and the coefficients of the operator A. Similar to the argument

in |7,27], we are ready to state our main theorem.

Theorem 1.1. We assume that h € C1([0,T]; L>=(2)) satisfying |h(z,T)| > 6o > 0 for
a.e. x € Q. We fiz an arbitrary open interval I C (0,00). Then there exists a finite set
E = E(ay,h,I) C I satisfying: Forr € I\ E and ¢ € H*(2) N H}(Q), the problem (2.1))
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with (1.2)) admits a unique solution {u, f} € C([0,T]; H*(2) NHI(Q)) x L*(Q). Moreover,
there exists a constant C = C(r,T,d, o,,q;, A) such that
(1.4) £l 22y + lulr, fllleqom;a@)) + 105 ulr, fllleqom;zze) < Cllell @)

Remark 1.2. The theorem asserts that the well-posedness of our inverse source problem

in the sense of Hadamard holds generically for diffusion constants.

2. Proof of the main theorem

In this section, we will set up notations, review some of standard facts on the fractional
calculus, and prove Theorem Let L?(Q) be a usual L2-space with the inner prod-
uct (-,-) and HY(Q), H}(Q) denote the Sobolev spaces (see, e.g., [2]). Without loss of

generality, we assume ¢ = 2 and consider the following initial-boundary value problem

O u+ q0f*u+rAu+ B - Vu = f(z)h(z,t), (z,t) € Qx(0,7T],
(2.1) u(;c’()) = O, T € Q,

u(z,t) =0, (x,t) € 092 x (0,T7.
We specify the second order elliptic operator A as follows:

d
— Y Oi(aioju), we D(A):=H*(Q) N Hy(Q),
i,j=1

where a;; = aj; € C1(Q), 1 <i,j < d, and there exists a constant ag > 0 such that

d d
a02532‘ < Z ap(2)€i&r, T €Q, £ € R

Since A is a symmetric uniformly elliptic operator, we see that the Dirichlet eigensystem
{An, dn} of Asatisfies 0 < A\; < Ag <--- <\, <---, and the sequence {¢,,}7°; C D(A)
is an orthonormal basis in L?(2). Then the fractional power A7 for v € R can be defined
by

Aty = ZA U, ¢n)fn, u € D(AY) = {w € L2(Q); Y A, ¢n)l” < oo}-
n=1 n=1

Moreover, D(AY) is a Hilbert space with the norm qu”%(m) = 3% A, ¢n)|?. For

any 1 € S := {z € C;p < |argz| < 7} with p € (Fai, 7o), we define an operator

Sn(t): L2() — L?(Q), t > 0 by

o0

Sr(t)a _Z( ¢n) al,l( Anrt® )¢na aeLz(Q),

n=1
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where E, 5(:), a, 8 > 0, is the Mittag-Leffler function defined by

Z z € C.
k:or ak—i—ﬁ

It is known from, e.g., Theorem 1.6 in [25] that term-wise differentiations with respect

to t in the definition of S, (¢) are possible and give

d :_TZA D)t By oy (=A%),

d? Sp(
T _TZ)\ ¢” tal 2Ea1 a1— 1( Aprt® )ana ac L2(Q),

where t > 0 and r € S§. For later use, we also adopt the abbreviation

_ dS,(t)a

d%S,.(t)a
at -’ '

o 1
S (t)a = SV (t)a 5

S"(#)a = S (t)a :=

Lemma 2.1. Letr € S and 0 <t < T. Concerning the above defined operator Sy(t), the

following inequalities hold true.

(a) there exists a constant C > 0 such that

(2.2) 1S (0| £2(0) > £20) < Clr| =17

(b) for 0 <~ <1, there exists a constant C' > 0 such that

(2.3) [AYS ()l 12(0)—r2(0) < Clr| T

(c) for 0 <~ <1, there exists a constant C > 0 such that

(2'4) “A’y_lsﬁk) (t)HLQ(Q)—>L2(Q) < C’r‘l_vtal(l_w_kv k=12,

where || - || 2()—12(q) denotes the operator norm from L2(Q) to L*(Q).

