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Intrinsic Square Function Characterizations of Variable Weak Hardy Spaces
Xianjie Yan

Abstract. Let p(-): R® — (0,00) be a variable exponent function satisfying the
globally log-Holder continuous condition. In this article, via using the atomic and
Littlewood-Paley function characterizations of variable weak Hardy space WH?() (R™),
the author establishes its intrinsic square function characterizations including the in-
trinsic Littlewood-Paley g-function, the intrinsic Lusin area function and the intrinsic
gx-function.

1. Introduction

Based on the variable Lebesgue space, theories of several variable function spaces have
been rapidly developed in recent years (see, for example, [3}4,(10%/12,24]26,37, 38,4043,
44]). Recall that the variable Lebesgue space LP()(R"), with a variable exponent function
p(-): R™ — (0,00), is a generalization of the classical Lebesgue space LP(R™), via replacing
the constant exponent p by the exponent function p(-), which consists of all functions f
such that [, |f(x)[P®) dz < oco. The study of variable Lebesgue spaces can be traced
back to Birnbaum-Orlicz |7] and Orlicz [27], however, they have been the subject of more
intensive study since the early 1990s because of their intrinsic interest for applications into
harmonic analysis, partial differential equations and variational integrals with nonstandard
growth conditions (see [8}/11,/19,/41] and their references).

Particularly, Nakai and Sawano [26] first introduced the variable Hardy spaces HP() (R")
with p(-) satisfying the globally log-Ho6lder continuous condition, and established their
atomic characterizations which were further applied to consider their duals and the bound-
edness of singular integral operators on HP()(R™). Later, Sawano [29] extended the atomic
characterization of HP()(R"), which also improves the corresponding result in [26], and
gave out more applications including the boundedness of several operators. Independently,
Cruz-Uribe and Wang [10] also investigated the variable Hardy space H?C)(R™) with p(-)
satisfying some conditions slightly weaker than those used in [26]. In [10], equivalent
characterizations of H?()(R") by means of radial or non-tangential maximal functions
or atoms were established. Recently, Yang et al. [42] characterized HP()(R"™) via Riesz

transforms with p(-) satisfying the same conditions as in [10].
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It is well known that, when studying the boundedness of some operators in the critical
case, the weak Hardy space WHP(R™) with p € (0,1] is a good substitute of the Hardy
space HP(R™) (see [5}6,(13}/16,123.28,31,/40]). Moreover, the space WHP(R™) was proved
as the intermediate space in the real interpolation between the Hardy space HP(R™) and
the space L*™°(R™) (see [1,/14,[25,46]). Motivated by these, Yan et al. [40] first intro-
duced the variable weak Hardy spaces WHp(')(R”) via the radial grand maximal func-
tion and characterized these spaces by means of maximal functions, atoms, molecules and
Littlewood-Paley functions. As an application, the authors in [40] proved the boundedness
of Calderén-Zygmund operators from the variable Hardy space HP()(R™) to WHP() (R™)
including the critical case. Very recently, Zhuo et al. |[46] proved that the real interpolation
between the spaces H?()(R™) and L>°(R") is just WH?()(R™) by a decomposition for any
distribution of WHP)(R") into “good” and “bad” parts.

On the other hand, the study of the intrinsic square function on several function
spaces has recently attracted many attentions. To be precise, Wilson [33] first introduced
intrinsic square functions to settle a conjecture proposed by Fefferman and Stein [15] on the
boundedness of the Lusin area function S(f) from the weighted Lebesgue space L3, ) (R™)
to the weighted Lebesgue space LZ(R™), where 0 < v € L{ (R") and M(v) denotes
the Hardy-Littlewood maximal function of v. The boundedness of these intrinsic square
functions on the weighted Lebesgue spaces L (R™), when p € (1,00) and w belongs to
Muckenhoupt weights A,(R™), was proved by Wilson [34]. The intrinsic square functions,
which can be thought of as “grand maximal” square functions in the style of the “grand
maximal function” of Fefferman and Stein from [15], dominate all the square functions of
the form S(f) (and the classical ones as well), but are not essentially bigger than any one
of them. Similar to the Fefferman-Stein and the Hardy-Littlewood maximal functions,
their generic natures make them pointwise equivalent to each other and extremely easy to
work with. Moreover, the intrinsic Lusin area function has the distinct advantage of being
pointwise comparable at different cone openings, which is a property long known not to

hold true for the classical Lusin area function; see Wilson [33-36] and also Lerner [20,21].

