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We prove existence and uniform stability of strong solutions to a quasilinear wave
equation with a locally distributed nonlinear dissipation with source term of power non-
linearity of the type u”" — M ([, |Vul?dx)Au+a(x)g(u') + f(u) = 0, in Qx]0,+oo[, u =0,
on I'x]0,+o0[, u(x,0) = ug(x), u'(x,0) = u;(x), in Q.

1. Introduction

Let Q be a bounded domain of RN with a smooth boundary I' = 9Q. We consider the
initial-boundary value problem

u”—M(J;)|Vu|2dx>Au+a(x)g(u')+f(u)=O, in Ox]0,+o],
u=0, onIx]0,+c], (1.1)

u(x,0) = up(x), u'(x,0)=ui(x), inQ,

where M(s) is a C'-class function on [0,+oo[ satisfying M(s) > mg > 0, for s > 0, with
myp constant, a is a smooth nonnegative function but vanishes somewhere in Q, f(u)isa
nonlinear term like f(u) ~ —|u|*u, and g is a real-valued function.

The problem (1.1), when M(s) = 1 and f is some type of nonlinear function, has been
studied by Zuazua [10] and Nakao [9]. Recently, Cabanillas et al. have treated in [2, 3]
a more delicate case where M is not a constant function (f(u) = 0,—hou). Kouemou-
Patcheu [6] investigated the case M(s) = ag + bs with a(x) = 1 in Q and f(u) = 0. We fix
x% € RN and we set

m(x) = x — 9, R=sup{|m(x)|; x € Q}, Io={x €T; m(x) - v(x) >0},
(1.2)
where v(x) denotes the outward unit normal at x € T. Let a = a(x) be a smooth nonneg-

ative function such that

a(x) =ag >0, ae. inw, (1.3)
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where w is a neighborhood of I'y and qy is a positive constant. By neighborhood of Ty, we
actually mean the intersection of Q) and a neighborhood of T.

The goal of this work is to obtain global existence and decay estimates of the strong
solutions of the quasilinear wave equation (1.1) when M is not a constant function, the
function a satisfies (1.3), g is a C', odd, increasing function, and f(u) ~ —|u|*u.

2. Preliminaries and main result

Throughout this paper, the functions considered are all real valued and the notations for
their norm are adopted as usual (e.g., Lions [7]).
We consider the following general hypotheses.
(A.1) Assumptions on M:
M e C'([0,4+00[), M(s)=my>0, Vs=0, (2.1)
[M'(s)| <Bs”*, Vs=0 (2.2)

for some constants =0, y = 0.
(A.2) Assumptions on a:

acCl(Q)NCQ), |Aalx)| <ajalx), a;>0. (2.3)

(A.3) Assumptions on f:
f isa C'-class function on R and satisfies

| F)| <holul*, | £/ (w)| <holul®, VueR, (2.4)

with some constant hy >0 and
2
O<a< m, (25)
where (N —4)" = max{N —4,0}.
(A.4) g isa C! odd increasing function and
2

(N —-4)+’ (2.6)
GslsIP*t < g(s)s ifls| <1, 1< p<+oo,

Cilsl < |g(s)| = Calsl? if[s| > 1withl<g<

where C;, i = 1,2,3, are positive constants.
We have the following fundamental inequalities.

LEmMMA 2.1 (Sobolev-Poincaré inequality). Let a be a number with 0 < a < oo (N = 1,2)
or0<a<4/(N—-2) (N = 3), then there is a constant Cy > 0 such that

ltlgrr < Ci|Vuly forue HY(Q). (2.7)

LemMA 2.2 (Gagliardo-Nirenberg inequality). Let 1 <r < g < +o0 and p < q. Then, the
inequality

[l wha < ClulSyme |ul}™0  forue wmP AL (2.8)
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holds with some C >0 and

(o) etd)

provided that 0 < 0 < 1 (assume that 0 < 0 < 1 if g = +00).

LeEMMmaA 2.3. Let E: [0,4+0c0[— [0,+0co[ be a nonincreasing function and assume that there
are two constants p = 1 and A >0 such that

+o0
J EPTD2(1)dt < AE(S), 0<S§<+co. (2.10)
S

Then,

—At : —
E(t)S{CE(O)e , Vt=0ifp=1, 1)

CE(0)(1+t)~¥»=D, Vt>0ifp>1,

where C and A are positive constants independent of the initial energy E(0).

