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The main theme of this paper is the approximation on the sphere by weighted sums of
spherical harmonics. We give necessary and sufficient conditions on the weights for con-
vergence in both the continuous and the L? cases. Approximation by spherical convolu-
tion is a particular and important case that fits into our setting.

1. Introduction and basic facts

A standard procedure to approximate a function f in an inner product space is to con-
sider the Fourier series of the function with respect to an orthogonal system. The basic
general results on this topic can be found in many references in the literature, for example,
[2, Chapter VIII].

It is well known that even in the case in which K is a closed interval there always exists
a function f in C(K) for which the corresponding Fourier series does not converge to f
with respect to the uniform norm. Thus, in this and other cases, the common solution
is to consider weighted expansions and to study convergence based on the choice of the
weights. Here is a list of problems that emerges: how to choose the weights in order to
guarantee convergence for every function in the space, to study orders of convergence,
how to choose the weights so that the operators given by the truncated Fourier series
inherit properties of other known operators, and so forth.

In this paper, we consider some of the problems above in the case when K = §", the
unit sphere in R™*!. The focus is on convergence but we intend to study the analysis of
convergence orders in a forthcoming paper. For functions defined on §”, orthogonality
depends upon doy,, the usual surface measure on §”. The surface area of §” will be written
as 0,,. The uniform norm is then given by

Il fllw:=sup | f(x)], fe€C(S), (1.1)

xesm
and as usual, we consider the spaces L?(§") := LP(8™,do,,), 1 < p < oo, with norm given by

p
Ifll, = (iLm |f(x)|Pdam(x)) . feLr(sm). (1.2)

Om
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Unless stated otherwise, the letter X will denote any of the spaces introduced above and
I - llx the corresponding norm. Orthogonality is then related to the inner product of
L2 (Sm)

1 _
(fg), = —J fgdom  fog e I2(S™). (1.3)
Om Jsm
We will write P(8™) to denote the space formed by polynomials in m + 1 variables re-
stricted to ™. The set 9 (S™) of all spherical harmonics of degree k in m + 1 variables
joint with the zero polynomial is a subspace of P(§™). Let { Yk1, Yk2,..., YkN(mk)} be an or-

thonormal basis of #,(S™). To every function in any of the spaces above, we can associate
the Fourier series

00 N(m,k) .
F~> > flkDYu, (1.4)
k=0 I=1

in which the Fourier coefficient f (k,1) is given by

fed = | fTiadon, (15)

The setting introduced above is, up to normalization, the same used in many standard
references on analysis on the sphere. We refer the reader to [1, 4, 7, 11, 12, 13, 14], where
the Addition Formula

N(m,k)
X 7.~ N )k m m
> Yu(x)Yu(y) = %Pk ((x,9), xyes", (1.6)
I=1 m
the Funk-Hecke Formula
| K@ Vidon(n = ap 0T, xesm (17)

and other results can be found. In (1.6) and (1.7), P} is the Legendre polynomial of
degree k associated to the dimension m + 1, K: [—1,1] — C is an integrable function,
Yi € % (S8"), and

a"(K) i= Oy Jl K(®P" (1) (1-£2)" P4t (1.8)
-1

We will deal with approximations of a given function f in X by a sequence { T,,(f)}nen, in
which the operators T, : X — X, n € N:= {0, 1,... }, are defined by weighted orthogonal
Fourier sums of the form

N(m,k)

T =-S5 aum)fDYa feX, (1.9)

Om 2o 1=

the weights ax(n), n,k =0,1,..., I = 1,2,...,N(m,k) being all real. In Section 2, we de-
duce some basic properties of the operators T, including the computation of their norm
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in the cases X = C(§™) and X = L'(§™). In Section 3, we find necessary and sufficient
conditions in order that {T,},cn be an approximate identity in X. Among other things,
this implies that T,,(f) converges to f in the norm of X, for every f € X. In Section 4,
restricting ourselves to the case X = C(S8"), we introduce the notion of localized approx-
imate identity and study corresponding approximation properties.

