POSITIVE SOLUTIONS OF CRITICAL QUASILINEAR
ELLIPTIC PROBLEMS IN GENERAL DOMAINS

FILIPPO GAZZOLA

ABSTRACT. We consider a certain class of quasilinear elliptic equations with
a term in the critical growth range. We prove the existence of positive solu-
tions in bounded and unbounded domains. The proofs involve several gen-
eralizations of standard variational arguments.

1. INTRODUCTION

We study the existence of positive functions u € Dé’Q(Q) solving in a weak
sense the quasilinear elliptic equation

n n
O
- Z Dj(asj(x,w)Dyu) + - ;U (x,u)DjuDju
(1) i=1 =1 98

where Q@ C IR" (n > 3) is open (not necessarily bounded), D(l)’2(Q) is
the completion of the space C2°(f2) with respect to the Dirichlet norm

(Jul]* == [q|Vul?), 2* = 2% is the critical Sobolev exponent ¢ of the

embedding D(l)’2 C L9 g is a subcritical term and p a bounded positive
function. Throughout this paper by a positive function we mean a nonnega-
tive nontrivial function. Weak solutions of (1) correspond to critical points
of the functional .J defined for all u € Dy () by

@ =3 [ 3 a@abudu- [ cww - o [ sl

ij=1
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where G(z,s) = [y g(x,t)dt. Under reasonable assumptions on a;j, g, p, the
functional J is continuous but not even locally Lipschitz if the functions
a;j(x,s) depend on s, see [9]. However, J is weakly C°(Q)-differentiable
(see [3, 9]) and the derivative of J exists in the smooth directions: for all
u € Dé’2(Q) and ¢ € C°(92) we can evaluate

rwi = [ %

ij=1
—/ g(-’]@',u)w—/p(ﬂﬂ)\u\2 “Pugp ;
Q Q
according to the nonsmooth critical point theory of [14, 15] it is possible to

prove that critical points u of J satisfy J'(u)[p] = 0 Ve € C°(£2) and hence
solve (1) in distributional sense, see also [2]. Therefore, as

1 8(@']’
2 Os

{aij (z,u)DiuDjp + (x,u)DjuDjue

— 3" Dj(aj(z, u)Dyu) + b(x)u — f(z,u) € (Dy*)*
i,j=1

(here (Dé’Q)* denotes the dual space of Dé’Q) we also have

1 " 80/' *
5 Z 0: (z,u)DjuDju € (Dé’Q)
ij=1

and (1) is solved in a weak sense. We refer to the original papers [9, 14, 15]
for the basic definitions in this nonsmooth context; this theory has been
widely used for different problems related to quasilinear elliptic equations of
the kind of (1), see [3, 4, 9, 10, 13].

Under suitable assumptions on the functions a;;, g and p, in this paper we
prove the existence of positive solutions of (1) in bounded and unbounded
domains : making use of the techniques introduced in [21], we prove our
results for a wide class of subcritical perturbations g. As far as we are aware,
very few results concerning (1) are known: apart the already mentioned case
with p(z) = 1 on bounded domains [4], we refer to [24] where a minimization
problem related to (1) is solved for € = IR™ and to [27] for a similar problem
in a bounded domain.

Besides the existence results, we believe that the interest of this paper
are the techniques involved in the proofs: they generalize several well-known
arguments of classical critical point theory. Since the celebrated mountain-
pass Lemma [1] (MPL in the sequel) much progress has been made to prove
existence results for elliptic problems: we will not concern ourselves in the
difficult task of giving complete references, but let us underline some possible
modifications of the assumptions of the classical MPL. The first assumption
of the MPL is the smoothness of the energy functional associated to the
problem: as already mentioned, the functional J in (2) is nonsmooth and
we need to apply the generalized critical point theory of [14, 15].