We will construct a stable set in H} N H2. For this, we define the functionals

J) = 3B 9ul) + | Fds, forue H,,
2 Q
I(u) =M(|Vu|2)|Vu|2+J f(u) - udx, forue H], (2.12)
o

E(uv) = %|v|2 CJ(w), for (uv) € H x I,
where
M) = rM(E)df, FQ\) = J‘ F(s)ds. (2.13)
0 0

LEmMMA 2.4. Let 0 < o < 4/(N —4)*. Then, for any K > 0, there exists a number & = &(K)
such that if |Au| < K and |Vu| < &,

J) = "2Vl 1) = TVl (2.14)
Proof. By the Gagliardo-Nirenberg inequality, we deduce that

|ul&3 < Clul 2D | Au| @20 < €| Tu|@D1-0)| py| (@20 (2.15)
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with

Gz(u_;)*@ M_1>‘1:(M)*SL

N a+2) \NTT2N T2 20a+2)

Here, we note that

Voc if0<oc<N4_2
(¢+2)(1-0)—2=3(4—-N)a+4 .. 4 4

2 1fN—2<(x<N—4

(v
Hence, if |Au| < K, we get

m h

_Olv |2_ 0 | at+2

2 a+2 o2

> %|vu|2 _ Ch0|vu|(a+2)(1—9) |Au|(¢x+2)9

J(u) =

> {% _ ChOK(a+2)9|vu|(¢x+2)(170)72}|Vu|2.

Using (2.17), we can define ¢y = &(K) by

CK(a+z)9€(()a+2)(176)72 < %

Thus, we obtain

J(u) = %wmz

if [Vu| < &. In a completely analogous way, we can get (2.14) for I(u).

We define our stable set Wi by

Wi = {(u,v) € (HE 0 H2) x H} : |Aul < K, |Vv] < K,/4m;5 "E(uo, v0) < &0 |

for K > 0.

(0<a<+o, for N =1,2),

<< +oo, N=3,4).

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

Remark 2.5. If we consider f(u) - u = 0, then we need not take & (K), and W is replaced

by

Wk = {(u,v) € (H nH?) x H : |Aul < K,|Vv| <K}.

(2.22)
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3. Statement of the results
In this section, we will state our main theorem.

Tueorem 3.1 (local existence). Let initial data {uo,u,} belong to (H} N H?) X H} and let
the assumptions (A.1)—(A.4) be fulfilled. Then there exists a unique local solution u of (1.1)
belonging to

CS([0,T[;Hy nH*) nCL([0,T[;Hy) nC°([0, T[;Hy) n C' ([0, TL*(Q))  (3.1)

forsome T = T(|Augl,|Vu,|) >0.
Moreover, at least one of the following statements is valid:
(i) T = +oo,
(i) [Vu' () 1>+ |Au(t)|> = w0 ast — T,
(iii) M(IVu(t)|*) = 0ast — T".

The proof of this theorem is well known.

TaEOREM 3.2 (global existence and decay property). Suppose (A.1)—(A.4) hold. Then there
exists an open set Sy in (Hy N H?) x H{, which contains (0,0) such that if (ug,u;) € Sy, the
problem (1.1) admits a unique global solution u(t) on the class

L ([0,+e0[;Hy N H*) n Wb ([0,+00[;Hj) N W>* ([0, +00[;L?). (3.2)
Moreover, the energy determined by the solution u has the decay states

E(u(t),u'(t)) < Coe™ ifp=1,

E(u(t),u (1)) < Co(1+1) Y0~V ifp>1, (3.3)

where Cy, 50, and A are certain positive constants depending on |Vuyl, |ul, and other
quantities.

Proof. We divide the proof into several lemmas. For the moment, we denote E(u(t),u’(t))
by E(t).

