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Finding Efficient Solutions for Multicriteria Optimization Problems with

SOS-convex Polynomials

Jae Hyoung Lee and Liguo Jiao*

Abstract. In this paper, we focus on the study of finding efficient solutions for a
multicriteria optimization problem , where both the objective and constraint
functions are SOS-convex polynomials. By using the well-known e-constraint method
(a scalarization technique), we substitute the problem to a class of scalar ones.
Then, a zero duality gap result for each scalar problem, its sum of squares polynomial
relaxation dual problem, the semidefinite representation of this dual problem, and the
dual problem of the semidefinite programming problem, is established, under a suitable
regularity condition. Moreover, we prove that an optimal solution of each scalar
problem can be found by solving its associated semidefinite programming problem.
As a consequence, we show that finding efficient solutions for the problem is
tractable by employing the e-constraint method. A numerical example is also given to

illustrate our results.

1. Introduction

Convex optimization has applications in a wide range of disciplines, such as estimation
and signal processing, automatic control systems, finance, and statistics; see, for exam-
ple, [5,[8] and the references therein. With recent developments and improvements in
computing and optimization theory, some convex minimization problems, for instance,
linear programming problems, second-order cone programming problems and semidefinite
programming problems, are showed to be poly-time solvable by interior points methods.
However, we mention here that a convex optimization problem is still NP-hard from the
complexity point of view. Mathematically speaking, a convex optimization problem ad-

mits the following form:
(CP) min fo(x) subject to fi(z) <0, i=1,...,m,

where f;, i = 0,1,...,m are convex functions. In particular, if f;, ¢ = 0,1,...,m are

SOS-convez polynomials (see Definition , then problem (CP)) enjoys an exact SDP-
relaxation in the light that the optimal values of problem (CP] and its relaxation dual
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problem are equal; furthermore, the relaxation dual problem attains its optimum under
Slater’s condition; see [24)26]. The notion of SOS-convex polynomials attracts much
attention; see, for example, [1,2,(19,22-25] and the references therein, according to its many
nice properties. For example, the class of SOS-convexity polynomials is a numerically
tractable subclass of convex polynomials; moreover, the SOS-convexity of a polynomial
can be tractably checked by solving a semidefinite programming problem; see [26-28].
Besides, the class of SOS-convex polynomials contains the classes of separable convex
polynomials and convex quadratic functions; in addition, Helton and Nie [19] studied

some other examples of SOS-convex polynomials.

On the other hand, a multicriteria optimization problem (for short, MOP) is a problem
that involves more than one objective function to be optimized simultaneously. The
MOPs have been applied in many fields of science, such as engineering, economics and
logistics [9,/10,12]. It is worth noting that for an MOP, usually no single solution exists that
simultaneously optimizes every objective function. In that case, the objective functions
are actually conflicted, and there exists a (possibly infinite) number of efficient solutions
(see Definition . In particular, if the involving functions in MOPs are linear, then
we say MOPs as linear multicriteria optimization problems, one can refer [4,7,/11}13]
14,|30] for a deep study; if the involving functions in MOPs are convex, then we say
MOPs as multicriteria convex optimization problems, some related results are referred to
the literatures [12,/15]. This paper aims to contribute a new result, i.e., the process of
finding efficient solutions in multicriteria convex optimization problem with SOS-convex

polynomials, notwithstanding the fact that the involving functions are limited.

More precisely, in this paper, we consider a multicriteria optimization problem with
SOS-convex polynomials. By using the well-known e-constraint method (a scalarization
technique), we substitute the multicriteria optimization problem to a class of scalar objec-
tive problems. First, we give a zero duality gap result for each scalar problem, its sum of
squares polynomial relaxation dual problem, the semidefinite representation of this dual
problem, and the dual problem of the semidefinite programming problem under a suitable
regularity condition. Then, we show that an optimal solution of each scalar problem can
be found by solving its associated semidefinite programming problem. Finally, we observe
that finding efficient solutions for the considered multicriteria optimization problem is

tractable by employing the e-constraint method.

