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Exceptional Set for Sums of Unlike Powers of Primes
Min Zhang and Jinjiang Li*

Abstract. Let N be a sufficiently large integer. In this paper, it is proved that with at
most O(N 13/16+ ) exceptions, all even positive integers up to N can be represented

in the form p% —|—p% —|—p§ —l—p?l —l—pé —I—pé, where p1, pa2, P3, P4, P5, Pe are prime numbers.

1. Introduction and main result

Let N, ki,ks,..., ks be natural numbers such that 2 < ki < ky < -+ < ks, N > s.

Waring’s problem of mixed powers concerns the representation of N as the form
N:x]fl +x’2€2+-‘-+x’;5.

Not very much is known about results of this kind. For historical literature the reader
should consult section P12 of LeVeque’s Reviews in number theory and the bibliography
of Vaughan [15].

In 1970, Vaughan [14] obtained the asymptotic formula for the number of representa-
tions of a number as the sum of two squares, two cubes and two fourth powers. He proved

that, for any sufficiently large integer N, there holds

> L= FZ(S/Q)%Z?;F%M) S2,34(N)NT/0 4+ O(NT/E71/%6%),

x%+x§+z§+x§+x§+xé:N
where the singular series is

SRS SEy ﬁ<i<x;))2<_y>

z;=1

In view of Vaughan’s result, it is reasonable to conjecture that, for every sufficiently large

even integer N, the following Diophantine equation

(1.1) N = pi +p5 + D3 + b} + 3 + P
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is solvable, where and below the letter p, with or without subscript, always stands for a
prime number. But this conjecture is perhaps out of reach at present. However, many
authors approach this conjecture in different ways. For instance, in 2015, Lii [9] proved

that, for every sufficiently large even integer IV, the equation
N = a® +p5 + p3 + p + ps + 6

is solvable with = being an almost-prime Pg and the p; (j = 2,3,4,5,6) primes. On the
other hand, in 2017, Liu [8] proved that, every sufficiently large even integer N can be
represented as two squares of primes, two cubes of primes, two fourth powers of primes

and 41 powers of 2, i.e.,
N =pf +p3 + 3+ 04+ 5 +pg + 2% + 22 4o 4 20

In this paper, we shall consider the exceptional set of the problem (|1.1)) and establish

the following result.

Theorem 1.1. Let E(N) denote the number of positive even integers n up to N, which
can not be represented as (1.1)). Then, for any e > 0, we have

E(N) << N1_3/16+€.

We will establish Theorem by the Hardy-Littlewood circle method. In the treat-
ment of the integrals over major arcs, we will apply the iterative method in Liu [7] and
the mean-value estimate for Dirichlet polynomials in Choi and Kumchev [1] to construct
the asymptotic formula for the number of solutions to the problem. For the treatment of
the integrals on the minor arcs, we will employ the methods which is developed by Zhao
in [17]. The full details will be explained in the following revelent sections.

Notations. Throughout this paper, let p, with or without subscripts, always denote
a prime number; ¢ and A always denote positive constants which are arbitrary small
and sufficiently large, respectively, which may not be the same at different occurrences;
r ~ R means R < r < 2R. As usual, we use ¢(n), A(n) and d(n) to denote the Euler’s
function, von Mangoldt’s function and Dirichlet’s divisor function, respectively. Also,
we use y mod ¢ to denote a Dirichlet character modulo ¢, and x° mod g the principal
character. Especially, we use >." to denote sums over all primitive characters. e(r) =
e?™;, f(x) < g(z) means that f(z) = O(g(x)); f(z) < g(x) means that f(r) < g(z) <
f(x). N is a sufficiently large integer and n =< N, and thus we use L to denote both
log N and logn. The letter ¢, with or without subscripts or superscripts, always denote a

positive constant.
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2. Outline of the proof of Theorem

Let N be a sufficiently large positive integer. For k = 2, 3,4, we define

fl@) = > (logp)e(pta),

X <p<2Xj

where X; = (N/16)"/*. Let

Z(n) = > (log p1)(log p2) - - - (log pe).-

n=pi+p3+p3+pi+p3+rg
X2<p1,p2<2X7
X3<p3,pa<2X3
X4<p5,p6<2X4

Then for any @ > 0, we have
1/ 4 1+1/Q [/ 4
Z(n) :/ Hf,?(oz) e(—na) da :/ H fE(a) | e(—na) de.
0 \g=2 1/Q k=2
In order to apply the circle method, we set
(2.1) P= N9/80—2€ Q= N71/80+€.
By Dirichlet’s lemma on rational approximation (for instance, see Lemma 12 on page 104

of Pan and Pan [10]), each a € [1/Q,1 + 1/Q] can be written as the form

a 1
a=—-—+X\ |N<—
q A q@Q

for some integers a, g with 1 < a < ¢ < @ and (a,q) = 1. Then we define the major arcs

I and minor arcs m as follows:

(2:2) m={J J Mga), m=[1/Q1+1/Q\M,
q<P 1<a<q
(a,9)=1
where

M(g,a) = la/q—1/(qQ),a/q + 1/(¢Q)].

o ={ [+ [} (H f,g@) (o) do.

In order to proof Theorem we need the two following propositions, whose proofs will

Then one has

be given in Sections [3 and [6] respectively.
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Proposition 2.1. Let the major arcs M be defined as in (2.2) with P and Q defined in
(2.1). Then, for n € [N/2,N] and any A > 0, there holds

4
/an (g f,?(a)> e(—na)da = %G(nﬁ(n) +O(NT/SL=4,

where &(n) is the singular series defined in (3.1), which is absolutely convergent and

satisfies
(2.3) 0<c"<6(n) <«dn)

for any even integer n and some fized constant c*; while J(n) is defined by (3.9) and
satisfies

J(n) < N7/6.
For the properties (2.3)) of singular series, we shall give the proof in Section

Proposition 2.2. Let the minor arcs m be defined as in (2.2)) with P and @ defined in
(2.1). Then we have

[ 1@ ) )] dm < NS00

The remaining part of this section is devoted to establishing Theorem by using
Propositions [2.1] and

Proof of Theorem [L.1] Let &(N) denote the set of positive integers n € [N/2, N] such
that
> N7/SL=A,

/ 12(0) £2(0) f(0)e(—nar) da

Then we have

2
NBL2Ae(N)| < Y
ne&(N)

< >

N/2<n<N

/m £2(0) f2(0) f2(@)e(~na) da

(2.4) 2

/m £2(0) f2(a) f2(@)e(~na) da

By Bessel’s inequality, we have

(2.5) >

N/2<n<N

Combining (2.4), (2.5)) and Proposition we have

|®(«>(N)’ < N1_3/16+6.