Later, Huang and Liu in [18] obtained the intrinsic square functions characterizations
of the weighted Hardy space H'(R") under the additional assumption that f € L. (R"),
which was further generalized to the weighted Hardy space, HL(R™) with p € (n/(n +
a),1) and a € (0,1] by Wang and Liu in [32], under the additional assumption that
f € (Lip(a, 1,0))*, where (Lip(c,1,0))* denotes the dual space of the Lipschitz space
Lip(c, 1,0). Recently, Liang and Yang in [22] established the s-order intrinsic square
function characterizations of the Musielak-Orlicz Hardy space H¥(R") in terms of the
intrinsic Lusin area function, the intrinsic g-function, and the g}-function with the best-

known range A € (24 2(a+s)/n,o0), which essentially improved the known results in [1§]
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and [32]. Very recently, Zhuo et al. [45] generalized the corresponding results in [22] to
the variable Hardy space HP()(R™) with X € (3 + 2(av+ 5)/n, 00). Yan [39] generalized to
the weak Musielak-Orlicz Hardy space WH¥(R"™) with the best-known range. In addition,
Wang [30] obtained the boundedness of the intrinsic square function on the weighted weak
Hardy space WHE(R™) with A € (3+2a/n, o0). More applications of such intrinsic square
functions were also given by Wilson [35|36] and Lerner [20,21].

In this article, we establish the intrinsic square function characterizations of the vari-
able weak Hardy space WH?()(R") introduced by Yan et al. in [40], including the intrinsic
Littlewood-Paley g-function, the intrinsic Lusin area function and the intrinsic gy-function
by using the atomic and Littlewood-Paley function characterizations theorems of the space
WHP() (R™) obtained in [40).

To state the results, we first make some conventions on notation. Let N := {1,2,...}
and Z4 := NU{0}. We denote by C' a positive constant which is independent of the main
parameters, but may vary from line to line. We use C(,, ) to denote a positive constant
depending on the indicated parameters a,.... The symbol A < B means A < CB. If
A < Band B < A, we then write A ~ B. If F is a subset of R, we denote by xp its
characteristic function and by EC the set R™\ E. For all € (0,00) and x € R", denote by
B(z,r) the ball centered at x with the radius r, namely, B(z,r) := {y € R" : |[x —y| < r}.
For any ball B, we use xp to denote its center and rp its radius, and denote by AB for
any A\ € (0,00) the ball concentric with B having the radius Arp.

We also recall some notation about variable Lebesgue spaces. For an exposition of
these concepts, we refer the reader to the monographs [8,/11]. A measurable function
p(-): R™ — (0,00) is called a variable exponent. Denote by P(R™) the collection of all
variable exponents p(-) satisfying
(1.1) 0 < p_ :=essinf p(x) < esssupp(z) =: py < 0.

z€R™ ZERN
For a measurable function f on R" and p(-) € P(R"), the modular functional (or,

simply, the modular) o,.), associated with p(-), is defined by setting

b0 = [ 1F@P da
and the Luzemburg (also known as the Luzemburg-Nakano) quasi-norm is given by setting
1100y = LA € (0,09) £ ) (/) < 1}
Definition 1.1. Let p(-) € P(R").

(i) The wvariable Lebesgue space LPC)(R™) is defined to be the set of all measurable
functions f such that || f{[;pc)@n) < oo
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(ii) The variable weak Lebesgue space WLPC) (R™) is defined to be the set of all measurable

functions f such that

I e @ny 5= sup ol Xqaerms@>ap | o gny < 00
a€(0,00)

Remark 1.2. Let p(-) € P(R") and f € LPO)(R™).

@) [1flre) @ny = 0, and || f[| o) (mny = 0if and only if f(z) = 0 for almost every z € R".

(ii) For all A € C, ||)\f||Lp(~>(Rn) = p\‘”fHLP(‘)(R”)'
(iii) For all s € (0,00),
1A ey = I sy
Moreover, for all £ € (0, p],

4 J4 l
1 + 9l gy < 1Ny + 10y

here and hereafter,

(1.2) p:=min{p_, 1}
with p_ as in (I.I). Particularly, when p_ € [1,00), LP*)(R") is a Banach space
(see |11, Theorem 3.2.7]).

The following Fatou lemma of LP()(R™) was obtained in [8, Theorem 2.61].

