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We develop a mathematical model for the disease which can be transmitted via vector
and through blood transfusion in host population. The host population is structured
by the chronological age. We assume that the instantaneous death and infection rates
depend on the age. Applying semigroup theory and so forth, we investigate the existence
of equilibria. We also discuss local stability of steady states.

1. Introduction

Age-structured epidemic models have been investigated by many authors [5, 6, 9, 11, 15].
We may find that the epidemic models that most authors discussed mainly include SIS,
SIR, and SEIR, that is, the total population of a country or a district was divided into two,
three, or four compartments containing susceptibles, exposed, infective, and removed
individuals. They have got the threshold conditions for the disease to become endemic,
and described the stability of steady-state solutions. However, they did not consider the
effects of vector in disease transmission. In fact, many diseases such as malaria, Chagas
disease, dengue fever, are transmitted via vector. Therefore, it is necessary and also it is of
practical significance to consider the dynamics that includes host population and vector
population. So far some authors have studied the mathematical models [2, 3, 7]. Feng et
al. in [2] assumed that the population dynamics of malaria and the population genetics
of the sickle-cell genes occur on different time scales, formulated vector-host model for
malaria, and used the system of ordinary differential equations to describe the model.
Inaba and Sekine [7] discussed a vector-host model for the spread of Chagas disease with
infection-age.

In this article, we formulate a vector-host model for the disease which is transmit-
ted via vector and through blood transfusion in host population. In order to reflect the
fact that the age structure of population affects the dynamics of disease transmission, the
host population is structured by the chronological age, and we assume that the instanta-
neous death and infection rates depend on the age. We consider only a best-case scenario
in which vaccine can give life-long immunity for susceptible host population, and as-
sume that removed host population is not infected again. By using the semigroup theory,
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spectrum theory, and so forth, we first prove that the model (2.6)—(2.8) is a well-posed
system of differential equations. Second, we get threshold conditions: if the spectral ra-
dius of the T, r(T), is less than 1, the zero solution is the only nonnegative equilibrium
point, which corresponds to the disease-free equilibrium point; if 7(T) > 1, there exists
a unique positive steady state solution, which corresponds to the endemic equilibrium
point. Finally, under the condition given in (4.17), Assumptions 5.1 and 5.6, we get that
if (T) < 1, the zero solution is locally asymptotically stable; if #(T) > 1, the zero solution
is unstable, and the positive steady state solution is locally asymptotically stable.

2. The model

In this section, the host population is divided into three classes: susceptible, infective and
removed. Let s(a,t), i(a,t) and r(a, ) be the age-densities of respectively the susceptible,
infective, and removed host population at time t. We divide the vector population into
two groups: susceptible and infective. The vectors is constant, normalized to one, and
vo(t) and v(t) are the fractions of susceptible and infective vectors. Let N (a) be the density
with respect to age of the total number of the host population. N(a) satisfies

N(a) = y*Ne~ Io“H(O)da)

. (2.1)
N(a) = s(a,t) +i(a,t) +r(a,t),

where y(a) denotes the instantaneous death rate at age a of the host population, the con-
stant N is the total size of the host population, y* is the crude death rate of the host
population. We assume that y(a) is nonnegative, locally integrable on [0,+), and satis-

fies
JW u(o)do = +oo. (2.2)
0

The crude death rate of the host population is determined such that

u* rw flayda=1, (2.3)
0

where f(a) = ¢~ i #(0)do is the survival function. We have the relation
N(a) =u*Nf(a). (2.4)

Let §; be the number of bites per vector per unit time and ¢ be the proportion of infected
bites hosts that give rise to infection. Then the force of infection for the host population,
denoted by A(a,t), is defined by

Ma,t) = y1(a) JO ) y2(a)i(a,t)da+nv, (2.5)

where y;(a) is age-specific infectiousness, y»(a) is age-specific contagion rate, y;(a), y2(a)
€ C[0,00), and y;(a), y2(a) = 0 on [0,c0), # = §jc. Let § = §,6,, where 6, is the propor-
tion of bites to infected hosts that give rise to infection in vector. Then the number of new
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infection of vectors per unit time from infected hosts is given by 8,8, ( . i(a,t)da/N)v, =
8([, i(a,t)da/N)vy. We let constant ji be the per capita death rate of vectors, «~' denote
the average infectious period in the host population, and p be the vaccination rate. More-
over we assume that the death rate of the host population is not affected by the presence
of the disease.
With these assumptions, we obtain the following system of equations which describe
the dynamics of the vector-host model:

85(5: 1) N asg/; 1) —(u(a) + Ma,t) + qv+ p)s(a, 1),

ai((.;l;t) + algla .t) = (Ma,t) +nv)s(a,t) — (p(a) + a)i(a,t),

Jr(a,t) ar(a t)

o Fya = ps(a,t) —u(a)r(a,t) + ai(a,t), (2.6)
dvo(t) B 0 “i(a,t)da e
dt =#-9 N Yo T HY0,
dv(t) _ o iatda
dt N 0THn

with boundary and initial conditions:

s(0,¢) = u*N, i(0,t) =0, r(0,t) =0, (2.7)
s(a,0) =so(a),  i(a,0) =ip(a),  r(a,0)=ro(a),  v(0)=vo,  v(0)=w,
(2.8)
where
so(a) =0, ig(a) = 0, ro(a) = 0, Vo = 0, v =0,

so(a) +ig(a) +ro(a) = N(a),
vo+v =1, (2.9)

Mat) = y1(a) L o (B)ilh, H)db

3. Existence and uniqueness of solution

From (2 9), we obtain that r(a,t),v(¢) in the system (2.6) can be eliminated. Let 5(a,t) =
s(a,t) — u*N f(a), from (2.6)—(2.8) we get the following system:

L) B (Maut) v+ p+ (@) (1N (@) +5(a,0) + 4 H(@N f (0
L) 1 ML (1) +09) (57N (@) +5(a) — (a+ ) i),

dv(t) 8f i(a,t)d
dt N

(1 _V) _[:lV,
(3.1)
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with boundary and initial conditions:

5(0,t) =0, i(0,t) =0, (3.2)
5(a,0) = S(a), i(a,0) =ip(a),  v(0)=w, (3.3)
where AM(a,t) = y1(a) [y~ y2(a)i(a,t)da.

We consider the initial-boundary value problem of the system (3.1)—(3.3) as an ab-
stract Cauchy problem:

u'(t) = Au+F(u),

3.4
u(0) = (§0(a),i0(a),v1)T, 3.4)
where
u=(5(a,0),i(a,0),v(1))" €X,
(3.5)
X =L'[0,4+0) X L'[0,+c0) X R,
endowed with the norm
lxll = {|x1] |+ [|x2]] + | %3], ||xi]| = L |xi(a)|da, (i=1,2), x= (x1,x,x3)" €X
A:D(A) — X,
—(i +p+ (a))x
da pru !
Ax=| _(d ) ,
(da+oc+y(a) X
—fix
(3.6)

with domain
D(A) = { (x1,%,%3) ", 31,0 € W} [0,400), x5 € R, (x1(0),%2(0)) = (0,0}, (3.7)
Suppose y1(a), y2(a),u(a) € L*[0,+00), we define
F: X —X,
= (P(x2) +1px3 + p)u*Nf(a) = (P(x2) +123) 1
F(x) = (P(x2) +1733) (N f (@) +31) , 58

0
ﬁH(Xz) (1 —X3)

where P, H is a bounded linear operator on L![0,+0o0):

P(p) = () jo 2 (b)p(b)db, g(a) € L'[0, +o0),
(3.9)

H(g) = L " o(a)da, pla) € L'[0,+00),
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We easily obtain that the operator A is the infinitesimal generator of Cy-semigroup
T(t), t = 0, and F is continuously Frechet differentiable on X. Then for each uy € D(A),
there exists a maximal interval of existence [0,m), and a unique continuous differential
solution t — u(t,uy) (see [16]), which satisfies (3.4), where either m = +o0 or m < +o
and lim;_. , IIu(t up)|| = +oo.

Since s(a,t) = u*N f(a) +5(a,t), we obtain that the solution (s(a,t),i(a,t),7(a,t),vy(t),
v()T, t €0, m) is continuously differentiable and satisfies the system (2.6)—(2.8), where
either m = +o0 or m < oo and lim;_,,(||s(a, )|l + lli(a, )|l + l|r(a, ) || + [vo(t)| + |v(2)]) =
+00, From |IN(a)ll = IN(a,t)|l = N and V() = v(t) + v(t) = 1, we easily obtain m =
+o00.

Thus we have the following result.

TaEOREM 3.1. The initial-boundary value problem (2.6)—(2.8) has a unique nonnegative
classical solution on X with respect to (so(a),io(a),ro(a),vo,v1)T € D(A).

4. Existence of steady states

Let X* = (s*(a),i*(a),r*(a),v{,v*)T be the steady state solution of the system (2.6)—
(2.8). We can obtain:

§* (a) = #*Ne— jg(qv*+P(i*)+p+y(r))dr’
a
i* (a) _ #*Nef f;(a+y(s))ds J (P(l*) + 1’]1/* )efof(txfr/v* 7P(i*)—p)dsd,[,

0 (4.1)

_ SH(i)
- SH(i*) +Ng’

V*

where P(i*) = [, y2(a)i* (a)da, P(i*)(a) = y1(a)P(i*).
Substituting i* (a) into P(i*) and v*, we have

teo a D( % *
BG7) =N [ patae K0 | () () 4 e e o p P i,
0 0

6# f+°°efj§(a+y dsf“(yl )p( )+;,lv*)eJ’J(afpfyl(S)P(i*)fqv*)dsd.[da
*

~ou Jy ¥ e Bl [ (3, ()P (i )+nv*)efg(“‘f"“”ﬁ("*"””*)deTd“+ﬁ.(4 2)

Let

+o0
$1(1) = ela—p)T L yz(a)€7f° (“(S)“")dsda, (4.3)

+o0

¢2(T) = e(a*P)TJ e~ fg(ﬂ(5)+oc)d3da.

