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Existence of Weak Solution for a Class of Abstract Coupling System

Associated with Stationary Electromagnetic System

Junichi Aramaki

Abstract. We consider the existence of a weak solution for a class of coupling system
containing stationary electromagnetic coupling system associated with the Maxwell
equations in a multi-connected domain. Mathematically we are concerned with the

coupled system containing a p-curl equation and a g-Laplacian equation.

1. Introduction

We consider an electromagnetic field in equilibrium in a bounded domain € in R? with

the boundary I". The stationary generalized Maxwell equations is written by
g =curlh, curle=f, divh=0 in(,

where e is an electric field, h is a magnetic field, 7 denotes the total current density
and f denotes an internal magnetic current. Though f = 0 in classical Farady’s law,
in theoretical physics, magnetic monopoles have been postulated by formal consideration
(Bossavit [9]), so for mathematical purpose, it is interesting to consider the case f # O.

Here we consider a nonlinear extension of the classical Ohm’s law in the form
e = ph,

where the resistivity p = p(0, h, curl h) depends on the temperature 6 and on the magnetic

field h. Taking the thermal effect into consideration, we have the equilibrium of energy

(1.1) divg =7 -e,

where the heat flux ¢ = —kV# is given by a nonlinear thermal conductivity
k=k(0)|VOT2 ¢>1.

The right-hand side of ([L.1) denotes the Joule heating. We assume that the resistivity is
of the form
p=v(0)|curlh|P~2, p>1.
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Then the equations for h and 6 is written by

(1.2a) curl [v(6)| curl h|P~2 curl h]=f, divh=0 inQ,
(1.2b) —div [£(0)|V0|92V0] = v(0)| curl h[? in Q.

We impose the boundary conditions
(1.3) hxn=0, v curlh/P2curlhxn=0 onT

where n denotes the unit outer normal vector to the boundary I'.
For the classical solution of the system ((1.2al)—(1.2b)), we must impose the following
compatibility conditions. By (1.2a)),

(1.4) divf=0 inQ.
By and , since
f-n=n-cul(v(0)|curl b’ curl h) = Div(v(0)| curl [P ?curlh x n) =0 onT,
we have
(1.5) f-n=0 onl,

where Div denotes the surface divergence. See Mitrea et al. [17].

In Miranda et al. [15], the authors showed the existence of a solution for “weak for-
mulation” of — with boundary condition h -1 = 0 on I' instead of h x n =0
on I' in in a simply connected domain . Here they call (h,0) € WP(Q) x Wol’q(Q),
where

WP(Q) = {ve WHP(Q);divv=0in Qv-n=0o0nT}
a weak solution if ([1.2al)—(1.2b)), if (h,0) satisfies
(1.6a) / v(0)|curl h|P~2 curl b - curl v do = / f-vdx for all v e WP(Q),
Q Q

(1.6b) /k(9)|ve|q—2v9-vgdx = / v(0)| curl hPE dz for all & € W9(Q).
Q Q

However, in the case where € is multi-connected, since the weak solution (h, #) does not
satisfy in the distribution sense in their weak formulation, (h,#) is exactly not a
weak solution of f.

In this paper, we consider a more general system containing f under the
boundary conditions in a multi-connected domain. Our weak solution of weak for-
mulation of f satisfies the equations in the distribution sense.
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The paper is organized as follows. In Section[2] since we allow a domain € to be multi-
connected, we set the domain appropriately. Moreover, since we consider more general
equations than 7, we must introduce two Carathéodory functions S(z,s,t)
and T'(z,s,t) on 2 x R x [0,00) and state the structure conditions. We also give a main
theorem of this paper. To show the existence of a weak solution, we use the Schauder
fixed point theorem. In order to do so, in Section |3 we consider associated minimization
problems and consult the properties of the solutions. In Section [d] we show the continuous
dependence on given data for the weak solution obtained in Section [3] In Section [5], we
consider an approximate problem by truncation. Finally, in Section [6] we prove the main

theorem using approximate solution in the preceding section.

2. Preliminaries and the main theorem

In this section, we shall state some preliminaries and give the main theorem with respect
to the existence of a weak solution for the generalized system containing the system ([1.2a))—
with some boundary conditions.

Since we allow that 2 is multi-connected, we assume that €2 has the following conditions
as in Amrouche and Seloula [2] (cf. Amrouche and Seloula [1], Dautray and Lions [10] and
Girault and Raviart [13]). Let © C R? be a bounded domain of class C*! with the
boundary I" = 9 and € is locally situated on one side of T.

(i) T has a finite number of connected components I'g,I'1, ..., I, with Iy denoting the

boundary of the infinite connected component of R? \ Q.

(ii) There exist n connected open surfaces ¥;, (j = 1,...,n), called cuts, contained in
Q such that

(a) X, is an open subset of a smooth manifold M.

(b) 93; C T (j =1,...,n) and ¥; is non-tangential to I, where 03; denotes the
boundary of ¥;.

(0) TNy =0 #3).
(d) The open set Q2 = Q\ (U, X;) is simply connected and pseudo C! class.

The number n is called the first Betti number which is equal to the number of handles of
Q, and m is called the second Betti number which is equal to the number of holes. We
say that if n = 0, then € is simply connected, and if m = 0, then  has no holes.

From now on, we use the standard notations LP(Q2), W1P(Q) (m > 0, integer), W*P(T')
(s € R) and so on, for the standard L” and Sobolev spaces of functions. For any Banach

space B, we denote B x B x B by the boldface character B. Hereafter, we use this character
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to denote vectors and vector valued functions, and we denote the Euclidean inner product
of vectors a and b by a - b.

For 1 < p < oo, define two spaces by

KX (Q) = {v e LP(Q) | divo = 0,curlv =0in Q,v xn =0 on I'},
KZ2(Q) ={v e LP(Q) | divo = 0,curlv =0 in Q,v-n =0 on I'}.