Lemma 1.3. Let p(-): R" — [1,00) and {fi}ren € LPOR™). If fr. — f as k — oo point-
wise almost everywhere in R and liminfj_, . ka||Lp(A)(Rn) is finite, then f € LPU)(R™)
and

1£1 o> ey < Hmin [ fill ooy en)-

A function p(-) € P(R") is said to satisfy the globally log-Holder continuous condition,
denoted by p(-) € C°8(R"), if there exist positive constants Clog(p) and Cso, and pos € R
such that, for all x,y € R™,

B Clog(p)
Ip(x) — p(y)| < log(e +1/|z —y])
and
() — Poo| < M’

In what follows, denote by S(R™) the space of all Schwartz functions and S'(R™) its
topological dual space equipped with the weak-* topology. For any N € N, let

Fn(R") = {?/) eS®Y: Y sup [(1+[a))V|DPy(a)]] < 1},

pezn |g|<N “ER"
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where, for any 3 := (81,...,8,) € Z, || := B1+--- + B, and DB = (8%1)61 e (%)5"‘
Then, for all f € S8'(R™), the radial grand mazimal function fN 4 of f is defined by setting,
for all x € R",

I+ (@) == sup{|f * Ye(x)] : t € (0,00) and ¢ € Fn(R"™)},

here and hereafter, for all ¢t € (0,00), () :=t™"(- /t).
For any measurable set E C R™ and r € (0,00), let L"(E) be the set of all measurable

functions f such that
1/r
1 fllzr ey = [/E If(ﬂc)”d:z] < 0.

For r € (0,00), denote by L (R™) the set of all r-locally integrable functions on R™. Recall
that the Hardy-Littlewood mazximal operator M is defined by setting, for all f € L%OC(R”)
and x € R",

1
(1.3) M(f)(a) = sup o /B F@)) dy,

B>z

where the supremum is taken over all balls B of R" containing .
Now we recall the definitions of the variable Hardy space (see [26,/45]) and the variable
weak Hardy space (see [40,46]).

Definition 1.4. Let p(-) € C'(R") and N € (n/p + n + 1,00) be a positive integer,
where p is as in (1.2)).

(i) The variable Hardy space HPC)(R™) is defined to be the set of all f € S’(R™) such
that fy , € Lp(')(]R”), equipped with the quasi-norm

1 e @y = N4l o) (-

(ii) The variable weak Hardy space WHP) (R™) is defined to be the set of all f € S'(R")
such that ﬁ;ﬂ 4 € WLP(')(R”), equipped with the quasi-norm

”f”WHP(‘)(]R") = [N+ ’WLP(‘)(R")'

Remark 1.5. (i) The spaces H?()(R") and WHP()(R") are independent of the choice of
N € (n/p+mn+1,00), see 26, Theorem 3.3] and [40, Remark 2.14(i)].

(ii) If p(-) = p € (0,00), the spaces HP()(R™) and WHP()(R") are, respectively, classical
Hardy space HP(R™) and classical weak Hardy space WHP(R™).
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For any s € Zy, C*(R™) denotes the set of all functions having continuous classical
derivatives up to an order of not more than s. For o € (0,1] and s € Z4, let C, s(R™) be
the set of functions ¢ € C*(R™) such that supp ¢ C {z € R" : |z| < 1}, [, ¢(x)2Y dz =0
for all v € Z"} and |y| < s, and, for all 21,2 € R" and v € Z"} with |v| = s,

(1.4) |DY¢(z1) — DYP(x2)| < |21 — 22|

For all f € L. (R") and (y,t) € R% :=R" x (0, 00), let

loc

Ans(f)y,t) = sup |f*de(y)l-

$€Ca,s(R™)

Then, the intrinsic g-function, the intrinsic Lusin area integral, and the intrinsic gy-

function of f are, respectively, defined by setting, for all z € R™ and \ € (0, 00),

%Aﬂ@%={AmeUN%m2ﬁFﬂ,

t

1/2
Sos o) = { [ 14eal0 0 7

and

0@ = { [ [ () "Mt 2

here and hereafter, I'(z) := {(y,t) € RT™ : |y — 2| < t}.

We also recall another kind of similar-looking square functions, defined via convolutions
with kernels that have unbounded supports. For o € (0,1], s € Z4 and € € (0,00), let
Cla,e),s(R™) be the set of functions ¢ € C°(R") such that, for all z € R", v € Z%} and
V] <'s, [IDY(x)] < (1+|x]) 7", [gn #(x)2Y dz = 0 and, for all z1, 2z, € R", v € Z7 with

V| =s,
DY (1) — D"¢(w2)| < |wr — @2 *[(1+ [@1]) 7" + (14 |22) 7).

Remark that, in what follows, the parameter € usually has to be chosen to be large enough.

