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Well-posedness and Stability of Two Classes of Plate Equations with
Memory and Strong Time-dependent Delay

Baowei Feng* and Gongwei Liu

Abstract. T'wo classes of plate equations with past history and strong time-dependent
delay in the internal feedback are considered. Our results contain the global well-
posedness and exponential stability of the two systems. We prove the global well-
posedness of a system with rotational inertia without any restrictions on pq, pe, and
the system without rotational inertia under the assumption |us| < p1. For the system
with rotational inertia, we establish exponential stability to the plate equation with
the memory term only to control the delay term if the amplitude of the time delay
term is small, and the stability result also holds for the plate equation with strong
anti-damping. For the system without rotational inertia, we obtain the exponential
stability under the assumption |us| < /1 — dy;.

1. Introduction

1.1. The model

In this paper, we consider the following plate equation:

(1.1) utﬁ—aAzu—/ g(t—s)AQU(s) ds—vAuy — g Aug— poAug (t—7(t)) + f (u) = h(x),

—0
defined in a bounded domain 2 C R™ (n > 1) with a sufficiently smooth boundary 9. The
function u(x,t) represents the transverse displacement of a plate filament with prescribed
history up(z,t), t < 0. a is a positive constant and u; and pg are constants satisfying some
assumptions. Here v > 0. The function 7(¢) represents the time delay. The functions f(u)
and h(x) are source term and nonhomogeneous term, respectively. The knowledge of the
value of u for all past time is assumed, i.e., u(—s)|s>0 = ¢o(s), where the function ¢ is a
given datum.

To ([1.1)), we consider the following initial conditions

(1.2) u(z,0) = up(z), wu(z,0)=ui(z), =€,
(1.3) u(z,t) = fo(z,t), x€Q,te[-7(0),0),
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and simply supported boundary conditions:
(1.4) u(z,t) =0, Au(x,t)=0 ondQxR".

Equation is a plate equation with strong damping, memory with history and
strong time-dependent delay in the internal feedback. The strong damping term — 3 Auy
can be regarded as Kelvin-Voigt damping, which occurs in the study of the motion of
viscoelastic materials, for instance, the string is made up of the viscoelastic material of
rate-type [5], and it indicates that the stress is proportional not only to the stain, as with
the Hooke law, but also to the stain rate as in a linearized Kelvin-Voigt material. The
term —vrAuy is rotational inertia. The viscoelastic term can be regarded as a natural
weak damping which is related to their special property of retaining a long-time range
memory of their past histories.

Since the memory with past history, following the same arguments in Dafermos [2], we

define a new variable n = n(z, s) as
n'(z,s) = u(z,t) —u(z,t —s), (t,s) € RT xR,
then
m4ns =u, (x,t,5) € R" x RY x RT
with
n'(0) =0 inR", t>0.

Thus the original history can be rewritten as
t e’}
/ g(t — 8)A%u(s)ds = / g(s)A%u(t — s)ds
0

(1.5) o 0 =
= (/ g(s) ds> A?u(t) —/ g(s) A%t (s) ds.
0 0
Then combining (L.1)~(1.4) with (L.5) and assuming for simplicity that a— [ g(s) ds = 1,
we can get the following problem which is equivalent to problem (1.1))—(1.4):
(1.6)
g + A%u+ / g(s)A%nt(s) ds — vAuy — p1 Ay — poAuy(t — 7(t)) + f(u) = h(z),

0
(1.7) np + s = ut,
(1.8) u(z,0) = ug(z), w(x,0) =ui(z), n'(z,0)=0, xR,
(1.9) ut(z,t) = fo(z,t), zeR" te[-7(0),0),
(1.10) n°(x,s) = no(z,s), (x,5) € R" x RT,
(1.11) u(z,t) =0, Au(z,t)=0 ondQxRT,
where

no(z,8) = ug(z) — ¢o(s), s€RT.
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1.2. Literature overview

In recent years, many mathematical researchers have been studying partial differential
equations with time delay effects, and established so many results concerning the global
well-posedness of these systems. The delay effects often arise in many practical problems,
for instance, chemical, physical, thermal and economic phenomena and so on, and may
turn a well-behaved system into a wild one. The presence of delay can be a source
of instability and an arbitrarily small delay may destabilize a system that is uniformly
asymptotically stable in the absence of delay unless additional control terms are added.
For some results on wave equation with time delay, one can refer Datko, Lagnese and
Polis [4], Feng [9], Kafini, Messaoudi and Nicaise [13], Liu [16,17], Nicaise and Pignotti [21],
Nicaise, Valein and Fridman [25], Nicaise and Valein [24], Xu, Yung and Li 30|, and the
references therein. Here we mention the work of Nicaise and Pignotti [20]. In this work,

the authors studied a wave equation with time delay
ug — Au + a(x) (pyur + pou(t — 7)) =0,

and established stability results under the assumption 0 < ps < p1. They also studied
the instability of the system. On the other hand, they considered a wave equation with
a delay term in the boundary and proved the energy decay if 0 < po < p1. In [22], the
same authors extended the results to a problem with time-dependent delay and studied a
wave equation with boundary or internal time-varying delay feedback in a bounded and
smooth domain. They considered the following wave equation with strong damping of the
form

Uy — Au — alAuy = 0,
and with a boundary time-varying delay feedback

O(u + auy)

ey — ku(t —7(t)) on Ty x (0,00).

Hugg = —

They proved the well-posedness and decay of energy to the problem under the assumption
k| < CLP\/I — d, where Cp is the Poincaré constant. In addition, they investigated the

case of a internal time-varying delay feedback
Ut — Au + aput + CLlUt(t — T(t)) = 0,

and established the global well-posedness and stability with |a;| < /1 — dag. For vis-
coelastic wave equation with delay, Kirane and Said-Houari [14] studied the following

equation

t
upe — A+ / g(t = s)Au(s) ds + pruy + pou(t — 7) =0,
0



162 Baowei Feng and Gongwei Liu

and obtained the global well-posedness and energy decay under the condition 0 < po < pg.
Dai and Yang [3] considered the same equation as in [14], and improved the results in [14].
In this paper, the authors proved the global existence of solutions without restrictions of
w1, 2 > 0 and po < pp, and obtained an exponential decay result of energy in the case
w1 = 0. In Liu and Zhang [18], the authors considered a wave equation with past history

and time delay of the form

t
uy — aAu + / p(t — s)Au(s) ds + prug + poug(t — 1) + f(u) = h.

—0o0
They proved the global well-posedness of the problem and established the exponential
decay of energy under the assumption 0 < |u2| < p1. Recently, Alabau-Boussouira,

Nicaise and Pignotti |1] investigated a wave equation of the form
[e.e]
uy — Au + / p(s)Au(t — s)ds + ku(t — 1) =0,
0

and proved that the system is exponentially stable if the constant & is small enough. They
also established the stability of an anti-damping system, i.e., the case 7 = 0 and k < 0.