Then it is well known that dim K% (Q) = m and dimK/.(Q) = n. Moreover, define two

spaces

VP(Q) = {v e WP(Q) |dive =0in Quxn=0onT,
(v-m, 1), =0,i=1,2,...,m},

where (v-m, 1)1, denotes the duality bracket between W~1/72(I';) and W'~1/?"(T;), and
p’ is the conjugate exponent of p, i.e., 1/p+ 1/p’ =1, and

(2.1) XP(Q) ={veLl’(Q)|dive € LP(Q),curlv € LP(2),v x n =0 on T'}.

We note that C§°(Q) € X7.(Q) € WP(Q) (cf. [2] for the last inclusion).
Then we have the following (cf. Miranda et al. [16], Aramaki [4]).

Lemma 2.1. For 1 < p < oo, the space VP(Q) is a reflezive, separable Banach space, and

the semi-norm |[v|ye(q) := || curlv||1p(q) is the norm, and it is equivalent to ||v[y1.r(q)-

From the Sobolev embedding theorem and the trace theorem, we have the following
(cf. [16, Remark 1]).

Lemma 2.2. There ezist positive constants C, and Cs such that for any v € VP(Q),

r<3p/(3—p) ifl<p<3,
[vllzr@) < Crllvllve) with S anyr < +oo  if p=3,

|7 = +oo if p> 3,

s<2p/(3—p) ifl<p<3,
[vl[zsry < Csllvllve) with { any s < +oo  if p=3,

|5 = +oo if p>3.

Here we introduce two Carathéodory functions S(z,s,t) and T'(x, s,t) containing
S(x,s,t) = v(0(2))tP/? and T(x, s,t) = k(0(z))t9/? as special cases. Assume that S(z, s, t)
and T'(x,s,t) are two Carathéodory functions on Q x R x [0, c0) satisfying S(z,s,0) =0
and T'(x,s,0) = 0 and the following structure conditions. There exist 1 < p < oo and
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1 < g < oo (there is no relation between p and ¢) such that for a.e. z € Q and all s € R,
S(z,s,t),T(z,s,t) € C*((0,00)) as functions of ¢, and there exist constants 0 < A < A <
oo such that for a.e. z € Q, all s€ R and ¢ > 0,

(2.2a) MP=D/2 <G (2, 5,t) < AtP2/2,
(2.2b) AP=2/2 < G2, 5,) + 268y (2, 5, 1) < AtPTD/2)
(2.2¢) Su(x,s,t) <0 ifl<p<?2, and Sy(r,s,t)>0 ifp>2
and
(2.3a) MOD/2 < Ty(x,s,t) < At972/2)
(2.3b) AMOD/2 < Ty(x,5,1) 4 26Ty (2, 5, 1) < At\T2/2,
(2.3¢) Ti(z,s,t) <0 ifl<qg<2, and Ty(z,st)>0 ifqg>2.
We note that from and , we have
2 2
(2.4) SXMPI2 < S(x,s,t) < A2 for t >0,
p p

\)

2
a2 < T(x,s,t) < ZAtY? for t > 0.
q

LS

Moreover, from (2.2b)) and (2.3b)), there exist positive constants C; and Co depending only

on p, A\, A and g, A, A, respectively, such that we have
(25) ‘Stt($7 S, t)| < Clt(p_4)/2a

and similarly,
’Ttt($7 5, t)’ < Cgt(q_4)/2'

Here and hereafter, for any function f(z,s,t), we denote f; = 0f/0t, fi = 0% f/Ot>.

Example 2.3. If we define S(z,s,t) = v(z, s)tP/?, where v(z, s) is a Carathéodory func-
tion on © x R satisfying 0 < A < v(z,s) < A < oo for a.e. z € Q and s € R, then

S(z,s,t) satisfies (2.2a)(2.2d). Similarly, if T'(x,s,t) = u(z,s)t??, where p(z,s) is a
Carathéodory function on © x R satisfying 0 < A < p(z,s) < A < oo, then T'(z,s,t)

satisfies ([2.3al)—(2.3c)).

For the proof, see [4] and DiBenedetto [11].
In this paper, we consider the following problem: to find (h, @) in an appropriate space
such that

(2.6a) curl[Si(x, 0, | curlh|?) curlh] = f, divh =0 in Q,
(2.6b) —div[Ty(z,0,|VO*)VE] = S(x,0,|curl h|*)| curl h|* in Q.
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We impose the boundary conditions as follows.
hxn=0, S0, curlh|*)curlh xn=0 onT.

In particular, we note that if v(x,s) = v(s) and u(z,s) = k(s) in Example then the
equations ([2.6a))(2.6b) become ({1.2a))-(1.2b).

More precisely, we state the weak formulation of (2.6a))—(2.6b)).
For f € LT/(Q) where 7 is as in Lemma and 7’ is the conjugate exponent of

r, ie., 1/r +1/r = 1 satisfying (T4) and (L3), find (h,0) € VP(Q) x Wy (Q) with
1V (¢g—1) <r <gq, where a Vb= max{a,b} such that

(2.7a) / S¢(x,0,| curl h|?) curl b - curlv do = / f-vdx forall v e X1(Q),
Q Q
(2.7b)
/Tt(x,ﬁ, IVO|*)VO - VE do = / Si(z,0,| curl b)?)| curl h|2¢ dz for all £ € Wy ().
Q Q

We note that since C§°(2) C X%.(€2), a weak solution (h,6) of (2.7a)—(2.7b) is a solution
(2.6a)—(2.6b)) in the distribution sense. Moreover, in the special case where S(zx,s,t) =

v(s)tP/? and T(x,s,t) = k(s)t??, equations (2.7a)-(2.70) become (T.6a)(1.6D) with
X7.(2) as the space of test functions instead of WP().

We are in a position to state the main theorem.

Theorem 2.4. Assume that Q0 and the functions S(x,s,t) and T'(x, s,t) satisfy the above
conditions with 1 < p < oo and 5/3 < q < oo, respectively. Let f € LT/(Q) satisfy ((1.4))

and (L1.5). Then the problem (2.7a)—(2.7b) has a solution (h,0) € VP(Q) x WON(Q) with
FT=qifqg>3,and 1 <7<3(qg—1)/2 if5/3 < q<3.