2. The operator T,

In this section, we present some basic properties of the operator T}, some of independent
interest, other to be used in the subsequent sections. That includes to decide when T, is
of convolution type and the computation of its norm in some cases.

The orthonormality of the spherical harmonics yields

ap(m)Yu, k=<n,
Tu(Y) = ‘| (2.1)
0, k>n.
The linearity of T, reveals that
M N(mk)
Tu(q)=> > au(mruYu, nz=M, (2.2)
k=0 I=1
whenever
M N(m,u)
q= Z " Y, T € C (2.3)
u=0 »=1

N(mk)
1 -
@ =Y > au)( [ F Tl o)) Yt
Im o =1 s
(2.4)
1 n N(m)k)
=L FOY Y au) Vi) Va(ydon(y),
m I3 k=0 I=1
Thus, we have proved the following representation formula.
TaeoReM 2.1. If f € X then
1
T = = | Ko f)dan(n, xesm, (25)
in which
n N(m)k)
Ki(x,9)=> > au(m)Yu(x)Yuly), x,y€S™ (2.6)
k=0 I=1

Formula (2.6) defines a kernel having an expression very close to that on the left-hand
side of the Addition Formula. Since that formula defines a bi-zonal polynomial kernel
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and this type of kernel defines spherical convolution operators on X, the goal in the next
two results will thus be to verify when T, is an operator of convolution type.

LEmMA 2.2. The kernel K, is bi-zonal if and only if aj(n) = ara(n) = - - - = agNimi (1),
k=0,1,...,n.

Proof. 1f ax(n) = ax(n) = -+ - = agnemp)(n), k = 0,1,...,n, the Addition Formula im-
plies that

Ku(x,y) = > akl(n)N(;n’k)

k=0 m

P ((xy) == La((x, %)), xy€S™, (2.7)

for some function L,, that is, K, is bi-zonal. Conversely, fix k € {0,1,...,n} and [ in the
set {1,2,...,N(m,k)}. If K,(x,y) = L,({x, y)) for some function L,, (1.7) yields

Lm Ku(x, ) Yu(y)dow(y) = Lm L. ({x,9)) Y(p)dow(y) = af'(Ly) Yi(x), xe€S8™,

(2.8)
while the previous theorem and relation (2.1) imply that
| Kale) Yo (y) = oma(m) Ve, x e s (2.9)
Thus,
al'(Ly) Yiu(x) = omax(n) Yu(x), xe 8™ (2.10)
Since Yy # 0, we conclude that ag(n) = af'(L,)/0m, | = 1,2,...,N(m, k). O
Let K:[—1,1] — C be a function such that
! (m-2)/2
J 1K) (1= )" 2"t < oo, (2.11)
-1

The spherical convolution defined by K is the operator f € X — Tk (f) € X given by

Te(H) = o= | Kty f)dan(y), xesm (2.12)

Basic properties of this operator along with some information about bi-zonal kernels are
to be found in [4, 7, 8, 14] and the references therein. We adopt here the most common
notation for the convolution operator, that is, Tx (f) = K * f.

THEOREM 2.3. The operator Ty, is of convolution type if and only if K,, is bi-zonal.
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Proof. If K,(x,y) = L,({x, y)), x,y € §", for some L,, then T,(f) =L, * f, f € X, by
Theorem 2.1. Conversely, if T,(f) = L, * f, f € X, for some L, then

|, Kalen fdon(n) = | L) fdon(n), xes™ fex,  (@13)

that is,
Lm [Kn(x,) — Ln (6 y)) 1 f ()dom(y) =0, x€S™ f € X, (2.14)

In particular,

Lm [Kn(x,y) = Ly ({6, ) | Y (y)dom(y) =0, x€8", keN, 1=1,2,...,N(m,k).
(2.15)

Since {Yy:k €N, [ =1,...,N(m,k)} is a complete orthonormal subset of L?(S™), it fol-
lows that

Ku(x,9) = L,({x,y)) =0 ae. (2.16)

This leads to K, (x, y) = L,({x,¥)), x, y € S™, because K, is polynomial. O

Next, we introduce some notation. Given a kernel K : §" x §" — C, we will write
K* e K” to denote the functions y € §” — K(x,y) and x € 8" — K(x, y), respectively.
It is easily seen that these two functions are in L'(§™) when K is polynomial. In just one
step of the proof of Theorem 2.4 below we use the space L®(S™) as defined in [3, page
184].