The second basic assumption of the MPL is the Palais-Smale condition:
this is a compactness condition which is guaranteed, in particular, for prob-
lems having subcritical growth and on bounded domains 2. For certain
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problems having critical growth one may still prove that the Palais-Smale
condition holds at certain energy levels, see [5, 8, 12, 19]; for the functional
J in (2), even in the nontrivial energy range determined by Lemma 2 below,
the Palais-Smale condition (in the sense of [14, 15]) does not hold because J
may have negative critical levels, see Section 6. We overcome this problem
by means of Lemma 3 below which is, somehow, the heart of our proofs: it
states that the compactness is recovered if the loss of energy between the
Palais-Smale sequence and its weak limit is less than a suitable threshold.
This fact seems to be related to the representation of the Dé’Q—Weakly con-
vergent sequences of the concentration-compactness principle [22] and to the
representation result for Palais-Smale sequences in [25]: such representation
seems difficult to obtain in our case because the functional is nonsmooth.
Finally, to prove the existence of a positive solution of (1) in an unbounded
domain 2, we first solve (1) in a sequence of bounded subdomains €2 of
and then prove that the corresponding sequence of solutions {u*} converges
in some sense to a solution u of (1) in §2; this method seems to have been
first applied in [16, 17], while for more general semilinear problems at critical
growth we refer to [23]. The main difficulty of this procedure is to prove that
the solution u found as (weak) limit of the sequence {u*} is not the trivial
one; one usually reasons by contradiction and proves that if v = 0, then
u® — 0in the Dé’2—norm topology: the contradiction is achieved if one proves
a uniform lower estimate for the norm of u”, see e.g. [23]. Our approach is
slightly different as we do not obtain such estimate but we use again Lemma
3: on the other hand, a direct approach as in [5] seems not possible since it
also makes use of a representation result for the Palais-Smale sequences.

2. EXISTENCE OF A POSITIVE SOLUTION

Let us first list the assumptions on the functions which appear in (1):
since some of them look quite technical, we refer to Section 6 for several
examples.

We assume that the coefficients a;; (4,7 = 1, ..., n) satisfy

Q5 = A jg
(3) aij(z,-) € CYR) for a.e. z € N

O s
aij(x,s), 6—;](16, s) € L2 x R)
and, for simplicity, we assume that the functions a;j(x,s) are even with
respect to s. Moreover, we require the ellipticity condition
n
4) e 0,1, > aj(z,8)&E > vlEf ae z€Q, Vs € R, VE€ R,
i,j=1

and we assume that the “ellipticity grows with |u|”, namely

(5) O<SZ ”xs{zfj for a.e. z€Q, Vs e R, V€ € R" ;
1,j=1
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we also need an estimate for the growth of ellipticity
376(02*—2) for a.e. x € Q, Vs >0, V¢ € R",

SZ wxsfzf]<'72azjx5£z£]-

i,j=1 t,j=1

(6)

Finally, as in [4], we require that (1) “converges” to a semilinear equation
as u — +0o0:

day;i
o sginoo aij(z,s) = 6;j , sggloosa—J(x s) =0,

Vi,7=1,...,n and uniformly w.r.t. x € Q .

We require that the function g be subcritical:

g: QxR — IR is a Carathéodory function
(8) Ve >0 dg. € L%(Q) such that
lg(x, s)| < ge(x) + E\s\%g forae. x € Qand Vs e R .

Next we need some local growth conditions on the function G(z,s) =
Jo g(x, t)dt: we assume that there exists a nonempty open set Qo C Q such
that

if n = 3 then
lim G(i’ )
S§——+00 S

if n =4 then da >0, 3¢ >0 such that

= +o0o uniformly w.r.t. x € Qq;

(9) either G(x,s) > ps? for a.e. € Qp, Vs € [0,q]
or G(z,s) > u(s? —a?) for a.e. € Qg , Vs > a;

itn>5then3b>a >0, 3 >0 such that

G(z,s) > p forae x€Qy, Vs € [a,b].

Without loss of generality we may assume that the origin 0 € Q4. Moreover,
we require that

3C >0, FbeLV*Q) bl <% such that
(10) Gx,s) < b(x)|s[* +Cls*,
G(z,s) >0 Vsec IR and for a.e. z €,

where v is the ellipticity constant in (4) and S is the best Sobolev constant
of the embedding Dé’2 C L', see [26]. Note that the above assumptions do
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not exclude that
(11) g(x,0) = 0.

In fact, this is the interesting case because (1) admits u = 0 as a solution
and one needs to prove the existence of another (nontrivial) solution.
Finally, we assume that the function p is measurable and

12) IM>m>0, m<px) <M Vre,
p(0) =M, p(z) =M+ O(|z|""2) near 0 .