For all f satisfying
(1.5) FOIQ+]- DT e LY(R™)

and (y,t) € RTH, let

A(a,e),s(f) (yv t) = sup ’f * ¢t(y)’

¢€C(a,e),s(Rn)
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Then, for all z € R"™ and A € (0,00), we let

o 1/2
g(a,e),s(f)(x) = {/0 [A(a,e),s(f)(x7t)]2 Cit} )

" _ 1/2
S(a,e),s(f)(x) = {/F(m) [A(a,e),s(f)(yat)]2 igﬁt}

o0 = [ (i) oo 221"

These intrinsic square functions, when s = 0, were originally introduced by Wilson [33],

and

which were further generalized to s € Z by Liang and Yang [22].
Recall that f € S'(R™) is said to vanish weakly at infinity if, for every ¢ € S(R"™),
fx¢r — 0in S'(R™) as t — oo (see, for example, [17, p. 50]).
Now we state the main results of this article.
Theorem 1.6. Let p(-) € C'°8(R™) and p; € (0,1]. Assume that a € (0,1], s € Zy and
p_ € (n/(n+a+s),1.
(i) If f € S'(R™), f vanishes weakly at infinity and gos(f) € WLPO)(R™), then f €
WHp(')(]R”), moreover, there exists a positive constant C, independent of f, such

that
HfHWHp<~)(Rn) < CHQa,s(f)HWLp<->(Rn)S
(ii) If f € (Cla,e),s(R™))*, with (Cia,e),s(R™))* being the dual space of C(4 ) s(R™), then
there exists a positive constant C such that, for all f € WHP(')(R”), it holds true
that

9a,s (P lwrrer @ny < ClF lwere @ny-
The same is true if go s(f) is replaced, respectively, by S s(f), G(a,e),s(f) and §(a,6)78(f)
with € € (max{a, s}, 00).
Theorem 1.7. Let p(-) € C°5(R") and py € (0,1]. Assume that a € (0,1], s € Z,
p— € (n/(n+a+s),1] and A € (3+2(a+s)/n,00).
(i) If f € S'(R"), f vanishes weakly at infinity and g5, ,(f) € WLPO(R™), then f €

WHp(')(R”), moreover, there exists a positive constant C, independent of f, such
that

Hf”WHP(-)(]Rn) < CHQf\,a,s(f)HWLP('>(Rn);

(i) If f € (Ciaye),s(R™))*, then there ewists a positive constant C such that, for all f €
WHPO) (R™), it holds true that

193 s lwzre) @ny < Cllfllweree) (mny-
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The same is true if g3 , ((f) is replaced by g} (0) S(f) with € € (max{a, s}, 00).

)

Remark 1.8. (i) We point out that there exists a positive constant C' such that, for all
¢ € Cas(R"), Cp € Ca,),s(R™) and hence the intrinsic square functions are well
defined for functionals in (C(q,¢),s(R™))".

(ii) Recall that Wang [30] obtained the boundedness of the intrinsic square functions on
the weighted weak Hardy space WHY,(R™). Moreover, for o € (0,1], p € (n/(n+a), 1]
and w € Ap4a/m)(R"), Wang [30] established the boundedness of the intrinsic
Littlewood-Paley g3 function with X € (3 +2a/n, 00), which coincides with the case
when s = 0 and p(z) = p for all z € R" of Theorem [L.7(ii).

(iii) Recently, Yan [39] characterized the weak Musielak-Orlicz Hardy space WH?(R"™)
in terms of the intrinsic Littlewood-Paley g}-functions with XA € (2+2(a+s)/n, o),
which coincides with the best known range of the gy-functions characterizations
for the classical Hardy space HP(R"™) (see, for example, [2,/17]). However, as was
mentioned in [45, Remark 1.11(ii)], it is unclear whether the intrinsic g}-functions,
when A\ € (24 2(a + 5)/n,3 + 2(a + s)/n), can characterize the space WHP()(R™)
or not, since the method used in the proof of |39, Theorem 1.7] strongly depends on
the properties of uniformly Muckenhoupt weights.

This article is organized as follows. Section [2|is devoted to the proofs of Theorems [1.6
and The key tools used to prove Theorem are the fact that the intrinsic square
functions are pointwise comparable as was proved in [22] (see also Lemmas and
below), the atomic decomposition and Littlewood-Paley g-function characterizations of
WHP() (R™) established in [40] (see also Propositionsandbelow). As an application
of Theorem we give the proof of Theorem by showing that, for all x € R", the

intrinsic square functions g} (o,0) s(f)(x) and S(4 ¢ s(f)(z) are pointwise comparable under
the assumption A € (3 + 2(a + s)/n, 00).