THEOREM 2.4. An upper bound for || Tl x is sup {||Kf|l; : x € S"}.
Proof. First we consider the case X = C(§"). If f € X, Theorem 2.1 implies that

ITf ] < o | 1K) fO0) o) < G fllos x€S™. (217)
Hence,

TNl < I fllosup{[|K}|], : x € 8™}, feEX, (2.18)
and, consequently,

I Tullcom = sup {{IKG], - x € S} (2.19)
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Next, we consider the case X = LP(8"). If f € X then

TN = == 1T f )| don()

1
Om JSm

1 1 »
< oo Lo | 106 S dont) | e

1 p
L[ Kl ) f o) | () 220)

Om JS

Since (KF)VP f € LP(S™), x € S™ and (K{)V?" € L' (S™), x € S™ (p’ is the conjugate ex-
ponent of p), Holder’s inequality implies that

p ,
[iLm IKn<x,y>f<y>|dam<y)] < (1) P 1K) £

Om

1 ’
= LIRIE” [ 1Kt |1 £0) don ().

(2.21)
Picking xy € §" such that
sup {||K; [, : x € §™} = [[Ke ||, (2.22)
and using Fubini’s theorem, we obtain
1Tl = o J I [ 1K) | £O) | dor()don
< SRR ] IR 1)1 dan)don) (223)
_ 1 e p/p’J (LJ’ ) p
= 0_m||Kn i I | Ko (y,%) [ dom(x) | | f(2) | dom(y).
Thus,
1 ’
1T (OIIf < allKQ‘"Hf/P LmllKﬁllllf(y)lpdom(y)s KR IT £ 115, (2.24)
whence
ITllx < sup {|[KG]l, :x € S"}. (2.25)
The proof is complete. 0

We would like to observe that the second half of the proof above is very close to that
of [3, Theorem 6.18]. The upper bound given above coincides with || T, [|x in at least two
cases.
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THEOREM 2.5. For X = C(§") and X = L1(S§™), it holds

I Tully = sup {[[K], : x € §™}.
Proof. Due to Theorem 2.4, we need to prove that

1 Tullx = sup {|IKG], :x € $™}.

Using the formula [3, page 189]

£ =sup | - | fedan|:lgle =1}, FeLi(sm),

we obtain

Ikl =sup{ | o= [ Kal) T dom() | 11 = 1]

:Sup{ J Ku(,9) £ (3)don y)' £l =1 }

=sup{|Tuf(x)| : I fllw =1}
<sup{|Tw(f)llo: I fllw =1}
=|Tullgny x€8™,

and, consequently,
sup {[[KG ], :x € 8™} < [|Tallgm)-

To finish the proof, first observe that

n N(mk)
| T f 0080 don(y) = - [ 33 ) f kD Yu(yg0r) don()
" k=0 I=1
1 n N(mk) -
- Jm (0— > akl(n)g'(k,l)Ykl(y))f(y)dgm(y)
Mmg=0 I=1

- | 1) T donty), fe1}(s), gECls).