We first prove an existence result for bounded domains:

Theorem 1. Assume that ) is a bounded open subset of R"™ and assume
(3)-(12); then, there exists at least a positive function u € Dy*(Q) solving
(1) in the weak sense.

The proof of Theorem 1 follows the same steps as in [4]. Nevertheless, the
presence of the function p implies some changes both in the “nontrivial en-
ergy range” (see Lemma 2 below) and in the estimates involving the “Sobolev
concentrating functions” (see (21) below).

If © is unbounded, as in [13], we require that (1) converges to a semilinear
problem also when |z| — oo:

lim a;j(x,s) =0d;; , lim s%(x, s) =0,

Vi,j=1,...,n and uniformly w.r.t. s € R .
Then we prove

Theorem 2. Assume that 2 is an unbounded open subset of R™ and assume
(3)-(13); then, there exists at least a positive function u € Dé’z(Q) solving
(1) in weak sense.

To prove Theorem 2, we introduce a sequence of smooth bounded domains
O such that UgewQ; = Q: by Theorem 1, for all k, (1) admits a positive
solution u* € Dé’z(Qk). As in [23] the solution of (1) in € is obtained as
weak limit of the sequence {u*}: a careful analysis is needed to prove that
the weak limit is nontrivial, see Section 5.

3. THE CASE OF A BOUNDED DOMAIN

In this section we assume that  is bounded and we prove Theorem 1;
throughout this section we assume (3)-(12): in fact, some of the lemmas
below do not need the whole set of assumptions.

First observe that if S denotes the best Sobolev constant of the embedding
D(l)’z C L?", then by (12) and Sobolev inequality we get

9 [ @l <M e DY)
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next note that (3) and (6) yield

n

ue D) = éz;lf(w, u)DyuDjuu € L'(9)

ij=1

and therefore .J' (u)[u] is well defined for all u € Dy*(Q) and can be written
in integral form.
Define the cone of positive functions

(15) C:={uce Dé’Z(Q); u(z) > 0 for a.e. z €}
and the functional
L[ & 1 !
— ii DjuD;u — +_7/ +2'
Tew) =5 [ 3 ey Dubu [ Gwa) - 5 [ plut]
2,7=1

By the same procedure used in [13], one can prove that if u € Dé’Q(Q)
satisfies J'\ (u)[¢] = 0 for all ¢ € C°(§2) then u is a weak positive solution
of (1). Therefore, without loss of generality we assume that

g(z,s) =0 Vs <0, forae x€,
and, to prove Theorem 1, we seek critical points of the functional

J(u) = ;/QZ aij(x,u)DiuDju — /QG(:E,ML) — 2{,(/019(33)(“)2*-

2,J=1
For simplicity, we have dropped the index + on J.

By reasoning as in Lemmas 3.3 and 3.4 in [4] one can prove

Lemma 1. Let {u,} C D(l)’2(Q) be a Palais-Smale sequence for J; then,
there exists u € Dé’Z(Q) such that uy, — u in D(l)’z (up to a subsequence) and
u solves (1) in the weak sense.

Let us recall that, using Theorem 2.1 in [6], one can also prove (see [4, 9])
that

(16) Vum(x) = Vu(z) for a.e. z € Q.

We now determine the nontrivial energy range of the functional J, namely,
the energy levels for which the Palais-Smale sequences do not converge
weakly to the trivial function: as we already pointed out, it seems not pos-
sible to determine a compactness range as in [8]. The energy range of the
next Lemma was first determined in [12], see also [11, 19].

Lemma 2. Let C be as in (15), let {un} C C be a Palais-Smale sequence

for J at level
Sn/2
cE <O, TW)

and assume that uy, — u. Then u Z 0.
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Proof. By contradiction, assume u = 0. Then, by (8), [, G(z,um) — 0
and [ (2, wm ), — 0. Therefore, from J'(um,)[um] = o(1) we get

n
o(1) :/Q Z a;j(2, Um) Dyt Djtiy,

ij=1

1 n
7>
2Ja =
By reasoning as in Lemma 3.5 in [4] we arrive at

ay [ >0

i
61] (@, Um) Dty Dty = o(1)  as m — 0o
. s
i,j=1

(a7) 0
aij ) 4 _ %
s (@, Um) Dithy Dt ty, /Qp(a:)(um) i

and
(19) /Q > ai (@, ) Ditty D, = /Q |Vtm|? +0(1) asm — oo .
ij=1

Hence, by (17) we get

(20) fuml? = | pla)em)® = o(1)
and by (14) we have

0(1) = [lum|® (1 = M52 Jum|* 7).
If ||um|| — 0 we contradict ¢ > 0. Therefore,

Sn/2
lumll* > =7 + o(1)
and, by (19), (20) we get

Tm) =l + 75 (P = [ pl)wn)? ) + o)

>

which contradicts ¢ < %S”/QM(Q_")/? .