Proof. First, to prove (a), from the definition of the operator S,(t), it follows that

[e.e]

ST(t)a: Z(a ¢n) a1,l ( Aprt® )¢na

n=1

and so

00 C 2
15, DallZaicy = 3 1 00 P1Ears (~3art™)P < 3 [(a,60)P () .

= = 14+ A\rt
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Here in the equation we used the Parseval equality, in the inequality we used

C

E t* T m—
’ 041,1( AnT )| 14\, |T|ta1

if p <argr < (e.g., [25, Theorem 1.6, p. 35]). Therefore
1 2 )
el <3 0o (57 ) = O el
n

which proves ([2.2]).

Next we prove (b). For v € [0,1), again from the definition of the operator S,(t), it
follows that

00
AWS Z %a QSTL al,l( nr75 )QZ)na

and so by an argument similar to the above conclusion we have

o0

||A7Sr(t)aH2L2(Q) = Z A |(a, ¢n)|2‘Ea171(_)‘n7’tal)|2

n=1

00 1 2
< 227 2P —————
<310 o) ()

if u < argr < w. Therefore

Y| Y $OTY 2
1478, (H)all 2 () < 07“_2”_2‘“72 , 0n)|? (W>

— 1+ Ap|rften
< 2y3—2a1y
Clr|™7t" rg§3<<1+n> nzll ,

which proves (2.3). Here we note that max;;>g % <ocoby0<~y<1.
Estimating A7_1S§k) (t) (k =1,2) similarly, in fact, for v € [0, 1], we have

A’Y 1S rz)\ (an tal kECvl,al k+1( nrt )¢n7

and so

”AFY_lSyC) (t)aH%%Q) = 7,2t2(a1—k) Z A%’YKG’? ¢n)’2|Ea1,a1fk+1(_)\n7atal)’2

n=1
( | o9 1 2
< 2,2(a1—k E 2 2
— CT t n:1)‘n |(a7¢n)| <1+)\ Tta1>
< 2(1—7) 12(a1 —k—a17y)
Clr[P* =t max 1+17 § (@, ¢n) I,

n=1

which proves ([2.4]). O
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For any fixed T' > 0, we define an operator A, by

_ o ulr, f1(-,T) N qo*ulr, f1(-,T)
h(-,T) h(-,T)

A.f:

where the function wu[r, f] is the unique solution to the initial-boundary value problem
(2.1). The above definition of A, is well-posed since the problem admits a unique
solution u[r, f] € C([0,T]; H*(Q)NHZ()) such that 85 ulr, f] € C([0,T]; L*(£2)) provided
that h € C1([0,T]; L°°(£)). Then we can rephrase the problem into the following
equation

rAp+ B -V

(2.5) Af @ =f, = ST

where f is unknown.

Lemma 2.2. Let r € I be arbitrary fixved, we see that (2.5)) possesses a unique solution if
and only if there exists a unique solution {ulr, f], f} to (2.1) and (L.2)).

Proof. First, we assume that possesses a unique solution f € L?(2). Substituting the
solution f into (2.1)), then we have a unique solution u[r, f] € C([0,T]; H*(2)). It is not
difficult to prove that that the solution u|r, f] satisfies the observation data u[r, f|(T) = ¢.
For this, we set

o1(x) == ulr, f](z,T), =€

Then we can see that ¢ € H2(Q) N HL(Q). From (2.5), we have

1
h(-,T)

(rA+B-V)(¢—¢1)=0 in Q.

Since (¢ —p1)]an = 0, by Maximum principle for the weak solution (e.g., [6, Theorem 1.35,
p. 22]) we have
p(@) =p1(z), ze

Now we suppose that both {ulr, f1], fi} and {u[r, f2], fa} are two solutions to and
satisfies the same observation data . Then we must have f; = fo. If not, we see
that both fi and f, are solutions to (2.5). Consequently, u[r, f1] = u[r, f2] because of the
unique solvability of the direct problem .