LEmMMA 3.3. Let u(t) be a local solution to the problem (1.1) on [0,T[, T > 0. Then

T
V0<S<T<+o, E(S)—-E(T)= L L)a(x)u'g(u')dxdt. (3.4)

Multiplying the equation in (1.1) by #/(¢) and integrating on [S, T, we get
T

JJ xu gl )dxde = | 5 | t)|2+%M(|Vu(t)|2>+F(u(f))]s (35)

= E(T) — E(S).

It is easy to see the identity

E()=— JQ au'g(u')dx < 0. (3.6)
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In particular, E(f) is nonincreasing and

E(t) < E(0)

as long as the local solutions exist.

(3.7)

]

LeMMaA 3.4. Let u(t) be a local solution to the problem (1.1) satisfying (u(t),u’(t)) € Wk

on [0, T for some K > 0. Then,

CIOe_M) 1fp = 1)
E(t) < {@(1 YD), on [0, T ifp>1,

(3.8)

where I3 = E(0), A = A(K,Iy), and § = 4(K,Iy) denote certain positive constants continu-

ously depending on K and I,.

The proof of this lemma is based on the following identities given by the multiplier
method. We omit to write the differential elements in the integrals, in order to simplify

the expressions.

LeEmMA 3.5. Letq € [WE*(Q)IN, BE R, and & € WH>(Q). Then

LTLM(|Vu(t)|2)q v

2

ou I

v

= ()29 - Vu+Pu)E°| & + JTJ (divig) - B)[1w'1> = M(|Vu(®)|*) | Vut) |’E°]

aqk ou au o1
+2J J |V (t) ] ax, I o —O'J J u'(2q - Vu+Pu)E°'E

+L Joag(u’)(zq - Vu+[3u)E"—L Jgdiv(q)F(u)Eu/;L Jgf(u) - uE”,( |
3.9

W Eu)E | + jj M(IVul?) | Vul - | PJE°

—oJ J ' uE°'E’ +J J M(IVu(t))?)(Vu,uVE)E
+L Jﬂag(u')qu°+L JQEf(u)uE" =0.

For the proof, see Lions [8] or Komornik [5].

(3.10)
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Proof of Lemma 3.5. We proceed in several steps.
Step 1. Applying (3.9) with g(x) = m(x), observing that divg = N, we obtain

’ T T avi
(u',2m - Vu+ pu)E°|§ +(N—[3)L L)W |°E
T T
+([§—N+2)L JQM(IVuIZ)IVuIZE”—aJS Jﬂu'(Zm-Vu+ﬁu)E"_1E'

i LT JQ ag(u')(2m - Vi + Bu)E° +ﬁLT L)f(u) B — NLT JQF(u)E"

T Ju 2 T Ju 2
— AN Itiad o hhid o
_L LM(\VuI )| 5| B < RMOL LO p:
(3.11)
where
Mo sM(IVuIZ)smaX{M(s),Ogss %m}EMo. (3.12)
0

Throughout the remaining part of this work, positive constants will be denoted by C
and will change line to line. Here, we observe that under the assumption (u(¢t),u’(t)) €
Wk, the functionals E(t), e(t) = (1/2)(|u/ (£)1? + |Vu(t)|?) and |/ (t)|> + I(u(t)) are all
equivalent, by Lemma 2.4.

We take f €]N —2,N[ and 0p = min{2(N — f3),§ — N + 2}, we deduce that

T T
9() I E°l < RM, J I
N S JIy

+ ' LT JQag(u’)(Zm - Vu+Bu)E’

u

2
" E° + '(u',Zm . Vu+[3u)|ST‘

T (3.13)
+0' J J u'(2m- Vu+pu)E°'E’
s Ja
T T
+ -E"+NHJF E°|.
/3“’5 Jgf(u) ! s Ja )
Since the energy is nonincreasing, using the result of Komornik [5], we find that
| (u',2m - Vu+Bu)|TE7| < CE(S), (3.14)
T
aJ J W (2m - Vu+ Bu)EE'| < CE(S). (3.15)
s Ja
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By the Holder inequality, we have

(] ) (] o)

1/

T 2
SJ E"<I az(u'g(u'))y(pﬂ)) E?
[O))

S

‘ LT Lzl ag(u')2m - Vu+ Pu)E°

T
< CJ EU+1/2|E’ | 1/(p+1)
N
(3.16)

< CLTE"{L)Z lag(u')| | Vul +L)2 |ag(u")| Iul}

T
< CL Eag(u) |y, {1Vt +1Vul}.