2. Proofs of main results

We first recall the variable weak atomic Hardy space introduced by Yan [40]. Let p(-) €
C'°8(R"), q € (1,00] and s € (n/p_ —n —1,00) N Zy with p_ as in (T.I). A measurable

function a on R" is called a (p(+), ¢, s)-atom if there exists a ball B such that

(i) suppa C B;

.. Bl
(i) flallporn) < [EZIETay.

(iil) [gn a(z)z®dz =0 for all o € Z7 with |o] < s.
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The variable weak atomic Hardy space, denoted by WH? ()4, *(R™), is defined as the

atom

space of all f € §’'(R™) which can be decomposed as

f = ZZ)\i’jai’j n S/(Rn),

i€Z jEN

where {a;;}icz jen is a sequence of (p(-), g, s)-atoms, associated with balls {B; ;}icz. jeN,
satisfying that there exists a positive constant ¢ € (0, 1] such that, for all x € R" and i € Z,
> jeN XeB; ; () < C with C being a positive constant independent of x and i and, for all
i€Zand jeN, )\ ;:=C2xp,, \\L,,(.)(Rn) with C' being a positive constant independent
of i and j.

Moreover, for any f € WH?, ()5 *(R™), define

atom
{ 5 [ N Xy, ]”}W
JEN HXBi,jHLp(')(R") Le(

where the infimum is taken over all decompositions of f as above.

= inf |sup
1€EZ

I

I e oy

I(R™)

Proposition 2.1. Letp(:) € C'°8(R"), s € (n/p——n—1,00)NZy and q € (max{p, 1}, o0
with p_ and p, as in ([.1). Then WHPO)(R") = WHp()qs(]R") with equivalent quasi-

atom

norms.
Let ¢ € S(R™) be a radial function satisfying

supp¢ C {z € R" : |z| < 1},

/ ¢(x)xVde =0 for all vy € Z} with |y] < max{ Lgn —n— lJ ,O}

and

/0 BEnP L =1 forall ¢ e R\ {0},

Recall that, for all f € S’(R™), the Littlewood-Paley g-function and the g}-function of f
with A € (0,00) are defined, respectively, by setting, for all x € R™,

g(f)(x) := [/000 1 x (@) Cﬂ 1/2

2= ([ (o) e ]

The following conclusions are just [40, Theorems 6.2 and 6.3].

and
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Proposition 2.2. Let p(-) € C°8(R"). Then f € WHPO)(R") if and only if f € S'(R"),
f vanishes weakly at infinity and g(f) € WLPO)(R™). Moreover, for all f € WHPC) (R™),
C gD lwrser @ny < 1 lwreer @y < ClIU) oo geny;
where C is a positive constant independent of f.
Proposition 2.3. Let p(-) € C'°8(R") and X € (1+ m,oo). Then f € WHPC) (R™)
if and only if f € S'(R™), f vanishes weakly at infinity and g5 (f) € WLPO)(R™). Moreover,
for all f € WHPO(R™),

Clegi(f)me-)(Rn) < Hf”WHP(')(]R") < CHg;(f)HWLP(')(R”)v
where C' is a positive constant independent of f.

To prove Theorems [1.6] and we need more preparations. The following Fefferman-
Stein vector-valued inequality of the Hardy-Littlewood maximal operator M on the vari-
able Lebesgue space LPC) (R™) was obtained in [9, Corollary 2.1].

Lemma 2.4. Let r € (1,00). Assume that p(-) € C'°8(R™) satisfying 1 < p_ < p; < oc.

Then there exists a positive constant C' such that, for all sequences {fj}j‘il of measurable

H{ g[M(fj)]r}l/r Lr() (R7) < OH <§ fj|r>1/r

where M denotes the Hardy-Littlewood mazimal operator as in (|1.3).

functions,

)
Lp(-)(Rn)

From this, and the fact that, for all balls B C R", 8 € [1,00) and r € (0,p), xgB <

B [M(xB)]*", we obtain the following conclusion, the details being omitted.

Lemma 2.5. Let p(-) € C'8(R"™), r € (0,p) and B € [1,00). Then there ezists a positive
constant C' such that, for any sequence {B;} en of balls of R™,

Z XBB; Z XB;

jeN JEN

< Cﬂn/r

LP() (Rn) Lp<'>(Rn).
The following conclusion is just |40, Remark 4.3].

Lemma 2.6. Let f € WHp()qS(R"). Then

atom

Z 1/p , Z 1/p
£z ey ~ 302" ( X, ) o ( ch,)
WHatom (R) J Lp(')(R”) 1€EZ jGN J Lp(‘)(Rn)
~sup 2| > xe, ~sup 2> xp, ,
iE€EZ JEN LP(‘)(R ) i€Z jEN LP(‘)(R”)

where ¢ € (0,1] and the implicit equivalent positive constants are independent of f.
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As a variant of [29, Lemma 4.1], the following lemma was obtained in [40, Lemma 4.5].