T
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The above representations can be written into

+00
=N [ (e +ay)e Benomitg, (s,

4.4
Su* [~ (xy1 (1) +my)e” b Cn©@ndsg, (1) dy (44

T our Jg T (epr(r) +py) e K en@rnds g, (1)dr + i

It is clear that one solution of (4.4) is (x, y) = (0,0), which corresponds to the equilibrium
point with no disease. In order to get a nontrivial solution of (4.4), we define F(x, y) in
R? with the positive cone R?:

_ (Filxy) T - p2
F(x’y)_<F2(x,y))’ (x,y)" €RY,

Fi(x,y) = u*NJ (xy1(7) +y)e Wb ()dr, (x,y)T € R, (4.5)
0

Su* [ (xy1 (1) +my) e~ B om©@rmndsg) (1) dr
Su [0 (xyi(7) +ny) e i Cn@rnndsg, (7)dr + i

Fo(x,y) = , (T er.

Since the range of F(x,y) is included in R%, and the solutions of (4.4) correspond to
fixed points of F(x, y), we can get that the operator F(x, y) has a positive linear majorant
T(x,y) defined by:

T >
T(x,y) = (Tlii i;) ()" € R,
Ti(x,y) = *NJ (xy1(7) +ny) i (T)dT,  (x,y)T €R%, (4.6)
ou*

To(xy) = JO (1 (1) + ) a(Ddr,  (x9)T € R

Let X* be the dual space of X. The dual cone X} is the subset of X* consisting of all
positive linear functions on X. Let B(X) be the set of bounded linear operators of X into
X. T € B(X) is called positive with respect to the cone X, if T(X;) € X4. S, T € B(X), we
say T = Sif (T — S)X; C X;. We denote the spectral radius of T' € B(X) by r(T).

Next we introduce the following definition.

Definition 4.1. A positive operator T € B(X) is called semi-nonsupporting if and only if
for every pair ¢ € X, — {0}, F € X{ — {0}, there exists a positive integer p = p(¢,F) such
that (F,TP¢) > 0. A positive operator T is called nonsupporting if and only if for every
pair ¢ € X, — {0}, F € X} — {0}, there exists an integer p = p(¢,F) such that (F,T"¢) >
0 holds forall n = p.
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We need the following lemma (see [13]).

LEmMa 4.2. If the cone X is total, T € B(X) is semi-nonsupporting with respect to X, and
r(T) is a pole of the resolvent R(A, T'). Then the following hold:

(1) r(T) € P,(T) — {0}, r(T) is a simple pole of the resolvent.

(2) The eigenspace corresponding to r(T') is one-dimensional and the corresponding
eigenvector ¢ € X, is a nonsupporting point. The relation T'¢ = A¢ with ¢ € X, implies
¢ = co for some constant c.

(3) The eigenspace of T* corresponding to r(T) is also a one-dimensional subspace of
X* spanned by a strictly positive functional F € X*.

(4) Assume that X is a Banach lattice. If T € B(X) is nonsupporting, then the periph-
eral spectrum of T consists only of r(T'), that is, |A| < 7(T) for A € o(T) — {r(T)}.

LemMa 4.3. The operator T : X — X is nonsupporting and compact.

Proof. Let

a= u*NJ : y(@ei(r)dr, b= V*Nﬂj . $1(r)dr,
0 0

. % JO T @e(dn,  d= ‘S*;T” JO " o (r)dr, (4.7)

m = min{a,b,c,d}.

It is clear that m > 0 holds. Let

x+
Y(x,y) = m (HQ . (o) eR. (4.8)
We can get
T"(x,y) = m" "¥(x, y). (4.9)

Taking any pair (x,y)” € R2 — {0}, F € R¥* — {0}, we obtain (F,T"(x,y)) >0, that is, T
is nonsupporting. Since x, y € R, it is clear that T'(x, y) is compact.

From Lemma 4.2 we obtain that the spectral radius r(T) of operator T is the only
positive eigenvalue with a positive eigenvector and also an eigenvalue of the dual operator
T* with a strictly positive eigenfunctional. O

THEOREM 4.4. Let r(T) be the spectral radius of the operator T. Then the following results
hold:

(1) If r(T) < 1, then (0,0)” is unique nonnegative solution of (x, y)” = F(x, y).