In the following, we give some preparations in order to prove this theorem.

Now we give monotonicities of Sy and T} in the following sense.

Lemma 2.5. There exists a constant ¢ > 0 depending only on A\ and p such that for any
a,bcR3,

cla — b|P if p>2,

(i) (St(z,s,lal*)a — Si(z,s,[b]*)b) - (@ — b) >
c(|la| + b))P2|la - b)*> ifl<p<2.

In particular,
(St(x7 S, ‘0’2)0, - St([l?, S, ‘b‘Q)b) ’ (a - b) >0 Zfa’ 7é b.

cla — b|? if g > 2,

(it) (Ti(z,s,lal*)a — Ty(z, s, |b]*)b) - (a — b) > - _
c(la| + [b))?2|la —b]? ifl<qg<2.

In particular,

(Tt(m7 S, |a|2)a' - Tt($a S, |b|2)b) ’ (a - b) >0 ZfCL 7& b.
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For the proof, see Aramaki [5].

Lemma 2.6. There exist constants C1 > 0 and Cy > 0 depending only on A and p, and
A and q, respectively, such that for any a,b € R3,

Cila — bP~1 if1<p<2,

(i) |St($73ﬂ’a|2)a_St(x7sv‘b’2)b‘ < 9 .
Ci(lal + b)) Z|la = b ifp>2.

Csla — bJa71 if 1 <q<2,
Colal + [b])7?|la —b] ifq>2.

Proof. 1t suffices to prove (i). From (2.5)) and ({2.2a)), we have

|St($7 S5, ‘a|2)a - St(x7 S, ‘b’z)b‘

(it) |Ti(z, s |al*)a — Ty(z, s, [b*)b] <

1
/ % [St(:c, s, |ta+ (1 — T)b\z)(Ta +(1- T)b)} dr
0

1
= /0 ‘QStt(x,s, lTa + (1 —71)b*)((@ —b) - (ta + (1 — 7)b))(ra + (1 — 7)b)
-l—St(x,s,\Ta—l—(1—T)b]2)(a—b)‘d7-
1 x,s,|Ta —7)b}||a - bl|Ta + (1 — 7)b)?
< | [2Sutwsiras = rppP)l
+ Sila,5,lra+ (1 - 1)bf%)|a — b|| dr
1
< 2A/ ra+ (1 7)blP2|a — b|dr.
0

When p > 2, since
1
/ ITa + (1 — 7)b|P~2dr < (|a| + |b])P 2,
0

(i) holds. When 1 < p < 2, if |a| > |a — b|, we have

fra+ (1-7)bP > =la— (1-7)(a—b) < (ja| - (1 - )la - b}
<(la b~ (1-7)la— b)) =""2ja b2

Since fol ™=2dr = 1/(p — 1), we can see that (i) holds. If |a| < |@ — b|, then there exists
T« € (0,1] such that (1 — 7.)|a — b] = |a|. Then we have

1
/ |Ta + (1 — 7)b|P~2 dr|a — b
0
1 2
< / llal — (1 —7)la - b||" > drla — bl
0

Tx 1
_/ Ha—(l—r)\a—pr2d7'|a—b—|—/ lla| = (1 = 7)|a — b]|" *dr|a — b]
0 Tx
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T ya— b - e d7+/‘ (Ja| — (1 = 7)a—b])" " dr
p — 1 0 d'f

1 1
—~ (la—b|— p=ly = g1
((la—b ~ )"+ = la

2
< ——la—bP".
p—1
Thus (i) holds. O

3. Associated minimization problems

In this section, we consider the minimization problems. Let S(z,t) and T'(z,t) be two

Carathéodory functions on €2 x [0, 00) satisfying (2.2a)—(2.2c) and (2.3a)—(2.3c) without

s-variable, respectively. Then we have the following.

Proposition 3.1. For given f € L™ (Q) satisfying (T.4) and (L5, the following mini-
mization problem: to find h € VP(Q2) such that

3.1 Ilhl = inf 1
(31) h)= it T
where
/S | curlw?) d:c—/f vdx
has a unique solution h € VP(QQ). The minimizer h satisfies the following equation

(3.2) /QSt(ac, | curl b|?) curl b - curl v dz = /Qf ~vdz  for allv € X1 (Q),

where X1.(Q) is defined by (2.1). The minimizer h € VP(Q) is also a unique solution of
(13.2). Moreover, the solution h satisfies the following estimate

_ _ 1 —1
(3.3) IBllveay < A~ ED £/,

Proof. First we show that the minimization problem (3.1) has a unique minimizer. If we
define F(x,t) = S(z,t?), it follows from (2.2a)) and (2.2b) that

Fi(x,t) = 2tSi(x,t?) > 2MP~L >0 for ¢t > 0,
Fyi(z,t) = 2{Si(x,t?) 4+ 23Sy (2,t>)} > 2XP"2 >0 for t > 0.
Thus [ is a proper strictly convex functional on VP(€2). We show the lower semi-continuity

of I. Let v; — v in VP(Q). Since curlv; — curlv in LP(Q), there exists a subsequence
{v;, } of {v;} such that

lim S( |curlw;, |*) dr = liminf/ S(z,|curlv;|?) da
J—00 [¢)

k—o00
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and curlv;, — curlv a.e. in Q. Since S(z,t) is continuous with respect to ¢t € [0,00),
S(z,|curlvj,|?) — S(x,|curlv|?) a.e. in Q. Since S(z,t) > 0, it follows from the Fatou

lemma that
/S(az,|curl'v| dx<11m1nf/ S(x,|curlw;, |?) dx
Q

= lim S( |curlv;, |?) dx
k—o0

= liminf/ S(z, | curlv;|?) da
Q

j—0o0

On the other hand, since using Lemma [2.2] we can easily see that
/fngda:—)/_f-vdx
Q Q

I[v] < liminf I'v;].