2

f3 () f5 () f(@)e(—na) da

m

< /m |£4(0) f(0) fi(0)] da.
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Therefore, with at most O(N13/16+¢) exceptions, all even integers n € [N/2, N] satisfies

/ 12(0) f2(0) f2(0)e(—na) da| < NT/SL4,

from which and Proposition we deduce that, with at most O(N 13/16+e ) exceptions, all
even positive integers n € [IN/2, N] can be represented in the form p?+p3 —|—p§ +p3 —1—117‘5l +pé,

where p1, po, p3, P4, P5, Pe are prime numbers. By a splitting argument, we obtain
E(N) < N173/16+8.

This completes the proof of Theorem O

3. Proof of Proposition

In this section, we shall concentrate on proving Proposition [2.1} We first introduce some

notations. For a Dirichlet character x mod ¢ and 2 < k < 4, we define
—— [ah* 0
Ck(Xaa) = ZX(h)e T 3 Ck(Q7a) = Ck(X 7a)a
h=1

where x* is the principal character modulo ¢, and Cji(q, a) is the Ramanujan sum. Let

X; ), Xg), Xgl), X:(f), Xfll), xfL ) be Dirichlet characters modulo q. Define

q 4 2
B (g ) = 3 T () (-0).

1 q
(Gp=1"
B(n,q) = B (n,q,X°, x%x°, x% x",X°) ,
and write
B(n, >
(3.1) Ana) = 228 &(m) =3 Atn.a)

Lemma 3.1. For (a,q) = 1 and any Dirichlet character x mod q, there holds
Cr(x, @)l < 2q'2d%(q)
with By = (logk)/log2.
Proof. See the Problem 14 of Chapter VI of Vinogradov [16]. O
Lemma 3.2. The singular series &(n) satisfies .

The proof of Lemma [3.2] will be given in Section
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Lemma 3.3. Let f(x) be a real differentiable function in the interval [a,b]. If f'(x) is
monotonic and satisfies | f'(z)| < 6 < 1. Then we have

b
Z 627rif(n):/ ™ @) dz + O(1).

a<n<b a
Proof. See Lemma 4.8 of Titchmarsh [13]. O

Lemma 3.4. Let X(i) mod 7“,(:) with k = 2,3,4 and 1 = 1,2 be primitive characters, ro =

[rél),rg), rgl) (2) ri ) rf)] , and X" the principal character modulo q. Then there holds

1 1 2 1 _ c
32 Y 5 ‘B (n N NN N I ON N NN VNN 0)‘ < 1 logen,

q<z
Tolg

Proof. By Lemma we have

1B (m 4 AN
< zq: ﬁ ‘Ck (ng)xo,a)‘ < ¢*(q)d"(q).
a=1 k=2i=1
(ma)=1

Therefore, the left-hand side of (3.2) is

3 410 343710 (pt dO(t
= Celg)d (@) _ 3 ot d (o) e 100 4 3 t2( ) < ry?*logea.

6 5

= ¥ iearry ¢ (rot) =

Tolq
This completes the proof of Lemma O

Write
Vi) = Y e(mfN),
Xp<m<2Xy
(3.3) Wi A= > (logp)x(pe(@™)) —d > e(m*N),
X <p<l2Xyg Xp<m<2Xy,

where d,, = 1 or 0 according to x is principal or not. Then by the orthogonality of Dirichlet

characters, for (a,q) = 1, we have

(B4 a) = Dy 0+

(a) > Chl a)Wi(x, A).

vla) i,
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For j =1,2,...,27, we define the sets .} as follows:

{2,2,3,3,4,4} ifj=1, {2,2,3,3,4} ifj=2  {2,2,3,4,4} ifj=3,
{2,3,3,4,4}  ifj=4, {2,2,3,3} ifj=5{2,2,4,4} ifj=6,
{3,3,4,4} if j=7, {2,2,3,4} ifj=8, {2,3,3,4} ifj=09,
{2,3,4,4} if j =10, {2,2,3} if j =11, {2,2,4} if j =12,
S =1912,3,3} if j =13, {2,4,4} if j =14, {3,3,4} if j = 15,
{3,4,4} if j =16, {2,3,4} if j =17, {2,2} if j =18,
{3,3} if j =19, {4,4} if j =20, {2,3} if j = 21,
{2,4} if j =22, {3,4} if j =23, {2} if j = 24,
{3} if j =25, {4} if j =26, 0 if j = 27.

Also, we write .%; = {2,2,3,3,4,4} \ .%;. Then we have

4
20( el—no (0]
/m<kr:[2fk< >) (—na)d

(34) =1+ 2l + 213+ 214 + I + I + I7 + 41g + 41 + 414
+ 211 4 25ho + 2113 + 2114 + 2115 + 2116 + 8117 + L18 + T19 + 29
+ 411 + 4la0 + 4193 + 214 + 2155 + 2196 + Io7,

where

1/(4@)
% / VO LTI S Gl a)Welto V) | e(=nd)da.

—1/(a@) ke ke, x mod q

In the following content of this section, we shall prove that I; produces the main term,

while the others contribute the error term.
For k = 2,3, 4, applying Lemma [3.3] to Vj()), we have

2Xg (2Xk)k
Vie(\) = /X e(uF\) du+O(1) = ;/Xk e(vA)o/ L dv + 0(1)
k k

1 _
=< Z mY*Le(mA) + O(1).
XFam<(2Xy,)k



786 Min Zhang and Jinjiang Li

Putting (3.5 into I;, we see that

1 B(n,q) / 1/k—1
I = — A —nA) dA
=55 0 e S mAlema) | e(—n)
g<P 9 k 2 \Xp<m<(2Xp)"
B( 1/(qQ)
(3.6) +0 Z' ”C—” / 3/4e(m)\)‘
g<P L@@ ek m <(2Xk)’“
2
XH Z m"Fe(mA)| dA
k=2'XF<m<(2X)k
By using the elementary estimate
1
(3.7) Z m* = te(mA\) < NY*~1min (N, |)\|> ,

Xkam<(2Xy,)k
and Lemma with g = 1, the O-term in (3.6 can be estimated as
< Z |B(6 ) / N23/12 )\ 1 > N-3T/12 id)\ <« NW12fe o NT/67-A
5
<P ©%(q) /N

If we extend the interval of the integral in the main term of (3.6) to [—1/2,1/2], then from
(2.1) we can see that the resulting error is