(2) If r(T) > 1, then (x, y)T = F(x, y) exists at least one non-zero positive solution.

Proof. Suppose r(T) < 1, we have T(x,y) — F(x,y) € R2 — {0} for (x,y)T € R2 — {0}. If
there exists a (xo, y0)T € R2 — {0} which satisfies (xo, y0)T = F(x0, o), then F(xg, y0) <
T(x0, y0). Let F* € R2* — {0} be the adjoint eigenvector of T with respect to r(T). Taking
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duality pairing, we get

(F*,T(x0,30) = (x0,30) ") = ((T* = I*)F*, (0, 70)" ) = (r(T) = 1) (F*, (x0,30)" ) >0.
(4.10)

Since T (xo0,y0) — (%0, ¥0) = T(x0, y0) — F(x0,y0) € R3 — {0} and F* is strictly positive,
thus we have r(T) > 1. That is a contradiction. This shows that (1) holds.

It is easily to see F(x, y) is a compact (completely continuous) operator in R?. More-
over, if we define the number M by

8*#*
M:max{,“*NMl)TMZ}a (411)

where M = supy_,.., $1(a), My = sup,_,. ¢2(a). Then the set Q = {(x,y)T € R2,
X2+ y2 < /2M} is invariant for F(x, ). In fact, for (x, y)T € Q, we have

+00
0 <Fi(x,y) <py*N sup gbl(a)J (xy1 (1) + ny)e b en©andsge — pp, (4.12)
0

0<a<oo

6*y* +00 . i
sup ¢»(a) J;) (xy1(1) +yy)e” b Crnomdsgr — pp (4.13)

0< Fz(x,y) < -
U 0<a<oo

We define F, by

(5.7) F(x,y), ~x*+y2=r, (x,y)T €R3,
F.(x,y) =
F(x,y)+ (r — y/x2 +y2)(x0,yo)T, Jx2+y2<r, ()T €RZ,

where (xo, yo)T is the positive eigenvector of T corresponding to r(T) > 1. It is easy to
get that F,(x, y) is also compact (completely continuous) and transforms the set Q, =

{(6, )T € R2, \Jx2+ y2 < M +ryx + y¢} into itself. Because Q, is bounded, convex and
closed in R?, from Schauder’s fixed point theorem we have that F,(x, y) has a fixed point
(x1, 1) € Q,. Note that the Frechet derivation of F(x, y) at (0,0)” is T and T does not
have in R? eigenvector corresponding to eigenvalue one. We use the method of Theorem
4.11 (see [8]) and it can be shown that the norms of these fixed points are greater than r
if r is sufficiently small. That is, F(x, y) has a positive fixed point. O

(4.14)

Now we introduce conception of concave operator.

Definition 4.5. X is a positive cone in a real Banach space X and < is the partial ordering
defined by X.. A positive operator A : X, — X, is called a concave operator if there exists
axp € X; — {0} which satisfies the following conditions:

(1) For any x € X, — {0} there exists & = a(x) >0 and 5 = (x) > 0 such that axy <
Ax < fBx, that is, Ax is comparable with x;.

(2) A(tx) = tAx for 0 < t < 1 and for every x € X, such that

axp < x < f3xo. (4.15)
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LemMa 4.6 [8]. Suppose that the operator A : X, — X, is monotone and concave. If for
any x € X, satisfying axg < x < Bxo (o = a(x) >0, f=p(x) >0) and 0 < t < 1, there exists
n = n(x,t) such that

A(tx) = tAx + nxo, (4.16)

then A exists at most a positive fixed point.

THEOREM 4.7. If the following condition is satisfied
(- J pa(@)e B gy o (e KWads > 0 750 (4.17)
T

and r(T) > 1, then F(x, y) has one unique positive fixed point.

Proof. We first prove that F(x, y) is a monotone operator in R2. From (4.5), we have
Fi(x,y) = —H*NJ — (xy1(1) +7y)e =I5 ey (s yey)ds] pla=p)r
: J ya(a)e i W@ s g gy
T
+o0 .
= y*NJ yZ(a)e*fo (u(s)+a)ds 14 (4.18)
0
+eo +o0
—(p- “)#*NJ €_Jg(xy‘(s)+’7y)dse(“_1’)7J ya(@)e B WE+ds g g
0 T

+o00
_uN J ya(r)e B Cn 6 my)ds - o+ p)ds g

j [ = (oey( )+,7),)6—IJ(xyl(s)+ny>ds]¢2(T)dT

B0) = Gl R L o) b o g 7
L 1
- S [ 7 [ = (xeyr (1) + ny) e i cn©+mds| g, (1) dr + g
1
T AL - h(xny) - s(xy) (4.19)
I =u* e e s da,