Finally, using the formula [3, page 223]

1
e =supf | 2= [ rgdon| slgli =1},

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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we obtain

||Tn||L1(sm) =sup {[|Tufl|, I flly = 1}

) Gﬁpl(sup{'_J TS (& don()| - gl = 1})

1 —
= sup (Sup{ G—J T,.g(y) f(y)don(y) ‘:Ilgllw=1}>
Iflh=1 mJsm

(2.33)
= sop (sup{| - | Te TG 1111 = 1])
= sup {||Tu(@)lls : ligllw =1}
= [ITullcsm)-
This completes the proof of the theorem. 0

3. Approximate identities

In this section, keeping the notation in (1.9), we will search for conditions in order that
the following approximation property holds:

lim [|T,(f) ~ flly =0, feX. (3.1)

As usual, a sequence {T,}nen satisfying (3.1) is called an approximate identity in X. We
refer the reader to [8] and some references therein, for nice examples of approximate
identities in X, including examples involving spherical convolution, spherical shifting,
and so forth. Since spherical convolution operators belong to the class of operators we
are dealing with here, many results in this section may be considered as generalizations of
those corresponding to approximation by spherical convolution. For results dealing with
approximate identities and spherical convolution, see [5, 6, 8, 9, 10].

TaeOREM 3.1. If {T,}nen is an approximate identity in X then the following properties
hold:

(i) There exists a positive constant C such that || T,(f)llx < Clifllx,neN, f € X;

(i) imy—wan(n) =1, ke N, [=1,2,...,N(m,k).

Proof. Assume {T,},en Is an approximate identity in X. Since every sequence
{T.(f)}nen, f € X, is bounded, the Uniform Boundedness Principle implies that

for some nonnegative constant C. If C = 0 then T,,(f) =0, f € X, n € N, whence

Ifllx = im [|T,(f) = fllxy =0, feX, (3.3)
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a clear contradiction. Thus, C >0 and (i) is proved. To prove (ii) fix k € N and [ €
{1,2,...,N(m,k)}. Since

ToYu(y) = au(m)Yu(y), yeS", nx=k, (3.4)
it follows that
lim T, Yu(y) = (Jlimau(n) Yu(y), y €™ (3.5)
We split the proof in two cases. If X = C(S§™), our assumption on { T} ,en implies that
lim T, Yu(y) = Yu(y), ye&S™ (3.6)

Since Yy # 0, we can choose yg € §™ such that Yj(yo) # 0. Thus, (3.5) and (3.6) lead to

Vayo) = ( lim au(m) Yuyo) (3.7)

If X =LP(S§™), 1< p < o0, asimilar procedure leads to

Va(y) = lim To¥u(y) = (Jimau(n) ) Ya(y),  ye8"\A (3.8)

where 0,,,(A) = 0. Taking y; € §" \ A such that Yi(y,) # 0, as we certainly can, we con-
clude that

V() = ( lim a(n) ) Y ). (3.9)

In both cases the conclusion is lim,, .« ax(n) = 1. O
Next, we search for some converse results.

THEOREM 3.2. Let f € C(S™) be a function fulfilling the following condition: if g € P(S™)
then there exists a constant C:= C(f —q) = 0 such that | T,(f — @)l < C(f =)l f -
s neNIflimy_car(n)=1,keN, 1=1,2,...,N(m,k) thenlim,— | T, (f) — fllo=0.

Proof. Let € > 0. We use the Weierstrass approximation theorem to select g € P(§") such
that || f — gl < € and write q in the form

q:

Mk

N(m,k)
> taYu, m€C k=0,1,....,M,1=12,...,N(m,k). (3.10)
k =1

0
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Since
M N(m,k)
Z Z ag(m)rY, n=M, (3.11)
defining
By :=max{|ry|:k=0,1,....,M, [ =1,2,...,N(m,k)},
(3.12)
By :=max{||Yu||, :k=0,1,....M, [ =1,2,...,N(m,k)},
it is clear that
M N(m,k
| Tug(y) —q(y)| = Z Z (ar(n) = 1)1 Yu(y)
M N(myk)
<> > lau(m) =1l lYaull, (3.13)
k=0 I=1
M N(mk
<B Z Z |akl(n)—1|, yES’",nzM.
Consequently,
M N(myk)
ITa(q) —qllo <BiB2>. > lau(n)—1|, n=M. (3.14)
k=0 I=1