J]—00

as j — 0o, we have

Hence I is lower semi-continuous on VP ().
We show that I is coercive on VP(Q). In fact, from (2.4), Lemma [2.2{ and the Holder

inequality, for any € > 0, we have
2
I[v] = ];AH curlv|[7, 00 = 1 Fll ) IVl ()
2 /
> [0l ) = CEONFIL g = el

If we choose € > 0 so that € < 2)\/p, we can see that I is coercive. Therefore there exists a
unique minimizer (cf. for example, Ekeland and Temam [12, Chapter 2, Proposition 1.2]).
Next we show that if f € L™ () satisfies (T.4) and (L.5), then we claim the following

(3.4) inf Ifu]= inf Ifw)].

In fact, VP(Q) C X7.(), it is trivial that

inf TIfu]> inf Tw].

uevr(Q) weXP (Q)

For any u € X(Q), we consider the following div-curl system

curlv = curlu  in Q,
(3.5) dive =0 in Q,

vxn=0 on I'.
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Since div(curlu) = 0in Q, n - curlu = n - curlur = 0 on I', where ur = (n x u) X n is
the tangent component of w (cf. Monneau [18]), it follows from Aramaki [3, Theorem 3.5]
that has a solution v € W'?(Q). Define w = v — Y /" (v -n,1)r, ex, where {e;} is
a basis of K} (€2) such that (ey - n,1)p, = dk;. We have, for i =1,...,m,

m

(w-n,l)p, =(v-n,1)r, — Z('v -n, 1), (ex - n,1)r, =0.
k=1

Since divw = 0, curlw = curlv = curlu in @ and w xn = v xn = 0 on I', we
see that w € VP(Q) and curlw = curlu. Since f € L™ (Q) satisfies and (L.5)), it
holds that divf = 0 in Q and (f - n,1)r, = 0 for ¢ = 0,1,...,m. Therefore it follows
from [2, Lemma 4.1] that there exists g € W (Q) such that f = curlg in Q. By

integration by parts,

/f-wda::/curlg-wda:
Q 0

:/(gxn)"wdS—F/g‘curlwda:
r Q

:/g-(nxw)dS—i—/g-curludx
r Q

:/g'curluda::/curlg-udx:/f-udx.
Q Q Q

Hence I[w] = I[u]. So
inf Tw]<IT for all u € X2.(2).
Lt ] < Tfu] - for all w e X5(€)
Thus we have

inf Jfw] < inf Tful].
weVP(Q) ueX?(Q)

Therefore we get (3.4)).
Let h € VP(Q2) be the minimizer of

inf  Tfu]
ueV?(Q)

and v € X7(Q). Then by the Euler-Lagrange equation, we have

Ozil[h—ksv] :/St(:c,cur1h2)curlh~curlfvdaz—/_f~'vd:1:.
de e=0 Q Q

Hence h is a solution of . The uniqueness of the solution for follows from the
monotonicity of S; in Lemma [2.5(1).

Finally, we show the estimate . Taking v = h as a test function of , it follows
from , the Holder inequality and Lemma that

Al curthiP(Q) < ”fHLT’(Q)HhHVP(Q)'
This implies (3.3)). -
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Remark 3.2. (i) Our proof is directly for existence of solution to the equation (3.2). Since
the authors of [15] used the result of Lions |14, Theorem 2.1, p. 171], it is necessary to

suppose p > 6/5. However, by our method, the restriction is unnecessary. Moreover, since
C5° () € XP(Q), h is a solution of

curl[S;(x, |curl h|?) curlh] = f in Q
in the distribution sense.

(ii) In our previous paper Aramaki [6], we showed that if f € C%(Q) for some o € (0, 1)
satisfies (T.4) and (L.5)), then the weak solution h € VP(Q) of (3.2) belongs to C'T5(Q)
for some g € (0,1).

Similarly, taking the Poincaré inequality into consideration, we have the following.

Proposition 3.3. For a given k € W_l’q/(Q) = W()Lq(Q)ly the following equation
Q Q

has a unique solution 0 € Wol’q(Q), where the integral on the right-hand side of (3.6))
means the duality of k € W=59(Q) and & € Wol’q(Q). Moreover, there exists a constant
C > 0 depending only on X\, q¢ and € such that

1 1
181l < CllEL Dy

4. Continuous dependence on known data

In this section, we show the continuous dependence on known data for the weak solution
to the equation ({3.2]).

Assume that S (z,t) and S(x,t) are Carathéodory functions on € x [0, 00) satisfying
the structure conditions f without s variable and with the same A and A. Let
f.. € L"(Q) satistying and (L.5). Let hy,, h € VP(Q) be solutions of

(4.1) / St(n) (z,| curl hy,|?) curl by, - curlv do = / fn-vdx forall v e XI(Q),
Q Q

and (3.2), respectively.
Then we have the following.

Proposition 4.1. Let1 < p < co. Assume that £, — f in L" (Q) and S™ (z,t) — S(z,t)
a.e. in Q0 x [0,00). Then h, — h in VP(Q) as n — oo. More precisely, there ezists a
constant C > 0 independent of n such that

I = Blste) < CUIS™ (@] curlhf?) = Sy, | curl k) curl B[22
10— FI7 g,

where a A b = min{a, b} for any a,b € R.
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Proof. 1t suffices to prove the estimate (4.2)). In fact, from (2.2al),
]St(n) (z, | curl h|?) curl b — Sy (x, | curl h)?) curl B[P < (2A)7 | curl h|P.

We note that the right-hand side is an integrable function in {2 which is independent of
n. Since S ( |curlh|?) curlh — Si(z,|curl h|?) curl b a.e. in Q, it follows from the

Lebesgue dominated theorem that
||St(n)(:v, |curl h|?) curl b — Sy(z, | curl h|?) Curlh||Lp/(Q) —0

as n — oco. Since f,, — f in L (Q), if ([&.2) holds, we obtain that h, — h in V?(Q) as
n — oo.
We show the estimate (4.2]). If we take v = h,, — h as a test function of (3.2)) and

(4.1), we have
/ Sy(z,| curl h|?) curl b - curl(h,, — h) dz = / f-(hy,—h)dzx
Q Q

and
/ St(n) (z,|curl by, |?) curl b, - curl(h,, — h)dz = / Jn - (hn—h)dz.
Q Q

Therefore we have

/ (S (2, | curl b |?) curl by, — Sy(z, | cwrl b|?) curl h) - curl(hy, — h) dz
Q

— [(Fu= 1) (b~ By a.