Conversely, we assume that the solution {u[r, f], f} to and exists uniquely.
If fi and fy are distinct solutions to (2.5), then there exist solutions {u[r, fi], f1} and

{u[r, f2], f2} to (2.1)) and (|1.2), which contradicts the unique solvability to (2.1 and (1.2]).
Thus the proof of Lemma [2.2] is completed. O

The solvability of the equation (2.5) can be done by using the analytic Fredholm

alternative from the operator theory. For this treatment, we need establish several lemmas.
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Lemma 2.3. A,: L}(Q) — L?(Q) is compact operator for any r > 0.

Proof. Since u := u[r, f] is the solution of the initial-boundary value problem ([2.1] . by an
argument similar to the proof of Theorem 1 in [4], for any 0 < ¢t < T and r > 0, we find

1/ AV2LG! (f — 7Y (AY2(B - V) dr — - / S (t—1)(fh(- 7)) dr
(2.6) 1—a2 / / - 0 — (t—71)" az)A 151/( — =) (Alqu)) dr
- F(l—ag)/o (t=7)" 2 ATIS (¢ = 7)(A(qu)) dr =: 7 ; it f).

We define (B,.f)(z) := h(z,T)(A,f)(x), and we will prove B,: L?(Q) — L*(Q) is a
compact operator for any r > 0. From the definition of A, and noting (2.5, we have

4

(Bef)(x) ==Y L(T;r, f) = B-Vu(r, f)(T) + f(2)h(z,T).
i=1
Since h € C1([0,T]; L*(9)), integrating by part, we obtain

T
| s =) (nt ) dr = 8,7 = ) o)
(2.7) 0

T
—|—/0 S (T —7)(fhr(-,7))dr
Therefore
B.f =—L(T;r, f)— Is(T;r, f) — 14(T;r,f) — B-Vu(-,T)
S.(T) / ST =) (fho (7)) dr

Now choosing ¢ > 0 small enough such that ¢ < 1/2 and ay — ag — aje > 0, from ([2.4)
and ((1.3), we see that

T
I (T, Pl pasy = AT, f)llL20) < ‘/0 A=2SU(T — 7)AYA(B - Vu) dr

L2(Q)

T
< Ol / (T — 7)1 029 oy dr < Col L2y
0
and

T
Va5, D)l s < H | A s - o = -eag) ar

L2(Q)

T
< CITII_E/ (T = 7)1 0771702 | Au(r) || 2oy dr < Crll £l 20y
0
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Similarly, we can prove that

B - Vullpasy < Crll fll2 0
|S-(T)(fR(-, T))Ipasy < Clrl™c (1 fll 2o

and

T =7)(fhe(-,7))dr < Clr[~F [ f 2o

D(A?)

To evaluate A% I3(T'; r, f) we need more technical treatment to the integral in Ig(T' r, f).
In fact, after the change of variable 7 = T'— 7, and letting 7 = n/7, we use and (| .
to derive that

I13(T5 7, )l peas)

T 1
< CT/O |u(T —7)lpea d;/o (T—T’I?)al(l ¢) (( )02 — 7o )?dﬁ

T 1
:cr/ [/ <1n>a1<1—6>—2<n—a21>dn} R P PR YL
0 0

Finally, we prove J := fol(l —n)@-8)=2(p=22 _ 1) dn < co. In fact, we represent .J
in the form

1/2 1
7= [y [ iy
0 1/2

For .J', using the inequality (1 —n)*(1=9)=2 < (%)al(l*s)d, Vn € 0,1/2], we derive
1/2
J < C/ 1)dn < oc.