1/2
<<LC/ 23/6 (j‘\)\ < N~ 23/6 5Q5LC<<N 23/6(PQ) LC<<N7/6—
1/(a@)

for some w > 0. Therefore, by Lemma (3.6) becomes

(3.8) I = 5766( n)J(n) + O(NT/OL=4),
where
(3.9) I(n) = > (mima) ™Y (mamy) = (msme) ~3/* < N7/S.

mi+ma+--+me=n
X2<m17m2<(2X2)2
X <m3,m4<(2X3)3
X4<m5,m6<(2X4)4

In order to estimate the contribution of I; for j = 2,3,...,27, we shall need the fol-
lowing three preliminary lemmas, i.e., Lemmas which will be proved in Section
In view of this, for k = 2,3, 4, we recall the definition of Wi (x, A) in (3.3) and write

Telg) = > [g.r] 72 Z* max_|Wi(x, M|

ALl
= st WSUQ)
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and

. 1/(rQ) 1/2
Ki(g) =Y lg,r] 77 > (/ Wi (x, )\Qd/\> .

r<pP x mod r 1/(rQ

Here and below, > indicates that the summation is taken over all primitive characters.
Lemma 3.5. Let P, Q be defined as in (2.1). For k = 2,3, we have
Jk(g) < g_2+EN1/kLC.

Lemma 3.6. Let P, Q be defined as in (2.1)). For k =2 and g = 1, Lemma can be

improved to

Jo(1) < NY2L=4,
Lemma 3.7. Let P, Q be defined as in (2.1). For k =4, we have
Ki(g) < g~2rN—14Le,

Now, we concentrate on estimating the terms I; for j = 2,3,...,27. We begin with
the term Io7, which is the most complicated one. Reducing the Dirichlet characters in Io7
into primitive characters, we have

a an\ Y@@ 2 ’
‘127‘: Z 1 Z e(—q)/ H( Z Ck(Xk)aa)Wk(Xk??)\)) e(—n)\)d)\
q<P =

—1/(aQ) =2 Xk mod ¢

(n q, xél),x§2),x§1),x§2),xf),x(z))

q<P (1) (2) X(l) X(2) X(l) (2)

1/(qQ)
8 / Wa (x5, MWa (x5, A) - Wa(x (2, Ne(—nx) dr

—1/(qQ)
> > Z Z Z’ nqxé)x,...7xf)x0)’
q
AP <P o) 1 mod o2 1S #*(a)
1/(aQ)
></ ‘W((l)o/\)’ ] (2)0)\)’d)\
—1/(qQ)

where x* is the principal character modulo ¢ and ro = [rél),rg ), rél), rz(f), i ) (2)] For
g < Pand Xj < p < 2Xj with k = 2,3,4, we have (¢,p) = 1. From this and the definition

of Wi(x, A), we obtain Wy (x (@ )XO A) =Wy (XSg ), A) for primitive characters X;(g) above with
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k=2,3,4 and i = 1,2. Therefore, by Lemma [3.4] we obtain

* 1/(ro@Q)
IEES DI DEND SUNEITIND DU I | Y0 L9 I YO S

1/(r
rél)SP rf)SP X(21) mod rél) 2 mod 7 (2) /(ro@Q)

‘B (n,q,xg)xo,xg)x ,xé %0, X0 ,xf)xo,xf)xo)‘

X

= #°(q)
rolg
R DT D SN o

(1)<P (2)<P Xgl) mod rél) Xf) mod rf)

x/l/(mQ Wa(u )+ (Wi )]
1/(roQ)

ORSY

In the last integral, we pick out ‘Wg Xy s A Xég), /\)‘, ‘Wg(xél), ‘ and ‘W3 X3 ), )\)‘,

and then use Cauchy’s inequality to derive that

3 2
|Io7| < LCHH Z Z max ‘Wk ),)\)‘

(z)
k=2i=1 \ () @) o AL/ (7 Q)
‘ Ty <SP Xy

/G ”Q >\
(3.10) x 3 Z (/ ‘W4 X4 ,A)’ d)\>

1)<P X< ) mod r(l)

. /0Q) V2
X S ([ e)
(2)

(2)
—=1/(r
f)SP Xf mod 7, /ra” Q)

Now we introduce the iterative procedure to bound the sums over r( ). ( )

utively. We first estimate the above sum over rf) in via Lemma H Slnce

consec-

1 1 2 1 2 1 1 2 1
To = [Té ),Té )7TI(’> ),Té ),7“4(1),7"4(1 )} = Hré )7Té )7TI(’> )>TZ(3 ),7“4(1 )]’T4 }7

(2)

the sum over r,;” is

) 1/2
) @ 1) ) (1)) @2+ 3 Vo) @ |
Do Yo V] )] > I L RN
Tf)SP Xf) mod 7’(2) —1/(rs”Q)

= K ([ rg? i D)) < [ ) N

(3.11)

By Lemma again, the contribution of the quantity on the right-hand side of (3.11)) to
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the sum over rfll) in is

(3.12)

< N-Vige. 30 [P0, r2, ) 2] 0024 Z* (/

wiv® nl

‘ 4(X4 a)\)‘ d)\
(1) e It -1/(r{" Q)

ry <P X4~ mod 7y

N-Vife. K4([r£ ),ng),rgl),rém]) < [ (1 ) (2) g), §2)]—2+€N—1/2Lc_

1/(r$P Q) 1/2

By Lemma the contribution of the quantity on the right-hand side of (3.12)) to the
sum over 7\ in (3.10) is
3 .

—1/27¢ 1 17 (2)7-2+ * 5
en e S A Y e W00
(3.13) rP<p 2 mod IAI<1/(r5™ Q)

N_l/QLC.J?)([Tél) 7.52) rél)]) [rgl) 7é2) (1 )]*2+€N—1/6Lc.
The contribution of the quantity on the right-hand side of (3.13)) to the sum over rél) in
(3-10) is

en e S AL T e [l
(3.14) rD<p P mod r{V A<1/(r5' Q)

= N~V/ore. Js([Tgl), TéQ)]) < [rél), réz)} TEENS e
The contribution of the quantity on the right-hand side of (3.14)) to the sum over r§2) in

ED) i

enoze SR ST ()
(3.15) rP<p 2 mod r? A</ Q)

— NV6e. g, ( (1)) <<( (1)) —2ten2/3)c

At last, from Lemma inserting the bound on the right-hand side of (3.15]) to the sum
over rél) in (3.10), we get

Tl € NPLE ST LAY T max W )|
(316) Tél)gp X(21) mod rél) [AI<1/(ry Q)
= N?BL°. Jy(1) < NT/6L=4,

For the estimation of the terms Ia,. .., Iss, by noting (3.5 and (3.7)), we obtain