Messaoudi, Fareh and Doudi [19] considered a wave equation of the form
ug — Au — g Auy — poAuy(t — 7) = 0,

and proved the well-posedness with |us| < w1 and energy decay with |ug| < p1. In
addition, they also considered a wave equation with distributed delay. Feng considered
a viscoelastic wave equation with strong delay and established a general decay result of
energy, see [§].

For plate equation with time delay effects, Park [26] considered a weak viscoelastic

plate equation with a time-varying delay
t
ugs + A%u — M(||Vul|?)Au + o(t) / g(t — s)Au(s) ds + apus + aru(t — 7(t)) = 0,
0

and proved a general decay result of energy under the assumption |a;| < v/1 — dag. Yang

[31] studied a viscoelastic plate equation with a time delay
t
ug + A%u — / g(t — 8)A%u(s) ds + pyug + poug(t — ) = 0.
0

The author proved the global existence of solutions for any real numbers pq, g2 > 0, and
established the exponential stability with 0 < |u2| < w1 and p; = 0. Very recently, the
first author of the present paper considered a plate equation with past history, source term
and time-dependent delay

ug + aA%u — / g(t — 8)A%u(s) ds + prug + poug(t — 7()) + f(u) = h(z).

—0o0
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The author obtained the global well-posedness without any restrictions on p; and po. In
addition, the exponential stability was achieved when f(u) # 0 under the assumption
lp2| < V1 —dpy and when f(u) = 0, u3 = 0 if the coefficient of delay |u2| is small, and
then the author obtained the existence of a global attractor and exponential attractor,

see [7] and [10], respectively. Feng [6] considered the following equation
t
gt + A2 — M(|[Vul2) Au — / g(t = 8)Au(s) ds + prug + pous(t —7) = 0,
0

and obtained the global well-posedness with |u2| < p1 and decay rate of energy under
the assumption |ua| < p1. Recently, Feng and co-authors [11] considered an extensible
viscoelastic plate equation with a nonlinear time-varying delay feedback and nonlinear
source term, and established a general decay of energy. Nicaise and Pignotti [23] considered

an abstract evolution equations with constant time delay of the form

U(t) = AU(t) + F(U(8)) + kBU(t — 7),

where B is a bounded operator. They proved that the system is exponentially stable
without delay, and also obtained that the model with delay remains exponentially stable
if the coefficient of time delay feedback is sufficiently small. Recently, Pignotti [29] studied

a second-order evolution equations with memory and intermittent delay feedback
oo
ug + Au — / w(s)Au(t — s)ds + b(t)u(t —7) =0,
0

and showed that the stability if b € L'(0, 00) and the length of time intervals is very large.
Furthermore, the author established the stability results for a problem with anti-damping.
On the other hand, there are so many results on plate equation in absence of delay. It has
been stabilized by means of different controls, for example, internal damping, boundary
controls, dynamic boundary conditions, distributed damping and heat damping, and so

on.

1.3. Goals and features

Our goals in the present work are to study the global well-posedness and exponential
stability of two classes of plate equations with strong time-dependent delay. The main

features of this work are as follows:

e Since the delay is time-dependent, so our results are more general than those in [1],

where the authors considered a wave equation with a constant time delay.
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e For global well-posedness, we first consider equation with v > 0, which the
system is new, and prove the global well-posedness of this system without any re-
strictions of p1 and po. The main result is presented in Theorem[3.2] We also obtain
the global well-posedness of system without rotational inertia, i.e., v = 0 in ,
under the assumption |p2| < pq1. The result is different from the result in [22], where
the existence of solution holds for |us| < g—;m The global well-posedness is
presented in Theorem From the proof of Theorems and one will see
that the rotational inertia —vAwuy plays a crucial role in restrictions between pq
and p9 for the global well-posedness. Since the delay is strong, we need much more

regularity of w;.

e For stability, we consider the following two classes of plate equations:

(1.12) wy + A%u + / g(s)A*nt(s) ds — Augy — poAuy(t — 7(t)) = 0,
0

and

(1.13)  uy + A%u + /OOO g(s)A%nt(s) ds — 1 Auy — paAug(t — 7(t)) 4+ f(u) = 0.

For the system with rotational inertia , we consider the system with the mem-
ory term only to control the strong time-dependent delay term. To establish the
stability, we consider an auxiliary problem. We add the strong damping to the
equation, see , and obtain the exponential stability to the two systems by using
a perturbative approach. Our results are presented in Theorems and The
stability result also holds for the plate equation with a strong anti-damping, i.e.,
the case 7(t) = 0 and puo < 0, namely a strong damping with an opposite sign with
respect to the standard strong dissipation, and thus it induces instability, see, for
example, Freitas and Zuazua [12]. The result is presented in Remark For the
system without rotational inertia , we establish some multipliers to get expo-
nential stability under the assumption |u2| < v/1 — dpuy. The result is presented in
Theorem

The plan of the paper is as follows. In Section [2 we give some preliminaries. In
Section |3 we shall state and prove the global well-posedness of the problem. The stability

result and proofs will be given in Section [4]

2. Preliminaries

In the following, L(Q), (1 < q < 0o) and H*(f2), (i = 1,2, 3), are the standard notations
of Lebesgue integral and Sobolev spaces. The L?-inner product is denoted by (-,-) and
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|| - || denotes the norm in the space B. For simplicity, we use ||u|| instead of ||u||2 when

q = 2. The constants A1, A2, A3 are the embedding constants
Mllul® < [[Aul?, Aol Vull® < [|Aul?, - Asflull? < [[Vul?

for u € H? N H&.
Now we give some assumptions used in this paper. The source term f(u) is a nonlinear
functional that f(0) =0, and

(2.1) [f(u) = f)] < eI+ [ulf’ +[vf)lu—v], Vu,veR,

where ¢ is a positive constant and

4
(2.2) 0<p< 4ifn25 and p>0ifl<n<4.

n J—
We assume further that

~

(2.3) 0< flu) < f(uu, YueR,

where f(u) = [, f(2)dz. Assumptions (2.1) and (2.3) include the following nonlinear
type
fu) = |ulPu+ |u/u, 0<a<np.

Concerning the relaxation function g, we assume that g: R™ — R™ is a differentiable

function satisfying

(2.4) g(0) >0, /000 g(s)ds =1y >0,
and there exists a positive constant k such that
(2.5) g (t) < —kg(t) fort>0.
With respect to the delay 7(t), we first assume
(2.6) O<m<7(t)<m, Vt>0,
where the constants 79 and 7 are two positive constants. We assume further that
(2.7) 7(t) € W2(0,T), and 7'(t)<d<1, VYT,t>0.

In the following, we consider the Hilbert spaces that will be used in the present work.
Let
Vo=L*(Q), Vi=Hy(Q), Va=H*(Q)NH(Q)
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and
Vza={uec H3Q)NnH(Q): Au € H}(Q)}.