Next we prove the existence of a Palais-Smale sequence in C whose level
is in the nontrivial energy range of the functional J. We follow the idea of
[8] and consider the family of functions
[n(n —2)e%)"5

(€2 + |22 "7
2%

(21) ur(z) =

£

which solve the equation —Au = u? ~! in IR™ and satisfy ||u}|? = |[u}||% =
S/2. Let 7 be a positive smooth cut-off function with compact support in
B, C Qp and let u. = nu?. Since m > 0 in (12), for all € > 0 there exists

t > 0 such that J(tu.) < 0 for all ¢t > t; define the class of paths
I':={y € C([0,1; Dy*(2)), 7(0) =0, 7(1) = t°uc}
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(to simplify notations we do not highlight the dependence of I" on €) and the
minimax value

(22) o= ;ggtrél[gf] J(y(1)) -

We obtain a Palais-Smale sequence for J at level o by applying the MPL
in the nonsmooth version [15], see also Theorem 2.1 in [2]: indeed, in a
standard way one can verify that the functional J has such geometrical
structure; hence, a > 0. Moreover, as J(|u|) < J(u) for all u € Dé’2(Q), in
(22) we can consider instead of the class I, the class of paths at lower levels,
namely

{y e C((0,1]; €), v(0) =0, ¥(1) = touc} ;

therefore, by the nonsmooth deformation Lemma [14] we may assume that
the Palais-Smale sequence is in C.

To prove that a < SRTMM (2-7)/2 e claim that for small enough & we have
I
(23) maxc J(tue) < 23 rea7
To this end, for all € > 0 let t. > 0 be such that
J(teus) = max J(tug).

We write J(tcu:) as

J(tauE) = EH EH2 / Z al] X taua —5ij)DiungU5
i,j=1

—/QG(x,teug) - g%/gp(w)(ua)2

and we estimate all its terms. Since {u.} is uniformly bounded in Dé’Q, if
te — 0 then J(t.us) — 0 and we are done; moreover, t. — +oo implies
J(teus) — —oo which is impossible: so it remains to consider the case where
the sequence {t.} is upper and lower bounded by two positive constants.
Recall the following estimates (see [8, 20]) as e — 0

luc||* = S + O(e"?), /Q p(z)(ue)* = MS™? + O(e"?).

Thus, by reasoning as in [20, 21], one obtains (as € — 0)

1 Sn/2

2* n—2

1 1
ey Sl - 5

As in [4] we infer that there exists a function 7 = 7(¢) such that liIr(;J T(e) =
E—

400 and such that for € small enough we have

(25) /Q Gla, tous) > 7(e) - &2 .
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Finally, note that (5) and (7) imply

(26) / Za” quuDu</\Vu]2 Yu e C.

1,j=1

Therefore, as t.u. € C we have

/ Z a;j(x,teus) — 8i) Diuc Djus <0 .
t,j=1

Hence, by (24) and (25) we obtain

1 n/2
J(teus) < 5

fgW—F(C—T(E))-En_Q,

which proves (23) for small enough . We have thus obtained a Palais-Smale
sequence (in C) for J at level a € (0, %/ZM@_”)/Z). Its weak limit is non-

negative because J! (u)[¢] = 0 for all ¢ € C2°(2) and nontrivial by Lemma
2. Moreover, it solves (1) by Lemma 1.

4. COMPACTNESS OF THE PALAIS-SMALE SEQUENCES

In this section we prove the following crucial result:
Lemma 3. Denote by {un,} the Palais-Smale sequence used in Section 3 to

obtain w. If

) Sn/2
(27) Jim J(um) — J(u) < T2

then wy, — u in Dé’Z(Q).