The rest of the paper is organized as follows. Section [2] gives some basic notations and
preliminaries that will be used in this paper. In Section [3| we give our main results, i.e.,
the method on how to find efficient solutions of the considered multicriteria optimization
problem by the e-constraint method. A numerical example is also given to illustrate our

main results. Finally, we propose the conclusion in Section
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2. Preliminaries

We begin this section by fixing notation and preliminaries. We suppose 1 <n € N (N is
the set of nonnegative integers) and abbreviate (z1, z2,...,x,) by . The Euclidean space
R™ is equipped with the usual Euclidean norm || - ||. The nonnegative orthant of R™ is
denoted by R'}.

A function f: R™ — R is said to be convex if for all u € [0, 1],

F(A =)o+ py) < (1 —p)fx) + pfly)

for all z,y € R™. We say that a real polynomial f is sum of squares if there exist real
polynomials ¢, { = 1,...,r, such that f = >7,_, q12. The set consisting of all sum of
squares real polynomial is denoted by £2. In addition, the set consisting of all sum of
squares real polynomial with degree at most d is denoted by ZZ. For a multi-index o € N,
let | :==>"" | a;, and let N} := {a € N" : |a| < d}. z* denotes the monomial 27" - - - z3".

The canonical basis of R[z]; is denoted by

vg(z) = (xa)aeNg = (1, @1, Ty T2, L1,y Ty, T , Ty
which has dimension s(n,d) := ("Zd). The space of all real polynomials on R™ is denoted
by R[z]. Moreover, the space of all real polynomials on R" with degree at most d is
denoted by R[z]y. The degree of a polynomial f is denoted by deg f.

Let S™ be the set of n x n symmetric matrices. For X € 5™, X is positive semidefinite
denoted by X = 0, if 27Xz > 0 for any z € R". Let S™ be the set of n x n symmetric
positive semidefinite matrices. For M, N € S™ (M, N) := tr(MN), where “tr” denotes
the trace (sum of diagonal elements) of a matrix.

We now recall the notion of SOS-convex polynomials.

Definition 2.1. [1,2//19] A real polynomial f on R" is called SOS-convez, if there exists
a matrix polynomial F(x) such that V2f(z) = F(z)F(z)?, equivalently,

f@) = fly) = VI (= —y)
is a sum of squares polynomial in R[z;y| (with respect to variables z and y).

It is clearly that an SOS-convex polynomial is convex; but the converse is not true,
which means that there exists a convex polynomial which is not SOS-convex [1,|2].
The following lemma, which plays a key role for our main result in the paper, shows

an useful existence result of solutions of convex polynomial programs.

Lemma 2.2. (3] Let f,g1,...,9m be convex polynomials on R™. Let K := {z € R" :
gi(x) <0,i=1,...,m}. Suppose that inf,cr f(x) > —oco. Then, argming g f(z) # 0.
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Proposition 2.3. [27] A polynomial f € Rlz]aq is a sum of squares if and only if there
exists a matriz Q € Si(n’d) such that f(z) = (vg(x)vg(z)T, Q) for all z € R™.

Let vg(z)vg(z)T := ZaeNgd x*B,, where B, are s(n,d) x s(n,d) real symmetric ma-
trices. Then, f(z) := > aENz, fax® is a sum of squares if and only if solving the following

semidefinite feasibility problem [27]:

Find Q € 5™ such that (Q, Ba) = fa, Yo € Ng,.

3. Multicriteria SOS-convex polynomial optimization problems: Finding efficient
solutions

Consider the following multicriteria optimization problem with SOS-convex polynomials:
(MP) min (fi(x),..., fp(z)) subject to g¢i(x) <0, i=1,...,m,

where fj, j=1,...,p, and ¢g;: R® = R, i = 1,...,m, are SOS-convex polynomials. Let
2d := max{deg f1,...,deg fp,deggi,...,deggn}. Let K := {z € R" : gi(z) < 0,7 =
1,...,m} be the feasible set of .

Below, we recall the concept of an efficient solution of .

Definition 3.1. A point 7 € K is said to be an efficient solution of (MP)) if
fl@) = f(@) ¢ -REN{0}, VzeK,
where £(z) = (f1(2),- -, ().

Actually, there are many methods studying the multicriteria optimization problem (the
assumptions on the involving functions are not necessary to be SOS-convex polynomials);
among them, the scalarization method (such as the weighted-sum method and the e-
constraint method) is showed to be an important one. The relevance of using scalarization
methods to solve multicriteria optimization problems is that scalar problems can have more
effective means of finding optimal solutions than multicriteria problems. For more details,
the reader is referred to the books [10,/12,21] and the papers [20,]29] and the references
therein.