To consider the new variable 7, we define the weighted L?-spaces
[e.9]
M;= @) = (&5 v [T gl s <o}, i=012,
0

which are Hilbert spaces endowed with inner products and norms

o0

01O, = [ 9@ evids and il = [ a(o)ln(o)lfds. i =0,1.2.3
Finally, we introduce the phase spaces
H=Vox Vi x Mz, Hi=VzxVoxMsj
and
Ho = Vo x Vg x Mo, Hz=V3x Vi x Mg

equipped with the norms

1Cay v, m) 3, = [ Aul® + V0l + [[nll4,
1y v, )30, = IV AUl + A0 + 9] 34,

and
(w0, m) 130, = 1Al + [0]l* + (1734,

respectively.
The following lemma plays a very important role to get the exponential stability of

the problem. One can find the proof in Komornik 15, Theorem 8.1].

Lemma 2.1. Let V(-) be a non-negative decreasing function defined on [0,00). If there
exists some constant C' > 0 such that for any S > 0,
[ee]
/ V() dt < CV(S),
S
then we have for any t > 0,

V() < V(0) exp <1 - é) .

We will use the following theorem to prove exponential stability of the problem with

rotational inertia and p1 = 0, which can be found in Pazy |27, Theorem 1.1 in Chapter 3].

Theorem 2.2. Let X be a Banach space and A is the infinitesimal generator of a Cy-
semigroup T(t) on X satisfying |T(t)|] < Me*t. If B is a bounded linear operator on
X, then A + B is the infinitesimal generator of a Cy-semigroup S(t) on X satisfying
1S(t)|| < MewtMIBIt,
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3. Well-posedness

In this section, we shall establish the global well-posedness of problem (|1.6)—(1.11]), which

will be divided into the following two subsections.

3.1. The system with rotational inertia

In this subsection, we consider (1.6 with v > 0 and take v = 1 without loss of generality.

Let us first give the definition of weak solutions.

Definition 3.1. We call a function U (t) = (u,us,n') € C([0,T], H) a weak solution of the
problem (|1.6)—(1.11]) for given 7" > 0 if U(0) = (ug, u1,m0), and

%[(ut(f), w) + (Vuy(t), Vw)] + (Au(t), Aw) + (0", w) ms
+ 1 (Vg (t), Vw) + po (Vg (t = 7(¢)), Vw) + (f(u) — h,w) =0,
(@i, &) My = — (051", E) My + (ur(t), €) o
ae. in [0,7], for all w € Vo, € € M.

The following theorem is concerned with the global well-posedness of problem (1.6])—
(1.11)).

Theorem 3.2. Under the assumptions (2.1)—(2.7)), we have

(i) If initial data U(0) = (ug,u1,m0) € H, folx,t) € HY(Q x (=7(0),0)) and h(z) €
L*(2), then problem (L.6)~(1.11) has a weak solution (u,us,n') € C(0,T;H), VT >
0, satisfying

uw€ L®0,T;Va), wus € L¥(0,T;V1) and n' € L>¥(0,T; Ms).

(ii) If initial data U(0) = (ug,u1,m0) € Hi, fo(z,t) € H*(Q x (—=7(0),0)) and h(z) €
L?(Q), then problem (1.6)-(1.11)) has a stronger weak solution such that for any
T >0,

uw€ L®(0,T;V3), wus € L¥(0,T;Vs) and n' € L>®(0,T; Ms3).
(iii) In both cases the weak solution depends continuously on the initial data in H X
HY(Q x (—7(0),0)), i.e., given any two weak solutions Uy and Uy of problem (1.6]) -
[L.11) corresponding the initial data Uy (0), Us(0) € H and fo(z,1t), fo(z,t) € H(Qx

(—=7(0),0)), then for some constant Cp > 0 depending the initial data in the phase
space H and any time T > 0, for all t € [0,T],

[UL(8) = Us(®) % < Cr(U2(0) = Ua(0) I3 + L fol: 1) = Fols D1 o rionon)-
In particular, the weak solution of problem (|1.6) f s unique.
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Proof. Step 1: Approzximate problem. By using the theory of ODEs, we can find a local

approximate solution (u™(t),u}*(t),n"™) in the following form
Z amj(t)wj(x) € Span{ws, ..., wn}

and

Zb t)¢(x, s) € Span{&1, ..., &m},

7j=1
satisfying the following approximate problem
(up (1), wy) + (Vugy, Vo) + (Au™(t), Aw;) + ("™, w;) Mo
+ 1 (Vui®(t), Vwj) + pa(Vui (t — (1)), Vw;) + (f(u™) — h,w;) =0,
(32) (atntmv fj)/\/lg = _(asnt7m> gj)/\/b + (u%n(t)vgj)/\/lz

(3.1)

with initial conditions

(@™ (0), u"(0), ™™ (1)) = (ug', ui", n, fi"),

on some small time interval [0, 75,) with 0 < T;,, < T' for every m € N, where {w;}32; is
the Galerkin basis given by the eigenfunctions of A? in ) with boundary condition
and a smooth orthonormal basis {;(, s)}32; for M.

Next we consider the initial data (ug,u1,m0) € H1 and fo(z,t) € HZ(Q x (—7(0),0))
in the approximate problem f satisfying

ug' — up in Vi,  ul® — ug in Vo,

and
net = no in Ms,  fI" — fo in HE(Q x (—7(0),0)).

Step 2: A prior estimate I. Multiplying the equation (1.6) by wu}*, and using the
equation ([1.7)), we can get for any ¢ > 0,

d
9 Bm(0) = |V — o / V() V' (¢ — 7(t)) da
Q
(3.3) .
41 / g (3)]| A (s)|2 ds + / B (t) da
2 Jo Q
with
m 1 m 2 1 m 2 1 m 2
E™(t) = S @) + SVl @) + Saum ()]
(3.4) 2 2 2

1 ~
+2||nt’m|!%42+/ flu™”
Q
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where we used the following fact

1 oo
(01" 5 [ [ s s R asde = =5 [T 6)1an ) P s

By using Young’s inequality, we can easily obtain

65 - [ Var@vere-ro)d < Bvar o)+ v - o)

It follows from ({3.4]) that
/ B () dx < V3] (B (1))'1?,
Q

which, combined with (3.3) and (3.5]), implies

G870 < (1l + 2 vap? + Bl pwape - rple + vl oy 2

This shows that
™ < E™(0 |:u2| 2d
) <E™0) + (| + —— IIVut )7 ds

(3.6)
'“2'/ 19 (s >>||2ds+f\|h||/ (B (3))1/2 ds.

On the other hand, we shall see that

0 t—7(t)
[ v —nias= [ wapeass [ 9P

—7(t

0 t—7(t)
(3.7) — / IV 5 (s)|2 ds + /0 IVul (s)|? ds

—7(t)

0 t
< [ iRt [ 1w

—7(t

which, together with (3.6]), yields for any ¢t > 0

E™ (1) < E™(0) + 2(|ju1] + |ua)) / E™(s)ds + V2||h| / (B™(s))/2 ds
(3.8) 0 0

M ’ m 24
+ 2 V)] ds.

