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Abstract. In this paper, we focus on certain functions as scalarization for six types
of set relations and discuss calculation algorithms for them between polyhedral sets,
while those between polytopes have been already investigated. A major difference
between polyhedral sets and polytopes is in boundedness. Polyhedral sets are no
longer necessarily bounded. Methods for calculating types (1), (2), (4), (6) are easily
available by a similar way to existing ideas. However, those for types (3) and (5),
which are actually the most famous and long-standing types, require some technical
ways approaching to the value of them by using the fact that finitely generatedness
and polyhedrality coincide and can be algorithmically switched in finite-dimensional
spaces. As a result, we show all types are reduced to a finite number of linear pro-
gramming problems. Also, we demonstrate our methods through an example and give

detailed calculation process.

1. Introduction

What is the importance of scalarization? Scalar is treated as a quantifier of important
properties in a vector space such as norm, volume and angle. In set optimization, we are
usually required to find a set which precedes others to solve given problems by using a
preference relation of sets called a set relation. The concept of set relations was originally
stated with six types in [12], and there are some variations of set relations having been
studied (e.g., [9]) based on the pointwise ordering of vectors; we use the original six types
in this paper. However, it is quite difficult to see which set of two is preferred because a
set may consist of infinitely many elements. If scalars characterize set relations, set-to-set
comparisons would get far simplified. This is a reason why we should consider scalarization

as a characterization of set relations.
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Gerstewitz’s scalarization function (see |4, Section 2.3]) is one of well-defined scalar-
ization for vectors with which many researchers have produced various types of charac-
terization functions to scale sets. These functions have been used to describe optimal-
ity [1,[7,/10,|13], well-posedness (setness) [3,/6,[17] and so on. Recently, several interesting
expressions [5]/15,/16] like oriented distance types or minimax types are considered.

We deal with ones in [13] involving the original six set relations. These functions have
been studied as characterizations of set relations in [1,[5,|14] and applied to fuzzy theory
in [8]. However, there are few studies on concrete calculation process of the values of the
scalarization functions whereas this is of great importance because some authors usually
describe many properties on set-valued maps and set optimization by scalar for simpli-
fication (see [11]). As a technical approach to calculation of the scalarization functions,
polytopes (or, equivalently, bounded polyhedral sets) are tested in |[16] by using a minimax
pointwise form. It says the values of the functions are obtained by solving a finite number
of linear programming problems if the set relations are given between polytopes.

Our aim of the paper is to expand the applicable range of calculation methods in [16]
from polytope cases to (not always bounded) polyhedral cases. In Section [2| some basic
notions are given. Section [3|is divided into three parts. First, we recall known results in

Section Our main results and a calculation example are described in Sections [3.2| and
respectively.

2. Preliminaries

Throughout this paper, let X be a real topological vector space. We write the set of all
subsets of X excluding the empty set () as P(X). The topological interior, convex hull and

convex conical hull of a set A C X are denoted by int A, co A and cone A, respectively.

2.1. Set relations and scalarization functions

Let C be a convex cone in X with int C' # (). Then we define the binary relation <¢ on
X induced by C as follows: x <c y if y —x € C for ,y € X. Since C is a convex cone,
this relation <¢ has reflexivity and transitivity, which means C is a preorder.

Let us define some binary relations between two sets using the relation <c and scalar-

ization functions for sets.

Definition 2.1 (Set relations, [12]). For A, B € P(X),

1) A<V B &L vaec A VbeB, a<cb «— ACepb-0);

() A<? B &L Jaedst.Vbe B, a<cb < AN (Nyepb—C)) #0;

(i) A<® B 4L vheB JacAst.a<eb — BCA+C;
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(iv) A<W B &L Fpe Bst.Vac A, a<ob < (Nyeala+C))N B #0;

v) A<® B &L Yae A IbeBst.a<ob < ACB-C;

(vi) A< B &L Jae 4, FbeBst.a<pb < AN(B-C) #£0D.

Definition 2.2 (Scalarization functions, [13]). Let A, B € P(X) and k € int C. For each
i=1,...,6, we define a scalarization function Eg)k P(X) x P(X) - RU{£o0} by
ES(A,B) :=inf{t e R| A <8 (B +1th)}.