In our research, we are interested in the e-constraint method, which was minutely intro-
duced by Chankong and Haimes [10]. The e-constraint method is based on a scalarization,
where one of the objective functions is minimized while all the other objective functions

are bounded from above by means of additional constraints:

(Pi(0))  min fy(z) subjectto fp(e) Ser gi(e) SO, kA i=1,....m,
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where € = (€1,...,€6j-1,€j41,...,€6) € RP7L is given. For each j = 1,...,p, let Kj(e) :=
{r € K: fi(x) < ek, k # j} be the feasible set of , which is assumed to be nonempty
for the given e. Besides, let v(-) be the optimal value of the problem (-), correspondingly.
For example, v(P;(e)) stands for the optimal value of the problem (P;(e)).

It is worth noting that the e-constraint method has several advantages over the weighted-
sum method. For example, along with the e-constraint method, we can control the number
of the generated efficient solutions by properly adjusting the number of grid points in each
one of the objective function ranges, however this may not so easy with the weighted-sum
method, even if it may take an increased solution time to use the e-constraint method
rather than the weighted-sum method, for problems with several (more than two) objec-
tive functions; see [31}, Section 2] for more details.

On the other hand, for each given j € {1,...,p}, the problem can be solved
(such as gradient methods, see [6]) by means of approzimating its exact solutions. However,
we aim to find efficient solutions of by solving , and the exact solutions of
are essential. To this end, motivated by [23-25], we consider the following dual
relaxation problems of the problem , since solving its SDP relaxation problems can
provide exact solutions of problem (P;(¢))).

Let j € {1,...,p} be any fixed. Then, the Lagrangian dual problem (D;(¢)|) for (P;(e))

is given by

(D;(€)) sup {%‘ fi(@) ) m(fe(@) — ) + ) Nigi(z) —; 2 0,V € Rn}'
uk;ﬁei%zo k#j i=1

A sum of squares relaxation problem of (D;(¢)|) is stated as follows:

m
(D;(e)™®) sup {’yj cfi+ Z,uk(fk —€r) + Z Nigi —j € E%d}.
W ER kit i=1
HE>0,A20

According to Proposition it is clear that the constraints of problem (D;(€)>), i.e.,

fi + Zuk(fk —ep) + ZAigi -,

kj i=1
which is a sum of squares polynomial, can be rewritten as solving the following semidefinite
feasibility problem: Find X € Si(n’d) such that

(F)o+ D me((fe)o — &) + D _ Ailgi)o — 75 = (Bo, X),
oy i=1

m

(fj)ﬂé + Zﬂk((fk)a - ek) + Z)\i(gi)a = <Ba>X>v « 7é 0.

k] i=1
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In other words, problem (D;(€)*) is equivalent to the following semidefinite programming

problem:

sup 7, subject to

'Vjvxnuw)\
(f3)o + Zl%((fk)o —€x) + Z Ai(gi)o — 5 = (Bo, X)),
(SDD; () ki pa
(fi)a + Zﬂk((fk)a — €k) + Z Ai(gi)a = (Ba, X), a#0,
Py i=1
v ER, XeSmD >0, k#£j A0, i=1,...,m

The dual problem of (SDDj(e))) is the following semidefinite programming problem:

inf Z (fj)aya subject to

yERs(n,Qd)
aENG,

Z (fk)aya_fkgoa k # j,

a€eNG,

Z(gi)ayaSQ 1=1,...,m,

aeNZG,

> YaBa =0, yo=1.

aeNg,

(SDP;(e))

Definition 3.2. For each fixed j = 1,. .., p, we say that Slater condition holds for (P;(e)]),
if there exists ¥ € R™ such that fi(Z) —ex <0, k # j, and ¢;(Z) < 0,i=1,...,m.

The perturbation function w;(-), which is associated with , is defined on RP~1 x

R™ as

wj(z,z') = ian {fi(x) : fulx) —en < 21,k # 7,9i(x) < Zii=1,...,m}.
TER?

Note that w;(0) is the optimal value of ([P;(e)]).

Definition 3.3. [16] For each fixed j = 1,...,p, we say that (P;(e)) is stable, if w;(0) is
finite and there exists M > 0 such that for all (z,2") # 0,

'lUj(O) — wj(Z7 ZI)

[1(z, 2]

Lemma 3.4. [16, Theorem 6] For each fized j =1,...,p, if v(P;(€)) is finite and (P;(€)))
satisfies the Slater condition, then (P;(e)|) is stable.