T
’ L J;) ag(u')(2m - Vu+ pu)E°

(3.17)
We observe here, from Lemma 2.2, that
|vu|q+1 < C|Vu|1/(q+1) |Au|q/(q+1) < CKq/(q+1)E1/2(q+1)) (318)
q/(q+1)
’ | (g+1)/

lag(u)] g = ], 1agtu) 47

/(q+1) (3.19)
< C[J au'g(u')] < C|E'|9a+D),
07}

From (3.17), (3.18), and (3.19), we have

T T
“ J ag(u')(2m - Vu+ pu)E° scj |E|otV2ath) g |a/tarh), (3.20)
S J, S

where we set for each t > 0,
(O] =Ql(t)={X€Ql |u'(x,t)| < 1}, Q, = O\ Q. (3.21)
Thus, from (3.16) and (3.20), we get

T
< CJ [Ea+l/2 |Er | 1/(p+1) + |E|D’+l/2(q+1) |E, |q/(q+l)]'
N

(3.22)

T
’ L Jﬂag(u’)(Zm - Vu+ fu)E°

Now, using the Young inequality, we obtain

T
< eJ E°* 4+ E(S), e>0. (3.23)
S

‘ LTJQag(u’)(zm  Vu+ Bu)E
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It follows from (3.14), (3.15), and (3.23) that

2

O E°. (3.24)

5J E°*! < CE(S J J ( | f(u)|* +NF u))EU+RMOJ J

To estimate the last term in (3.24), we utilize (3.10) with & = 5, where € WH*(Q) is a
function (constructed by Zuazua in [10]) which satisfies

0<n<l,
N Wik
n=1, ino, | :' € L% (w), (3.25)

n=0, inMNw,

and @ is an open set in Q, with Ty € & ¢ w.
First, we have from (3.10)

T T
M(IVul?) |Vul2E’ = (=i, nu)E° T_J J NunE°
L L)" (IVul®)IVul (' p)El§ = | | ag(uun

T
—I I M(IVul?)Vu - uVyE°
s Ja

’ . (3.26)
+J J 11|u'|2E"—J J nf(u)ukE’
s Ja s Ja
T
+0J J W uEE°'E’.
s Ja
Simple calculations, using the Young inequalities, show that
T
‘ —(u',nu)E“|5T+0J J u'uEE”*lE" < CE(S), (3.27)
e (T
'J ag(u'),nu)E° | < CE(S)+ EJ E°*l e>0, (3.28)
‘ J J M(|Vul*)Vu-uVyE° <CJ J |ul?E° + J J MM (IVul?) | Vul*E°.
(3.29)
From (3.26)—(3.29), we obtain
1 (T T
EJ f qM(|w|2)|Vu|2EUsc[E(S)+J J (|u'\2+|u|2E")]
s 70 S e (3.30)

o J, J ol e e
— u)|"E°+e| E°".
m3 Js Q|f( )l S

Step 2. We take a vector field h € [WH*(Q)]N such that

h=vonTy, h-v>0, onT, h=0, onO\ . (3.31)
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Choosing 5 = 0 and g = hin (3.9), we get

T
< CJ E0+1/2|E/|1/(p+1) +E0+1/2(q+1)|E"q/(qul)]’

‘ JTJ ag(u')h- |Vul|E°®

mfo L

< CE(S) +3a0J J (1 P+ M(Vul?) [Vu) B (3.32)

+a0J I |F(u)|E"+s'J E°t ¢ >0,
s Ja s

N _
where > [0h;/0x;| < a, for all x € Q.
ij=1
Combining (3.30) and (3.32), we have

o[ |2/ 5 < e+ [ e srurre]

+0C aOI J | f(u)] E"+¢on I | F(u) |E0+8J Eo*L,

(3.33)
We conclude from (3.24) and (3.33) that
6o JT - (oczocoRMo ﬁZ)J J
— | E" <
2 S = mo |f(u
+(N “"RM")J J | F(u) (3.34)

+C[E(S)+L L(|u’|2+|u|2)].