These scalarization functions measure the difference between two given sets with re-
spect to each set relation. By definition, one can easily check that the following inequalities
hold:

EG)(A, B) > EG)(A,B) > ES\(A, B) > Eg)(A, B),
EY)(A,B) > EX)(A,B) > ES)(A, B) > ES)(A, B).

2.2. Polyhedral set and finitely generated set

In this part, we introduce basic concepts of polyhedral set and finitely generated set. Let
X* be the topological dual space of X and A° the negative polar cone of A C X. The set

of all m x n real matrices is written as M™*"™.

Definition 2.3 (Polyhedral set). A set A C X is said to be polyhedral if A = {x € X |
(pi,x) < ¢, = 1,...,m} for some pi,...,pm € X* and q1,...,¢n € R. In particular,
A C R™ is polyhedral if A = {z € R" | Pz < ¢} for some P € M"*™ and q € R™.

Definition 2.4 (Finitely generated set). A set A C X is said to be finitely generated if
A =coV 4 cone W for some finite sets V, W C X.

We remark that a cone C' C X is polyhedral if C = {z € X | (p;,z) <0,i=1,...,m}
for some p1,...,pm € X* and is finitely generated if C' = cone W for some finite set
W cC X.

The polyhedrality and the finitely generatedness of a set, in fact, coincide with each
other in a finite-dimensional space. In the next section, we utilize the transformation of a
polyhedral form into a finitely generated form to obtain our main results. Therefore, we
introduce here a detailed technique for the transformation, where the following Fourier—

Motzkin elimination plays an important role.

Proposition 2.5 (Fourier-Motzkin elimination, e.g., see [2]). Let

n
Zpijxj <gqg fori=1,....m
=1
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be a system of linear inequalities with variables x1,...,x,. Then, we can eliminate the

variable x1 and turn the system into another one

n
Zp;jxj <q fori=1,....m

j=2
with variables xo, . . ., xy such that both systems have the same solutions over the remaining
variables. In particular, g; =0 for i =1,...,m implies ¢, =0 fori=1,...,m'.

Next, we mention two propositions, the proofs of which show concrete steps of trans-

formation leading the procedure of Theorem and the example described later.

Proposition 2.6. [18, Theorem 1.3] A cone C C R" is polyhedral if and only if it is
finitely generated.

Proof. Assume that C is a finitely generated cone. Then, there exist wy,...,w, € R"
such that
m
C= {xER" :L‘:Z,uiwi,,ui ZO,izl,...,m}.
i=1
By using the Fourier—Motzkin elimination, we can eliminate the variables u1, ..., t;, from
the system

m
;Ej:Zuiwij,jzl,...,n and p; >0,i=1,....m
i=1

(where z; and w;; are the j-th element of x and w;, respectively) and turn it into a system
of homogeneous linear inequalities with variables x1, ..., x,. This means C is a polyhedral
cone.

Conversely, assume that C' is a polyhedral cone. Then, C' = {x € R" | Pz < 0} for
some P € M™ ", Now, we define a finitely generated cone D := {x € R" |z = PTp, pu >
0} and deduce C' = D°. Since D is a closed convex cone, we have D = D°° = (C°
by the bipolar theorem. Hence, C° is finitely generated. As we already know that a
finitely generated cone is also a polyhedral cone, it follows C° is polyhedral. From the
above argument (the polar of any polyhedral cone is finitely generated), we conclude that
C = C°° is finitely generated. O

Proposition 2.7. |18 Theorem 1.2] A set A C R™ is polyhedral if and only if it is finitely

generated.

Proof. Assume that A is a finitely generated set. Then,

A=z eR" (o= Avi+ > pw;,» Xi=1Xpu>0iclje]
el JjeJ el
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for finite sets {v; | 7 € I'},{w; | j € J} C R™. By using the Fourier-Motzkin elimination,
we can eliminate the variables \;, p; (i € I, j € J) and deduce that A is a polyhedral set.