Proof. We first introduce some notations. For all s > 0, define the function

() z, ifx <s,
€Tr) =
1Is s, ifx>s.

By e(z) we denote a generic function such that
thHC}O e(z) =0.

In the sequel, the same symbol £(x) may denote different functions and we
will often use the relation (z) 4+ e(x) = ¢(x). For all s > 0 define

L:/ g(x,u)ns(u +/ (u)* ", (u) .

Finally, some of the limits below are in fact limsup or liminf but we will
not specify this fact since all our results hold up to a subsequence. Before
starting we recall that v € C, that we may assume {u,,} C C and that
Uy — U.
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STEP 1. We prove that for all s > 0 we have

n
lim / Z ;i (2, Um) Dittm D j i,
m—o0 {umgs}ijzl

< a;i(x,u)D;uDu .
<[ > aulew)Dub;

ij=1

Take s > 0: by the compact embeddings Dé’2(Q) C LP(Q) (for p € [1,2%))
and by Lebesgue’s Theorem we have

i ([ g (um) + [ @) wn)® " nufum)) = Lo

m— 00

then, from the relation J'(uy,)[ns(um)] = €(m) we obtain

n
/ Z aij (2, Um) Dyt D jum
{umSs}y =1

1 ", Oa;;
)=
=Ls+¢e(m) .

On the other hand, by J'(u)[ns(u)] = 0 we get

/ Z a;j(x,u)DiuDju
{u<s}

4,7=1
(29) 1

combining these two equalities, letting m — oo and using Fatou’s Lemma
(which can be applied because of (5) and (16)) we obtain (28).

STEP 2: we prove that for all s > 0 we have

n

Z ;i (2, Um) Dittm D jt,
i,j=1

:/ Z aij(x,u)DiuDju .
{u<s}

1,j=1

lim

m—0o0 /{Um SS}
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We claim that

n

/{Um Z az] xr Um)Dz(um - U)Dj(um — u)
U )

—

.3

(31) Z aij(

{um<s}

s Un) Ditin D ju,

n

n

/ Zauxu)DuDu—FE( )
{u<s} .

4,j=1
to this end, it is equivalent to prove that

/ Z aij(x,um)DiuDju
{um<s}

ij=1

(32) + Z a;j(x,u)DiuDju
{usshyj=1

n
= 2/ Z aij(z, um)DiumDju + e(m) .
{um<s} ig=1

Since 7s(um) € Dy*(Q) N L2(Q), we have J'(u)[ns(um)] = 0 for all m and
we obtain

/{umgs}
=L+ 5( ) ;

then, by (29) and by Lebesgue’s Theorem we infer

/ Za”quuDu—/ Zawaju)DuDum—i—a( ) -
{u<s},;

um<s}

0
Z aij(x,u)DiuDjuy, + 2/ Z a” (2, w)DjuDjuns(um,)
i,0=1

This, together with (16) and Egorov’s Theorem yields (32) and, conse-
quently, (31).
Finally, by (4) and (31) we deduce

n n
/ Z ;i (2, Um) Dittm D jtty, > / Z aij(x,u)DiuDju +e(m) ,
{um<s} u<s}

i,j=1 i,j=1
which, combined with (28), yields (30).
STEP 3: we prove that

lim / Z 80/2] :L‘ um)D UmD UmUm,
0s

m—ro0

(33) W=

—/Z Z]aL'uDuDuu

3,j=1
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By (7) (and the boundedness of || D;u,l2) we get
aaw zJ
/ Z T, Upn) Dty Dt Uy, — / Z (x,u)DjuDjuu
7] 1 ,j 1 S

_/ Z 8(11] 1' Um D UmD Umns(um)

,Jl

/ Z aa;] (2, w)DjuDjuns(u) +£(s) ;

i,j=1
moreover, from the relation J'(u,)[ns(um)] = J'(u)[ns(uw)] +e(m), we obtain

n
/ Z Qg (1‘, um)Diuijum
{um<s} ig=1

1 / Z daj (&, tn) Dittgn Dittgs(tm) — L+ £(m)

_/ ZCLUCCUDUDU—I—Z/Zaa”quuDjUT]s(U)—Ls.
{u<s};

(33) then follows taking into account (30) and the arbitrariness of s.
STEP 4: we prove that

m%gnoo/ Z aij (2, wm) Di(tm — w)Dj (U — u)
(34) wi=1

1 2t
= lim_ QJO(OC)IUm ul

By the relation J'(um)[um] = J'(u)[u] + e(m) and taking into account (8)
and (33) we obtain

/ Z aij(z, wm) Dium Dj um—/ p(z )(Um)2*

,Jl

_/ Zaw:cuDuDu—/ p(x)(w)* +e(m) ;

i,j=1
therefore, from Theorem 1 in [7] we get

/Za”xumDumDum /Za,]quuDu

7] 1 ,] 1
—/ \um—u]2 +e(m) .