Q

SO
/(st(”)(x,|cur1hn| )curl by, — S (@, | curl h|?) curl b) - curl(h, — h) dx
Q

(4.3) + / (St(n)(ac, | curl hb|?) curl b — Si(z, | curl h|?) curl h) - curl(h,, — h) dz
Q

— [(Fu= 1) (b~ B)a.
Q
When p > 2, using Lemma (i), we can see that

c|| curl(h,, — h)Hip 0
< 18" (@, | curl h?) curl b — Sy(, | curl h?) curl Bl 1 o || curl (B — h)l| (e
+1Fn = Fllr @) 1hn = Bllveo)

C@W%mwﬁwﬂm%wﬂh—&@JwﬂM%wﬂWﬁﬁn

+ el el = B0 + C L F = S5 ) + €ln = Bl
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for any € > 0. If we choose € > 0 so that 2¢ < ¢, it follows that there exists a constant

C > 0 independent of n such that
[ curl(hy — h)|[7,
<C [HSt (z, ]curlh! Yeurl h — Sy(z, | curl h|?) curlh||ip,(m + | f, — f”;ﬂ(g)] .
When 1 < p < 2, from (4.3) and Lemma [2.5(i) we have
c/ (| curl by | + | curl h|)P~2| curl(h,, — h)|* dz
Q
44) < HSt(") (z,| curl h|*) curl b — S(z, | curl h|?) curl bl 1 )l curl(hy — h)| 1o (q)
+1F = Fllrylln — Bllusey

Here if we use the reverse Holder inequality (cf. Sobolev [19, p. 8]) with 0 < s =p/2 < 1
and ' =2/(p —2) (< 0), we have

)\/ (| curl by, | + | curl B|)P~2| curl(h,, — h)|* dz
Q
_ (p—2)/2
> A (27 (| ewrl Bl 17, ) + [l curl ol ) lcurl(hy, — )|,
From (4.1)) with v = h,,, using (2.2a)), we can see that
Al el b [175 ) < 1Fnll o oy 1o llve) < I Fnll )l curl Al 2o (g)

So it follows that A| curl hy, HLP @ < 1 fnll (- Since f,, — f in L (Q), there exists a

constant C7 independent of n such that
I curlhnHLT/(Q) < (C].
Hence from (4.3]), (4.4]), Holder’s inequality and Young’s inequality, we have

|| curl(h, )HLP(Q) < C/ (| curl by, | + | curl h|)P~2| curl(h,, — h)|? dz
< C(e)||S™(z, | curl h|?) curl b — Sy (z, | curl h|) curl hlf}, o,
+ell curl(hy — B)|[ o) + C' N fr = £ g

+ el| curl (b — )50
for any € > 0. Thus if we choose € > 0 small enough, we have

1B = P[00y
< 118" (z, | curl hJ?) curl b — Sy(x, | curl h|?) curl h||3, o) + | £ — f||2r/(m] .

This completes the proof. O
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5. Weak solution for an approximate problem

In this section, in order to prove Theorem|[2.4] we consider weak solution of an approximate
problem by truncation.

For M > 0, define a continuous function

-M ifs<-M,
Tm(s) =(sAM)V(=M)=1(s it —-M <s< M,
M if s> M.

We consider the following approximate problem: to find (has,6pr) € VP(Q) x I/VO1 1(Q)
such that

(5.1a) / Sy(x,0nr, | curl hps|?) curl hyy - curlv da = / f-vdx for all v € X1 (Q),
Q Q

| Tito. 001, [9600) Vs - V6 d

(5.1b) @

:/TM(St(:U,HM,\curth]2)|curth\2)£dx for all £ € Wy9(Q).
Q

Then we have the following.

Proposition 5.1. Let 1 <p < oo, 1 <g<oo and let f € LT/(Q) satisfy (1.4) and (1.5]).
Then the problem (5.1a)—(5.1b)) has a solution (hpr,0p) € VP(2) x Wol’q(Q).

Proof. We shall use the Schauder fixed point theorem. Let R > 0 and define a closed
convex subset of L(Q2) by

Dr = {y € LUQ) | [[Vllra) < R}

Fix v € Dg. We consider the following auxiliary problem: to find h € VP(Q2) such that
(5.2) / Si(z,y(x), | curl b|?) curl b - curlv do = / fvde
Q Q

for all v € X7(Q).

If we put S(z,t) = S(z,v(x),t), the problem is exactly the problem (3.2). Therefore
it follows from Proposition [3.1] that has a unique solution b = h(v) € VP(Q). Taking
v = h(7) as a test function of (5.2)), we have

)\/Q|curlh(7)|pdmS/Qf-h('y)dzz:

< F Wl @ RO wr ()
S CENFIL g + el carl RN
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for any € > 0. Thus there exists a constant C' depending only on A, p, Q and || f|| @)
such that

(5.3) | curl A(y) || () < C.

Define an operator Si: Dg (C L4(2)) — VP(Q) by S1(v) = h(7).

Claim 1. S is continuous.

In fact, let v,,7 € Dg and ~, — ~ in LI(Q) as n — oo. If we put S (x,t) =
S(z,vn(x),t), then h,, = h(7,) is a solution of the problem

/ S x,| curl hy|?) curl by, - curl v do = / f-vdx for all v e XP(Q).
Q

For any subsequence {7,/} of {7,}, there exists a subsequence {7, } of {7,s} such that
Y — v in L4(Q) and a.e. in Q. Since Sy(z, s,t?)t is a Carathéodory function, we can see
that

ST (@, 2)t — Sy, 1)t = Sy(z,v(x), 12t ae. in Q x (0, 00).

By Proposition hp» = h(y,) = h = h(y) in V() as n” — oco. Since the limit is
unique, we can see that the full sequence converges to h i.e., h, = h(y,) = h = h(y) in
VP(Q) as n — oc.