Conversely, assume that A is polyhedral: A = {x € R" | (p;,x) < gi,i1 € I} for finite
sets {p; | i € I} CR"™ and {¢; | i € I} C R. Consider a polyhedral cone

T
Cy = e Rt
T

—rSO,(pZ,$>—qu§0,l€I

By Proposition [2.6] C'4 is finitely generated. Hence,

, s
_ ZJEJMJ j ;> 0,jed

r ZjeJ 15

for finite sets {w; | j € J} CR™ and {d; | j € J} C R. Since r > 0, we have d; > 0 for all
j € J, and thus J = J* U J? where JT :={j € J|d; >0} and J := {j € J | d; = 0}.
Putting v; := (1/d;)w; and \; := p;d; for i € JT, we obtain

e+ AV D W
Ch= Nermrr [ [T] = Dieg+ Aivi + 3¢ go 1w Aisp; >0ieJ 5%,
r r D it N

Therefore, we deduce

X
Cy= e R
T

X
A=z eR" e Cy
1

={zreR” SEZZ)\i’ui—l-z,ujwj,Z/\i:1,)\i,uj20,iéz]+,jéjo ,
eJt jeJo ieJt

which means A is finitely generated. O

3. Calculation methods of the scalarization functions

In this section, we discuss how to compute values of the six types of scalarization functions
under certain assumptions. Consider a Euclidean space R™. Assume that C'is a polyhedral
cone defined as C' := {x € R" | (p;,z) < 0,1l = 1,...,m} where p1,...,pn € R" and let
k € int C.

3.1. Previous results

Proposition 3.1. [16] Let A, B C R™. Then the following equalities hold:

N - P >
i) E45p (A, B) =supsup max a—b);
(i) Eg (4, B) il e < (p1, k)
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.. (2) e 4! >
i) EX (A, B) = inf sup max ,a—b);
( ) C’k( ) acA beg I=1,...,m < <pl, k‘)

oy (3) - . i >
iii) E5 (A, B) =sup inf max ( ——,a—0b);
( ) C’k( ) beg acAl=1,...m < <pl, k)

. 1) . i .
(iv) E¢j(A, B) = inf Sup, max < ok b>,

5) B . bi . .
() Ecy(A.B) = sup fuf, | mhax < Wk b>’

. 6) NP b
(1) Egy(4, B) = inf inf max < k)t b>‘

A set A C R" is called a polytope if A = coV for some finite set V' C R™. It is obvious
that any polytope is a bounded finitely generated set (and also a bounded polyhedral set

by Proposition .

Proposition 3.2. [16] Let A, B C R™ be polytopes defined as A := co{ai,...,aq},
B :=co{bi,...,bsg}. For each h € N, define I(h) := {1,...,h} and A" := {(\1,...,\p) €
RY S N =1,\ >0,i e I(h)}. Then,

G
(i) E&L(A, B) = max;ej(a) MaXje[(5) MaXje1(m) <<pf7fk>, a; — bj>;

(i) EQL(A, B) = inf{t € R | (p, k)t + 351 (p1, —ai) \i > max;ep(g)(pi, —bj), 1 € I(m),
for some X\ € A%};

(111) E(C:’?C(Av B) = manEI(B) lnf{t eR ‘ <pla k>t + Z?:1<pl7 7al>)\l > <pl7 7b]>7
l € I(m), for some A € A“};

(iv) BES(A,B) = inf{t € R | {pr, k)t + 27 (1, bj)py > maxieay(pr, ai), L € I(m),
for some p € APY;

(v) ESL(A, B) = maxye o inf{t € R | (pr, k)t + X7 (1,005 > (p, ai), 1 € I(m),
for some p € APY};

(vi) EQL(A B) = inf{t € R | {py, k)t + S0, (pr, —ai)hi + 30y (pr,bj)p > 0,
1 € I(m), for some A € A% € AP}

This proposition reveals that the problem to calculate each scalarization function can

be decomposed into a finite number of linear programming problems when A and B are

polytopes.
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3.2. Main results

In this part, we deal with a new case where A and B are polyhedral sets. This paper is a
direct generalization of [16] since any polytope is a polyhedral set. Henceforth, let A, B
be defined as A := {z € R" | Ppz < qa}, B:={x € R" | Pgx < qg} where Py € M**",
Pg € MP*" g4 € R?, gqp € RP.

By Proposition we give methods for computing types (1), (2), (4) and (6) of the

scalarization functions.

Theorem 3.3. The value E(C}}C(A,B) can be calculated by solving the following linear

programming problems [LP(1.01)| (I = 1,...,m) with (z7,yT) € R® x R"™ and taking the
mazimum of their m optimal values. Forl=1,...,m,

LP(1.) Mazimize <<p;lplk:>’m — y> subject to  Pax < qa, Py < qB.