1/Q 1/2 1/Q 1\2 1 1/2
/ [Vie(A)[2dA < N2k =2 min (N, ) A+ =
-1/Q ~1/Q RY Q

1/N 1/Q 4 1/2 1
Nk / N2 d / di NUk-1/2
< i e e) Tom<
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Using this estimate and the upper bound of Vj(\), which derives from and .,
that Vi(\) < NY* we can argue similarly to the treatment of Ip; and obtam

26
(3.17) D L < NT/OLA
j=2

Combining (3.4)), (3.8]), (3.16) and (3.17]), we can get the conclusion of Proposition

4. Estimation of Jx(g), Jx(1) and Ki(g)

In this section, we will establish Lemmas We shall need the following lemmas.
Lemma 4.1. Let R> 1, X > 2, T > 2. Then we have

>3 > A)x(n)n "

°T
dt < <RdX11/20 + X) log®(RTX).
’I”NR x mod r X<n<2X

T

Proof. See Theorem 1.1 of Choi and Kumchev [1]. O

Lemma 4.2. Suppose that

S(t) = e(v)e(vt)

12
s an absolutely convergent exponential sum. Here the frequencies v run over an arbitrary

sequence of real numbers and the coefficients are complex. Let § = 0/T with 0 < 6 < 1.

Then T +o0o
/TS(t)\th<<9/ ’51 > )

—o° r<v<z+0

Proof. See Lemma 1 of Gallagher [3]. O

Lemma 4.3. Let G(z), F(z) be real functions and twice differentiable on [a,b], and
G(zx)/F'(x) be monotonic.

(i) If |F'(x)/G(x)] > V1 > 0 on [a,b], then

b 1
/ G@)e(F (@) d < -

(i) If |F"(z)| > Vo > 0 on [a,b] and |G(x)| < M, then

M
G(z ) dex <
[ vt

Proof. For the proofs of (i) and (ii), one can see Lemmas 4.3 and 4.5 of Titchmarsh [13],
respectively. O
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Lemma 4.4. Let x(m) be a Dirichlet character modulo q, then we have the explicit formula

(4.1) S Am)x(m) = su— 3 ?+0(( +1)1og (quT))

m<u yI<T

where 6, = 1 or 0 according to x is principal or not, p = B + iy runs over non-trivial

zeros of the function L(s,x), and 2 < T < w is a parameter.

Proof. See p. 109 and p. 120 of Davenport [2]. O

Lemma 4.5. For T > 2, let /*(«,q,T) denote the number of zeros of all the Dirichlet
L-functions L(s,x) with primitive characters x mod q in the region Rs > a, |Ss| < T.

Then we have

Z N0, q,T) < (ZQT)?Q( ~) Jog® (ZT),
q<Z

where c1 1s an absolute constant.

Proof. See p. 164 of Huxley [5] or pp. 75-76 of Pan and Pan [10]. O

Lemma 4.6. Let T > 2. There exists an absolute constant co > 0, such that the product

II L #0

x mod g

in the region
C2

§RS >1-— ’
N max { log ¢, log*/® T}

ISs| < T,

except for the possible Siegel zero.

Proof. See Satz VIIL.6.2 of Prachar [11]. O

4.1. Estimation of Ky(g)

We approximate the Wy(x, \) in . ) by

Wi N) = Y0 (Alm)x(m) = by)e(m'N).

X4<m<2Xy
Then the error is
(4.2) Wil \) = Wal, N < > logp< Y logp < NY&.
Xa<pt<2Xy p<X1/2

t>2
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Therefore, we have

/(rQ) - 2 1/2
Z[Q,T‘]_%-sz (/ )W4 X, ) W4(X,)\)) d)\)

r<P x mod 7 -1/(rQ)
1/8 —24e (T 12 N1/8 e r &
<N Z[g, 7] 0 Z 0
r<P r<P
g 2rENY/EQ1/2 —2te /2

NQTEYIN(G)
dlg <P
d<P d|r

< g—2+6N1/8Q—1/2P1/2+6 < g_2+6N_1/4LC.

Thus, it is sufficient to show that

. 1/(rQ) 1/2
(4.3) Z[g,r]dﬁ Z (/ ‘W4 X, )‘ d)\) < 972+5N71/4LC,

r~R x mod r 1/(r

where R < P.
By Lemma [1.2] we have

1/(rQ) +00
/1/ Q) ‘W“ X )‘ dA < <R1Q> /
<(ra)
RQ

Let x, y be two parameters, which satisfy

v<mA<v+rQ
Xa<m<2Xy

(2X4)*
/Xfll—rQ

(4.4)

v<mA<v+rQ
Xp<m<2X4

Xy<y<z<2Xy

and

1/4
-y <L (V+TQ)1/4 — <A ((1 + rQ) — 1) < ’I”Ql/73/4 < TQN73/4.

Then the last sum in (4.4) can be written as

(4.5) Y (A(m)x(m) = §y).

y<m<z
If R < 1, the quantity in (4.4) is

< L(z —y) < LQN—3/4,
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The above contribution to (4.3]) is

1 1/2
9724’5 <Q2 ((2X4) Xil + Q) L2Q2N3/2> < 972+8N71/4L,
which is acceptable. If R > 1, we have y # x° and hence §, = 0. Applying Perron’s
formula, (4.5) can be written as

1 iT 5 —y° N1/4r2
> A(m) 27”,/ F(s,x) - — ds+0< 7 :

y<m<zx —iT

where T = N1/4 and A(m)x(m)
m)x(m
Pl = Y Amm),

ms$
y<m<z

For the factor (z° — y*®)/s, on one hand, we have

X X
/ whdu| < / uwtdu
Yy Yy

< N Y4z —y) < N"VARQN3* <« RQN~! =T, 1,

S S

r -y

S

(4.6)

say. On the other hand, we get

S
+

SRR Y
CRENT

ms_ys
S

(4.7)

Combining (4.6 and (4.7)), we obtain

z® —q° 1 1
4.
(4.8) . < min <To ’ﬂ)
According to (4.8)), we get
1 , , dt 9
(4.9) > Alm)x(m) < = |F(it, x)| dt + |F(it, x)| 1 + O(L?).
To Jis<my To<[|t|<T t]

y<m<z

From (4.4) and (4.9), we can see that the left-hand side of (4.3) is

< NTV2N g2 Y / F(it,x)|dt

r~R x mod r It|<To
+NY2RQ)T S g2 Y / Fiit 0l
r~R X mod r 0<|t|<T ’ ’

+ g_2+6L2N1/2+€Q_1.