Now fix v € Dg and Si(y) = h(vy). We consider the problem: to find § € Wol’q(Q)
such that

(M)Aﬂ@meWwawmzAwwmm@mmmwmmmmmwx

for all &€ € W(2). Since 7a7(S¢(x, y(z), | curl h(7)[2)| curl h(7)|?) € Wy (QY, it follows
from Proposition that there exists a unique solution 8(y) = (v, h(7)) € Wy 4(Q).
Using £ = 6(vy) as a test function of (5.4]), we have

)\/Q Vo) dzx < ||7ar (Si(, (@), | curl h(7)*) | curl B()[*)]| Lor ) 10 (1) | o)
By the Poincaré inequality, there exists a constant C'(2) such that

10Vl Lay < CEDIVO) La
Therefore we have
MVON Loy < Cle; Dllmar (Se(, (), lcurlh(v)\z)\Cuﬂh(v)P)H%’q/(Q)
+elVO) L0

for any € > 0. If we choose 0 < ¢ < A, we can see that
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where C)y is a constant depending on ¢, M and Q. Define Sy: D (C L4(Q2)) — VP(Q) —
W 9(Q) by v = h(3) = 6(7, h(¥)),

Claim 2. Sy is continuous.

In fact, let v,,7 € Dg and 7, — ~ in L9(Q2) as n — oo. From the same arguments
of Claim 1, we may assume that v, — v a.e. in Q. Then it follows from Claim 1 that
h(vn,) = h(v) in VP(2). We may also assume that curl h(y,) — curlh(vy) in LP(2) and
a.e. in Q. Taking & = 6(v,) — 6(7) as a test function of (5.4)), we have

/Q Ty, Y [VO(1) 2) V0(7m) - T (0(1) — 0(7)) dx

- /Q Pt (Su(s s | curl () )] curl () 2) (0(m) — 0(7)) dz

and
/Q Ty(z,, [VO(1)P)VO(y) - V(B(1n) — 0()) d
- /Q vt (S, [carl B(7)2) curl B(+)[2) (0(3n) — 0()) da.

Therefore we have
/Q(Tt(xa Vs [VO(i) P)VO(y) = Te(, v, [VO()P)VO()) - V(0(1) — 0(v)) dev
+/(Tt(w,%, IVOMIF)VO(Y) = Tel, 5, VO P)VO()) - V(O(7n) = 0(v)) dz
(5.6) @
= [ {ras(Sit s curt b)) curl ()
— 7o (Se(, 7, | curl (7)) Cuﬂh(v)!Q)}(@(%) —0(v)) da.
Here we use Lemma [2.5[(ii). When ¢ > 2, we have

IV (O(m) — 020
< Ty, [VO)PIVO() = Til, 7, [V0() IV o e | V (6(ra) = 00) ()
Ul (S, s el By |2)] curl B ) [2) = 7 (i (2, 7, | eurd R(y) )] enrl B3| o
< 10(1) = 61l oo

Using Poncaré inequality and Young’s inequality, we have

IV (O(n) = 0N Ta () < C|I1Te(, 1, IVO(9)[*)VO(y) — Ti(z,, |V9(7)|2)V9(7)||gq/(9)
+ [|7as (Se(2, Y, | curl B(7)[?)] curl () ?)

= (Se(w, v, [ curl h(7)[*) | ewrl h(y) )17, o |-
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where C' is a constant independent of n. Since
[T (@, 7, [VO()[P)VO(y)|7 < AT |VO|D9 = AT |V

and |V0|? is an integrable function in © which is independent of n. Since Ty(z, s,t) is a

Carathéodory function and ~, — v a.e. in {2,
Ty(2, 7, VO P)VO(y) = Ti(x,7,|VO()[)VO(7)  ae. in Q.
Thus by the Lebesgue dominated theorem, we have
Tim ([ Ty(z, 3, [0 P)VO) T, 7, [V0) YT 7, ) =
Moreover,
Si(2,Yn, | curl R(v,)[2)| curl h(y,)|? = Si(x, 7, |curl h()|?)| curl h(7)|?  a.e. in Q

and 7/ is a continuous function, and |7as(s)| < M. Applying again the Lebesgue theorem,

i (|70 (Sh(2, yn, | curl b(yn) )] curl h(yn)[?)

- TM(St(‘T777 ‘ Curlh(f)/)lz)’ Curlh( )| )HLq (Q

Hence 0(7n) = 0(Yn, (7)) = 0(7) = (v, h(7)) in Wy () as n — oo.
When 1 < ¢ < 2, from (j5.6)) we have

C/Q(IVG(%)I +IVONNI2V(O(n) — 0())]* d

< ‘|Tt(w77n7 ‘VQ(V)F)VH(’V) - Tt(x77a |ve(’y)|2)ve(7)”LQ’(Q)||v(9(7n) - 9(’7))HL‘I(Q)
170 (S, s | el By ) el B)[2) = 7ag (Se(, 7, |l R()[) el (O o
X [10(vn) = 0 llLa()-

If we use the reverse Holder inequality, we have
e [ (V00) 1+ VOV (0() () P o

> ¢ (27 (IV00) ey + IV L)) IV (0G) = 6 e

Using (5.5)), by the arguments similar as the case ¢ > 2, we have

IV (0(3) = 0 2 <C[||Tt(iv W [VOP)VO() = Ti(w, v, VN VI 0
+ {1721 (Se(, s | curl h(7)[?)] curl h(y) )

— 7 (Si(x, 7, [ eurlh(y)[*)| curl R(Y) )7y g |-
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Thus we have 0(vy,) — 6(y) in W&’Q(Q) as n — oo. Hence we have proved that Sy is
continuous.

We note that the inclusion map ng Q) < LI(Q) is compact by the Rellich and
Kondrachov theorem. For any fixed M > 0, if we choose R > 0 so that Cj; < R, we see
that Sy is a continuous and compact operator from the bounded closed convex set Dg of
L1(Q) to Dg. By the Schauder fixed point theorem, S, has a fixed point in Dg, i.e., there
exists 0y € W 4(2) such that

Orr = 00, h(Onr)).