< M.

We now give a zero duality gap result for (P;(e)), (D;(€)**), (SDD;(¢)) and (SDP;(e)).
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Theorem 3.5. For each fized j =1,...,p, if (P;(e)) is stable, then
v(Pj(€)) = v(D;(e)*") = v(SDDj(€)) = v(SDP;(e)).

Proof. Let j € {1,...,p} be any fixed. Since (P;(¢)) is stable, by [16, Theorem 3],
v(Pj(e)) = v(Dj(e)), and (Dj(e)]) attaints its supremum. Let (v;, g, A) € R x Rﬁfl x R
be any feasible for (D;(e)). Then, fj(x) + > p; mn(fr(@) — ex) + 335 Migi(z) —7; = 0
forall x € R*. As fi, l =1,...,p, and g;, ¢ = 1,...,m, are SOS-convex ploynomials,
Fi @)+ k25 1 (fr(2) =€) + 3211 Aigi(x) —7; s also SOS-convex, which takes nonnegative
values. Hence, it follows from [24, Remark 2.3 that f; 4+ ;. pk(fi —€x) + 22001 Nigi —;

is a sum of squares in R[z]oy. Thus, we have
v(Dj(€)) = v(D;(€)*?).
Moreover, v(D;(€)**) = v(SDD;(€)) obviously holds by the construction of (D;(€)*) and

SO,
We now claim that v(SDD;(e)) < v(SDP;(e)). Let (v, X, u, A) and y be any feasible

points of (SDD;(¢)|) and ( m, respectively. Then, we have
=)o+ Y_ mr((fr)o — ex) +Z)\ (9i)o — (Bo, X)

k#j
< (fo+ > mk((fr)o — ex) +Z)\ (9i O+<ZyaBomX>
k#j a#0
= Z (fj)aya+ZUk( Z (flc ala — € >+Z)‘ Z gz aYa
aeNg, k#£j aeNg, 1=1 aeNG,
< Z (fj)aya‘

aeNg,
Therefore, v(SDD;(e)) < v(SDP;(e)).
To complete the proof of this theorem, it remains to show that v(P;(€)) > v(SDP;(e)).
Let x be any feasible for . Then, fk(N) < ek, k #j,and gi(z) <0,i=1,...,m.

Let §:= (1,21, ..., %, T2, 3179, . . ., 234, ..., 72%). Then, we have
@ =D (f)aZ = > (fidaa < er, k#j
aeNg, aeNg,
and

gi(@) = Y (9)aT = Y (9)aba <0, i=1,...,m.

a€eNG, aeNg,
Moreover, since gy’ = Y aeN, YaBo = 0 with yo = 1, y is feasible for (SDP;(e€)). Hence,
it follows that

5@ =) (faZ® = ) (fi)a¥a = v(SDP;(e)).

e} aeNG,
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Since 7 is any feasible point of (P;(e)), we have v(P;(e)) > v(SDP;(¢)). Thus, we obtain
the desired result. O

In what follows, we give a relationship of the optimal solutions of (P;(e)|) and (SDP;(e)).

Theorem 3.6. For each fized j = 1,...,p, if (P;(€)]) is stable, then the following state-

ments are equivalent:

(i) T is an optimal solution of ;
(ii) the vector

(3.1) 7= (T1,...,Tn, T2, BT, . .., T2%, ..., T20)

is an optimal solution of .
Proof. (i) = (ii). Let j € {1,...,p} be any fixed. Assume that T is an optimal so-
lution of ( - Then fr(Z) < €, k # j, and ¢;(T) < 0,7 = 1,...,m. Let § =
(Ya)aeny, = (T1,. ., T, T2, BTy - -, T4, .., T24). Then, fi(ZT) = ZaeNgd(fk)afa =
ZaeNgd(fk)aya < ek, k # j, and gi(T ) = ZaeNgd(gi)afa = ZaeNgd(gi)aya <0, =
1,...,m. Moreover, 77’ = ZaeNgd YoBa = 0 with yg = 1. So, ¥ is feasible for .
Since

v(Pj(e) = f;@) = Y _ (fj)aTa = v(SDP;(e))

aeNg,
by Theorem y is an optimal solution of (SDP;(e)).
(ii) = (i). Let j € {1,...,p} be any fixed. Assume that 7 in (3.1)) is an optimal solution

of " Then ZaeN;d(fk)aya < €k, ZaeNgd(gi)aya < 0 and ZaeNgd YaBa = 0. It
means that