Trivially, the third term in the above estimate is acceptable. Therefore, it follows that

(4.3]) is a consequence of the following two estimates:
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(i) For R< P and 0 < T7 < Tp, we have

(4.10) > lg.7] 2+EZ/

r~R x mod r

2T1
F(it,x)|dt < g reNYALe,

(ii) For R < P and Ty < To < T', we have

(4.11) > g7l 2+€Z/

r~R x mod r

2T2
F(it,x)|dt < g 2**RQN /Ty Lc.

In order to prove (4.10]), we use the identity that [g,r]|(g,r) = gr. By Lemma then
the left-hand side of (4.10)) is

Z<<;rr>) oy /QTI Fit, )l df

r~R x mod r
9 R 2+5
< (§) X [ el
dlg rwamodr
d<2R
R\ ~2t¢ / R2T
<<g*2+€ Z (d) <d1N11/80+N1/4> LC

<< g—2+€LCREQ—1N91/80 + g—2+€N1/4LC << g—2+EN1/4LC‘

Similarly, the left-hand side of (4.11]) is

Z <&>2+5 Z* /TjT2 O

r~R x mod r
) R —2+4¢ 2T2
<Y () X X[ et
dlg r~R x mod r
d<2R djr
—24 R e R’ T3 (11180 1/4
<g ey vl TN/ 4 ONVAY e
dlg
d<2R

< g—2+€LCR1+ET2N11/80 + g—2+€N1/4LC < g_2+€RQN_3/4T2LC.

This completes the proof of Lemma
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4.2. Estimation of Ji(g) with k = 2,3

As is shown in the estimation of K4(g), we approximate Wy (x, \) by I//I\/'k(x, A). Similar to
[@.2), we know that the error N'/(2%) contributes to Ji(g) is

—1+e p—1te
1/(2k —2+4e,. _ —2+ 1/(2k —2+ 1/(2k)
D T b Vr S E) ») ppe
r<P r<pP dlg 7”<P
d<p d|r

1>
< g~HENY/@R) Z 4. (S) < g 2NV @) plie o =2+ NI/ke
dlg
d<P

Therefore, Lemma [3.5] is a consequence of the following estimate

(412) Dolo Y max [ < gL,
~ S WELGQ)

where R < P.
If R < 1, then we have

W< Y Am+n< Y logm< NV
Xp<m<2Xy Xp<m<2Xy,

The above contribution to ([#.12)) is < ¢ 2T¢N'/*L, which is acceptable. If R > 1, we
have 6, = 0 for all y mod r in the definition of |Wj(x, )|, and thus

Wi, ) = Y A(m)x(m)e(m")).

Xp<m<2Xy
By partial summation, we obtain
_— 2X
(4.13) Welp,A) = / e@nd| S Am
Xk Xrp<m<u
For the inner sum in (4.13)), from Perron’s formula, we deduce that

1 T us — X8 NV/kr2
Z A(m)x(m) = — H(s,x) —%*ds+0 ( >
(4.14) X, o 2mi ) _ir S T

1 T uit Xit
= — H t — "k dt + O(L?
o (it, x) - m + O(L7),

where T = N1/* and
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Putting (4.14) into (4.13]) and changing the order of the integration, we derive that
- 1 (7 2X}, _
(4.15) Wi(x, \) = 7 /TH(it,x) /X u ite(uFA) dudt + O((1 + [A|N)L?).
- k
For the inner integral in (4.15)), we have the trivial estimate
2X}, ‘ 2X},
(4.16) / u e (uP)) du < / uwtdu < 1.
Xk Xk

On the other hand, we change the variable by setting u* = v and obtain

2X ) 2X 1
/ u—1+zte(uk)\) du = / ule <uk>\ n t Ogu) du

1 [eX 1 tlogv
= — - A d .
k/X v oTe <v + ok > v

k
k

(4.17)

It is easy to check that

(4.18) (fv <t;Ziv + v)\> - %tm} +A
and
d? [tlogv? t
(4.19) - < 2; +’U)\> -
By , and Lemma i), we get
(4.20) /QXk uw It e(ufN) du <« ! .
X WDk << (2, )b |t + 2k7Av|

From (4.17)), and Lemma [4.3(ii), we obtain

2X), . N 1
(4.21) / uTe(uPN) du < ——= - N7' < —=.

Xk \/m |t]

Combining (4.16]), (4.20) and (4.21)), we deduce that

2Xk . 1 1
/ u T e(uF)) du < min | 1,

e o] Min k<2t £+ 2KTAY]

(4.22) 1 if 1] < T*
1 )
< V|t -
‘%l if T* < |t| < T,
where
. 4k7r(2Xk)k

RQ
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Here we illustrate that the choice of T™ is to ensure |t 4+ 2kmAv| > |t|/2 for |t| > T*.

Actually, there holds
2km|v| 2km|v|
t+ 2kw\v| > |t| — 2kw|\v| > [t — ——— > |t| — ———
-+ 2kmxol 2 1] = 2ol > [1] = 20 > 1 - 2
lt| |t 2kmwlv| _ |t]  T*  2kw|v| _ |t
=4 > I > 2

2 "2 RQ 272 "RQ ~ 2
From (4.15)) and (4.22), we obtain

Wk(Xa)‘):/ |H(it’X)|dt+/ Mdt+0((l+|A|N)L2).
T*<[t|<T

< V[t +1 ld
The contribution of (1 + [A|N)L? to the left-hand side of (4.12)) is
NIy vy o SN
Y _2+
RQ =~ RQ = (g,r)727
g—2+aNL2

2—¢ —1+4¢ —2+4¢ 2pen—1 —2+enrl/kye
<%0 %:d TZI;T < g HENL?REQ <« g 2PeNYFLE,
g ~

d<2R dlr

<

Therefore, (4.12)) is a consequence of the following two estimates:

(i) For R < P and 0 < T} < T*, there holds

. 2T
(4.23) > lgrl Y |H (it, x)| dt < g2 NYE(Ty +1)'/2 L

r~R x mod r T

(ii) For R < P and T* « Ty < T, there holds

N
(4.24) D g Y / |H (it, )| dt < g~ 2=NV*T, e,
Ty

r~R x mod 7

The estimates (4.23]) and (4.24) follow from Lemma {4.1{ via the arguments similar to
those of the estimates which lead to (4.10) and (4.11). So we omit the details. This

completes the proof of Lemma [3.5)

4.3. Estimation of Jy(1)

Clearly, Lemma is the same as that of Lemma except for the saving L= on its
right-hand side. Because of this saving, we have to distinguish two cases according as R
small or large.