—7(t)
By using the Gronwall inequality to (3.8)), we can get for any ¢ € [0, 7],

0 1/2 2
() < (Em<o>+""‘;' uvm(s)rﬁds) + | exvmisianr,
—7(t

169
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From the choice of initial data, we can conclude that for all ¢t € [0, 7] and for every m € N,
(3.9) E"(t) < C,

where C' = C(||u1l], [[Auoll; 1m0l rmas | foll 71 @ (=7 (0,005 1R]]) > 0.
Step 3: A prior estimate II. We multiply the equation (3.1) by —Awu}* and (3.2)) by

—Anb™ respectively, and integrate the results over 2 to derive that

d
SET(0) =~ | A+ (Bl (¢~ 7(0)), M)
(3.10) 1 e
5 | S@IVATT I s+ (£ — b Aup),
where

1 1
F™ (1) = SVl + S1Au | + VAW + ™ s,

Using Holder’s inequality, we can obtain

Au™(+ — Au™ |:UJ2|Am2 ‘M2|A 2
(3.11) He | Aui (t —7()Aui" do < —=[|Aw"|” + = [ Aug™ (t — 7(2)) |-
It follows from ([2.1))—(2.2)), Holder’s inequality and Young’s inequality that

/ﬂ (F™) = B A do < ||F (™) — Bl Al

< C+erl|Au|?,

(3.12)

where C' = C(||h]|)). Inserting (3.11] into ( and using the same arguments as
(3.8]), we know that

F™(t) < F™(0) 4+ 2(|pu| + o] + ¢) / F™(s)ds + ";2' A @I ds .
—7(t)
Hence, noting the choice of initial data, and applying Gronwall’s inequality, we finally

conclude
(3.13) F™(t)<C', Vtel0,T], VmeN,

where C" = C'(||Vur |, [VAuoll, [In0ll ms [| foll zr2x (—r(0),00)+ 121, T) > 0.

The above estimates and are sufficient to pass limit in the approximate
problem f and hence we can get a stronger weak solution.

Step 4: Continuous dependence. Let Ui(t) = (u,us,n) and Us(t) = (w,u, 1) be two
stronger weak solutions of problem (L.6)—(L.11) with initial data Ui(0) = (uo,u1,m0),
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w(z,t) = fo(z,t) and Us(0) = (U, Uy, 7o), Ue(x,t) = fo(a,t), respectively. By setting

w =u—u and & = n—1, we know that the function (w,w, §) solves the following problem

wit () + A%w(t) + /000 g(s)A%E(s) ds — Awgy — p Awy(t)

— p2Aw(t —7(t)) + f(u) — f(u) =0,
(3.15) &+ & = wi,

(3.14)

with initial data

(w(0),w(0), %) = (ug — o, w1 — 1, m0 — 7o) = U1(0) — Us(0),
and
wi(w,t) = go(,1) :fo(.ﬁ,t)—fb(.%',t), t<0.

Multiplying (3.14) by w; in Vg, (3.15) by £ in Ma respectively, and using integration
by parts, we can deduce

d

W) = =08 €t = Vel = a2 | Vo) V(e = 7(0) do
= [ ) = s da,
Q

where

1 2 1 2 1 2 1o
== = —|lA = .
W(e) = 3ol + 5 IVaell® + 18wl + 3 €l
By using Holder’s and Young’s inequalities, we have
[ (7) = £@)nde < o)1+ [l sy + 1)t o]
< C1l|Aw|? + efllwr]?,

where we used the embedding H? «— L2(®+1),
Following the same arguments as (3.5]) and (3.7)), we can get that there exists a constant
Cgr > 0 such that

d ’N;‘ (Vfo—Vfo)?d

— <
dtW(t) < CrRW (t) +
Then we have
t 0 B
W(t) <W(0) + CR/ W(s)ds + W;’/ / (Vfo— Vfo)2 dsdzx,
0 QJ—7(t)

which, together with Gronwall’s inequality, implies

W(t)§< ’“2‘// (Vo — Vo)? dsdm)e
)
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From the definition of W (t), we infer that for all ¢ € 0,77,

e = el + 19 = Vel + 1 Au = Al + 1n = il
< Cr (llur =2 + Ve = Vi |2 + | Aup — Ao

1 = By + 1o = Foll2s o ropon )

which gives us that stronger weak solutions of problem ({1.6)—(1.11)) depend continuously
on the initial data. Then we know that the stronger weak solutions of problem (|1.6])—(1.11])
is unique.

By using density arguments, we can get the existence of weak solution and continuous

dependence to problem (1.6)—(1.11).
Therefore the proof of Theorem [3.2]is complete. O

3.2. The system without rotational inertia

Let us consider ([1.6)) with v = 0. The definition of weak solutions is as follows.

Definition 3.3. For given U(0) = (ug,u1,m0) € Ha, we say that U(t) = (u,us,n') €
C([0,T],Hz2) is a weak solution of the problem (1.6))—(1.11)) for given 7" > 0 if U(0) =
(u07u17770)> and

%(ut(t)’w) + (Au(t)’ Aw) + (nt’ W)MQ

+ p1(Vug(t), Vw) + pa(Vu(t — 7(t)), Vw) + (f(u) — hyw) =0,
(8t77t’§)/\/12 = *(agntag)f\/lz + (ut(t)ag/\/lz

a.e. in [0, 7], for all w € V3, £ € Ma.

And the global well-posedness of (1.6)—(1.11)) with v = 0 will be given in the following

theorem.
Theorem 3.4. Under the assumptions (2.1)—(2.7) and |u2| < w1, we have

(i) If initial data U(0) = (ug,u1,m0) € Ha, fo(z,t) € HY(Q x (—7(0),0)) and h(z) €
L*(9Y), then problem (L.6)—(1.11)) has a weak solution (u,u,n') € C(0,T;Hs), VT >
0.

(ii) If initial data U(0) = (uo,u1,m0) € Hs, fo(z,t) € H*(Q x (—=7(0),0)) and h(z) €
L?(Q), then problem (1.6)) f has a stronger weak solution (u,us,n') € C(0,T;Hs),
VT > 0.
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(iii) In both cases the weak solution depends continuously on the initial data in Ho X

HY(Q x (=7(0),0)). In particular, the weak solution of problem (L.6)-(T.11) is
unique.

Remark 3.5. We can prove Theorem [3.4] by the same argument as the proof of Theorem [3.2]
Here we only give a priori estimate under the assumption |ug| < p;.

