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Hecke Bound of Vector-valued Modular Forms and its Relationship with
Cuspidality

Seokho Jin, Jongryul Lim and Subong Lim*

Abstract. In this paper, we prove that if the Fourier coefficients of a vector-valued
modular form satisfy the Hecke bound, then it is cuspidal. Furthermore, we obtain
an analogous result with regard to Jacobi forms by applying an isomorphism between
vector-valued modular forms and Jacobi forms. As an application, we prove a result
on the growth of the number of representations of m by a positive definite quadratic
form Q.

1. Introduction

It is known that the Fourier coefficients of scalar-valued cusp forms satisfy the Hecke

bound, i.e., if f(z) = >,.0a(n)e*™ is a cusp form of weight k, then it satisfies
a(n) = O(n*/?)

asn — oo. On the other hand, it is natural to ask a question whether the converse problem
is true, i.e., whether one can conclude that a given general modular form is cuspidal if its
Fourier coefficients satisfy the Hecke bound. This problem was initiated and investigated
by Kohnen for scalar-valued modular forms in [§]. Later on, Schmoll [13] solved this
problem for scalar-valued modular forms of even integral weight k£ > 2 on congruence
subgroups I'g(/V). Similar results has been also obtained for other modular forms such as
half-integral weight modular forms, Hilbert modular forms, Siegel modular forms, Jacobi
forms, etc. (for more details, see [1,4,9-12].)

In this paper, we study the converse problem for vector-valued modular forms. A
general method used before in proving the converse problems is dependent on the exact
formula of the Fourier coefficients of the Eisenstein series and the Hecke theory which are
complicated to describe for general modular forms on general groups. To overcome this

difficulty, we use meromorphic continuations of vector-valued L-functions associated with
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given vector-valued modular forms. Moreover, we also obtain an analogous result with
regard to Jacobi forms by applying an isomorphism between vector-valued modular forms
and Jacobi forms. As an application, we prove a result on the growth of the number of
representations of m by a positive definite quadratic form Q.

To describe in detail, we introduce the basic notation and terminology which will be
used throughout the paper. Let k € %Z and I" be a finite index subgroup of SL(2,7Z).
We denote by {Qo,...,Q: Vi,...,Vs} a fixed set of generators of I', where Q,...,Q:
are parabolic generators and Vi, ..., Vs are non-parabolic generators. Let p be a positive
integer and p: I' = GL,(C) be a p-dimensional complex representation such that p(Q;) is
diagonal and of finite order for each i. Let x be a multiplier system of weight &k for the

group SL(2,7Z), i.e., |x(7)] = 1, x(—I) = €™ and y satisfies the consistency condition

X(13) (es7 + d3)*F = x(m)x(12) (1727 + d1)F (car + da)F,

where v3 = 1172 and v; = (., 4, ), ¢ = 1,2, and 3. We denote the standard basis of C? by
(ej )?:1'

A vector-valued modular form of weight k, multiplier system y, and type p on I is
the sum f = Z§:1 f;e; of holomorphic functions f; on the upper half-plane H such that
flexy = p(v)f for any v = (‘cZ 2) € I', where the operator |, is defined by

(Flean) () = x" (y)(er + d) F (7).

Here, y7 := (aT +b)/(cT 4+ d) and we take arg z to lie in the range —7 < arg z < 7 for any
complex number z # 0. For each v € SL(2,Z), the function f|; vy has a Fourier expansion

of the form

p P
(1.1) ijﬁ(T)ej = Z Z aj:y(n)€2m(n+ﬁm)7/)wej?
j=1 §=1 n+tj >0

where &, is a real number with 0 < k;, < 1 and A, € Z. For simplicity, let a;(n) =
ajr(n), where I denotes the identity matrix. Furthermore, let My, ,(I') (resp. Sk, y,,(I'))
denote the space of all vector-valued modular (resp. cusp) forms of of weight k, multiplier
system x, and type p on I' (for additional details, see Section .