0> > (fi)aba == D (LT —er = fu(@) —er, k#7,

aeNy, aeNy,
0> > (9)aTa= Y (9)aT® =gi(T), i=1,...,m.
aGNgd aENgd

So, T is feasible for (P;(e)). It follows from Theorem that

v(SDP;(e) = Y (faTa = D ()T = £i(T) = v(P;(c)).

a€Ng, a€eNg,
Thus, 7 is an optimal solution of (P;(e)). O

Proposition 3.7. [12] A feasible solution T € K is an efficient solution of (MP)) if and
only if there exists € € RP such that T is an optimal solution of (P;(e)) forallj=1,...,p,
where € = (€1,...,6j-1,€j+1,...,6) € RPTL.
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The following theorem shows that how to find efficient solutions of (MP)) by the e-

constraint method.

Theorem 3.8. Let fj: R" = R, j=1,...,p, and g;: R" = R, i =1,...,m, be convex
polynomials. Let T(g) € K be any given, and for j =1,...,p, let

Z(;) € argmin f;(z),
xEKj(E<j))

where (€))k = fk(T(j—1)), k # j. Assume that for each j =1,...,p, (P;(€(;))) has a finite

optimal value. Then, the following statements are equivalent:

(i) T € K is an efficient solution of (MP));
(ii) @ is an optimal solution of (P;(€y))), j=1,...,p.

Proof. Let T(g) € K be any given. We first claim that for each j =1,...,p,

argmin f;(x) # 0.

xEKj (g(]))

Note that f;, I =1,...,p, and g;, i = 1,...,m, are convex polynomials, and for each j =
L...,p,infer;e ) fi(x) > —oo. It follows from Lemmathat argmingc e, fi (x) #
0,7=1,...,p.

For j =1,...,p, let T(;) € argminxeKj(E(j)) fj(z). Note that for each j =1,...,p, the
feasible set of (P;(€(;))) is as follows:

Kj(€y) =1{r € K: fi(z) < fu(Tj—1), k # 7}

Since for each j = 1,...,p, Z(;) € Kj(€(;)),

(3.2) @) < @), k#J.
Moreover, since for each j =1,...,p, T(j) € a’rgmin(EGKj(E(j)) fi()
(3.3) fi(@) < fi(w)

for any z € Kj(€(;)). Since for each j = 1,...,p, T(j_1) € K;((;), from (3.3]), we see that
(3.4) fi@g) < fi(@G-n), F=1...,p.
So, by (3.2)) and (3.4), we obtain

(3.5) [i@w) < fi@ep-1) < < fi@) £ i@e), 7=1,....p.
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Hence, we see that for each j =1,...,p, T(,) € K;(€)) € K;(€3;))- So, we have for each
j: 17"'7p7

fi@wy) > min  fi(z) > min  fi(x) = f;(Z5).

J( (p)) €K (E ) ]( ) 2K, (E ) J( ) i (g))
Since, by (3.5)), for each j = 1,...,p, fj(T)) < fj(F(;)), we have for each j =1,...,p,

fj(T(p)) :fj(f(j)) and T, € argmin fi(x).
wGKj(E(p))

So, T := f(p
tion we obtain the desired result. O

) is an optimal solution of (P;(€))) for all j = 1,...,p. Thus, by Proposi-

Remark 3.9. Note that in the proof of Theorem the assumption of convexity (SOS-
convexity is not necessary) ensures the existence of solutions of (P;(€:))), j = 1,...,p,
based on Lemma 2.2l Moreover, it is obvious that Theorem [3.§] still holds whenever the

involving functions are SOS-convex polynomials.

By Theorems and we obtain the following theorem.