We multiply the equation by ui® with v = 0, and use the equation to obtain
for any ¢ > 0

d
SET () + |V = i /Q V' (V' (t - 7(t)) da

1 o0
by [ g s+ [ ).
0 Q

where . . .
B (0) = O + 5180 @ + 51 B, + | Fln o) de

By using (3.5)) and (3.7)), we can get
m ! m(|2 ’/1’2‘ 0 m|2 ! m 1/2
B0+ () [P < B[O dsae s VBl [ () s
—7(t

which, noting that |ua| < w1 and applying Gronwall’s inequality, yields that for all ¢ €
[0,T] and for every m € N,
E™(t) <C.

4. Exponential stability

In this section, we shall study the stability of problem (1.6)—(1.11)).

4.1. The system with rotational inertia

Let us consider the following equation
(4.1) uy + A%+ / g(s)A%n'(s) ds — Augy — poAuy(t — 7(t)) = 0,
0

together with (1.7) and initial data and boundary conditions (|1.8[)—(1.11]).
The energy functional of problem (4.1)) and (1.7)—(1.11)) is defined as

1 1 1 1
F(t) = iHutHz + §HVUtH2 + §HAUHQ + 5”””3\42

0 et t
SR [ T s,
t—7(t)

(4.2)
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where 6 is any real constant satisfying

1
1—d

0 >

Then we can get the following result concerning the stability of problem (4.1)) and
(L.7)—(L.11).

Theorem 4.1. Let the assumptions (2.4) ~(2.7) hold. Let the initial data U(0) = (uo, u1,m0)
€ H and fo(z,t) € H (2 x (—7(0),0)). For any 6 > 1/1 — d, then there exists a constant

B > 0 such that the energy, defined by (4.2) . to problem (4.1) and ( . - 1.11)) satisfy for
anyt >0,
F(t) < F(0)e! ="

holds for |ua| < wo, where po is a positive constant defined in (4.35)).

Remark 4.2. Since the rotational inertia and memory term, our result is not contained in
Nicaise and Pignotti [23]. But if ¥ = 0 and the memory is absence, our result is a special

case of result in Nicaise and Pignotti [23].

Motivated by [1], and noting that the energy F'(t) of problem (4.1]) and (1.7] - - is

not decreasing, we consider an auxiliary problem. We consider the followmg problem

(4.3) g + A%u+ / 9(8)A277t(8) ds — Auy — 0| pe|e™ Aup — poAug(t — 7(t)) =0,
0

together with (1.7) and initial data and boundary conditions (|1.8[)—(1.11]).
We adopt the method developed by Pignotti [28] to prove Theorem For this

purpose, we need the following technical lemmas.

Lemma 4.3. For every solution of problem (4.3) and (1.7 . - the energy F(t) defined
in is decreasing and satisfies for any t > 0,

fe\/1—d—1)
2v/1—d

| Vug(t — ()

T1 t
N |,U’2|96 / 6—(t—s)||vut||2 ds,
t—7(t)

< [ a2 [V

(4.4) |U2|V1_d(g\/1_d_1

2

and

-/ / )| An(s)|? dsdt < F(S),
(4.5) // s)||An(s |]2dsdt<kF(S)
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Proof. Differentiating (4.2]) and using (4.3)), we obtain
F'(t) = / uy (—A2u - / g(s)An(s) ds + Aug + 0| pale™ Auy + poAug(t — T(t))> dx
Q 0

1d fe]
/Vut Vuttdx—i—/Au Autdx+2dt”nHM2 |M2’2 €1 | Vg |

T1 t
lpz|Oe™ / e~ | Vug(s)|2 ds.
2 t—r(t)

By using integration by parts, (2.6)—(2.7) and noting that

B W’fee—ﬂ% — 7 ()| Vet — 7(1))]2 ~

1 oo
O, = =5 [ /()] An(s) s,

we have

1 [° fe™

PO <3 [ @R ds - PR 9w - [ Vit - r0) o
0

4.6

(4.6) aloen

0
el gy e - 2 - 2l / ) [ Vay(3)]2 ds.
2 2 t—r(t)

Young’s inequality implies

\uz!v

s [ Vs - Vag(t - 7(t)) de < —P2L a2 + It — (1))

2v/1—-d

which, together with (4.6]), gives us (4.4]).
It follows from (|4.4]) that

—/ / )| An(s)|? dsdt < /T(—F’(t))dt: F(S) — F(T) < F(S),
S

and using the assumption ([2.5)), we can directly obtain (4.5). The proof of this lemma is
complete. n

Lemma 4.4. Assume

V1 —d\
2(0em /1 —d+ 1)

then the following estimate holds for any T > S > 0,

(4.7) |pa| <

T T T
(4.8) /SHAu(t)H2dt§Co/S ||ut(t)||2dt+C1/S Vg (£)||2 dt + CoF(S)

with

9‘M2|6T1> 4l0 ( 1 1 ) 2
19) Co=2, Ci=2(1+ L =g S )
(4.9) Co ! ( 2=, M) T eiod-1
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Proof. We begin by multiplying the equation (4.3) by u, and integrate the result over
Q x [S,T], we shall see that

T

T T
u 2 = (7 2 Ut 2 - U - Ut u - Aut) axr
/S |Au(t)|? dt /Su 12+ [Vl ?)(8) dt /Q< - Aug)d

S

T
—9\,u2|e“/ /Vut~Vud:Edt

—,U,Q//V’U,tt—T -Vudxdt
/ // ) - Au(t) dsdzdt.

It follows from Holder’s and Young’s inequalities and (4.5)) that for any € > 0,

/ / / ) - Au(t) dsdadt
/. (/QA““”%)W- [T ([ \An<s>|2dx)l/2 dsd
(4.11) ;/T | Aas(t)]* dt + 215/; !/0009(5) (/Q|A77(S)!2d9:>1/2 dsr dt
5/ [Au(t)||* dt + 21 /T (/Oog(s)ds> </0009(3)|!A77(S)\|2d3> it
/ | Au(t)||* dt + — o / / )| An(s)||? dsdt

: /S |Au(t)|? dt + l° b p(s).

(4.10)

N

IN

| /\

| /\

| /\

2 ke

In addition, we can obtain

1 1 1 1
[+ e du)de < Gl + 519wl + 5l + 519l
Q

1 1
— ) [|Ay|?
0+ (55 + 35 ) 18

F

1 1
<14+ —+— ) F(t
_<+A1+A2> (t),

IN

where we used the fact
1 1 1
Sl + 21Vl + 3 Al < F(r).