For J”, using the inequality 722 —1 < C(1 —n)n~*2~1, ¥ € (0,1), which can be proved,

for example, by means of the mean value theorem, we can deduce
J" < C/ al(l €)— (1 _ ) —ag— ldﬁ _ C/ a1(1 g)— 17]7(12 ldn < 0.
1/2 1/2

Collecting the above estimates, we have

1Brfll 12 () < ClIBrflipeasy < Crllfll2 (o)

Since the Sobolev space H?(€2) is compactly embedded into L?(£2), we obtain for any fixed
r > 0, the operator B,: L?(Q2) — L?(f) is compact. Furthermore, since h(z,T) > 6 > 0,
for z € Q, the division operator by h(-,T) is bounded from L%*(Q) to L?(2). As a
result, A,: L?(2) — L%*(Q) is compacted for V7 > 0. Thus the proof of Lemma is

completed. n
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Lemma 2.4. There exists a large R* such that for any r > R*, there exists a constant
0 < 0(r) <1 satisfying
1A fllz2) < 01 fll 220

Proof. First, from (2.2)) and (2.7)), for any 0 < ¢t < T we have

H/ot St~ ) (fhe( 7)) dr

<CA+r ' fllrz@
L2(Q)

t
+C/0 (6 — 7)Y £ 2y dr-

By the above inequality and ([2.6)), and a similar argument used in the proof of Lemma

we can show that
()l pay < Cr='/? /Ot(t =) AYA(B - (7))l 20y dT
+O0T 2+ 77| fll 2 )
+Crt /Ot(t — T)O‘l_’”_erA(qu(T))HL2(Q) dr, 0<t<T.
Denoting @ := min{a; /2, a1 — as}, for r > 1, we obtain
u(®)| peay < Cr | fll 2y + C/Ot(t — )" ()| paydr, 0<t<T,
which combined with the general Gronwall inequality (see, e.g., [25]) implies
(2.8) [u(t)l|peay < Cr "t I fllr2@)y 0<t<T.
From , choosing € > 0 the same as that in Lemma we find
T)Arf
/ ATV2SI(T — 1) (AY2(B - Vu)) dr + /OT ST —7)(fhe(-, 7)) dr

(T)(fh(-,0)) + B -Vu(-,T)

1 T —ao Ae—1 ¢/ o 1—¢
+—IK1__(Mﬁ/g (T = 1)~ A= LSU(T = 7)(A (qu)) dr
T T—1
~r L =@ ar [ -y = Aty an

Using and ([2.4), similar to Lemma we derive
4y < © [ @ =122l +.C [ @ =1yl ar

+CT™ 7 fll 2o + C/ (T = r)m e = b2 A 2u(7) | o) dr.
0
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Noting that ||A1_6U||L2(Q) < Cllullpay, 0 <t < T, the use of the above estimates and

(2.8) leads to
1A fllzz) < Cr 2| fllzeg) + Cr Il 2y + Cr 811 fll 2

Consequently, when 7 > 0 large enough, we deduce 0(r) := C(r~! +r=1/2 4 +7¢) € (0,1).
Thus the proof of Lemma, is completed. O

Now noting that the Mittag-Leffler function is analytic on C, by an argument similar
to the proof of the above lemma, we see that the diffusion parameter r > 0 in the integral
equation can be extended to the complex value r € § := {z € C; u < |arg(—2)| < 7},
where Sa1 < p < may. In fact, we set ug[r, f] = 0, and for £ € N and r € S we inductively
define ug11[r, f](x,t) as follows:

upg1[r, f1(-, 1)

= 1/ ATYSI(t — 1) (B - Vug[r, fI(-, 7)) dr —r~ / ATYSI(t —7)(fh(-, 1)) dr
+m_a2>/ o2 ==y ar [ A==l ()

_1“(1—OQ/A LSi(t =)t = 1) (quilr, f(-,7))dr, 0<t<T.

For any f € L?(f2) and any fixed T > 0, we claim that

lim ug[r, f] is analytic with respect to r € S.
k—ro0

More precisely, we have the analyticity of A,f with respect to the parameter r € S

presented in the following lemma.
Lemma 2.5. The operator A,: L*(Q2) — L*(Q) is analytic in S for any t € [0,T).