In [7], it is shown that for a given vector-valued cusp form f(7) in Sy, ,(SL(2,Z)) there
is a constant « depending only on p such that a;,(n) = O(n*/?+e) for every 1 < j < p
and for every v € SL(2,Z), as n — oo (see also [14]). In particular, if p is a unitary

representation, then o = 0. The following theorem shows that the converse is also true.

Theorem 1.1. Suppose that k > 2+2a and f € My, ,(I") with an irreducible representa-
tion p has a Fourier expansion as in (L.1)). If there exists at least one | such that the Fourier
coefficients a;(n) for each v € SL(2,Z) satisfy the growth condition a;(n) = O(nk/2+)

as n — oo, then f is cuspidal.
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Remark 1.2. (1) Theorem |1.1] proves the vector-valued version of the conjecture of
Bécherer and Das [1] for SL(2,Z).

(2) We can remove the condition of irreducibility of p if we impose a stronger condition
to get a similar result as follows. Suppose that k& > 2 + 2« and f € My, ,(I') has a
Fourier expansion as in . If for every 1 <1 < p and v € SL(2,Z), the Fourier
coefficients a;,(n) satisfy the growth condition a; - (n) = O(n*/>¥®) as n — oo, then
f is cuspidal. This result will be used later to prove a corresponding result on Jacobi

forms.

Next, we consider Jacobi forms. A Jacobi form is a holomorphic function of two
variables (7 € H and z € C) that satisfies modular and elliptic transformation properties
with holomorphicity conditions at cusps. Let Jy . (I'7) (resp. Skm(I'7)) denote the
space of Jacobi forms (resp. Jacobi cusp forms) of weight k, index m, and multiplier
system x on I'/| where I'/ denotes a Jacobi group I' x Z2. If F' € Jy ., (I'/), then F has

a Fourier expansion of the form

(12) Z Cy (n, 7')627"1'(n+'€'y)‘r/)\«, p2mirz

n,reZ

D4>0
for each v € SL(2,Z), where D, = D.(n,r) := 4[(n+£-)/AyJm—r? (for additional details,
see Section . In the following theorem, we obtain a result about the cuspidality of a

Jacobi form.

Theorem 1.3. Let k > 5/2 and m € 7Z. Suppose that the Fourier coefficients of F €
Jkm (T7) satisfy

(1.3) cy(n,r) = O(DEP=1/%)
for every v € SL(2,Z), as D, — oo. Then, F is cuspidal.

To prove this, we use an isomorphism ¢ from the space of Jacobi forms of weight
k to the space of vector-valued modular forms of weight £ — 1/2 with a unitary repre-
sentation p’. Then the bound in (1.3)) implies that Fourier coefficients of ¢(F') satisfies
O(n%(]“%)) With this and Rema(2), one can prove Theorem Note that since
the representation p’ is unitary, we take o = 0 when we apply Remark (2)

As an example of a vector-valued modular form, we consider a theta series associated
with a positive definite quadratic form. For a positive integer n, let Q(x) be a positive
definite quadratic form of rank n over R, and B(z,y) denote its associated bilinear form.
Let L be a lattice of rank n such that Q(x) € Z for all x € L, and L* denote its dual
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lattice defined by L* := {x € R" | B(x,y) € Z for all y € L}. We define a vector-valued

theta series

QQL Z QQL T, h eh,
heL*/L

where 0q r(7,h) = > crin Q@)™ Then g 1 satisfies (for example, see [5, Corol-
lary 1.7])
0o,0(7 +1,h) = *™2Mgg (7, h)

and

727rzB k,h) GQ,L(Tv k)

1
00,1 <—,h> =7"
T v|L*/L ke%:/L

Therefore, 0 is a vector-valued modular form of weight n/2 on SL(2,Z) associated
with the Weil representation pg ; (for the definition of the Weil representation, see [2}
Section 1]). The mth Fourier coefficient of 6¢ (7, h) is

Ror(m,h):={z € L+h|Q(z) =m}|

As an application of Theorem we obtain a result on the growth of Rg r(m,h) as

m — oQ.