0

+00
IL(x,y) = (p — a)u* I e hn©mdsg, (1)dr,
0
+°° T T
Hs(X))/) — 5#* J e—fo Ceyr(s)+ny)ds o= o (ptu(s))ds g
0

If the inequality (4.17) holds, it is clear that F;(x, ), F2(x, y) are increasing for (x, y)T
R2. We conclude that F(x, y) is increasing for (x, y)T € R2.
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Let
= (LD,
a(x, y) = min {1 (x, ), 62(x, ), B1 (x5, ), B2(%, )}
B(x,y) = max{ai(x, y), a2(x, ), B1(x, y), B2 (x, )},

ar(x,y) = *NJ xyi(1)e” Is Gepn s s, (7

a(x,y) = *NJ nye b Cn©rdsg (1)dr,
6[4 f Xy1 T)e J() xy1(s +’7y)d5(/>2( )dT
w [y [ = (epr (1) + ypy) e b en@rnnids| g, (r)dr +

5//!* fo qye,Jor<xy1(s)+qy)ds¢2(.r)d.[
Su* [y 7 [ = (xyi (1) +yy) e b en©@rmyds) g, (1)dr + g’

ﬁl (X,)/)

Bax, y) =

(4.20)

We have a(x, y)uy < F(x,y) < B(x, y)uo, and easily get F(tx,ty) = tF(x,y),0 < t < 1. From

Definition 4.5, we obtain that F(x, ) is a concave operator.
Next we prove that F(x, y) satisfies the condition (4.16).
From (4.18), we get

+00
Fy(tx,ty) = ‘u*NtJ (xy1(1) + 11)/)6_”0 Cnltnydsg, (1)dr
0

+ 00
_ #*NJ (xy1 (1) + ﬂy)e—fg (xyl(s)+f7y)ds¢1 (1)dr
0
=m(x,y,t) >0.

Let

ou* fo (xy1(7) +71y)e e S)+nyds¢2
tou* [ (xy1 (1) + ny)eth Cn©mds g, (1) dT+y

J(t) =
It is easy to prove that j(f) is decreasingin 0 < £ < 1, (x, )T € R2. So, we get
Fy(tx,ty) = tFa(x, ) = t(j(£) = j(1)) = ma2(x, ,1) > 0.
Let

I/Il (.X, )’) t)
n2 (x) Y t) '

MM%0=(

(4.21)

(4.22)

(4.23)

(4.24)

We obtain that F(x, y) satisfies the condition (4.16). From Lemma 4.6, we get F(x, y) has

only a positive fixed point. This theorem is proved.

O
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In the following, we will show that there exists p > 0 such that the inequality (4.17)
and r(T) > 1 hold. In the case y,(a) = y1, y2(a) = y,, u(a) = u, we have

(p —a) I )’2(11)6_ fg(ﬂ(5)+a)dsda +y, (T)e” Jo (u(s)+a)ds

— m_m ) —(pta)T
(y+0¢ #+“+Y2 e (4.25)

> py2 e—(wroc)‘r_
Uu+a

So, the inequality (4.17) holds for p = 0. From (4.6), we get

B Ny1y2 HW*Nny,
Ti(x,y) = + )
)= ) et p)

op* Sp*
Ty (x, y) = By o8

- x - y)
putp)  pptp) (4.26)
#*Ny1y2 W*Nny:
T(x,y) = (y+6oc):y+p) (14+06)i/4+p) (x) (x,y)T e R2.
2% du*n y
plp+p) @lp+p)

We get the eigenvalues of T : Ay = 0, A, = u*n/p(u + p) + u*Ny1y/(u+a)(u+ p). Thus
r(T) = Ay If u*Sn/pp + u* Ny1yo/(u+ o)y > 1, then there exists p >0 such that #(T) > 1
holds.

5. Local stability of equilibria

Since r(a,t) = N(a) —s(a,t) —i(a,t), vo(t) = 1 — v(t), it is sufficient to consider the system
(2.6)—(2.8) in terms of only s(a,t), i(a,t), v(t). Writing the solution of the system (2.6)—
(2.8) in the form s(a,t) = s*(a) + x(a,t), i(a,t) = i*(a) + y(a,t), v = v* + z(¢t), we get a
linearized system around the equilibrium (s*(a),i*(a),v*)T:

ox(a,t) ox(a,t) _

o5 + 5 —(P(*)(a) +npv* + p+u(a))x — (A(a,t) + nz)s*(a),
ayéoz,t) + ayéc:t) = (P(i*)(a) +nv*)x — (a+u(a))y + (Aa,t) + nz)s*, (5.1)
dz(tt) =—(0H(i*) +@)z+dH(y) (1 - v*),

with boundary and initial conditions:

x(0,t) =0, y(0,t) =0,

x(a,0) =0, y(a,0) =0, z(0) =0, (5.2)

where

Mat) = y1(a) JO " @)y (a,Dda. (5.3)
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We rewrite the initial-boundary value problem (5.1) and (5.2) as an abstract Cauchy

problem:

% = BY(t) + C¥(1), Y(0) =¥,

where
¥=(x,y2T€X, B:DB)—X,
- ((% +P(i*)(a) + nv* +p+y(a))u1
BU=| _ (8%1 +oc+‘u(a))u2 + (P(i*)(a) +pv¥)uy |
—(8H (i*) + @) us
with domain
D(B) = {(ul)uZ)u3)T) U, Uy € Wll [0,-}—00), us € R) M](O) = 0) uZ(O) = 0}1
—(Aa,t) +nus)s*(a)
C:X—X, C=| (Ma,t)+nus)s*(a) |, D(C)=X.
OH (u3) (1 —v*)
In the following, we make an assumption.

AssumpTION 5.1. (1) y1(a) € C[0, %) is uniformly continuous.
(2) There exists a M3 > 0 such that y;(a), y.(a) < M5 holds, for a € [0,+c0).

We introduce the following lemma (see [10]).

(5.4)

(5.5)

(5.6)

LEMMA 5.2. Suppose that X is a Banach lattice. Let S, T be positive operator in B(X). The

following results hold:
(1) IfS < T, then r(S) < r(T).

(2) If S, T are semi-nonsupporting operators, then S < T, S # T implies that r(S) <

r(T) holds.

Now let us consider the characteristic equation of B+ C:

AU =(B+C)U, U = (uj,uyus) € D(B), AeC.

We obtain
du(iléa) = —(A+P(i*)(a) + v + p+u(a)) s — (P(u2)(a) + nus)s*(a),
du;c(la) = (P(i*)(a) +nv*)uy — A+ a+u(a))uy + (P(uz) (@) + nus)s* (a),

Auz = —(8H (i) + @)us + (1 —v*)H (uy),
with initial conditions

u1(0) =0, 1(0) = 0.

(5.7)

(5.8)

(5.9)
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From (5.8) and (5.9), we have
ui(a) = y*Ne Jo A+P*) (s)+nv* +p+u(s)) sJ (yl(s) (u2)+11u3)e}“ds,

uz(a)=e‘f”u(““+“(s”d$r[(y1() (u2) +1u3)s™(s) + (P(i*) (s) + nv* ) ur ()]

. efo /1+(x+,u*(r))drd5

_ ‘u*Ne Io (/\+oc+‘u(s))dsj (V1(5) ( )+17”3)efg(l+a—P(i*)(T)fqv*,p)d‘[ds

(5.10)
_ ‘u*Ne’ Jo Atatu(s)ds Ja (P(i*)(s) + qv*)efg((xfp(i*)(r)fqv*,p)dr
0
| on@P@ + qu)enaras,
e (1—v*)SH (u2)
T A+ OH(i*) v
Let Y = {x1y1(a) +%x2, x1,X2 € R} with norm
Il = max [x], X=x1y1(a)+nx, €Y. (5.11)
ac[0,+0)
Then Y is complete Banach space.
Substituting u,(a) into P(uy), us, we get
+o0 a
6(a) = y*Nyl(a)J yz(a)E(a)J 0(s)elira—PU )@ -1 ~pir s g
—u*Nyi(a J yz(a)E(a)J )(s)+nv *) eh @ Pm=nv* = p)dr
. J 0(0)e' dodsda
(5.12)
(I—V )6’1#*N|:J' J Jo A+a—P(i*) (1) —nv* —p)dr
A+ OH (%) + 4 E(a) | O(s)e dsda
J Ea J i) (s) + qv*) eh e P @ -1 —par
. J O(U)el"dadsda],
0
where E(a) = e~ b et 0(a) =y, (a) p(uy) + nus.
If A is an eigenvalue of B+ C, then there exists 0 # 0 € Y such that
0 =T(0), (5.13)

where T)(60) denote the right-hand side of (5.12).
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So we investigate A such that the eigenvalue of T) is 1. Let 6* = §H(i*) + . If « = §*,
asA € (—0*,+) we have

+o00 N
T1(6) = (p— @ Nyi(a) | 0(5)e e -pidr [ g(r)ehvr
0 0
+o00
. J y2(a)E(a)dads

+00 s
+y1 (a)y*NJ Y2(s)E(s)elo@=PEn@ -y =p)dr J 0(1)eMdrds
0 0

N v) (5.14)

+oo N
_ Jola=P(i*)(z)—nv* = p)dr AT
1+ 0% [(P a) Jo 0(s)e Jo 0(r)et dr

+o0
: J E(a)dads

+o0 N
+ J E(s)elo(@Pin)@m=nv*=pydr J G(T)e’”drds].
0 0

Using (4.17), it is clear to see that T)(0) is decreasing as a function of A € (=§*,+00),
0 € Y,. From Assumption 5.1, we get that T3(0), A € (—*,+), is compact and non-
supporting.