Iflim,_war(n) =1,k €N, I =1,2...,N(m,k), then lim,_« [ T,(g) — gll~ = 0 and there
isan N(€) € N such that

ITn(q) = qll.. <€, n=N(e). (3.15)
Therefore,
ITa() = fll < ITaCf) = Tu(@ll +1Ta(@) = qll + g = flls
<||T.(f — +2€
) !(f({ q)ﬁ}”iqnm . (3.16)
<(C(f-9q)+2)e, n=N(e),
completing the proof of the theorem. O

TaEOREM 3.3. Let f € LP(S™) be a function fulfilling the following condition: if g € P(S™)
then there exists a constant C:= C(f — q) = 0 such that |T,(f = @)ll, < C(f = Il f -
qllp» n € N Iflim, .o an(n) =1, k€N, I = 1,2,...,N(m,k) then lim, . [| T,(f) — fll, =
0.
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Proof. Let € > 0. Since C(S™) is dense in LP(S™), there exists a function g € C(S™) such
that || f — gll, < €/2. The Weierstrass approximation theorem provides a polynomial q
such that ||q — gl < €/2. Hence,

€
If=allp=<If-glip+lg—allp=5+lg—ql-<e. (3.17)

As in the proof of the previous theorem, if lim, . ar(n) =1, k €N, [ =1,2,...,N(m,k)
then lim,, .« || Tx(q) — gll« = 0. Thus, the inequality || T,,(q) — qll, < |Tu(q) — gl im-
plies that lim,, .« [ T,,(g) — gl , = 0. Now, there exists N(€) € N such that

IT.(q) —qll, <€, n=N(e). (3.18)
Therefore,
() = fll, < ITuCf) = Tu(@)ll, +[1Tu(q) = qll , +llg = £l
< ||T(f — +2€
- !(f(f q)ﬁ}”i . (3.19)
< (C(f-q)+2)e, n=NC(e).
This completes the proof. O

Combining the previous three theorems we have the following.

THEOREM 3.4. The sequence {T,}nen is an approximate identity in X if and only if the
following conditions hold:
(i) Given f € X, there exists a constant Cy = 0 such that | T,(f)llx < Crll fllx, n € N;
(i) imy~war(n) =1, ke N, [ =1,2,...,N(m,k).

Next, we investigate the possibility of changing condition (i) by another involving the
kernel K,,. This is suggested by Theorem 2.1.

TaeoreM 3.5. If lim,_ca(n) =1, ke N, =1,2,...,N(m,k) and

sup (sup {||K}|], :x € §"}) < oo (3.20)

neN
then {Ty,} nen is an approximate identity in X.

Proof. If sup{||Kjll; : x € §"} < C, n € N, for some positive constant C, not depending
on n, then Theorem 2.4 implies that

IT.(NHllx <Clfllx, neN, feX. (3.21)

The previous theorem closes the proof. O
The converse of this result holds in at least two cases.

THEOREM 3.6. Let either X = C(S™) or X = L'(S™). Then {T,} e is an approximate iden-
tity in X if and only if the following properties hold:

(1) sup,ep (Sup {1l :x € §M}) < 005

(ii) lim,—wag(n) =1, ke N, [ =1,...,N(m,k).
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Proof. One implication is consequence of the previous theorem. As for the other, assume
{Ty} nen is an approximate identity in X. Theorem 3.1 yields the existence of a positive
constant C such that

IT.(Dllx <Cliflx, feX,neN. (3.22)
Hence,
Tl = sup 1D o0 ey, (3.23)
fex\{o} ||f||X

Under the conditions in the statement of the theorem, Theorem 2.5 is applicable. Hence,

sup{||Kf||, :x € 8"} =||Tully =C, neN, (3.24)
and, therefore,
sup (sup {||K}]|, :x € §"}) < C. (3.25)
neN
This takes care of condition (i). Condition (ii) follows directly from Theorem 3.1. |

If K,, is positive, that is, K,(x,y) = 0, x,y € §™, then we can sharpen Theorem 3.6 as
follows.