Also, we approximate Wa(x, A) by W2(X, A). Similar to (4.2)), we know that the error
N4 contributes to Ji(1) is

< N1/4Z7a71+6 < P€N1/4 < ]\[l/?[/*A7
r<P
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which is acceptable. Therefore, Lemma [3.6] is a consequence of the estimate

4.25 ro2te © max ‘Wg X, ‘<<N1/2L*A,
(425) 22, g [Wabed)

where R < P and A > 0 is arbitrary.
If L® < R < P, where C is a constant which depends on A, we follow the arguments

step by step in the proof of Lemma to (4.23) and (4.24) with g = 1, and find that
(4.25)) is a consequence of the following two estimates:

(i) For R < P and 0 < T < T, there holds

(4.26) > e Z |H(it, x)|dt < NY2(1y +1)Y20=4,
r~R x mod r

(ii) For R < P and T* < T, < T, there holds

(4.27) > —2+€Z / |H (it, x)| dt < NV =4,

r~R x mod r

The estimates (4.26)) and (4.27)) follow from Lemma [4.1|via the arguments similar to those
of the estimates leading to and . Especially, we use the condition R > L% to
obtain the saving factor L=4. So we omit the details.

Now, we concentrate on the case R < LY, where C' > 0 is arbitrary. Taking T =

N®/24=¢ in ([@.1)) of Lemma and inserting (4.1]) into W (x, A\), from partial summation,
we deduce that

2Xo

Walx.A) = / e ) d [ S (A(m)x(m) — 6y)

X2 m<u

- /2X26(u2)\)d =3 o (%) togrum))

X2 <t

2X5 1/272
:_/ e(u?N) Z u”_ldu+O<N TL (1+\/\\N)>

X2 |vI<T

(4.28)

N1/2L2
< NVZN " NEUR L —— (L [AIN).
[v|<T

The contribution of the second term in (4.28)) to the left-hand side of (4.25) is

N'V2L2 N 3 N1/2L2RN N3/2LC+2
(p’l“

1/27—A
7 RO 70O 7O K NVAL™4.

<

r~R
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Let n(T) = c3log™*/°T. By Lemma [T moa r L(s:Xx) is zero-free in the region
Rs > 1 —n(T), |Ss| < T except for the possible Siegel zero. On the other hand, by
Siegel’s theorem (see, for instance, Lemma 9 on page 255 of Pan-Pan |10] or Chapter 21
of Davenport [2]), the Siegel zero does not exist in the present situation, since r ~ R and
R < LY. Therefore, by partial summation and Lemma we have

> 3y [T ey 5 5 )

r~Rx mod 7 |y|<T r~R x mod r 0<f<«
lyI<T

1=n(T)
:/ N@=D/2q (ZJV*QTT)>
0

r~R
< exp ( — C4L1/5).

Consequently, we deduce that, for any A > 0, there holds

" max WQ M| < NY2pA
> ‘ (X )‘ :

<1
r~R x mod r N<1/(rQ)

which implies (4.25)) in the second case. This completes the proof of Lemma

5. The singular series

In this section, we shall investigate the properties of the singular series which appear in
Proposition [2.1]

Lemma 5.1. Let p be a prime and p*||k. For (a,p) = 1, if £ > ~v(p), we have Cy(p’,a) = 0,
where

a+2 ifp#2orp=2,a=0,
v(p) = ,
a+3 ifp=2,a>0.

Proof. See Lemma 8.3 of Hua [4]. O

For k > 1, we define

A s

m=1

Lemma 5.2. Suppose that (p,a) = 1. Then
Se(p,a) = > x(a)m(),

XE A,

where <7, denotes the set of non-principal characters x modulo p for which X* is principal,

gp:lx(m)e (Z) :

and T(x) denotes the Gauss sum
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Also, there hold |7(x)| = p'/? and || = (k,p—1) — 1.
Proof. See Lemma 4.3 of Vaughan [15].

Lemma 5.3. For (p,n) = 1, we have

> (I (-2)

Proof. We denote by S the left-hand side of (5.1]). By Lemma we have

2

62 H > xe(@)r () e(—Q”).

a=1 \ k=2 \ xpC

(5.1) < 36p~°/2,

If |o#| = 0 for some k € {2,3,4}, then S = 0. If this is not the case, then

TDIEDIED YD YD VDS

l)EQfQ X<2)€Qf2 Xé >69f3 x(2>65273 Xil)GQﬁ X(2)€0f4

x ()TN T ) T A ()

p—1
an
%« 3 XD @@ @O @xP @D @ (@)e (—

From Lemma the sextuple outer sums have not more than Hi:2 ((k:, p—

(31)2 = 36 terms. In each of these terms, we have

70 6EN O T 0 (6

is a Dirichlet character x (mod p), the inner sum is

S e (-2) - TS a(ane (-) =X to.

p p p

From the fact that 7(x”) = —1 for principal character x” mod p, we have

(o] < 72

By the above arguments, we obtain
1
81 < 5 - 36 p* e pt? = 36p~0/2,

This completes the proof of Lemma

1) —

1)?
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Lemma 5.4. Let L(p,n) denote the number of solutions of the congruence
it el ai i+t =n (modp), 1<z,z,...,06 <p-— 1.
Then, for n =0 (mod 2), we have L(p,n) > 0.
Proof. We have
an

p- L) = Y- G a)CEp ) CEpale (-0 ) = (0= 1)° + By,

a=1

where 1
p—
an
Ep = Z C%(pa G)Cg(p, a)CZ(p, a)e <_p> .
a=1
By Lemma 5.2, we obtain

|Ep| < (p—1)(vp+1)*2yD+1)°3vp + 1)
It is easy to check that |E,| < (p — 1)® for p > 13. Therefore, we obtain L(p,n) > 0
for p > 13. If p < 13, we can check L(p,n) > 0 directly. This completes the proof of
Lemma 5.4 O

Lemma 5.5. A(n,q) is multiplicative in q.

Proof. By the definition of A(n,q) in (3.1, we only need to show that B(n,q) is multi-
plicative in ¢q. Suppose ¢ = q1g2 with (q1,¢2) = 1. Then we have

q1q2 4
an
B(n,qq2) = Z (H C’i(qlqg,a)> e (—)
k=9 q192

(aqia2)=1
a,q1q92)=
(5.2) " . , o y
- 3 S (Tt ) o (-27) o (20).
ar=1 az=1 k=2 a1 q2
(a1,q1)=1 (az,q2)=1
For (q1,q2) = 1, there holds
q1q2 k
Cr(q1q2,a1q2 + a2q1) = Z e ((U«IQQ + azq1)m )
m=1 q192
(mvlhlh):l
= S > (G1Q2 + a2ql)(m1q2 + mgql)k
= > D
(53) m1:1 m2:1 QIq2

(m1,q1)=1 (m2,q2)=1

_ i e<al(m1(I2)k) i e<a2(m2(h)k>

mi1=1 ql ma=1 q2
(m1,q1)=1 (ma2,q2)=1

= Cr(q1,a1)Cr(q2, az2).
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Putting (5.3) into (5.2)), we deduce that
N 1 an asn
B(n, q192) Z <H (q1,a1) ) <_q1> Z (H Ck g2, az) > ( P )

a1=1 az=1
(a1,q1)=1 (a2,q2)=1

= B(n,q1)B(n, ¢2).