Theorem 3.10. Let T(g) € K be any given, and for j =1,...,p, let
T(;) € argmin f;(x),
$EKj(E(j))
where (€y)k = fu(T(j—1)), k # j. For each fived j = 1,...,p, if (P;(€;))) is stable, then

the following statements are equivalent:

(i) T € K is an efficient solution of (MP]);

(ii) the vector

= (= — =2 = —2d —2d
U= (T1, Ty T1, T1T2y e o o Ty ee oy Tin)

is an optimal solution of (SDP;(€yy)) for allj =1,...,p.
We finish the section by giving an example, which aims to illustrate Theorem [3.10

Example 3.11. Consider the following multicriteria problem:

(MP) min (f1(z1,x2), fo(x1,22)) subject to gi(x1,22) <0,

where fi(z1,22) = 2§ + 2% + 2122 + 23, fo(z1,22) = 2} — 22 and g1(z1,22) = 2% + 23 — 1.

Clearly, fi(x1,x2) is an SOS-convex polynomial (since 2§ is SOS-convex and the Hessian of
o3 + 2129 + 23 is SOS, and hence sum of 2§ and 2% + 122 + 23 is SOS-convex polynomial);
see also [1823,25]. Observe that K = {(x1,22) € R? : g (w1, 22) < 0} is the feasible set

of (8IP3).
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We substitute the above problem (MP;]) by the e-constraint problems as follows:

(Pl(g(l))) min fi(x1,22) subject to fo(zy,z2) < €(1)s (r1,22) € K,

(P2(€2))) min fo(z1,72) subject to fi(z1,72) <€49), (v1,72) € K,

where for each j = 1,2, € is given by €1y = f2(T(g)) and &g9) = f1(T(1)). Here, T(g) € K
is any given, and 7(;) € argminxeKl(gm) fi(x).

Now, we formulate the sum of squares relaxation dual problem for (P;(€:;)) as follows:
(D (€))**) sup  {7j: fi + pe(fr — &) + g1 — 5 € T2}

v; €ER
1k >0, >0

Invoking Proposition there exists X € 51(274) (= S17) such that

(3.6) £i(@) + s (fr(@) — &) + Mha(x) — 75 = (va(2)va(2)”, X)

for all z € R?. Then, from [32, Theorem 1], we can reduce the dimension of v4(z) to 6,
and so X € SY. In more detail, vy(x) = (1,21, 29, 2%, 23, 2H)T in (3.6). With this fact,
for each j = 1,2, (D;(€;))*”) can be rewritten as the following semidefinite programming
problems:
sup 71 subject to

71,X 12,21
— p2€n)y — A1 — 71 = Xu1,  —pe =2Xp3, 1 =2Xos,
L+ XM =2X14+ Xoo = X3,  p2=2X16 + 2Xo5 + Xug,

(SDD1(€(1)))

1= Xg6, 0=X120= X34 = X35= X3,

0= Xi15+ Xog = Xog + Xus = 2X46 + X555 = Xs6,

716R7 XGS?}—) /’LQZoa )\1203

sup 2 subject to
727X7N17)‘1

— pi€p) — A1 = X1, —1=2Xy3, w1 =2Xas3,

(SDDs(€2))) p1 AL =2X14 + Xog = X33, 1 =2X36 + 2Xp5 + Xug,

= Xee, 0= X2 = X34 = X35 = X3,
0= Xog + Xy5 = X15 + Xog = 2X 46 + X55 = X5,
veR, XeS, >0 A\>0.

Solving the above semidefinite programming problems using the MATLAB optimization
package CVX [17] together with the SDP-solver SDPT3 [33], we can find the optimal

solutions of (SDP;(e€)), j = 1,2. For example, let xz‘o) = (1,0) and €y = fa(T(g)) = 1.
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Observe that the Slater condition for (P1(€())) holds, and so, (P1(€))) is stable. Solving
(SDD+ (€(1))) with CVX [17], we find the dual variable of (SDD1(€.))), which is an optimal

solution of (SDP1(€(1))), as follows:
y=(1,0,0,0,0,0,0,0,0,0,0,0,0,0,0).