TueoreM 3.7. Let either X = C(S™) or X = L'(S™). Assume that every K, is positive.
Then {T,}nen is an approximate identity in X if and only if lim,_ca(n) = 1, k € N,
1=1,2,...,N(m,k).

Proof. Tt is sufficient to prove that (ii) implies (i) in Theorem 3.6. The positivity of K,
and the orthonormality of the spherical harmonics yield

1Kz, = ij Ko(x,y)dom(y)

n N(mk)

S5 au(n)Yu(x)Yu(y)don(y)
$"k=0 I=1 (3.26)

g z ap(n) Y (x Yill(x)LmYOI()’)Ykl(}’)dUm(}/)
ao

I=1
1(n), xe€8", neN.

Hence,

sup [[Ky]|, = aoi(n), neN. (3.27)
xesm

Since lim,,—. » ag1 (n) = 1, it follows

lim sup ||K}||, = lim ag(n) = 1. (3.28)
n—oo on n—oo
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Therefore, there exists a positive constant C such that

suIN)(sup{HKj,‘Hl:xeSm})sC. (3.29)

Thus, the result follows from the previous theorem. O
These are elementary consequences of the above results.

TueorEM 3.8. Let either X = C(S™) or X = LY(S§™). If limy—wan(n) =1, keN, I =1,
N(m, k), then the following assertions are equivalent:
(1) limnﬁoo ”Tn(f) _f”X =0, f eX;
(ii) there exists a C = 0 such that | T,(f)llx <Clifllx, feX, neN;
(i) sup,,cn (SUp{IIKEl :x € S™}) < 0.

THEOREM 3.9. The sequence {1} nen is an approximate identity in C(8™) if and only if it
is an approximate identity in L' (S™).

If {T)},en is an approximate identity in C(S§™) then it is an approximate identity in
LP(S§™), 1 < p < oo (Theorems 3.5 and 3.6). Thus, it is quite obvious that the case X =
C(8™) is the most important among all.

We close the section, giving a method to construct approximate identities. It is based
on a corresponding property of spherical convolution.

THEOREM 3.10. Let {S,} nen be another sequence having a representation as in (1.9). If both
{Tn}nen and {Sy}nen are approximate identities in X then {T), o S,}nen is an approximate
identity in X.

Proof. Let {T,},en be asin (1.9) and represent {S,},en in the form

n N(m,i)

=0—Z > a(mfGj)Yy, feX, (3.30)

mi=0 j=1

with ¢;j(n) €R,i=0,1,..., j = 1,2,...,N(m,i). Using (2.5), (2.6) and arranging we have
that

(TS0 ) = - | Kalxo)(5uf) (1))

n N(mk) n N(m,i)

JMZ > au(n)Yu(x

k=0 I=1 i:0]1

cij(n) f (i, /) Yii (y)dowm(y),
(3.31)

(TS =5 33 3 autey ) fu )Yl - [ Vi) Valyddon()

Om 2o 121 iz0 j=1
1 n N(m)k)

=—> ar(n)c(n) f(k,)Yi(x), xe€8", feX
Om 2o 1=

(3.32)
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If {T,}nen and {S,} 1en are approximate identities in X, Theorem 3.1 implies that
%ij?oakl(”) = %i_{{)lockz(n) =1, keN,I=1,2,...,N(m,k). (3.33)
Hence,

lijn a(n)c(n) =1, keN,1=1,2,...,N(m,k). (3.34)

That same theorem produces constants C;,C, > 0 such that

IT.(Ollx <Cllflixs ISe(Dlly =Colifllx, neN, feX. (3.35)

Thus,
ITa(Suf)llx = ClISa(Nllx = QG flx, neEN, feX. (3.36)
Now, Theorem 3.4 guarantees that {T, o S,} ,cn is an approximate identity in X. O

An important consequence of Theorem 3.10 is this: if { T}, } sen is an approximate iden-
tity in X and k € N then {T,’;}neN is an approximate identity in X.