This completes the proof of Lemma O
Lemma 5.6. Let A(n,q) be as defined in (3.1). Then

(i) We have

> A(n,q)| < 27 d(n).
qQ>Z

Hence )21 A(n, q) is absolutely convergent and satisfies &(n) < d(n).

(ii) There exists an absolute positive constant ¢* > 0, such that, for n =0 (mod 2),

S(n) >c* > 0.

Proof. From Lemma we know that B(n,q) is multiplicative in q. Therefore, there
holds

(5.4) B(n,q) = [[ Bn.p") = [| Z (H )>e<—?).

ptllq ptllg , a=1 ~ \k=2
(a,p)=1

From (5.4) and Lemma we deduce that B(n,q) = [],, B(n,p) and g is square-free.
Thus, one has

[e's) [e%S)
(5.5) Y A= Y Alnag).

q=1 q=1

q square-free
Write
4 4
R(p,a) =[] Cip.a) - I] Si(p. ).
k=2 k=2

Then

(5.6) A(n,p) T Z (H S2(p,a ) ( a;%) n (]9_11)6j:17€(p, a)e (_‘ZL> :

Applying Lemmaand noticing that Sy (p, a) = Ci(p, a)+1, we get Sg(p,a) < p'/?, and
thus R(p, a) < p°/2. Therefore, the second term in ([5.6) is < c5p~>/2. On the other hand,
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from Lemma we can see that the first term in (5.6) is < 20-36p~%/2 = 2304p~>/2. Let
c¢ = max(cs, 2304). Then we have proved that, for p { n, there holds
(5.7) |A(n,p)| < cgp™™?.

Moreover, if we use Lemma directly, it follows that
p—1 4
Z H Cr(p,a

5 (fLerwa) (3] < £ 1L

< (p —1)-2%.p®. 576 = 36864p3(p — 1),

| B(n, p)| =

and therefore
[B(n,p)| _ 36864p _ 2°-36864p° 1179648
) — (p-1P° p° p*

Let ¢; = max(cg, 1179648). Then, for square-free ¢, we have

An,q)] = (H |A<n,p>|> (H rA<n,p>|) < (H<c7p-5/2>> (H(w?))
plg plg plg plg

pin pln pin pln

:Cc;(q) Hp—5/2 H p1/2 < q_5/2+5(n,q)1/2.

plq pl(n,q)

Hence, by (5.5, we obtain

S Al < Y w2 = 30 S (dg) Ve = S gt Y o

(5-8) |A(n, p)| =

>z >z din ¢>Z/d dln q>Z/d
7 —3/24¢ L
< Zd—Q-H:‘ <d> — Z—3/2+&‘Zd—§+a < Z_3/2+Ed(7’l,).
din dn

This proves (i) of Lemma
To prove (ii) of Lemma by Lemma we first note that

&n)=]] (1 + ZA(n,pt)) =[]+ A(n,p))
D t=1

p

(5.9)
= (H (1+ A(n,p») [Ta+ A(n,p») (H (1+ A(n,p»).
p<cy p;g pp>hcl7

From , we have
(5.10) [Ta+Amp) > ] (1 -

p>cr p>cr

pin

cr
—= ] >2cg>0.
p5/2>
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By (5.8]), we obtain

(5.11) [Ta+Amp) > ] <1 - ;;) > g > 0.

p>cr p>cy
pln

On the other hand, it is easy to see that
p-L(p;n)
¢%(p)
By Lemma we know that L(p,n) > 0 for all p with n = 0 (mod 2), and thus 1 +
A(n,p) > 0. Therefore, there holds

1+ A(n,p) =

(5.12) [+ A(n.p) = cio > 0.

p<cy
Combining the estimates ((5.9)—(5.11)) and (5.12]), and taking ¢* = cgegerp > 0, we derive
that
S(n)>c* > 0.

This completes the proof Lemma, ]

6. Proof of Proposition

We shall present some lemmas that will be used to prove Proposition [2:2] Define the

multiplicative function ws(q) by

—u—1/2

w3 (p =
p_“_1 u>0,2<v<3.

Lemma 6.1. Let ¢ be a constant. For x > 2, one has
> d(q)w3(q) < log® z,
gz

where C is an absolute constant.

Proof. See Lemma 2.1 of Zhao [17]. O

Lemma 6.2. For v € R, we define

(@d(0) | S x,wpea, 0@+ )|

IR - da.
= Jease<xs 1+ X3l —a/q|
(a,9)=1

Then one has uniformly for v € R that

L(y) < XIN~ITe
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Proof. We have

2

S(q)d(q) XL, > X4<p<2Xs e(p*(a+17))
<2 /a 1+ X3l —a/q] da

q4<X4 a/ql<Xs

For the sum in the above integral, there holds
2

MY e<p4z+p4(5+'y)>

a=1 | Xa<p<2X4

=> > e ((pi1 —p‘z‘)g + (pf —pé)(6+v)>

=1 X4<p1,p2<2X4y

= > e(l-mB+1))D e ((pl—qu)a>

Xa<p1,p2<2X4

=q > e(i-pm)B+y).

X4<p1,p2<2Xy
p‘fzp% (mod q)

Since ¢ < X4 and Xy < p < 2X4, we have (p,q) = 1. Then we obtain

2

ail > e<p4z+p4(ﬁ+v)>

Xa4<p<2Xy
X2
<=t > 1 <X Z Y 1< X7d(g).
q 1<n1,n2<q 1<n1<q 1<na<q
ni=n3 (mod q) ni=n3 (mod q)
(n1n2,q)=1

Therefore, from Lemma [6.1], we deduce that
1
L(y) < Xj w3(g)d*(q) / — = df < XFN 1T
' QSZX4 ’ Bl<xs 1+ 1813 !
This completes the proof of Lemma O

Lemma 6.3. Suppose that a is a real number, and that |o — a/q| < ¢=2 with (a,q) = 1.
Let 8 =a —a/q. Then we have

fil@) < d*(g)l0g 2)° ( XY2 /G NIB) + X, + Xz:)
q

(1+N[Bl)
where 6, = 1/2+ (logk)/log2 and c is a constant.