Lemma 2.7. Let p(-) € C'5(R"), b € (0,p] and r € [1,00] N (p4,00]. Then there exists
a positive constant C' such that, for all sequences {Bj} en of balls, numbers {\j}jen C C
and measurable functions {a;};jen satisfying that, for each j € N, suppa; C B; and
lajllrmny < |B; M7, it holds true that

1/b 1/b
H(Z\Aa‘aﬂb) < CH(Zl/\jXBij>
Lp(~)(Rn)

JEN JEN

Lp(~)(Rn)

The following lemma is just [22, Proposition 2.4], which, in the case when s = 0, was
first proved by Wilson [33], p. 784].

Lemma 2.8. Let a € (0,1], s € Zy and € € (0,00). Then, for all f satisfying (1.5) and
x € R™, it holds true that

ga,s(f)(x> ~ Soz,s(f)(x) and g(a,e),s(f)(x> ~ S(a,e),s(f)@:)
with the implicit positive constants independent of f.

The following lemma is just |22, Theorem 2.6], which, in the case when s = 0, was first
proved by Wilson [33, p. 775].

Lemma 2.9. Let a € (0,1], s € Zy and € € (max{a, s},00). Then there exists a positive
constant C such that, for all f satisfying (1.5) and x € R™,

1

aga,S(f)(x) < g(a,e),s(f)(x) < C'gms(f)(l‘).

The following Lemma is a special case of [22, Proposition 3.2].

Lemma 2.10. Let o € (0,1], s € Z4 and g € (1,00). Then there exists a positive constant

C such that, for all measurable functions f,

/n[ga,s(f)(fx)]qdl' <C |f(x)|?dx.

R”
Proof of Theorem [1.6] For ¢ € (max{a,s},o0), by Lemmas and we see that
Gos(f)s Sas(f)s Giae),s(f) and §(a7€),s(f) are pointwise comparable. Thus, to prove this
theorem, we only need to consider g, s(f) in our proof.

Since a € (0,1], s € Z4 and p_ € (n/(n+ o + s), 1], it follows that

(2.1) se (n—n—l,oo>ﬂZ+.

Notice that, for all x € R",
g(f)(l‘) S ga,s(f)(‘r)'
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From this, the facts that f € S'(R") vanishes weakly at infinity, ga.s(f) € WLPO)(R™) and
Proposition we conclude that f € WH?()(R") and

| f lwearo @y S 19U lwreey ey S 119a,s () llwree @ny-

This finishes the proof of Theorem [L.6{i).

It therefore remains to prove Theorem ii). Let f € WHPO)(R") and ¢ € (1,00). By
the fact that p4 € (0, 1], and Proposition we know that there exists a sequence
{aij}iez jen of (p(+), q, s)-atoms, associated with balls {B; ; }iez jen, and {\; j}iez jen C C

such that
f=2_> dijai; inS'RY)
1€Z jEN
and
(2.2) 1 F e ey = 1 lgpggmtr.a0s ey

For any given 3 € (0,00), we choose iy € Z such that 20 < 8 < 20F! and write

10—1 0

= 8 St XY Ay = it e

i=—o0 jEN i=ig jEN

Thus, by Remark [L.2iii), we find that

X {eeRn ga,s (1) 583 | Lo )
23) S IX(eermiga s (@872 10 @y T IXtre s gas ()@ 8721 | oo @ny
+ X (et e () @872 | oo @y = T + 12+ T,

where A;, == U2 Ujen(2Bi;)-
It is easy to see that

< )
2.4 S Ppeanyiot s A 3905 (ai) @25, @84y llr0 @)

+ HX{IER”Z?L__IOO 2jen )\i,jga,s(ai,j)(ﬂﬂ)X(zBi j)8($)>ﬁ/4} HLP<‘>(R") = hitho.
To estimate Iy, for any b € (0,p), let g1 € (1,min{g,1/b}) and a € (0,1 — 1/q1).
Then, by the Holder inequality, we find that, for all x € R™,

i9—1

> Nigas(aig)(@)xes, , (@)

i=—00 jEN

o=l \1/qp ( o] ' oy l/a
< ( Z 2wq1> { Z 2_mql[Z)"i,jga,S(aiJ)(x)X?Bi,j(m)} }

i=—00 1=—00 JEN



Intrinsic Square Function Characterizations 55

2i0a

iy @y l/a
= ] 2 2| S Nteslos ean )]}

JEN

where ¢} denotes the conjugate exponent of ¢1, namely, 1/¢; + 1/¢} = 1. From this, the
fact that ¢1b < 1, the value of ); j, Remark [1.2(iii) and Lemma [1.3} we deduce that