Then we have

(4.12) —/Q(u-ut+u‘Aut)da:T§2<l+1+ 1>F(S).
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Inserting (4.11] into and using Young’s inequality, we shall see below, for
any € > 0,

T T T
[ 1auPae< [ (al® + Va0 + 5 [ 1A P b+ 2R (S)

1 1 0
vo(14+ — 4+ — ) F(s)+ 2HHC [pale™ / Ve (£)]|2 dt
N 2

0] pale™ / 2 121 r 2
+ || dt + ——— )= dt
2 [ V@ ae+ 522 | vu)

T
RN 1[IVl - o)) at
S

which, by using Poincaré’s inequality, yields

g ’ Olpsle™ |2 g
Au(t 2dt</ t th+<6+ R 2 )/ Au(t)||? dt
/S [Au(t)|* dt < s s (2) | 2 o tavioan ) /s [Au(t)]]

(4.13) + <1+0|“2|€T1) /T [ Vue(t)||* dt + 2 (1+ % + A12> F(S)
+ 2 p(s) + LT=a [ - oyiPa

Taking into account the following estimate
el =g " )
5 1—-d HVut(t 7(t))||* dt

_ 1 |M2|(9V
= s POV g [ e - o) a

1 T
<Y [ ereya<—1 R,
_Hx/l—d—l/s( ®) T OV/1—-d-1 (%)
and taking ¢ = 1/2, we infer from (4.13) that

/T | Au(®)|? dt < /T e (8|2 dt + <1 4 Omale™ sl ) /T | Au(t)|? dt
s =Js 47 720 T avi—dn s
0 71 T 1 1
(4.14) + <1+ lzle )/ ||Vut(t)||2dt+2< b= )F(S)
2 S )\ )\2

2o ! F(S).

Dy ——=
* k ( )+9\/1—d—1

By using (4.7]), we know that

1 Olpsle™ |12 ) 1
1— (< + + >
(4 2)\2 2\/1—d)\2 2

Then (4.8) follows from (4.14) with constants given by (4.9). Therefore, the proof is
complete. 0
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Lemma 4.5. Assume
l
(4.15) 2| < ge*ﬁ,

then the following estimate holds for any T > S > 0 and for any € > 0,

T T
(4.16) /S (el + 1 Vue|*) () dt < E/S [Aue(t)|? dt + C3F(S)
with
2 2l 49(0 2l l

Cy=2]2(1420) 200 2b b

(4 17) lo /\1 l(])\l k ke
‘ +M (1+1) + 1 + |,U2|ZO :|
2k Aa)  OVI—d—1 khv1—d]

Proof. Multiplying (4.3]) by fo n(s)ds and integrating the result over Q x [S,T], w
get

(4.18) / / <utt + A% +/ 9(5)A%n" (s) ds — Auy — Olpa|e™ Auy — Auy(t — T(t)))

(A g()()m>dmﬁ:o

Using (|1.7)) and integration by parts, we conclude that

'//mt/ s) dsdadt
/ut / s) dsdx —/ST/Qut(t)-/Ooog(s)(ut(t)—n(s))dsdwdt

(4.19) :
/m(/ @m QLHW@Wﬁ
//@t / 5) dsdadt,
and
—/ﬁ/Awy/MM$MQ%Mﬁ
Vutt 9(s)Vn(s) dsdxdt
(4.20)

T T
—bA\NW@Wﬁ

/Vut / g(s)n ()dsdws
//Vut / g (s)n(s) dsdzdt.
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Again using integration by part to the remain terms in (4.18)), we derive from (4.19)—(4.20))
that

T
lo /S (luell? + [ Vue2)(0) dt

= /Q(ut + V) (t) - /000 g(s)n(s) dsdx :— /Q(ut + V) (1) - /OOO g (s)n(s) dsdzdt
=T =1
o / / Ault / 9(s)An(s) dsdadt + / / ( / (s)ds>2 ddt
=Ty =1
+ 0| pzle™ /S /QVut(t) . /000 9(s)Vn(s) dsdxdt

=I5

+ /S ' /Q Vur(t — 7(1)) - /0 () Vn(s) dsdadt
=TI

In the sequel we shall estimate the terms I; (i = 1,...,6) on the right-hand side of (4.21]).
It follows from Hélder’s inequality and Young’s inequality that

(u +Fu0)- [ aton(s) dsto < 2l + 19wty + [ ([ atomis)ds) ds
Q 0 Q 0

1 lo [
< S (luell® + Vue*) + 7\0 / g(s) | An(s)|* ds
1Jo

21
< F(t) + T2F (1),
A
which gives us
2l
(4.22) L <2(1+ ~ F(9).
1

Moreover, we have for any § > 0,

2

s (T 5 e
<5 [ U+ Vel ?) @) dt + 5 dt
S

/ " g sn(s) ds

< g/ (luell? + [V [2) () dt

(123 e[ (-] v ds) (/“Y SN ds ) s

) 9 )
<3 )| An(
<3 /S (P + ¥l o) e~ 52 [ / | An(s) > dsdt
5 (T 2g(0
<5 [ Gl + 19wy @) i+ 20 m(s),
S
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21
(4.24) L< zo/ / An(s)| dsde < 2R ().

By virtue of (4.24]), we get for any € > 0,

/ | Au(t)|?

3 T lo
< / |Au(t)||? dt + —F(S).
2 /g ke

By using integration by parts, Holder’s inequality and Young’s inequality, we derive

= ol | ' [ =8ute) [ atom(s) dsdas
+ g0alen [ ) [ =sute) [ atom(s) dsdaat
:_emgw/ /ut / 5)An(s) dsdzdt

(4.26) + ¢9|,u2|671 / / Vg (t /0 9(8)V(s) dsdadt

2

(s)An(s)ds|| dt

(4.25)

2

0 e 6 et (T o0
< Olzle™ / (el + Vel )2 de + 221 L[ s as| ar
4 s 4 s lJo
1 T %) 2
+9|/L2|€/ / g(s)Vn(s)ds|| dt
4 s lJo
0 en (T 0 e™] 1
< 2l Tl 4 190y e+ P (14 ) Fs)
S 2
and
‘/J2| r 2
I < BAVT=d [ |Vuntt - r(o)|? e
S
+ 2] ! /oog(s)Vn(s)ds 2dt
(4.27) 2V1—dJs llJo
| 2] /T 2 |p2)lo
< Z2V1-d Vus(t — 7(t dt + —————F(S
< VT [ Vunle = r0) 2 it ()

1 | 12|l )
< + 9).
_(9\/1 d—1  kXovV1—d (%)
Inserting (4.22) into , we have for any € > 0 and § > 0,

1
<l0_9|#216’_5>/ (luell® + Ve[ (2) dt
4 2) Js

T 21 29(0)  2ly . 21
4.28 << Au®2dt+ |21+ 22 Z0 4 20
(4.28) ‘2/5” u(t)|? dt + )t TR T e

9|M2|€Tll0 < 1> 1 |,U,2|l0
+———(1+— |+
2k O0vli—d—1 kXv1—d

F(S).
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Taking 6 = lp/2 and using (4.15]), we know that
0 oo
_ Olpale™ 0l

4 2 2

Then (4.16)) follows from (4.28]) with a constant C5 defined by (4.17)). The proof is com-
plete. O

lo

Lemma 4.6. Assume

1 —
o <min YT o0
2(0emv/I—d+1) 0

then the following estimate holds for any T > S > 0,

1 [T 1 /T
(4.29) 5 [ NauwPdr 5 [l 1Vl i < i)
with
Cs
Cy = (CoCs 4+ C1C5 + Cy) + o
where the constants Cy, C1, Co is defined in (4.9), and
2 21 4¢(0 21 1p(2Cy +2C1 + 1
{2(1_'_ 0>+9()+0+0(0 1+1)

Cs

"l N oh |k 2
9’/&’67—1[0 ( 1 ) 1 ‘,ugﬂo
4 AT 0 ) o + .
2%k X)) 0VTI—d—1 klvI—-d

Proof. Tt follows from (4.8)) and (4.16) that for any £ > 0,

T

(4.30) /ST 1Au(®)|2dt < (Co+ 01)5/5 1Au(t)|2 dt + (CoCs + C1Cs + Ca) F(S).