Proof. See Theorem 1.1 of Ren [12]. O
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Lemma 6.4. Suppose that « is a real number, and that there exist integers a € Z and
q € N satisfying
(a,9) =1, 1<q<NY? and |ga—a| <N2
Then for k € {2,3,4}, we have

Xt
Va(1+ Nla —a/q])

fk(oz) < )(kll,imCJFE +

where ng = 1/8, n3 = 1/14 and ng = 1/24.
Proof. See Theorem 3 of Kumchev [6]. O

For o7 C (X3,2X3] NN, we define
g(a) =g (a) = Z (logn)e(n’a).
negs/
Then we have the following lemma.
Lemma 6.5. Let .# be the union of the intervals #(q,a) for 1 < a < q < X§/4 and

(a,q) = 1, where
M(q,a) = {a: lga — al §X3_9/4}.

Suppose that G(«) and h(a) are integrable functions of period one. Then for any measur-

able set m C [0, 1], we have

1/4
[ oGy < g ([ G da) )+ N )

where
2 2
(m) = / IG(a)h(a)|da, Jo= sup / ws(9)lha + )l > da.
n pefo] . (1+ X3|a —a/ql)
Proof. See Lemma 3.1 of Zhao [17]. O
Define

a 1 a 1
m(Qva’): |:_ >7+ :|7 N = U U m(Qua)
q qN®°/6"q  gN>/6 g<N1/6 1<a<q
- (a,9)=1

We write m; = m NI and my = m \ N.

Lemma 6.6. Suppose that o € my. Then we have

fola) < NTVIO%e  gng  fo(a) < N133/480+e,
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Proof. For a € my, there exist integers a € Z and g € N such that
1<a<q<NYS, Jga—a|<N?C  (a,q) =1

Since a ¢ M, we have either ¢ > P or |ga — a] > Q1. Therefore, from Lemma e
deduce that
fala) <<N71/160+5 and  f3(a) < \133/480+¢

This completes the proof of Lemma ]
Lemma 6.7. Suppose that o € ma. Then we have

fala) < X2171/8+€’ (@) < X;A/14+e7 fala) < Xi71/24+s.
Proof. By Dirichlet’s approximation theorem, there exist a € Z and ¢ € N satisfying

1<qg< N2 Jga—a <NV (a,q)=1.

Since a € my = m \ N, we get either ¢ > N'/6 or N|ga — a| > N'/6. Therefore, the

conclusions follow from Lemma O
Lemma 6.8. Let fi(«) be defined as above. Then we have
(i) Jo 1£73(0) fi (o) da < NY/5H;
(i) fy [73(@) ()] da < N>
(iii) f) [f3(a)f3(a)]da < N?*=,

Proof. We only give the details of the proof of (iii), since the proofs of (i) and (ii) are similar
to that of (iii). The conclusion can be deduced by counting the number of solutions of the
underlying Diophantine equation:

o —ad =yl tyaH sty Y5 — Y — YT — Uk

with Xo < z1,20 < 2Xsand Xy <y; <2X4fori=1,2,...,8. If 1 # x2, the contribution
is bounded by XferE. If ©1 = 9, the contribution is bounded by

1
< XQ-/O fa(e) B da.

By Lemma 2.5 of Vaughan [15], we have

1
/0 Fa(0) P da < X3+,
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and thus the contribution with 21 = 29 is € X9 - X Zﬁ <« NT/4te, Combining above two

cases, we deduce that
1
| 1@ (0] da < X574 X X < NP

0
This completes the proof of Lemma O
Proof of Proposition 2.2 Define

1) = | |f@fi@)e)]da, 21
my

Taking

g9(@) = fs(a), h(a) = fala), Gla)=|fa(a)"] f3(e)* f3(—a) fa(~a)| fa(a)

in Lemma [6.5] we obtain

1/4
(6.1) I(4) < N1/3J1/4< Ifz(a)lglfs(a)|6|f4(a)l6da) (Z(3))"/? + NT/2e. 7(3),

where
) h(a + 2
5 5 Z/ DI+ 9)
sl S it 1+Xsa—a/Q\)
<X a,q)=1
with
M(g,a) = {a: |ga —a| < X5},

By Lemma [6.2] we get
(6.2) Jo < L(y) < N7V,

From Lemma we obtain

/mQ |£5 (@) f3() £ (a) | da
(6.3) < <sup !f2(a)|4> (sup | f3(a )\2> <Sup e )|2> T()

acmso acmso acmso

Putting (6.2) and ( into ( , we derive that

(64) 1(4) < N1237/1344+€(1(4))1/4(1(3))1/2 —|—N7/24+EI(3).
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It follows from Hélder’s inequality that

(/ ’4/3 4/3 )4/3 ‘ d) < ‘8/3 5/3 )48/3(a)]3/2da>2/3
~ @y (z(2))7

According to Lemmas and Holder’s inequality, we obtain

(6.5)

(6.6)
z (;) < sup | f2(a)]? x /m ( 21/2(a)f§’/2(a)) . (fz)l/z(a)fg,(a)) . (fz(oé)ff(a))‘ do

h <5g“l‘)2 |f2(a)|2> (/o1 [f2(e)f3(a)] do‘)m (/o1 | /5 (@) f3(a)| da> v
«( /01 efi(e)] o) v

< N7/8+€ . (NQ-I—E)1/4(N4/3+5)1/4(N2+e)1/2 < N65/24+8.
Putting into (6.5), we derive that
(6.7) T(3) < NO/36+= (T (4))1/3.

Inserting (6.7]) into (6.4), we have
1(4) < N7351/4032+6(I(4))5/12—|—N151/72+5(I(4))1/3,

which implies
(6.8) I(4) < NT351/2852+e | n151/48+e o \151/48+e _ N\T/3+1-3/16+¢

For the contribution from my, by Lemmas [6.6] and [6.8] we deduce that

(6.9)

[ 1@ s i) ao

< (Sup |f2(a)\2) (sup fg(a)!?’/z)/l\fg( )13 (0) f1(a)] da

aemy acmy

1 1/4 1/4 1
< N71/80+E . N133/320+€ . </O }f22f§‘ dOé> (/ ’fQ f3 | da> </0 ‘fgff‘ dOé)

« NT1/80+e | £133/320+< (N2+e)1/4 (N4/3+s 1/4 N2+€)1/2

1/2

< N3011/960+e - N7/3+1-3/16+<

Combining and , we obtain the conclusion of Proposition This completes
the proof of Proposition O
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