Next, we attain the value EgL(A, B) by solving [LP(2)| with (t,z7T):

Minimize t€R subject to t > <pz > + sup <pl, —y>
(1, k)

, T
LP(2) (1, k) yeB

forl=1,....m, Pax < qa.

Here, we need to solve the following m linear programming subproblems to fulfill the con-

straint conditions of |LP(2)|:

LP(2.0) Mazimize <(p§9lk>’

We remark that when the optimal value of [LP(2.1)| is infinite for some I, so is that of
ILP(2)| since the feasible set of it is empty.
The values EglL(A, B) and E(C?L(A, B) are similarly obtained.

—y> subject to Ppy < qpB.

Finally, let us consider methods for computing types (3) and (5) by converting poly-

hedral sets into finitely generated sets.
Theorem 3.4. The value Eg;{(A,B) can be calculated by the following algorithm.

Step 1. By using Propositions [2.6] and convert the polyhedral cone C and polyhedral
sets A, B into the following forms:
o A=coV+ coneWy for finite sets Va, Wy C R";
e B =coVp+ coneWp for finite sets Vg, W C R";
e C' = coneW¢ for a finite set W C R™.
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Step 2. For each w' € Wpg, consider the equation ZwEWAUWC Tpw = w'. If all the
equations have a solution {xy}wew,uw, C Ry, we have cone Wp C cone W, +
cone We and go to Step 3. If not, we see coneWp ¢ cone W, + cone We and
conclude E(g}ﬁ(A, B) = +oc.

Step 3. Solve the linear programming problems

Minimize t € R subject to t> < Pl , T — v>

LP(3.0) (p1, k)

forl=1,....m, Psx < qa

for v € Vg to take the mazimum of their optimal values, which comes equal to
3
ESL(A,B).

Proof. We shall prove the following statements:
(i) If cone Wy ¢ cone W4 + cone We, EgL(A, B) = +oc;
(ii) If cone Wp C cone Wy + cone W, EgjL(A, B) = E(CS’L(A, VB).

(i) Let D := cone W4 +cone W¢. Then, we have x ¢ D for some x € cone Wg. Since D
is a closed convex cone, by the separation theorem there exists nonzero p € R” such that
(p,z) >0 > (p,y) for all y € D. By the compactness of co Vy, it holds coVy+ D C sk+ D
for some s € R. Now, fix t € R and z € coVp. As (p,z) > 0, it follows that there exists
s’ > 0 such that s'(p,x) > (p,x — z — tk + sk). This implies z + s’z + tk — sk ¢ D and
hence B + tk ¢ sk + D. Therefore, we obtain B +tk ¢ A+ C for all t € R, which means
ES (A, B) = +oo.

(ii) Let t € R. It is sufficient to prove B+tk C A+ C <= Vp+tk C A+ C. The
necessity of this equivalence is clear. Assume that Vg+tk C A+C. Then, by the convexity
of A+ C, we have coVg +tk C A+ C. Since cone Wg C cone W4 + cone W, it follows
co Vg +cone Wg +tk C A+ cone Wy + C + cone W, and thus we obtain B+tk C A+C.

Step 3 is based on the above statements (ii) and (iii) of Proposition O

We can get the value Eé? 3@ (A, B) in a similar way.

3.3. Example

As the last part of the paper, we show a calculation sample to demonstrate how it goes

with our methods.
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To begin with, let

1 -1 0 2
1 1 -3 1
-1 1 0 2
-1 -1 2 0
1 1 0 -3
PA = ) qA ‘= ’ PB - -1 -1 —-1|, gB:= -2,
-1 -1 0 4
2 =3 0 1
0 0 1 1
-3 2 0 1
0 0 -1 1
1 -1 -1 1
pri= -1, p2:=| 1], p3:=|-1], k:=]1
-1 -1 1 1

and define A := {x € R® | Pax < qa}, B := { € R} | Pgx < qg}, C = {z €
R3 | (p;,z) < 0,1 = 1,2,3}. Note that B is not a polytope as opposed to A because
{r € R® | 21 = 29 = v3 > 1} C B, that is, B is not compact.

ff
Er ©

Figure 3.1: Illustration of the sets A, B and cone C.

The value EgL(A, B) is given by solving [LP(1.1)|with variables (zT,y") € R? x R3 for
1=1,2,3.