Theorem 1.4. If n > 5, then for any M > 0, there are infinitely many m € N such that
Ro.(m, h) > Mm"/*.

The remainder of this paper is organized as follows. In Section [2] we present basics
about vector-valued modular forms and vector-valued L-functions. In Section 3] we review
the theory of Jacobi forms focusing on the theta expansion. Finally, in Section[d] we prove

the main results.

2. Vector-valued modular forms

In this section, we recall some basic facts about vector-valued modular forms and vector-

valued L-functions. We start with the precise definition of a vector-valued modular form.

Definition 2.1. A vector-valued modular form of weight k, multiplier system y, and type

pon I'is the sum f = Z§:1 fje; of holomorphic functions in H which satisfies

(1) flepy =p(y)f forall v €T,

(2) for each v = (¢%) € SL(2,Z), the function f|;,7 has a Fourier expansion as in

D)
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Furthermore, if each a;,(n) is zero when n + & is nonpositive, then f is called a vector-

valued cusp form.

For each j, the constant term of f; . is defined by C;, := Znij =0 aj~(n). Further,
we define the constant term of f|x .,y by

p p
Croi=) Ciaej=) D ajy(n)e;.
7j=1 j=1n+k;~=0

Now, we introduce vector-valued L-functions attached to given vector-valued modular
forms. Let f = Z§:1 fie; € My, ,(I') with a Fourier expansion as in (1.1)). The associated
L-function of f and < is defined by

Ly(f,8) = Z L(fjn: s)ej

j=1

where each component L(f;~,s) is given by the usual Dirichlet series of f;., namely,

L(fiyr8) = Y (1)

o (i) )

To use later, we also define A(fj.,s) := (2m)"*I'(s)L(fj,s) as usual. We consider an
analytic continuation and locations of poles of L(fj.,s). For this reason, we need the

following lemma.

Lemma 2.2. If f € My, (') \ Sk,y,p(I') and p is irreducible, then for each 1 < j < p,

there exists at least one element yv; € I' such that f;., has a non-zero constant term.

Proof. Suppose that there is no such ; € I'. Since we fix a standard basis, we can consider
p(7v) as a p x p matrix. Let L; be the space spanned by the jth rows of matrices p(7) for
v € I'. Note that the constant term of f;, is zero if and only if (p(v)Cy.r); = 0. Therefore,
we see that dimc L; < p.

Since p is irreducible, its dual representation p* is also irreducible. The space A

generated by
{r"(v)ej [T}

is nontrivial and invariant by the representation p*. Therefore, A is a non-zero subrepre-
sentation of p*. Since p* is irreducible, A must be CP. Note that the dual representation

p* is defined by p*(y) = p(y~")*
the same as Lj;. This is a contradiction since dimc L; < p. Therefore, there is at least one

, where 7' denotes the transpose of v. We see that A is

element ~; € I' such that f;,. has a non-zero constant term. O
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Proposition 2.3. Assume that f € My ,(I')\Sky,p(I') and p is irreducible. Fiz1 <1 <p

and let v € T' such that fi, has a non-zero constant term Cy,. Then, L(f;,s-1,s) has a

meromorphic continuation on C with a simple pole at s = k, where S = (1 *01 )

Proof. First, note that f,g-1|x,,S = f,. This implies that

XS s (1) = 1,00

Let
Py (v) = fy(iv) — Cpys

where Cfy, is the constant term of a vector-valued modular form f,. Then, we have
1 (0) = X(S)F0 o (3 ) (S0 = Cpasn
If we denote by v, the jth component function of ¢, then one can see that
Vi (v) = finy(iv) = Cjy
and
(2.1) s 1(0) = x(S)Fo Mg (1) +x(S)F AL, = G

Note that by assumption, Cj, # 0.
Now, we compute the Mellin transform of ; ,g-1. If we insert the Fourier coefficients
of fmsﬂ(r), then we see that