Finally, by (16) and Egorov’s Theorem we obtain

/ Z i (2, Um ) Di(Um — w) Dj(tm — )
(35) n=

_/Za”xumDumDum /ZawquuDu+5( )

,j=1 3,j=1
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and (34) follows.

STEP 5: we prove that

/Q > aij(@, wm) Di(um — w)Dj(um — u)
(36) )

:/ IV (tm — w)|? + £(m) .
Q

By (7) we have

/{um>s} > i (2, 1) Di (=) Dj (i —u) = /{um>s} IV (i — )| * +£(5) -

ij=1

For all s > 0, by (30) and (31) we infer

/{u <5} Z aij (2, Um ) Di(um — w) Dj(m —u) = e(m) ,

1,j=1

which, together with (4), implies
| 19 = w0 = m)
{um<s}

By the arbitrariness of s, these three relations prove (36).

STEP 6: conclusion.
By (34) and (36) we clearly have

(37) L 19 =) = [ ) =l +(m) ;

therefore, by (14) we obtain

M .
e(m) > [lum — ul*(1 = gy llum — ul*?)

which implies that

Sn/2
et — wl* =

(38)  either [luy —u =0 or lim_ = MO-2/2
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Therefore, Lemma 3 follows if we can exclude the second alternative; by
Theorem 1 in [7] we get

J () — J(u) =
by (8) = 2/ Z a;ij (2, Um) Ditvm D jtum,
L= 1
—7/ Za”quuDu
,5=1
o [ p@ rum—uP +e(m)
by (35) and (36) = 2 / V(u 21* / (@)t — ul? + £(m)

by (37) = /|v 12+a( )

then, by (27) and by letting m — oo we infer

S/2 i 1 )
a7 () = J () = i e —u

which proves that the second alternative of (38) does not hold and completes
the proof of Lemma 3. =

5. THE CASE OF AN UNBOUNDED DOMAIN

In this section we prove Theorem 2: we assume (3)-(13) and that Q is
unbounded.

We introduce a sequence of open bounded smooth domains £2;, C € such
that

QkCQk+1 vk | UQk:Q
kelN
for all k let ay be the minimax value defined in (22) relative to Q: clearly,
the sequence {ay} is nonincreasing and
Sn/2

(39) O<ak§a1<m Vk .
By Theorem 1, for all k, (1) admits a positive solution u* € Dé’Q(Qk): we
denote by Ji the functional corresponding to (1) in ; therefore

(40) J(wMufl=0 VkelN.

By extending u* to be 0 in Q\ Q, the sequence {u*} may be regarded as a
subset of Dé’Q(Q). We first prove

Lemma 4. There exists u € D(l)’Q(Q) such that u¥ — u in Dé’Q(Q), up to a
subsequence; moreover, u is a nonnegative solution of (1) on €.
Proof. By (39) and Lemma 3 we obtain

Sn/2

(41) nMn—2)/2

> o > Jp(ub) Yk
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on the other hand, (8) implies (for all € > 0) that

9%

| Gy < lgel 2, e +

‘/g:vu

To prove that the sequence {u*} is bounded we argue by contradiction and
assume the converse; then, from (12), (41) and (42) we easily infer that

(42) i i
< gell 2 [Ju™[l2- +6Hu 13-

N L ey RETCR R

w52 [ gl uyat =0
From (41) and (43) we get
L n k k k
(44) lim 2 Jo Zivjlil agj(z, u 2€ju Dju <
ko0 35 Jop(x)(uk)
By (40) and (6) we infer that for all k¥ € IN we have

Q

(43)

therefore, (43) yields
. 2+7 fQ =1 Qij (l’, uk)Diuijuk
lim

200 th@WWT =

which, by definition of v, contradicts (44) if ||u¥|| — co. Therefore, up to a
k . 1,2
subsequence, we have u" — w in Dy ().