This implies that (hy = h(0ar),0n) € VP(Q) X Wol’q(Q) is a solution of (5.1a)—(5.1b). O

6. Proof of Theorem

In this section, we give a proof of Theorem When ¢ > 3, by Sobolev embedding
theorem, Wol’q(Q) < C%(Q). In this case, it suffices to repeat the proof of Proposition

without truncation.

When 5/3 < ¢ < 3, we write the solution of (5.1a)—(5.1b|) by (has, 8ar). We note that

| 7as (Se(z, Oaz, | curl by |?)| curl hM|2)HL1(Q) < Allfcurl bps P 110
= A” curl hMHZI)/p(Q) S C*,

(6.1)

where C* is a constant independent on M which follows from (5.3)). Thus by Boccardo
and Gallouét |7, Theorem 1.1 and Lemma 1], for any 1 <7 < 3(q — 1)/2, 6y € Wy (Q)

and

where Cf is a constant independent of M. From and , passing to a subsequence,
we may assume that as M — oo,
hy — h strongly in LP(Q),
curlhpy; — curlh  weakly in LP(Q),
O — 0 strongly in L™(Q2) and a.e. in ,
VOy — Vo weakly in L7 (€2).

Since

I1S¢(z, O, | curth|2) curl hMHLp’(Q) < Al|| curl hM]p_lﬂLp,(Q)

= Alleurl b0y < C,
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where C' is a constant independent of M which follows from ([5.3)), we may assume that
Sy(z,0hr, |curl hag[?) curl hpy — A weakly in LP' (€2).
If we show

(6.3) / A-curlvdr = / Si(x,0, | curl h|*) curlh - curlvdz  for all v € X2 (),
Q Q
it follows from (|b.1al) that we have
/ S¢(z,0,| curl h|?) curl b - curlv da = / A-curlvdz
Q Q

:/Qf-vdw for all v € X7.(Q).

Thus (2.7a) holds.
We show ((6.3]). From (/5.1a)), we have

/)\-curl'vdx:/f-’vda:
Q Q

for all v € X7.(©2). On the other hand, it follows from (5.1a) with v = hyy,

lim / Si(z, 01, | curl hpg|?) curl by - curl by da
Q

M—o0

= lim /f-th:L'—/f-hd:n—/)\-curlhdx.
M—oo J Q Q

By the monotonicity lemma (see Lemma (i)), for any v € X%.(Q2), we have

(6.4)

/QSt(a:,HM, | curl by |?) curl by - curl(hyy — v) da

— /QSt(x, 0, | curlv|?) curlw - curl(hys — v) dz
= /QSt(x,QM, | curl by |?) curl by - curl(hyy — v) da

- /Qst(x,eM,|cur1v2)cur1v.cur1(hM —v)dz

+ /Q(St(a:, 0ar, | curlw|) curl v — Sy(x, 0, | curl v|?) curl v) - curl(hy — v) dx
> /Q(St(x, Orr, | curlv|?) curlv — Sy(z, 6, | curlv|?) curl ) - curl(hy — v) da.

Since Si(x, 0y, | curl hys|?) curl by — X weakly in LP (), taking (6.4)) into consideration,

we have

/ Sy(x,0nr, | curl hps|?) curl by - curl(hyy — ) de — / A-curl(h —v)dx
Q Q
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as M — oo. Therefore the left-hand side of (6.5 converges to
/()\ — Si(x, 6, | curlv|?) curlw) - curl(h — v) dz.
Q

On the other hand, since

/Q(St(az, Our, | curlv|?) curlv — Si(z, 6, | curlv|?) curl ) - curl(hy; — v) de

< ||S¢(z, Bar, | curlw|?) curlv — Sy(x, 6, | curl v|?) curl'vHLp/(Q)H curl(hpr — )| r()-
Here we note that
S, (z, 01, | curlv|?) curl v — Sy(, 6, | curl v|?) curl v|P” < (2A)P'| curlv|?

and

Si(x,0nr, | curlv|?) curlv — Si(x, 6, | curlv|?) curl v

a.e. in §2, it follows form the Lebesgue theorem that
(6.6) 1S (z, Oar, | curlv|?) curl v — Sy(x, 6, | curl v|?) curlvHLp/(Q) =0

as M — oco. Since || curlhy||rpq) < C, where C is a constant independent of M, the
right-hand side of (6.5)) converges to zero as M — oco. Thus we have

/Q()\ — S¢(z,0, | curlw|?) curlv) - curl(h — v) dz > 0.
If we put v = h — aw, a > 0, w € X7(9), then we have
/Q()\ — Si(x,0,| curl h — a curl w)|?)(curl b — a curlw) - curlw dz > 0.
Letting @ — 40, we have
/Q()\ — Sy(,0,| curl h|?) curl h) - carlwdz > 0 for all w € X2 (Q).
This implies that

/Q()\ — Si(x,0, | curl h|?) curl h) - curlwdz = 0 for all w € X2 ().

Hence ((6.3) holds.
From (2.7a)) and (5.1a)) with v = hys — h, we have

/ Si(x,0,| curl h|?) curl b - curl(hys — h) do = / f-(hyy—h)dx
Q Q
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and
/ Si(z,0hr, | curl hys|?) curl hyy - curl(hyy — h) dz = / f - (hy — h)dx.
Q Q

Thus we have

/(St(x, Oar, | curl hyr|?) curl hyy — Si(x, Oar, | curl h|?) curl h) - curl(hyy — h) do

(6.7) @

= /(St(a?, 0, | curl h|?) curl h — S¢(z, 0y, | curl b|?) curl h) - curl(hyy — h) de.
Q