11 < )
b HX weR":W[ZZE Lo2mien {5 A e (0 5) (@ )xQBi,j<w>}QI]I/QI>2fo—2} LPO) (R
10—1 q1
< 2= 2041 1 a) Z 92— 1aq1 |:Z)\ ,]goz é(az7J)X23LJ:|
i=—00 jEN LrC)(R™)
io—1 1/b
5 272'0(11(1711) Z 2(17a)iq1bz [”XBi,j ”LP(')(R")ga,s(ai,j)XQBi‘j]qlb
i=—o00 JEN LrO)/b(R™)
io—1 1/byb 1/b
52“”““‘”[ Z g(1—a)iamb {Z[“XBi,,j”LP(-)(Rn)ga,s(ai,j)XQBi‘j]qlb} ] )
i=—00 jEN L) (R™)

Now let r := g/q1. Then r € (1,00) and, by Lemma we find that, for all ¢ € Z and
JeN,

N P A N e Y ey A MEEN e

< B

Therefore, by Lemmas and we conclude that

i0—1

1/b)1b 1/b
L1 <27 toqi(1-a [ Z plt-ayid <ZX2B' ) }
2,7
i=—00 jeN L0 @)
ip—1 adk v
<2 i0q1(1—a |: Z 21 a)igib <ZXCB' ) :|
Y
Rl e LP(C) (RP)
| io—1 N 1/b
czm-af 5 0ol s 5o,
=00 €2l jeN PO R?)
~ 871 e ey
which implies that
(2.5) Blia S I gz e geny:

To deal with I; 5, we need some estimates on gq s(a; ;). Let ¢ € Co s(R™) and, for any
i€ZandjeN, B = B(x;j,ri;) with some z;; € R" and 7;; € (0,00). From the
vanishing moment of a; j, Taylor’s remainder theorem, (1.4)) and the Holder inequality, we
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deduce that, for all i € ZN (—oo,ig — 1], j €N, t € (0,00) and = € (2B; )L,
lai; * ¢¢(x)] = / a;,;(y) {qﬁ(x ; y) - Z (xm > ]
Bij lvI<s
ol Sl o429
Big hl=s
(9|xw - y|) (x” - y)v}dy
t tn

(26) ~ / al,j {
B;
r.jaJrs 1/q 1/q
< = a; ;(y qdy] </ 1dy>
| [ st

Y |'y|:3
2%} ¥

7«@-7]. )n+a+s

—1
S IxBi s 2o0 @y (7

I

where & = [(x — ;) + 60(x;; — y)]/t for some 6 € (0,1).

dy

tn

Notice that supp¢ C {z € R" : |z| < 1}. If z € (QBZ-J)C and a; j * ¢1(x) # 0, then,

there exists a y € B; ; such that |z —y|/t <1 and hence t > |z —y| > |z —; ;| —|zi;
|z — x; j|/2. From this and ({2.6]), we deduce that

fcs(0)() = {/Ooo [ sup |ag; * ¢t(x)|r dt}m

#ECa,s(R™) t
rn+a+s 00 1/2
(2.7) < J{ / t‘2<n+a+5)_ldt}
HXBi,jHLp('>(R") [z—x;5]/2

—y| >

< s oo (2
A pO@)\ [z~ ] 1xB;; | Lre) (my

i )"*‘”3 < [M(XBi,j)(m)](n+a+S)/n

By this, the Holder inequality, the value of ); j, Remark (iii) and Lemmas
and we find that, for any b € (0,n/(n + a +3)), ¢2 € (n/[(n + a + s)b],1/b) and

a€(0,1—-1/q),

e — a i a2\ 1/a2 .
$€R”¢ﬁ{ Yo 2 [ZjeN Aiyj9a,s (i) (@)X o5, j)[}(fﬁ)] } >2%0 2}
’L() 1 q2
—1 l1—a —ia
S2rlma) Y= g [Z Ai,jga,s(ai,j)x(wi,,.)c}
= —00 jEN Lr() (R™)
Z(] 1 1/b
< 29— i0q2( { 2(1 a)iga2b Z[M(XB@',]')](”JFQJFS)(DZ)/” }
= — o0 jEN LP(')/b(]Rn)
n (n+ats)ggb
1,() 1
(n+a+s)gob (nta+s)qab n
—i0g2(l—a (1—a)igab Z 2
{ 2 [M(XBM )] (nta+ts)aap()
i=—o00 JjEN L " (R
Zo 1 1/b
< 9—t0qz2(1—a) [ 2(1 a)igzb Z XB., :|
i=—00 jEN Lr()/b(R™)