By the extension of the result of [6] to unbounded domains (which has
already been used in [13]) one obtains that (16) (with w,, replaced by u*)
still holds; to prove that w solves (1), one can argue as for (2.3.2) in [9]:
indeed, as noted in [4], one can still deduce (2.3.5) from (2.3.4) in [9] by
using the strong convergence of gpexp{—Mu*} in L2 ().

The fact that u(z) > 0 for a.e. x € 2 follows from the pointwise conver-
gence limy_,oo uF(2) — u(z) for a.e. € Q. m

The main problem is that the function v found in Lemma 4 may be the
trivial one; hence, to complete the proof of Theorem 2 we need to prove the
following

Lemma 5. The function u found in Lemma 4 is a positive solution of (1)
in Q.

Proof. Let £(x), ns and the limits have the same meaning as in the proof of
Lemma 3. Let {u*} denote the sequence of (positive) solutions of (1) on €,
and denote by {u,} the Palais-Smale sequence used in Section 3 to obtain
uF. By Lemma 4, u¥ — u and u is a nonnegative solution of (1) on Q; by
contradiction, assume that u = 0.
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STEP 1: we prove that
(45) Ja >0 such that o > & Vk e IN .

For all u € Dy?, by (4) and (10) we have
1% * *
Ti(w) = Gllul® = [1bllnj2llull3- = cllull3- > erflull* = caflul* -

consider the function f(z) = cj2% — cox?’; clearly, there exists p > 0 where

f attains its maximum on IR*. Define & := f(p), then
Je(w) 2 a V|ul=p and  Jp(u) 20 Vul| <p;
hence, (45) follows by (22).

STEP 2: we prove that u¥, — u* in D(l)’z(Q) for all k, except for at most
a finite number.

As we are assuming that u* — 0, by Theorem 2.2.7 in [10], by (6) and by
(51) we obtain

1 -2 "
Jp(u®) > n(l - fy(n4)> /Q Z aij(z, uF) Dy Djuf + e(k) .
ij=1

Hence, by (4) and (39) we obtain

lim Jo(uk ) — Jo(u®) < an — k12 4 go(k) < +I~c<Sn/2
A Tk (t) = Je(u”) < g — cl[utl|” +e(k) < ar +e(k) < rm—m

for sufficiently large k (say for k > k); then, by Lemma 3 we obtain u*, — u

in Dy (Q) if k > k.
STEP 3: we prove that

(16) L9 = [ pla) ) = =(r)

(€2), hence, for all ¢ € C(9),

k

For all ¢ € [1,2*) we have u* — 0 in L}
letting £ — oo we obtain

|3 aijla, ) Dt Dy (aF) - 0
Q.

2,7=1
/g(wyuk)ws(uk) —0 /p(w)(uk)Q*_lwns(uk) —0;
Q Q

for all such ¢, all k € IN and s > 0 we have Jj (u¥)[¢ns(u¥)] = 0, therefore,

/{ngs} Z aij(x,u”)Dyu”Djup

ij=1
5]

(a7) L
ij k k k k

— D;u"D; s = .

+2/Q¢]§:1 s (x,u”)Dsu”Dju"pns(u”) = e(k)

Let w be any open bounded subset of €2 and denote by R, the supremum of
the positive R for which QN Br C w (here Br = {z € R"; |z| < R}); in
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(47) take ¢ € C°(R2) such that ¢ =1 on w and ¢ > 0 in Q: by (4) and (5)
the two terms in (47) are positive, therefore, for all such domain w we have

n

aij(x,u*) Dt Djuf = (k)

/fj (&, u") Dy D —/|Vuk| +e(k) +e(s) + e(Ry)

(48) Ve

3}
/ Z a“ (2, uF)Dju* Djufuf = e(k) 4+ e(s) + e(Ry)
i,j=1
Therefore, by the arbitrariness of s and w, if we consider (40) we obtain (46).
STEP 4: conclusion.