P 0 T
LP(1.0) Maximize <<plk>,a:—y> subject to A < 1A

DPi; 0 Pp/ \y 4B

The numerical result is indicated in Table Here, the symbol Val(:) stands for
the optimal value of each specified problem. We derive E(C1 3{ (A, B) = max{7/2,-8/3} =
7/2 > 0 and hence A gg) B because assuming A Sg) B implies ESL(A, B) <0, a

contradiction.
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Type (1) || LP(1.1) | LP(1.2) | LP(1.3)
Val(-) 7/2 7/2 | —8/3
) —-5/2 | —1/2 | —5/2
o —-1/2 | =5/2 | —1/2
3 1 1 ~1
n 5/4 1/2 1
Ys 1/2 5/4 1/3
ys 1/4 1/4 2/3

Table 3.1: The optimal solutions and optimal values of [LP(1.0)

In order to obtain E(C2 L (A, B), we have to solve the two kinds of linear programming

problems below.

LP(2.0) Maximize < P ,—x> subject to Ppz < ¢,
(1, k)
Minimize t € R subject to ¢ > < 2 ,:L’> + Val(LP(2.0))
LP(2) (o1, k)

forl=1,2,3, Pax < qa.

Table shows EgL(A,B) = —1/2 < 0. From this outcome, we deduce A §g) B

owing to the following property of the set relations: For each ¢ =1,...,6, A gg) (B +tk)
for some ¢ € R implies A §g) (B +t'k) for all t’ € (t,+00).

Type (2) || LP(2.1) | LP(2.2) | LP(2.3) | LP(2)
Val(+) 1/2 1/2 —-2/3 | —1/2
1 5/4 1/2 1 —3/2
2 1/2 5/4 1/3 | —3/2
23 1/4 1/4 2/3 ~1
t ; - - ~1/2
Table 3.2: The optimal solutions and optimal values of |LP(2.])| and [LP(2)




A Calculation Approach to Scalarization for Polyhedral Sets by Means of Set Relations

Finally, we consider type (3) by following Theorem Let

Q
=~
i

S
S
]

C1:

Step 1. By using Propositions and we have A = cof{ay,...

co{by,...,bs} + cone{bs,...
Step 2. It is clear that cone{bs, ...

Step 3. For j=1,...

(=
(=
(=
by == (1,
=
=
= (

1/2,

1,1/3,2/3)T,

1/2,5/4,1/4)T,

6,4,5),
1,1,0)7,

—-5/2,1)7T,
37 _17 1)T7
1,-3,-1)T,

as :
by :=
bs :=
bg :=

(&

(—5/2,
(—1/2,
(-3,-1,-1
(1/3,1,2/3)T,
(6,9,5)",
(4,6,5)7,

= (1,0,1)7,

—-1/2,1)7T,
-5/2,-1)7T,
)T

,4, consider inf,c 4 max;—; 23 <<p€7,lk)’

ag = (—1,-3,1)T,

ag = (—5H/2,

—-1/2,-1)7T,

bs := (5/47 1/27 1/4)T7
be == (9,6,5)T,

cs:=(0,1,1)".

,bg} and C' = cone{cy, co, c3}.

,bg} C cone{0} + cone{ci, c2, c3}.

x — bj>, that is,

Minimize ¢t € R subject to > < P , T — bj>
<pla k>

LP(3.5)

According to Table

for 1 =1,2,3, Pax < qau.

ES)(A, B)

= max{—5/3,-5/4} =

conclude A Sg') B in analogy with the result of type (2).

Type (3) | LP(3.1) | LP(3.2) | LP(3.3) | LP(3.4)

Val() | —-5/3 | —5/3 | —5/4 | —5/4

a1 —7/6 | —11/6 | —9/8 | —15/8

o ~11/6 | -7/6 | —15/8 | —9/8
3 ~1 ~1 ~1 ~1

t -5/3 | -5/3 | —-5/4 | —5/4

Table 3.3: The optimal solutions and optimal values of

4. Conclusion

LP(3.5)

265

,ag} + cone{0}, B =

—5/4 < 0. Also, we

In this paper, we have given a new approach to getting values of the scalarization functions

for set relations with finitely many linear programming problems. We have investigated
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a calculation method for the scalarization between polyhedral sets, and it is a natural

extension of [16]. As shown in Section through an example, one can calculate the
values of the functions by following the algorithms stated in Theorems [3.3] and
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