From (5.14), we have

an*N(l B V*) |: _ J+m Jo (@=P(i*)(z)—nv*—p)dT JS T
L0)= =[P e ) o(r)e' dr

+o0 +o0
: J E(a)dads + J E(s)eh(@ P )@ p)dr
s 0

. J;G(T)e“drds]

N (=) (5.15)

A+ 6%
+o0 s +o00
(Gy,0) = (p—rx)J £l (PG ) (D) =y =p)de J G(T)e“drj E(a)dads
0 0

s

(Gr,0) -1, Le (—8%+0),

+oo R N
+J E(s)ef(;(“’P("*)(T)’”"*’P)dfJ o(r)eMdrds, 0eY,.
0 0

Taking duality pairing with the eigenfunctional F) of T) that corresponds to r(T)), we
obtain

nou*N (1 -v*)

r(Th)(F,0) = o

(Gr,0) (Fr,1). (5.16)

If taking 6 = 1, we have

- nOu* N (1 —v*)

r(Th) A+ 0%

(Gy,1). (5.17)
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IfA € (—6*,+»), then

0<{(Gy,1) < +oo, hrré r(T)) = +oo. (5.18)

We can also prove that if & < §*, then there exists —oo < a* < 0 such that

lim r(T)) = +oo. (5.19)

A—a*

From (5.14), we can obtain

+o00 a
T)(0) < Yl(a)H*NJ Vz(a)efma)aj B(7)eh Ara=PUIO=m"=p)ds g1 g
0

* _ a i . .
778[4 Aj\:—(;* v ) JO —(A+a)aJ G(T)efo(/lﬂx—P(l )(s)—nv —p)dsdea (5.20)
< (M§ ’16A1+_5: ) *NJ “J 0(t)erdrda, 6O€Y,.
0
Let
* _ 2 ’78(1 _V*) * J—+oo —AaJu AT
(G}, 0) = <M3 +7A+5* u*N . e . O(t)e*"drda. (5.21)
We have
TA(G) = <G;\k10> -1, XS Ys,
r(Th) < (G}, 1), (5.22)
hm r(T) < hm (Gf,1) =0.

A—+o00

From (5.14), we get that T)(0) is decreasing as a function of A € (§*,400) or (a*,+00),
0ey,.

Using Lemma 5.2, we know that the function A — r(T)) is strictly decreasing. If there
exists A € (*,+00) or (a*,+c0) such that r(T)) = 1, then A € P,(B + C). So, we get the
following lemma.

LemMa 5.3. If the inequality (4.17) holds, under Assumption 5.1, there exists unique Ay €
(6*,400) N Py(B+C) or (a*,+00) N Py (B + C) such that the following results hold:

(1) If r(To) > 1, then Ag > 0.

(2) If r(Ty) = 1, then Ay = 0.

(3) If r(Ty) < 1, then Ay < 0.

Using the similar argument as [4, Theorem 6.13], we can prove that A is a dominant
singular point. We have the following lemma.

LemMA 5.4. Under the condition of Lemma 5.3, if there exists a A,r(T)) = 1, A # Ao, then
Rel < /1().
We define

T (x1y1(a) +x21m) = y1(a) Ty (x1,%2) + T2 (x1,%2), (5.23)
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Ty, T, are defined by (4.6). It is clear to see that r(T) = r(T) holds. From (5.10), if P(i*)(a) =
0, v* =0,A=0, we have r(Ty) = r(T) = r(T).

So, we obtain the following results.

Ifr(T)<1, thensup{ReA,r(Ty) =1} = Ao < 0. Ifr(T) > 1, then exists A such that r(T)) =
1 and Re) > 0.

From (4.5), for (x1,x,)T € R2, we define

+o00
F(x1yi1(a) +nx2) = uy*Nyi(a) L (x1y1(7) + ey e B @y ds g (1) dp

5.24
nou* Jo ™ (x1y1 (1) +mxp) e Nt dsg (1) dr (5.24)

S Jo (x*yi (1) +y*) e B n ey dsg, ()dr + g’

where (x*,y*)T is a nontrivial positive solution of (x,y)T = F(x, y). We easily get that F is
a nonsupporting operator, and that r(Ty) < r(F) holds. On the other hand, since (x*,y*)T
is a nontrivial positive solution of (x,y)! = F(x, ), it implies that F has a positive eigen-
function x*y;(a) +ny* corresponding to eigenvalue 1. Since a nonsupporting operator has
only one positive eigenfunction corresponding to its spectral radius, we get that r(F) = 1 and
r(T()) <1

From above arguments, we conclude that.