Proof. First, noting that the Mittag-Leffler function E, g(z) is analytic, it is easy to see
that Aug[-, f]: S — L%(Q) is analytic. Next, we claim that for any compact set K CC S,
there exist constants C1, M only depending on d, 2, T', K, q, a1, aa, B and the coefficients
of the operator A such that the following estimate

Cletka

[(ursa[r, 1 = ulr, 1 ) llpay < T(1+ak)

is valid for any k € N, ¢ € [0,7], r € K. For simplicity, we let uy := ug[r, f], k € N.
We can prove this assertion by inductive argument. In fact, assuming that the above
inequality holds for k, by (2.4)), similarly to Lemma for any t € [0,T], r € K we have

[Cursalr, 1 = ulr, 1) 0)llpeay
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¢ ' a1 /2—-1
< w1/2 /0 (t —7)™ |B -V (ug[r, f] — uk—1][r, f])('aT)HD(Al/Q) dr

+Clr| /0 (t = 7= | (uglr, f] = wer[r, [, 7)) pgay dr.

Letting @ := min(«1/2, a1 — ae), by induction assumption, and noting that the compact
set K CC S, we have |r|~1/2 is bounded in K, and then

| (ursalr, ] = urlr, FDC 50 peay < CK/O (t =) Yl Culr, f] = up—a[r, [Tl pay dr
¢ a1 C1MF (e
§CK/O(t_T) 1r(11+a(k—1))dT

_ CxCM*Ft ot a—1_(k-1)a
T +a(k—1))/0(t_T) T dr.

Using Fr(gi(ﬁ%) = fol 52711 —5)f~1ds, a >0, B > 0, setting M := CxT'(a), we find

CKClM’“—lf(a) ka Cletka
I'(ak +1) T T(@k+1)

[(ursa[r, f] = wklr, FD(- 5 D)lpay <

Therefore, for any compact set K CC S, Aug[r, f] uniformly tends to a function v[r, f] in
L?(Q2) as k — 0o, hence that v[r, f] is analytic in S. Now we restrict the parameter back
to the real number r > 0. In this case, by uniqueness argument, we find v[r, f] = Aulr, f],
r > 0, where u[r, f] is the solution of the problem . Consequently, Au[r, f] is also
analytic in S. Hence A,: L*(Q) — L?(Q) is analytic in S. O

Proof of Theorem [1.1] From Lemmas[2.3]and and the result on analytic perturbation
to A.: L2(Q2) — L?() (see, e.g., |16, Theorem 1.9, p. 370]), it follows that the following

alternative holds:

(i) There exists a finite set £ = E(a;,h) C (0,00) such that 1 is not an eigenvalue of
A, for all r € (0,00) \ E.

(ii) 1 is an eigenvalue of A, for all r € (0, c0).

Lemma implies that 1 cannot be an eigenvalue of A, for large r, that is, (ii) cannot
occur. Let r € I\ E, we apply the Fredholm alternative to (2.5 to obtain

[ fllz2@) < Cll = rA¢llr2) < Cllell a2,

which combined with (2.8) implies (1.4]). The proof of the theorem is complete. O
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3. Concluding remarks

In this paper, we considered an inverse source problem for multi-term time-fractional
diffusion equations with a diffusion parameter » > 0. This equation can be regarded as
the perturbation of the classical governing fractional equation (i.e., r = 1). By the Mittag-
Leffler function and the eigenfunction expansion argument, we firstly gave an integral
equation of the solution to the initial-boundary value problem, from which we verified the
analyticity of the solution with respect to the diffusion parameter r. On the basis of the
Fredholm alternative, we proved a generic stability result for our inverse source problem
by the use of the analytic perturbation theory. Here we should mention that we do not
know whether I = (). On the other hand, with an arbitrarily fixed » > 0, e.g., r = 1,
we do not know whether there exists a unique pair {f,u} € L?(Q) x H?(f) satisfying
the above initial-boundary value problem and the final observation data u(z,T) = ¢(x).
Furthermore, in the proofs of our results, we need the assumption that all the coefficients
are only x-dependent. It will be more interesting and challenging to consider what happens
with the properties of the solutions in the case where the coefficients are both ¢- and x-

dependent.
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