We infer from (4.16]) and (4.30) that for any ¢ > 0,

T 2 1 T 2 2
1A e+ g [l + 19w a

1 r C
< [(Co +Ch)+ 2] 5/ | Au(t)||? dt + [(0003 + C1C5 + Cy) + 73 F(S),
s
which, choosing € > 0 satisfying
B 1
£ 200—}—2014—17

implies

1 [T 1 [T C
2/ IIAU(t)IIth+2/ (lue]? + [|[Vue][?) (2) dt < (0003+0103+02)+73 F(S).
S S

Hence the proof is complete. O
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For problem (4.3]) and (|1.7)—(1.11]), we can get the following stability result.

Theorem 4.7. Assume

VI—d .
G ri S
Let the assumptions f hold. Let the initial data U(0) = (ug,u1,n0) € H and
folz,t) € HY(Q x (—7(0),0)). For any 0 > 1\/1—d, then there exists a constant 8 > 0
such that the energy F(t) of the auziliary problem and f defined in

satisfies for any t > 0,

(4.31) |p2| < @iz := min { 5

(4.32) F(t) < F(0)e Pt

Proof. Tt follows from (4.4]) that
Qe [t T
“‘2“’/ e (9| V|2 ds < —/ F'(t)dt < F(S),
2 t—r(t) s
which, together with (4.5) and (4.29)) and noting that |uq| < 71z, gives us

T
1
/ F(t)dt < <c4 bt 1) F(S).
S
Then using Lemma we can get the desired estimate (4.32)) with

1 ~ 1
4. = 11 —
(4.33) C=Cs+ - +1, g C

The proof is complete. O

Proof of Theorem [4.1] By using Theorems and we can obtain that Theorem
holds with 8 = 5 — ef|usle™ if

—fB + efluale™ < 0,

i.e., if the coefficient of delay us satisfies

1
(434) ol < w(lpal) 1= =,

and C' > 0 is the constant defined in (4.33). Noting that m(0) > 0, we first know that
holds for uo = 0. In addition, it follows from the definition of the constants Cj,
(4, Cy and C3 that the function 7: [0,00) — [0,00) is a continuous decreasing function
satisfying

w(Jpe]) = 0 for |ug| — oc.

Thus there exists a unique positive constant iz such that gy = 7(f2). Therefore for any

0 in (4.2)), inequality (4.34]) is satisfied for every ps with
(4.35) k2| < po := min{uz, 2},
where 773 is defined in (4.31)). The proof of Theorem is complete. O
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Remark 4.8. Following the same arguments as in [1], we can also compute an explicit

lower bound for pg. Here we omit the proof.

Remark 4.9. The stability result also holds for the plate equation with strong anti-
damping, that is, the case 7(t) = 0 and uy < 0. In fact we can take § = 1 to get

the stability result under the condition

9 1 -t
2| < {50+ Cot - +1) e,

where

4[0 1 2 2[0 4g(0) 11[0
Cy=20 44 = d Cs=2 21420 2oy
2= <+A1+>\2> and &3 lo[(+>\1)+lo)\1+k

4.2. The system without rotational inertia

In this subsection, let us consider (|1.6)) with v = 0, and study the following system

(4.36) ugy + A%u + /000 g(s)A%n'(s) ds — py Auy — ppAug(t — 7(t)) + f(u) =

together with (|1.7)) and initial data and boundary conditions 7-
We define energy functional G(t) of problem (4.36) and (L.7)-(L.11) as

G(t) = Sl + 5 1Au]? + %Ilntlli@ - /Q Flu(t)) da

t
+£/ /eA(s_t)\Vut(Ls)]Qd:L"ds,
2 )ity Ja

where £ > 0 is a constant will be determined later and the constant A > 0, as below, has

(4.37)

been introduced in [22],

Then we can get the following stability result for problem (4.36)) and (| . -

Theorem 4.10. Let the assumptions (2.4)—(2.7) hold. Assume |p2| < v/1—duy. Let
the initial data U(0) = (ug,u1,m0) € Ha and fo(z,t) € HY(Q x (—7(0),0)). Then there
exist two constants v > 0 and o > 0 such that the energy G(t), defined by (4.37), to

problem (4.36) and ( . - satisfies

(4.38) G(t) <ve ™ forallt>0.

In the sequel we shall prove Theorem [4 which will be divided into the following

lemmas.
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Lemma 4.11. Under the assumptions of Theorem [£.10], the energy functional defined by
(4.37)) satisfies for any t > 0,

6/ = (s~ i+ § ) IVuto)l?

2vV1 —d
(130 +(Mvr=a- S a) 19ute - ro)?
[e'e) t
+1/’¢@WAMPM—5A ) [Ty ()| ds.
2 Jo 2 Jir)

Proof. Differentiating (4.37)) with respect to ¢, we have

G'(t):/uttutdaz—i-/Au‘Autd:U—F// g(s)An' - Ant dsdx
Q Q QJo

+ [ s+ 519wl = Se O - (0 Turle - r(0)
Q

_x
2 Ji—r)

By using (4.36)), (1.7) and (2.6)—(2.7])), we can obtain for any t > 0,

e A=)y (s) || ds.

G0 <5 [ /a6 ds — | Tl
(4.40) ~ i [ Vunlt) - Ve - r(e) do -+ 590

¢ -2 [

— o (1 = d)e™ | Vug(t — 7(t)) 5 o e M|V (s)||* ds.
t—7(t

2

Using Young’s inequality, we get

~pz [ Fult) - Tult = (@) do < 5 L2 Tul? + LT d e - )P,

which, together with (4.40)), implies (4.39). The proof is complete. O

Lemma 4.12. We define the functional ¢(t) by

qb(t):/Qu(t)ut(t) dx.

Then under the assumptions of Theorem there exist two positive constants c¢; and cy
such that

#(0) < ~G(O) ~ 180l + e el + x| Tt = )| - [ Flajuds
Q

o0 t
o [T AP s+ IR s, v
0 t—r(t

(4.41)
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Proof. 1t follows from (4.36|) and integration by parts that
2 2 >
¢'(t) = [lwl” — | Aul]” — /QAU(t)/O 9(s)An' (s) dsdz

(4.42)
— /Q Vu - Vugde — po /Q Vu - Vu(t —7(t)) de — /Q fw)udz.