[o.¢]
ZDZ s-1(V)v°— = Z a;s-1(n) 672ﬂ(n+”lv75‘1)v/)‘75‘1vs@
Rt » Rt . y

Tl+l€l,,y571>0
- (277)7811(8)[’(]%,75*17 3) - A(fl,wS*hS)'

On the other hand, we can use the inversion formula in (2.1) to compute the Mellin

transform of v ,g-1. First, we separate the integral into two parts

de o dv
(2.2) / P51 / VY ys5-1(v)v o +/1 Y ys-1(v)0°—

Next, we compute the first integral in using the inversion formula and change of

variables

! o d
/ djl,'yS / <X(S)l 'U_kd}l'y <1> + X(S) kcl,'y - Cl St ) v TU

1
/ ¢l,7 - + X(S)ikcl,v/ 'Us_k_l dv

0
Cl,'yS—l/ 5= ldv.
0



Hecke Bound of Vector-valued Modular Forms and its Relationship with Cuspidality 307

Therefore, we have

o sdv
A(fl,'yS*Us) _/0 wlﬁS*l(v)v 7

B /100(%’751 (v)0* + X(S)i%l,v(v)vk_s)dv

v

. 1 1
+ X(S)’chl,'ys — — Cl,'yS*1 ;

Note that
L(fiy5-1,8) =T(s) 7 (2m)°A(f15-1, 8)-

It is well known that I'(s)~! is an entire function with simple zeros at s = 0, —1,—2,...,

and it does not vanish elsewhere (for instance, see [15]). Therefore, L(f;,5-1,s) has a

meromorphic continuation on C with a simple pole at s = k. O

3. Jacobi forms

In this section, we review the theory of Jacobi forms, following the approach of Eichler
and Zagier [6]. First, we fix the notation. Let I'/ =T x Z? be a Jacobi group and F be a
function on H x C. For v = (‘Z Z) € SL(2,Z), X = (\, 1) € Z?, and m € 7Z, we define

. CZ2
(Flimnxy)(1,2) = x(7) " (e + d) Fe > ersd F(v(1, 2))
and
(FlmX)(r, 2) i= XMV TR (72 4 A7 4 p),

where (7,2) = ((a7 +b)/(er +d), z/(cr +d)). Then, '/ acts on the space of functions
on H x C by
(F

k,m,x(’YvX))(Tv Z) = (F|k,m,x7|mX)(7-v Z)

With this operator, we define a Jacobi form.

Definition 3.1. A Jacobi form of weight &, index m, and multiplier system y on I'/ is a

holomorphic function F on H x C satisfying

(1) F

kmx (7, X) = F for every (v,X) € I/,

(2) for each v = (%) € SL(2,Z), the function F|; 7y has a Fourier expansion as in
).
Furthermore, if ¢, (n,r) # 0 only if D, > 0 for all v € SL(2,Z), then it is called a Jacobi

cusp form.

Theorem 3.2. [6, Section 5] Let F' be a holomorphic function that satisfies F|, X = F
for every X € Z2. Then,

(3.1) F(r,2) = Y fulm)bmpu(T,2)

HEN
with uniquely determined holomorphic functions f, (1) on H, where N' = Z/2mZ.
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The expansion in Theorem [3.2] is called the theta expansion. The theta expansion
gives an isomorphism between the space of Jacobi forms and the space of vector-valued
modular forms. More precisely, let ' be a Jacobi form in Jk7m7X(I‘J ). By Theorem a

Jacobi form F' has the theta expansion
F(r,2) =3 fu(7)0mpu(T,2).
neN
Then, one can check that a vector-valued function
Z fuepu
HEN
is a vector-valued modular form in My_; /5, v (T) for some x’ and p’ (for example, see |3,

Section 2|). Here, p’ is essentially the Weil representation.