LTJ(')(]R'”)

}1/b
")
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io—1

o P, 1/byb 1/b
< 9—tq2(l—a a)qz2— Z T
S2 { i;w 2 2 (%XC& ]> Lp(»)(R")}
< B~ sup 2 ZX& P ~ 571||f||WH}>t<;gqvS(Rn)’
i€z |l jen LrC) (R™) :
that is

B2 S s ey

By this, combined with ([2.4) and (2.5]), we conclude that
(2.8) BLS 1 g a0 emy-

For Iz, we choose r1 € [1/p,00). Then, by Remark (1.2 .(111 Lemmas [1.3] u, . 2.5/ and [2.6) .,
we conclude that

i Z X2B; ; Z Z XB;,;

Iy < lIxai Loy ey <

i=19 jEN LrC)(R™) i=19 jEN Lp(‘)(Rn)
1/m 1/riyr
103 ) oot N RRT DEaitt Dot N .
i=ig Il jeN LrO)( jEN LPC) (R7)
< sup2| 3w, (232 I 5 ey
i€Z jeN Lp( i—io atom
which implies that
(29) 812 S 1y oy

For I3, since p € (n/(n + « + s),1], it follows that there exists 72 € (0, 00) such that
r2 € (n/[p(n+a+s)],1). By this, the value of \; j, (2.7), Remark (iii) and Lemmas
and we find that

th< | - |
s = X{IE(Aio C:Zi ig ZjGN Ai,j9e, s(ai,j)($)>/5} Lp('>(Rn)
<pB” "2 Z Z i,59a,s az,] QX(AiO)C
i—io jEN Lr() (Rn)

n ro(nta+s)
i - TGt B
Z 7]ga)$(a/i1j)] X(Alo)c ro(n+a+s) )
- JGN L0 R
00 : n ) ro(nt+a+s)
r ro(n+a+s) ro(nta+s n
<5 2{2 i | e, s
- P L PO (Rn)
( n ) ro(n+a+s)
ro(nta+s n
,Sﬂ T‘QI:ZQTH-OH—S ZXB” :|
i=1g JEN LrO)(R™)
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ro(nt+a+s)

n

ZXB”

JEN

< sup 2°
€L

in
—T2 |: Z 2 n+a+s r2(n+a+s) :|

Lp(')(Rn i=1ig

-1
O W g ey

namely,
(210) 513 S HfHWHﬁt(Q)xﬁq’s(Rn).
Combining with ([23), @8), [€9), €10) and @2), we obtain

lgess ()o@ = sup 6 X {reRm:ga,s (£)@)> 6} | Lo )

0,00

S osup AL+ o +13) S 1 Fllyypee)as goy ~ 1 llwreo @y
56(0700) atom

which finishes the proof of Theorem [L.6{(ii). O

Proof of Theorem [L.7 Let f € S'(R"), f vanishes weakly at infinity and g5 , ,(f) €
WLPO(R™). Since o € (0,1], s € Zy, p_ € (n/(n+a+s),1] and A € (3+2(a+ s)/n,o0),
it follows that

2(a+s) 2(1—p-) 2 2

A>3+ S —
p- P min{p_, 2}

>3+

From this, the fact that for all x € R™, g{(f)(z) < 93 ,.(/)(®) < 93 )s(f)(:n) and
Proposition we conclude that f € WHP()(R") and

HfHWHPU(R") S ||g>)k\(f)HWLP(')(Rn) S Hg;k\,a,s( )HWLP()(R") S Hg,\ (ase), s(f)HWLP('>(R”)'

This finishes the proof of Theorem [1.7](i)

It therefore remains to prove Theorem (ii). Let f € WHPO)(R"). Then, by an
argument similar to that used in |45, p. 1566], we conclude that for all « € (0,1], s € Z,
€ € (max{a,s},0), A € (3+2(a+s)/n,00) and z € R,

g;,(a,e),s(f)(x) S §(a,e),5(f)(x)a

from this and Theorem [1.6(ii), we deduce that

Hg;,a,s<f)HWLP() (R7) ~ Hg,\ (cv,€) s(f)HWLP('>(R”)

S 18(@0s (A lwioo @ny S 1 lwese) @nys

which completes the proof of Theorem [L.7ii). O
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