By using Holder’s inequality and Young’s inequality, we derive that for any € > 0,

& 1
(4.3 — [ sty [ gt () dsdo < G180 + 2ol
(4.44) - M/ Vu -V dz < |‘;1|5||Au|y2 + |'Zl|||ut|2
Q 2 3
and

9
—ta [ Vu- Tuule — r(0) do < L2 aul + L ywunge - )P,
which, along with (4.42))—(4.44), gives us

7 mle  pele 5 !m!
) < — £ —BUE Aul2 +2 Lt}
P'(t) < <8 " o | Aull* + 21|73, + A + [V |)?

“‘2’ 2Vt - 7(t) N2 — / F(w)udz.
Noting (4.37]), we have for any ¢ > 0,
gty < Gy — (5 mle ey ne (o)) i
= 8 Ao 2 2

1 1 | 2, |yl 2
# (5 ) 19wl + g - o)
R

A0 |y (5) |2 ds — / Fw)uda.
2 Ji—r@) Q
At this point, choosing ¢ > 0 sufficiently small that

pale | pale
Ao Ao 8

and since

1 oo
o'V, <~ [ g @) i
thus we can obtain (4.41)) with

1 1] |p2| 12
“a= maX{A2+A3+45’4g @ *

The proof is hence complete. O
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Lemma 4.13. We define the functional ¥(t) as

w0 == [wto)- ([ ot (s)as) an

Then under the assumptions of Theorem the functional ¥ (t) satisfies that for any

61 >0 and 69 > 0,
/ _§ 2 2 _ 2 2
9(0) <~ lollual® + 82l Al + 51| Tuelt — (DI + 81 V]
(4.45) oo
. / g ()| Ant(s)|]? ds,

where cg > 0 is a constant.

Proof. First we can easily get

0= [ ([ omeras) do [ ([T atorits)as) as

(4.46) = /Q <A2u + /00 g(s)Ant(s) ds — py Vug — paVug(t — 7(t)) + f(u))

0

([T atontas) o [ ([T otenitsras) as

Therefore, from integration by parts, Young’s inequality and Holder’s inequality, we infer
that for any 61 > 0,

(4.47) / A2u(t) / g(s)rt(s)ds | dx < 1 Aul® + 2 I,
Q 0 451 2

(L swamias) ([ stomtas) as

n e’ 82,'77& 2 5
_ / 3 / 9T de < lonf |,
Qj:l 0 a$j

[e’) 2 )
" /Q wtm-(/o g(S)Ut(S)d8> o < 01 [Vl + 510 [ gl o) P s
)

(4.48)

(4.49

2 00
pilo
<AVl + 5o [ o Ian @) P s

i [ Fute =) ([T gttt ds) aa

2 00
pslo
< aVult =)+ 20 [ as)l | ds.

(4.50)

Noting that

/Ooo g(s)nj(s) ds = —/OOO 9(s)s(s) +/OOO u(t)g(s) ds = /Ooo g ()’ (s) ds + louy,
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we shall deduce that

[ ([T st as)
SOl Bjuge+ L [ (7 dmoas) a
< Slult+ [ ([T -gas) ([T g2 ) d

3 9(0) [
< =Sulul? = 22 [T glar o) as
0AL Jo

AT1

Clearly, e*™ goes to 1 as A — 0. By virtue of the continuity of the set of real numbers,

we take A > 0 sufficiently small that there exists a constant £ > 0 such that

(4.52) 6\;11%#3 <& <,

which implies

(4.53) ﬁ—u1+§<0 and M\/f— 3 (1—d)<0.
2v/1—d 2 2 2eAT1

Thus we know from (4.39)) and (4.53) that

(4.54) G'(t) <0.

It follows from ([2.1]) and (4.54) that for any d3 > 0,
[r ([ oot s)ds ) do < Feroyaul + 0y
Q 0 M 453)\1 2’

which, combined with (4.46)—(4.51)), yields (4.45)) with

(53 l2 lo ,u2l0 MQZO g(O) l2
09 = 01 + —G?P d =9 4+ L 2 o
2 =0+ T G0) and ey = g o R T Ik T lon T 10k
The proof is hence complete. ]

Now we define the Lyapunov functional L£(t) as
(4.55) L(t) :==G(t) +e10(t) + e2v(t),
where €1 > 0 and g2 > 0 are constants will be taken later. First we can easily deduce, for

€1 > 0 and g9 > 0 sufficiently small, that for any ¢ > 0,

(4.56) %G(t) <L) < ga(t).
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Proof of Theorem [£.10]. Combining (4.39)), (4.41)) and (4.45]) with (4.55)), we can derive for

any t > 0,
L'(t) = G'(t) +e19'(t) + e20'(t)

3
g—aaw—4MWW+[%%{d—m+g+qa+@&]WWW

- (|M22|\/1 —d- ge_)‘”(l —d)+cie1 + 5251) Vg (t —7(1))
1 > €
+ (2 — 61 — C352> / g (s)|An'(s)||* ds + (6252 — Zl> | Au|?
0

t
+G;_§>ZﬂfAuwWW@W%—&Aﬂmwm

Since - ) hold, at this point we first take £ > 0 sufficiently small such that
- holds, and further,

Al &y |2 m |12 3 }
€1 < min e M1 — —V1l-d————— =,
! {2 e G v dey/T—d  4c
which gives us
Ce1 A A1 1
5 "9 STy g eaCp

and

bl T=d - S -y v e < 2T S g,

§
+ - tcaea < =.
ovi-d Mo TS T4 4

For any fixed d1,d2 > 0 and £; > 0, we choose €2 > 0 sufficiently small such that (4.56)
holds, and further,

fea 1 & |2 {1 |2 3
. T 1— el —g 22 el 5
2 s mm { 85, 8c3 8¢ LD gy G4 sei—d 8 )

4ﬂﬂi_ § Wﬂ_g+

which implies
eady — L < L 1—Ces >}
202 4 87 4 3¢2 87
and

el Td - S d) ave < T S - a)

BT T S S S /17| _Mz g

44/1—d 2 4 8v/1—d

From above and (4.37) and (4.56)), we can conclude that there exists a positive constant

p such that for any ¢ > 0,

_l’_

L) < —pG(t) < —gz(t),
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then we have

By using (4.56]) again, we see that
(4.57) G(t) < 3G(0)e 5",

Therefore by renaming the constants in (4.57)), we can get the desired estimate (4.38)).
The proof of Theorem [4.10] is complete. O

Remark 4.14. For plate equation without rotational inertia, our result concerning global
well-posedness only holds for |ua| < pi, concerning exponential stability only holds for
|u2] < V1 —dug and g # 0. Whether the two results hold for pq = 0 is still open.
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