LEmMA 5.5. If the inequality (4.17) holds, under Assumption 5.1, the following results hold:
(1) Suppose that (x*, y*)T is a trivial solution of (x, y)T = F(x, y).
Ifr(T) < 1, then sup{ReA,r(Ty) = 1} < 0.
If r(T) > 1, there exists A,7(T)) = 1, ReA > 0.
(2) Suppose (x*,y*)T is a nontrivial positive solution of (x,y)T = F(x,y), if r(T) > 1,
then sup{Rel,r(T)) = 1} <0.

Next, we prove that the operator B + C generates a quasi-compact Cy-semigroup. We
first make the following assumption.

ASSUMPTION 5.6. Suppose y1(a), i*(a), p satisfy the condition

sup y1(a)P(i*) <po+p, (5.25)

ac[0,+00)

where po = inf 4e[0,+00) (a).
There exist y1(0), p such that Assumption 5.6 holds. In fact, from (4.4) we obtain that
x = P(i*) satisfies

x=y*N J (xy1(7) +ny)e” Ben©mdg, (7)dr,
. (5.26)
(1) = e(“*P)TI ya(a)e b wOradsgy

So we get

z=y(a *NJ T)+ny)e ko (269 +’77)d5¢1(1 dr, (5.27)
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where z = y1(a)P(i*). From above equation, if yi(a) is small enough, we easily obtain that
y1(a)P(i*) may be small enough such that Assumption 5.6 holds.

In order to investigate the stability of equilibria we prove the following lemma.

LEMMA 5.7. The operator B is a closed linear operator and exists € > 0 such that A — B has
bounded inverse for A > —e and

1
(A+e) ™

I|A=B)™"|| < (5.28)

Proof. For f = (fi, f», f5)T € X,, consider the equation (A — B)u = f with A > —¢, we have

% = —(A+P(*) (@) +nv* + p+ (@) ur + fi,
duééa) = (P(i*) (@) +qv*)ur = (A + a+p(a))wz+ fo, (5.29)

0=—A+8H(G*)+@)us + f,
u1(0) =0, u(0)=0.

From (5.29), we obtain

a
u (Cl) =e Jo A+P(*)(s)+nv* +pu(s))ds J fl (T)efl,r(/HP(i*)(T)+11v*+p+;4(r))d'rd_[,
0

a

u(a) = eijoamw”(s))dsJ’ [(P@*) (1) + v )ui(7) +fz(T)]efg(“““‘(‘))dsdr, (5.30)

0
S
A+6*’
1
(A 1% + v +p+y0)||f1||
P* +nyv*
A+a+po) A+ A% +1v* + p+po

us =

llull <

1 )||f1||+)h+a||f2|| (5.31)

1
+m||fs||,

where A* = info<4<0 P(i*)(a), P* = sup,_,.., P(i*)(a).
From Assumption 5.6, as ¢ (which depends on #, «, 8, yo, i, i*) is sufficiently small we
can obtain

lull < = (AN+ AN +IAID. (532)

If f € X, then [(A—=B)"'fll < [(A— B)~!| fIl. Consequently, the claim follows.

It is clear that B in X is a densely defined operator whose resolvent satisfies the Hille-
Yosida estimate, and is the generator of a Cy-semigroup on X, S(¢) (see [12]). The Hille-
Yosida estimate in addition implies that

[|S()|| <e . (5.33)
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On the other hand, C is a bounded perturbation and B + C also generates a Cy-semigroup
on X, J(t). Furthermore, since C is a compact operator CS(t) : X — X is also compact for
every t > 0. So, all conditions of part (b), [14, Theorem 3] are satisfied and J(¢) is quasi-
compact. (]

Quasi-compact is defined as following.

Definition 5.8. ](t) is called quasi-compact if J(¢) = J;(¢) + J2(t) with operator families
J1(t), J»(t), where [[]1(¢)ll — 0, as t — 0, Jo(t) is eventually compact, that is, there exists
to > 0 such that J5(t) is a compact operator for all £ > £,.

To establish the local stability we use the following lemma which is a special case of [1,
Theorem 2.10, Chapter B-1V].

LemMaA 5.9. Let J(t) be a quasi-compact Cy-semigroup and B its infinitesimal generator.
Then e“!||J(t)]| — 0 as t — +oo for w > 0 if and only if all eigenvalues of B have strictly
negative real part.

From Lemmas 5.5 and 5.9, we have the following theorem.

TueoReM 5.10. If the inequality (4.17) holds, under Assumptions 5.1 and 5.6, the following
results hold:

(1) If r(T) < 1, then the trivial equilibrium point of the system (2.6)—(2.8) is locally
asymptotically stable.

(2) If r(T) > 1, then the trivial equilibrium point of the system (2.6)—(2.8) is unstable.

(3) If r(T) > 1, then the endemic equilibrium point of the system (2.6)—(2.8) is locally
asymptotically stable.
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