No. Z(0) €1) Z(1) €2) 7 : efficient sol.
1 (1.0000, 0.0000) 1.0000 (0.0000,0.0000)  0.0000  (0.0000,0.0000)
2 (0.9877,0.1564) 0.7952 (0.0000,0.0000)  0.0000  (0.0000,0.0000)
3 (0.9511,0.3090) 0.5091 (0.0000,0.0000)  0.0000  (0.0000,0.0000)
4 (0.8910, 0.4540) 0.1763 (0.0000,0.0000)  0.0000  (0.0000,0.0000)
5 (0.8090,0.5878)  —0.1594 (—0.0795,0.1594) 0.0254 (—0.0916,0.1840)
6 (0.7071,0.7071)  —0.4571 (—0.2155,0.4593) 0.2048 (—0.2389,0.5220)
7 (0.5878,0.8090) —0.6897 (—0.2926,0.6970) 0.4531 (—0.3109,0.7723)
8 (0.4540,0.8910) —0.8485 (—0.3292,0.8603) 0.6737 (—0.3428,0.9365)
9 (0.3090,0.9511)  —0.9419 (—0.3090,0.9511) 0.8017 (—0.2025,0.9793)
10 (0.1564,0.9877)  —0.9871 (—0.1564,0.9877) 0.8700 (—0.1312,0.9914)
11 (0.0000,1.0000)  —1.0000 (—0.0003,1.0000) 0.9997 (—0.0003,1.0000)
12 (—0.1564,0.9877) —0.9871 (—0.1564,0.9877) 0.8700 (—0.1312,0.9914)
13 (—0.3090,0.9511) —0.9419 (—0.3090,0.9511) 0.8017 (—0.2025,0.9793)
14 (—0.4540,0.8910) —0.8485 (—0.3292,0.8603) 0.6737 (—0.3428,0.9365)
15  (—0.5878,0.8090) —0.6897 (—0.2926,0.6970) 0.4531 (—0.3109,0.7723)
16 (—0.7071,0.7071) —0.4571 (—0.2155,0.4593) 0.2048 (—0.2389,0.5220)
17 (—0.8090,0.5878) —0.1594 (—0.0795,0.1594) 0.0254 (—0.0916,0.1840)
18 (—0.8910,0.4540)  0.1763 (0.0000,0.0000)  0.0000  (0.0000,0.0000)
19 (—0.9511,0.3090)  0.5091 (0.0000,0.0000)  0.0000  (0.0000,0.0000)
20 (—0.9877,0.1564)  0.7952 (0.0000,0.0000)  0.0000  (0.0000,0.0000)
21 (—1.0000,0.0000)  1.0000 (0.0000,0.0000)  0.0000  (0.0000,0.0000)

Table 3.1: We give 21 points T () = (cosf,sinf) € K, 0 < 0 < . If Zg) = (cos0,sinf) €
K, where m < 6 < 27, then all of efficient solutions of (MP4]) are (0,0).

It means that (T1,72) = (0,0) is an optimal solution of (P1(éx))). Now, let €4y =
f1(Za)y) = 0. Then, we can see that (P3(¢))) is not stable. On the other hand, the
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feasible set K2(€(2)) of (P2(€())) is {(0,0)}, which is a singleton, so (0,0) is an optimal
solution of (P2(€()))), notwithstanding the fact that the stability of (P2(€))) fails. It
follows from Theorem [3.§] that (Z1,Z2) = (0,0) is an efficient solution of (MP4]).

In order to find more efficient solutions of , we give 21 points Ty = (cos6,sin ) €
K, 0 <60 <, and then we get the efficient solutions of in Table An illustration
of the found efficient solutions of is given in Figure Moreover, we give 1000
points T ) (not only the boundary points but also the interior points) in K. The efficient

solutions of (MP]) for above points 7 gy described in Figure

T T T
ir ¥ * * 1 1F R X X
*
091 1 0.9F
0.81 1 0.8F
*
0.7r 1 0.7r
0.6 1 0.6
* os| 1 * os|
041 1 04r
0.3 1 0.3F
0.2 S 1 0.2
0.1r 1 0.1r
or * B or
I I I I I I I I I I I I I I
05 -04 -03 -02 -01 0 01 05 -04 -03 -02 -01 0 01
1 1

Figure 3.1:  Efficient solutions of Figure 3.2:  Efficient solutions of

(MP4)) at Table (MP,]) for given 1000 points.

4. Conclusions

The main techniques adopted in this paper are actually two, one is the discovery that the
optimal value and optimal solutions of an SOS-convex optimization problem can be found
by solving a single semidefinite programming problem; another is a powerful scalarization
method, i.e., the e-constraint method. As a consequence, we obtained our main results
(Theorems and on finding efficient solutions for a multicriteria optimization

problem with SOS-convex polynomials by using the e-constraint method. The observation

in this paper seems new in the literature [4,[7,[11,[1315].
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