From (6.6) with v = h,
Si(z,0nr, | curl k)?) curl b — Sy(z, 0, | curl h|?) curl b

in LP(Q), and curlhy; — curlh weakly in LP(Q2). Hence the right-hand side of (6.7)
converges to zero as M — oco. We apply the monotonicity condition (see Lemma [2.5(i))
to (6.7). When p > 2, we have

c/ | curl hpy — curl h|P dx
Q

< /(St(w,HM, |curl g |?) curl by — S (z, Oar, | curl b|?) curl h) - curl(hyy — h) dz — 0.
Q
When 1 < p < 2, we have

c/ (| curl hps| + |curl h|)P~2| curl by — curl h|? da
Q
< /(St(w, Our, | curl hps|?) curl by — Sy, Oar, | curl h|?) curl h) - curl(hyy — h) de.
Q
Applying again the reverse Holder inequality and (6.1),

c/ | curl by — curl h|? dz
Q

< /Q(St(x,HM, |curl hpg|?) curl by — Sy(, 0ar, | curl h|?) curl h) - curl(hyy — h) do — 0.
Therefore, passing to a subsequence, we may assume that
(6.8) curlhy — curlh  in LP(Q) and a.e. in .
We show that
(6.9) Sy(z, 0, | curl hyg|?)| curl hps|? — Si(x, 0, | curl b|?)| curl h|?  in LY(Q).
In fact, we write

|S¢(2, Oar, | curl hpg|?)| curl b |2 — Si(, 0, | curl h|?)| curl h|?|
< |S(x, Oar, | curl by |?) curl by - curl(hyy — h)|
+ (S (, Oar, | curl hpr|?) curl by — Si(z, 0, | curl h|?) curl h) - curl h|.
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Using and (6.8),

1S¢(2, 0a1, | curl hupg %) curl oy - curl(har — h) | 11(q)
< Affcurl hMIIZZ(lg)II curl(har — h)| Lo (o)

< C*H curl(hM — h)”Lp(Q) — 0.
We can write

|(S¢(z, Opr, | curl hpg|?) curl hyy — Si(x, 0, | curl h|?) curl h) - curl h|
< |(S(x, Oar, | curl hpg ) curl by — Sy(z, 0p, | curl B|?) curl ) - curl h|
+ [Si(z, 0, | curl B|?)| curl h|? — Sy(z, 6, | curl h|?)| curl 2.

We show that the integral of every term on the right-hand side of the above inequality

converges to zero as M — oo. Since
Si(z, 0, | curl b|?) curl b — Sy(z, 0, | curl h|?) curl b in L (),
we can see that
/Q |(S¢(z, 01, | curl h|?) curl b — Sy(z, 0, | curl h|?) curl h) - curl b dz
< ||S¢(z, 0ar, | curl b|?) curl b — Si(x, 0, | curl h|?) curthLp/(Q)H curl | Lpq) — 0.
Using Lemma (1) and , ifl<p<2,
/Q |(S¢(z, 0pr, | curl hpg|?) curl by — Si(x, Oag, | curl h|?) curl h) - curl b dz

§C/ | curl hyy — curl h|P~Y curl h| dx
Q

< C| curlhy — curlh||€;(1m|’ curl A 1p(q) = 0.
If p > 2, we have

1(S¢(z, 0pr, | curl hys|?) curl by — Si(x, O, | curl h|?) curl b1 (q)

< C’/(| curl hys| + |curl k|)P~2| curl(hys — b)|| curl h| dz
Q

< C//(| curl hys|P~2| curl h| + | curl h|[P~Y) | curl(hys — h)| d.
Q

Here

/Q | curl b|P~Y| curl(hys — h)|dz < || curthi;(lQ)H curl(hps — h)| r) — 0,
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and by Holder inequality,

/ | curl b|| curl by |P72| curl(hyy — h)| dx
Q

p/(p—2)
< || curl b 1p () (/ | curl hps|P dac) | curl(har — B) || o) — 0.
Q
Thus holds. Hence we have
mar(Se(z, O, | curl by |?)| curl hyg|?) — Si(z, 0, | curl h|?)| curl h|?  in L1(Q).

According to Boccardo and Gallouét [8, Lemma 1], for any 1 < 7 < 3(¢ — 1)/2, {0} is
compact in VVO1 T(9). Passing to a subsequence, we may assume that 65, — 6 in VVO1 ()
and a.e. in 2. For 1 < s < 3/2, we have

T3 (0, Oar, VO [*)VON — Ty(2,0,|VO|*)VO|*
< 277! ||T3(w, Oar, [V021 ) V0ar = Ti(w, 001, | VO2) VO
| Ti(z, s, |VO2)VO — Ty(, 6, \W)P)veﬁ]

We use Lemma [2.6ii). We note that (¢ —1)s < 3(g — 1)/2.
When 5/3 < ¢ <2, we have

/ Ty (z, 001, VO |2)VON — Ti(, 0pr, | VO>)VO|* da < c/ VO — VO~ Ds dz — 0
Q Q

as M — oo.
When ¢ > 2, since

/ V0|V dz < C,
Q

where C is a constant independent of M, we have
/ ITh(2, 0a1, [V Or1[2)V0ns — Ty(, Oas, [VO2)VOI* da
Q

<C [ (V0| + (V8D 2|V0y; — VO d
Q

(¢—2)/(g—-1) 1/(g—1)
<C (/ (IVOu| + |V laDs dx> (/ VO — Vo[ s da:) — 0.
Q Q

Using ([2.2b)), we have
Ty (x, 00r, | V0|2 )VO — Ty (2,0, |VO2)VO]* < C|VO|T~Vs,

Since the right-hand side is an integrable function which is independent of M, and
Ti(z, 00, |VO?)VO — Ty(2,0,|V0|>)VO a.e. in Q, it follows from the Lebesgue theorem
that

/Q Ty (, Orr, |VO12)VO — Ty(x,0,|VO|*) VO  de — 0 as M — oc.
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Therefore we can see that for any 1 < s < 3/2,

Ty(z, 00, VO |V — Ti(x,0,|VO*)VEH in L°(Q) as M — oo.

For any £ € WOLOO(Q), letting M — oo in (5.1Dbf), we get

/Tt(:z,ﬁ,VQ]Q)V0~V§d:U:/St(x,e,|curlh|2)|curlh|2§daz.
Q Q

This completes the proof of Theorem [2.4
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