By step 2 we have Ji,(uF) = oy, for all k except for at most a finite number;
then, by (41) and (45) we have

Sn/2
k

up to a subsequence. Taking into account (46) and the first of (48), and by
reasoning as in step 6 in the proof of Lemma 3 (with u = 0), we obtain the
following alternative

Sn/?
k2 .
H = M(n—=2)/2 "

in both cases we contradict (49): the contradiction is achieved and therefore
u §é 0. m

either [Juf|| — 0 or lim [ju
k—o0

6. APPENDIX: EXAMPLES AND FURTHER REMARKS

Let b1 and bs be two positive functions; a simple example of function ¢
satisfying (8) (9) and (10) is

g(x,8) = b1(x)s + ba(x)s?
with by € L"2(Q) satistying [|b1]l,2 < %, p € (1, 2" — 1) with p = 3 if

n=3and p =1if n > 4, and by € L1(Q) satisfying ¢ = m and
ba(z) > ¢ on € for some ¢ > 0.
An example of functions a;; satisfying (3)-(7) and (13) is
1
ij(@,8) = 0ij| 1 — ;
@i (7, 5) ]( n—1+|x\+52>
indeed, (3), (5), (7) and (13) obviously hold, (4) holds with v = 2=2 and (6)

holds with v = %
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As already mentioned in the introduction, it seems impossible to recover
compactness even in the nontrivial energy range determined in Lemma 2: in
the semilinear case, one of the basic tools to obtain such compactness is the
fact that the critical levels of the functional are positive, see e.g. Lemma
2.3(i) in [11] and (I¢) in [12]. To this end, when a;;(z,s) = J;;, one may
assume that (see e.g. [21])

1 1 x
(50) 59(1‘,8)8 — G(z,s)+ ﬁp(w)|s|2 >0 VselR forae z€Q.

In the quasilinear case the critical levels may be negative: assume that u is
a critical point for J, then J'(u)[u] = 0 and therefore we can write either

J(u) :/Q(;g(x,u)u G(x, u)+1p / Z 8&1] (xz,u)DjuDjuu

or

-20
/ Z [a” (2, u)DjuDju — 4 ;” (x,u)DjuDjuu
(51) hj=1 s

_/Q(G(x,u) 21* (z, u)u)

In the first case, even if we assume (50), we cannot conclude that J(u) > 0
because of (5). In the second case, even if we assume (6), we cannot conclude
that J(u) > 0 since (8) is incompatible with the assumption that g(z,s)s >
2*G(x, s) for all z,s.

To finish, let us mention some possible alternative assumptions under
which Theorems 1 and 2 remain true.

e The assumption m > 0 in (12) is needed to prove the boundedness of
the Palais-Smale sequences for the functional relative to (1) on a bounded
domain and to obtain a mountain-pass geometry for the functional J, see
(22): one could instead require more stringent conditions on the lower order
term g, see assumption (Hs) in [23].

e The assumption (10) is needed to ensure that the functional J has a
mountain-pass geometry when  is unbounded: for all § € (2,2*) define
q(9) = m, then Theorem 2 still holds if the first of (10) is replaced
by the following

IC>0, 36e€(2,2), Ibel®Q), Gz s) <b)s] +Cls|*

e When Q is bounded, some assumptions may be relaxed, see [4]; let
A1 = A1(Q2) denote the first eigenvalue of —A in Dé’z((l), then instead of
(10) we may assume that

2
lim sup w

5—0 S

< VA uniformly w.r.t. x € Q

G(z,s) >0 VselR and for a.e. x € Q)
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while instead of (6) we may assume that
Jye€(0,2*=2), 35>0, forae z€Q, Vs>35 V&R
Aij

n a n
sy 95 (2,8)6& <7 Y ai(x, $)&&; -

ij=1 ij=1

e In the case n = 4, (9) can be replaced by different conditions on the
behaviour of G on g, see [4].

e The flatness assumption (12) for x near 0 may be modified according
to the behaviour of G at +o0o, see [20]. In the semilinear case, in bounded
star-shaped domains one has non-existence results if p is not sufficiently flat
at 0, see [18]. If the supremum M of p is not attained on an unbounded
domain, one needs additional assumptions on p to obtain existence results,
see [16]. For bounded domains, the case where p attains its maximum at a
boundary point has been studied in [19]. Note also that by reasoning as in
[12] one could extend our results to the case where the function p(x) in (1)
is replaced by a suitable function p(z,u).
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