Theorem 3.3. |6, Section 5] The theta expansion gives an isomorphism between Jk,m,X(FJ)

and My_y /2, (). Furthermore, it sends Jacobi cusp forms to vector-valued cusp forms.

4. Proofs of the main theorems

For the proof of Theorem we observe the following fact. Let f be a vector-valued
modular form in My, ,(I'). For each v € SL(2,Z), a vector-valued function f|; 7 is a

vector-valued modular form in My, , (T'5), where ', = 7Ty and p, is a representation
on I'y defined by

pr (71 AY) = p(A)

for A € T'. For simplicity, let f, denote f|r 7. Note that (fy); = fj- for every 1 < j <p
and v € SL(2,Z).

Proof of Theorem [L1]. Let f be a vector-valued modular form contained in Mj,, ,(I'). For

each v € I, the function f|; 7 has a Fourier expansion of the form
P
Z Z iy (n)eQﬂ(n+Kj’“’)T/)w e;.
j=1n+k;~,>0

Suppose that for such v, the Fourier coefficients a; (n) satisfy the growth condition
(4.1) @i (n) = O(nM/?*),

as n — oo. Here, « is a non-negative constant depending only on p.
Suppose that f is not cuspidal. By Lemma we have an element v € I" such that f;

has the non-zero constant term C; . Then, L(f; ,s-1,5s) has a meromorphic continuation
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on C with a simple pole at s = k by Proposition [2.3] On the other hand, by the growth
condition of the Fourier coefficients in (4.1)), the series

L(fins-1,8) = Z i qys-1(n)

nte; g-1>0 ((n+ Fip5-1)/Ays-1)"

converges absolutely if Re(s) > k/2 + a4+ 1. By the assumption, we have k > 2a + 2.
This implies that k& > k/2 + a + 1. Therefore, L(f; ,s-1,k) converges absolutely, and
hence, L(f; ys-1,5) cannot have a pole at s = k. This is a contradiction. Hence, f is a

vector-valued cusp form. O

Proof of Theorem [1.3] Let F € Jk,m,X(FJ ) with the given growth condition on its Fourier

coefficients, that is, the function F|j, ,,, 7y has a Fourier expansion

Z ¢ (n’ ,r)eZTri(n-l—my)T/)w e2mirz

n,reZ
D~2>0

with the growth condition cy(n,r) = O(le;/%l/zl) for every v € SL(2,Z), as D, — oc.
Since (Flm|7)|mX = Flgmyy for any X € Z* and for any v € SL(2,Z), by (3.1) we

have

(Flimx)(7:2) = > (1) 0m (7, 2).
HEN

Asin [6, Section 5], nth Fourier coefficient of f, ,, is the same with the ¢y ((n + p?)/(4m),r).
Moreover, by Theorem the vector-valued function
= Z Jrueu
HeN

is a vector-valued modular form in Mj_y/ s (T). Let v € SL(2,Z). We write a Fourier

expansion of f[_; /9,7 as

2m 2m
D fime; =Y > aj,(n)emitrtria) ey,
j=1 Jj=1n+k;~,>0

Note that
Z f%,uey = p(’y)(f|k—1/2,x’7)-

HeEN
This gives a relationship between the Fourier coefficients c,(n,r) and a;,(n), which de-

termines the asymptotic behavior of a; (n)
ajy(n) = O(n% (kié))

as n — oo. Since p is unitary, we use Remark (2) for a = 0 to see that f is cuspidal.
This implies that F € Sk ., (I'7) by Theorem O
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Proof of Theorem [1.4] Suppose that n > 5. Then, the weight of 6 , is strictly larger than
2. Since Q(0) = 0, 6g,1(7,0) has a constant term at its Fourier expansion. Therefore,
f¢,1, is not a vector-valued cusp form. By Theorem for each h € L*/L, Rg,.(m,h)
does not satisfy

Ro.1(m, h) = O(m™/"),

as m — oo. This implies that for any M > 0 there are infinitely many m € N such that

Rg..(m, h) > Mm"/*. O
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