4. Localized approximate identities

In this section, we deal with the space C(§") only and investigate approximation at one
fixed point. The term localized refers to this and nothing else. To motivate the main defi-
nition in this section, let {T},} be as in (1.9) and assume that {1} ,en is an approximate
identity in C(8™). Since

Iim T,f(y) = f(y), yeS" fecsm, (4.1)
we have that
n N(mk) .
fO)=lim—> > au(n)flkDYuly)
Mk=0 I=1
N(m,k)
- lim —J STS () Yi () Yl f(x)dom(x (42)
" Om IS 2y 1o
1 n N(m)k)
= liEISO(TJ (Z > Ci,(n)Ykz(x)>f(x)d0m(x), yes”, fec(sm,
m IS k=0 I=1

in which ¢;(n) := an(n) Yu(y).
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The definition can now be introduced. Let y € §” and let {Sh},en be a sequence of
complex functions defined on §” that depends on y. The sequence is called an approxi-
mate identity in y if

lnn—J SL(x) f(X)dom(x) = f(y),  f € C(S™). (4.3)

n—oo (.
THEOREM 4.1. If{T,} e is an approximate identity in C(S™) then the sequence {T)} nen
given by

=2 Z c(n)Yu(x), xe€8m, (4.4)
k=0 I=1

in which cil(n) =an(n)Yu(y), k=0,1,..., 1= 1,2,...,N(m,k), is an approximate identity
iny.
In what follows we will seek for conditions in order that a general sequence {T7, } ,en as

in (4.4), but with arbitrary coefficients c},(1), be an approximate identity in y. We begin
computing the norm of the operator generated by (4.4).

THEOREM 4.2. Let L}, denote the linear functional on C(S™) given by
L) = - [ T f o), f € Clsm). (4.5)
m JSm

Then L3, is continuous and || L || cism) = | Ta |l1.

Proof. This is standard but we include a sketch of the proof for the sake of completeness
and because the same arguments are present in the proof of the next result. If f € C(S™),
then

)] = | o | 07 don )

= éL | Th () [| £(x) | dom(x) (4.6)
S”f”oo”Tng, fec(sm)’

and, consequently,
Lalleqsm = sup {1 Laf | < 1 flle < 1} < |ITH]],. (4.7)

On the other hand, since F := {x € S" : T, (x) = 0} is closed, given an € > 0, there exists
an open set O, C 8" such that F C O, and

ij | T2 () | do(x) < €. (4.8)
Om JO

Since §™ is a normal space, we can find a continuous function g : $" — [0,1] such that
ge(x) =0, x € F and g (x) = 1, x € §" \ Oc. Now, it is promptly seen that the func-

tion he defined by he(x) = g sign T)(x), x € §" is continuous and |he|l < 1. Here,
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signz = z/|z|, z # 0 and sign 0 = 0. In addition,

Lu(he) = LI T (x)ge (x) sign Tn (x) doy, (x)
Om Jsm

1 (4.9)
> L | T3 (x) | dow(x) = || T3], €.
Om Jsmo,
Thus, |L% [ c¢sm = | Ta |1 — €. This completes the proof. O

The existence of localized approximate identities follows from the results in the pre-
vious sections along with the comments we have made at the beginning of this section.
Theorem 4.3 provides an independent proof of this same result.

THEOREM 4.3. Given y € §™, there always exists an approximate identity in y.