Now, in order to absorb the last term into the right-hand side of (3.34), we adapt a
method introduced in Conrad and Rao [4]. To this end, we consider z(t) € H{ (Q), solu-
tion of

—Az=y(w)u, inQ, z=0, onI, (3.35)

where y(w) is the characteristic function of w. It is easy to verify that z’ is solution of the
problem

-AZ =y(w)u', inQ, zZ =0, onT. (3.36)
A simple computation gives

Izl < Cluliz(v)s 12| < Clu' W), (Vz,Vu) = [ulf,). (3.37)
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Next, we “multiply” the equation in (1.1) by zE?, integrate by parts on Qx ]S, T, and use
(3.37). Thus, we find

T T T
J J M(|Vu|?)|Vu|*E° = —(u',z)E”IST+J (u',z')E”+0J E°'E'(u,Z))
S Jo S N

. . (3.38)
—L (ag(u'),z)E”—L (f(u),z)E°.
Here, we note that
T
()T +0J BB (2| < CE(S), (3.39)
s
T T T
U (u',z)E° scj J Iu'IZE"+£J Eo e>0, (3.40)
s s J, s
T T
‘J (ag(u'),z)E° sCE(S)+£'J E°* ¢ >0, (3.41)
s

‘ - LT (fu),2)E°| < ZmOJ J | F(w) P + mOI J WPE. (3.42)
Using (3.39)—(3.41), we have in (3.38)
LT | turEe < c(Es) +LT | e+ mi% ST 17 |2E‘7+6LTE"“, e>0,
(3.43)

Then inserting (3.43) into (3.34) gives

LTE"“ < C(E(S) i LT L I |2E") + 6 LT JQ | F)| B + 6, LT |Fu)|E°,  (3.44)

where

2
5, = [w+ﬁ—+%}, 81=§[N+M]. (3.45)
6o my by mj "o

Now, we observe that

2 61)
O [ £ 17 = oholulZ518) = Cooholul 3y w0

(3.46)
< COohoel 1 0@ =220 (a+1) | 7|2
if N>3and a >2/(N —2),with0; = ((a+1)(N —=2) = N)/2(a+1).
Further, we have that since a < 2/(N — 4)%,
(1-6)(a+1) = L. (3.47)

Thus,

Soholul3iery) < Cohgeg M@ V220D |7y 2, (3.48)
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When N <2 or a <2/(N —2)*, we see that (3.48) holds with 6; = 0. Thus, under a little

more stronger assumption than (2.19),

Cho (8(()0(+2)(1—01)—2K((x+2)9 + 83(1—91)<a+1)—2K291(a+1)> < %’
we obtain from (3.44) that

T T
J E”“dtsC(E(S)+J J |u’|2E").
S S Jw

In order to absorb the second term in (3.50), we consider two cases.
(i) The case p = 1. We take 0 = 0, hence by (2.6),

LTE < CE(S)+ a—i LT Lalu' 2 < CE(S) + LT La lg(u') |u’ < CE(S).

Applying Lemma 2.3, we obtain
E(t) < Clpe ™, A =MK,I).

(ii) When p > 1, we take 0 = (p — 1)/2. It follows from (2.6) that
T C T
J EW*D2 < CE(S) + —J J alu’ |2E0-D"2
S ap Js Jo

T
SCE(S)+CJ J alu' |2EP-172
S JQ

T
sC[E(S)+J E<P*1>/2(J alu'|2+J a|u'|2)]
S [ 0,

T
< C[E(S) +J (EP-D72|E"|Y(pt1)  Eo=1)/2| Y |)]
S

T
< C[E(S) + EP*V2(8)] +5J EPD20 g5,
S

Hence
T
|| Ee < cres)
S

Using Lemma 2.3 again, we conclude that

E(t) < q(K,I))(1+t)~2®=V >0,

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

as long as the local solutions exist, where q(K,Iy) denotes a certain constant continuously

depending on K and I.
We are now in a position to obtain H? a priori bounds. Set

Ei(t) = M(|Vu(0)|*) [Au(t)|*+ [ Vu (1)] .

Then we have the following estimate, which is the heart of this paper.