Proof. Let y € S™ and let Oy be the set formed by the elements of $” which are within
1/n of y. Since Oy is open in R™*!, Urysohn’s lemma implies that we can find a sequence
{gf,’}neN C C(8™) such that gZ(x) >0,x € S’",gf,’(x) =0forxe $"\ O; and

L[ glxdonto =1 (4.10)

Om Jsm

On the other hand, the Weierstrass approximation theorem allows us to find a family
{q% }nen of polynomials in 7+ 1 variables such that

1
||g5—q%||oo<;, neN. (4.11)

Let f € C(S™) and fix € > 0. From the continuity of f, we can find an ny = ny(€e) € N
such that

f) - f)] <€ x€On,. (4.12)
In addition, we can choose n; > ng such that

[ f) - fx)| <€, x€ 0 (4.13)

and || f ||l < €n;. Since

- [ a0 wdant]| <

‘7J’ [f(y) = f(x)]gn (x)dou(x)

" ' om Lm (g7 (%) = g1 (0)] £ (x)dom(x)
<—J | f(y) = f(x)| g (x)do(x)

* (,i o @) = a0 [ £(x) [don(0),
' (4.14)
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we deduce that

Fo- [ @0 f@donw
o], |

<_J | f() = F) | gh () dom(x) + g7 = gull I flls

(4.15)
1 I1f 1l eo
<e— | gn(x)dou(x)+ f
Om JO, n
<2€, n=mn.
Since g is representable in the form
M, N(mk)
(x = c a(n nYu(x), xe8", (4.16)
k=0 I=1
for some M,,, the result follows. O

The main result of this section is as follows.

THEOREM 4.4. Let y € S™. The sequence { Ty },en is an approximate identity in y if and
only if the following conditions hold:

(i) There exists a positive constant C such that || T4 |, < C, n € N;

(ii) limnﬁoocil(n) =Yu(y), keN,1=1,2,..,N(m,k).

Proof. Assume { T } nen is an approximate identity in y. Since lim,—. L1 (f) = f(y), f €
C(8™), it follows that each sequence {L (f)}uen is bounded. Hence, for every f € C(S™),
we can find a constant Cy > 0 such that

sup{|LZ(f)|:neN}sCf. (4.17)
The Uniform Boundedness Principle implies that

T2l = ILallggm <€ meEN, (4.18)

for some C = 0. It is an easy matter to verify that C is in fact positive. Since

Bi(¥) = —— | T V(o)
m JSm

SIS 1 T (4.19)

=Y Y A (| Yl VuGidan() -
k=0 =1 Om Jsm

=C(n), n=u

then
lim ¢ (n) = im Ln (V) = Ypo(p)s €N, v = 1,2,.,N(m,p). (4.20)
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Conversely, assume that (i) and (ii) hold. Let f € C(§™) and fix € > 0. By the Weier-
strass approximation theorem we can find a polynomial g in m + 1 variables so that
llg— fllx < €. Writing g in the form

m
Z Y, Tw€GC, (4.21)

and observing that L, (q9) = Zk 0 ZN("' )ckl(n)rkl, n > M, condition (ii) implies that

M N(mk) M N(mk)
rll%oLn ) = lim m > aumr=> > raYu(y) =q(y). (4.22)
k=0 I=1 k=0 I=1
Choosing N(€) so that
LA —q()| <€, n=Nie), (423)

we can use condition (i) to reach

L) = FD | < | La(f) = La(@) | + | La(@) = a(y) [ + [a(») = f ()]
<|L(f-@|+e+lg—fla
<||L'};||C(S"")||(f—q)||oo+2€ (4.24)
= [ITall lI(f = )l +2¢
<(C+2)e, n=N(e).
This completes the proof. O
We close the paper stating a theorem that includes a positiveness hypothesis on Tj.

THEOREM 4.5. Let y € 8" and assume that every T, is positive. Then {T)} en is an ap-
proximate identity in y if and only if lim, .« c{l(n) =Yu(y), keN,1=12,...,N(m,k).

Proof. The positivity of T and the orthonormality of the spherical harmonics yield

1Tl = | o (x)

n N(m,k)

1 >0 () Yi(x)don(x)
= (4.25)

=3 3 i s | Y Fuldon (o
0 I=1 m

Hence, condition (ii) in Theorem 4.4 implies condition (i) there. The rest follows. |
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