O

(3.56)
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LEMMA 3.6. Assume that u(t) is a solution satisfying (u(t),u’ (t)) € Wk on [0, T|, for some
K > 0. Then,

(V' ()2 + [ Au(t)|* < Q*(I, 11, K), (3.57)
with
limQ?(Ip,I},K) = _ (3.58)
To—0 O T min{1,me}’ ’
and where

I = |V |*+M(|Vug|*) | Aug |”. (3.59)

Proof. For E;(t) with respect to t, we get

EdiEl(t) + (ag’ (") V' (t), V' (1))

—(f'(w)Vu,Vu') + M’ (|Vu(t )| )(Vu’(t),Vu(t)) |Au(t)|2— (g )Va,vu').
(3.60)

Using the assumptions on g, g, and f, it follows from (3.60) that

i a ’ y+1 ’ 2 nJ da 0 }
AOE {jﬁum V19 1)+ 19l 19 a3 | 8 " ee)dE

of [ Qe +1vu ivusisui+ [ | ['g }
@ Q 0

12 12
C{(J \uIZ“IVu|2> <J IVu'Iz) +E(t)(”“)/2K3+I ag(u')u'}.
Q Q Q

IA

<
(3.61)
Further, we observe that
12
(J1wPe1vuR) " < lulfel Vulavor-
< Clu\ml/go 2) IAulga"lAulz (by Lemma 2.2) (3.62)
< Clvula(l 00 |Au|geo+l
< CE(t)a(l—Oo)OKaGOH’
with
-2 1\" ((N-=2a-2)"
6o = (N___) _((N=2a-2) _ (3.63)
2 o 2«

Then, it follows from (3.61) and (3.62) that

%El(t) < C{E(n)*1-002gebt2 4 B(1) V2K — E' (1)}, (3.64)
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Thus, integrating (3.64) over [0,¢[, we obtain | | f(;/g| |Aal,

lAu) >+ [ V' (1) ]
1

+00 oo
<—F {112 + CK%0+2 j E(t)*1-%"24t 4 CK? J E()*) 24t + Clé}
min {1,mp} 0 0

< AR+ cR +ciyKe v crg T et
min {1,mo} { ! 0 0 0 }

Q*(Io,I;,K), on[0,T].

(3.65)

Define

Sk = {(uo,u1) € (H} nH?) x H} : Q*(Ip,I1,K) < K},
5= Usx. (3.66)
K>0
Since
> I

li Iy,[;,K) = ———, 3.67
IOH—I(IJQ (o, 11, K) min {1,m} (367)

the Sk is not empty if I; < min{1,m}K? and I is sufficiently small.
If (ug,u1) € Sk for some K > 0, then the corresponding local solution u(t) exists on
some interval [0, T[ and satisfies

Ey(u(t)) <min{l,mo}K*> on0<t<T. (3.68)

From (3.43), we have (u(t),u’(t)) € Wk.
Hence, it follows from Lemma 3.6 that

|V () >+ | Au(t)|* < Q*(Ip,I;,K) <K% on [0,T]. (3.69)
Next, we affirm that
(u(t),u'(t)) € Sk, on|[0,T][. (3.70)

In fact, suppose that there is a number t* € [0, T[ such that (u(#),u’(¢)) € Sk on [0, T
and (u(t*),u’(t*)) ¢ Sk, then it follows that

Q*(E(u(t*)),Ey (u(t*)),K) = K~ (3.71)

Note that Q*(Iy,I;,K) is the increasing function with respect to Iy and I,. Hence, we see
from (3.48), the energy identity (3.4), and Lemma 3.6 that

I} +CI2 + Cy (I) K? + Cy (I)) K*%*2 > min {1,m,} K. (3.72)
But, then, since
2 I
li I,[1,K) = ——F——, 3.73
Iolir(l)Q (o, 11, K) min {1,m} (3.73)
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we may take I; so that

2L )
min {1, mo] <K (3.74)
with sufficiently small I,. This contradicts (3.72).

Now, since we can repeat the continuation procedure indefinitely, we conclude that
u(t) can be continued globally on [0,+co[ and (u(t),u’(t)) € S, for all £ = 0.

The uniqueness follows from a similar argument as in [1]. O
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