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We propose a generalized virus dynamics model with distributed delays and both modes of transmission, one by virus-to-cell
infection and the other by cell-to-cell transfer. In the proposed model, the distributed delays describe (i) the time needed for infected
cells to produce new virions and (ii) the time necessary for the newly produced virions to become mature and infectious. In addition,
the infection transmission process is modeled by general incidence functions for both modes. Furthermore, the qualitative analysis
of the model is rigorously established and many known viral infection models with discrete and distributed delays are extended

and improved.

1. Introduction

Viruses are microscopic organisms that need to penetrate into
a cell of their host to duplicate and multiply. Many human
infections and diseases are caused by viruses such as the
human immunodeficiency virus (HIV) that is responsible
for acquired immunodeficiency syndrome (AIDS), Ebola that
can cause an often fatal illness called Ebola hemorrhagic fever,
and the hepatitis B virus (HBV) that can lead to chronic
infection, cirrhosis, or liver cancer.

In viral dynamics, infection processes and virus produc-
tion are not instantaneous. In reality, there are two kinds of
delays: one in cell infection and the other in virus production.
In the literature, these delays are modeled by discrete time
delays [1-6], by finite distributed delays [7-9], and by infinite
distributed delays [9-12]. The delay in cell infection can be
modeled by an explicit class of latently infected cells (see, e.g.,
[13-15]).

On the other hand, viruses can spread by two funda-
mental modes, one by virus-to-cell infection through the
extracellular space and the other by cell-to-cell transfer
involving direct cell-to-cell contact [16-19]. For these reasons,

we propose the following generalized virus dynamics model
with both modes of transmission and distributed delays:

x(t)=A—dx(®) - f(x(®),y®),v®)v(®)
—g(x@®),y®)y®),

() = j hy (1)

m
-y -y -D)viE-D)

+g(x(t-1),yt-1)yt-1]dr-ay@®,
v(t) = kL hy (t) e ™"y (t —1)dT — v (t),

where x(t), y(t), and v(t) are the concentrations of unin-
fected cells, infected cells, and free virus particles at time
t, respectively. The uninfected cells are produced at rate A,
die at rate dx, and become infected either by free virus at
rate f(x, y,v)v or by direct contact with an infected cell at
rate g(x, y) y. Hence, the term f(x, y,v)v + g(x, y)y denotes
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the total infection rate of uninfected cells. The parameters
a and y are, respectively, the death rates of infected cells
and free virus. k is the production rate of free virus by an
infected cell. In this proposed model, we assume that the
virus or infected cell contacts an uninfected target cell at time
t — 7, and the cell becomes infected at time f, where 7 is a
random variable taken from a probability distribution A, (7).
The term e ™" represents the probability of surviving from
time t — 7 to time ¢, where «, is the death rate for infected
but not yet virus-producing cells. Similarly, we assume that
the time necessary for the newly produced virions to become
mature and infectious is a random variable with a probability
distribution h,(7). The term e ™" denotes the probability
of surviving the immature virions during the delay period,
where 1/a, is the average life time of an immature virus.
Therefore, the integral jow hy(t)e™®" y(t — T)dt describes the
mature viral particles produced at time t.

As in [20], the incidence functions f(x, y,v) and g(x, )
for the two modes are continuously differentiable and satisfy
the following hypotheses:

(Hy) g(0,y) = 0, for all y > 0; (9g/0x)(x, y) = 0 (or g(x,
y) is a strictly monotone increasing function with
respect to x when f = 0) and (dg/dy)(x, y) < 0, for
allx>0and y > 0.

(H;) f(0,y,v) =0,forall y >0andv > 0.

(H,) f(x,y,v) is a strictly monotone increasing function
with respect to x (or (0f/dx)(x,v,y) = 0 when
g(x,y) is a strictly monotone increasing function
with respect to x), for any fixed y > 0 and v > 0.

(H;) f(x,y,v) is a monotone decreasing function with
respect to y and v.

Biologically, the four hypotheses are reasonable and
consistent with the reality. For more details on the biological
significance of these four hypotheses, we refer the reader to
the works [20-22]. Further, the general incidence functions
f(x, y,v) and g(x, ) include various types of incidence rates
existing in the literature.

The probability distribution functions h, (t) and h,(7) are
assumed to satisfy h;(7) > 0 and IOOO hi(t)dr = 1fori =1,2.
When k(1) = 8(t — 1;) and h,(1) = §(t — 1,), where §(-)
is the Dirac delta function, system (1) becomes a model with
two discrete time delays 7, and 7, which is the generalization
of the models presented in [2-6]. When f(x, y,v) = B;x
and g(x, y) = 0, where S, is the virus-to-cell infection rate,
we get the HIV infection model with distributed intracellular
delays investigated by Xu [11]. On the other hand, the model
proposed by Lai and Zou [23] is a special case of our model
(1) when f(x,y,v) = Bix, g(x, y) = B,x, and hy(1) = §(7),
where f3, is the cell-to-cell transmission rate. It is important
to note that the model studied by Nelson and Perelson in [10]
is a particular case of [23].

The main objective of this work is to investigate the
dynamical behavior of system (1). For this end, we start with
the existence, the positivity, and boundedness of solutions,
which implies that our model is well posed. After that, we
determine the basic reproduction number and steady states

International Journal of Differential Equations

of the model. The global stability of the disease-free equi-
librium and the chronic infection equilibrium is established
in Sections 3 and 4 by constructing appropriate Lyapunov
functionals. An application of our results is presented in
Section 5. Finally, the conclusion is summarized in Section 6.

2. Well-Posedness and Equilibria

For biological reasons, we suppose that the initial conditions
of system (1) satisfy

x(0)=¢,0) =0,
y(0)=¢,(0) =0,
v(0) = ¢, (6) > 0,

0 € (—00,0].

2)

Define the Banach space for fading memory type as follows:
C, = {(p € C((-00,0],R}) : ¢ (6)
e s uniformly continuous on (-00,0], |¢| (3)
af
= sup |p (0)| ™ < oo} ,
6<0

where « is a positive constant and IRi = {(x, %5, %3) 1 x; =
0, i=1,2,3}.

Theorem 1. For any initial condition ¢ = (¢;,¢,,¢5) € C,
satisfying (2), system (1) has a unique solution on [0, +00).
Furthermore, this solution is nonnegative and bounded for all
t>0.

Proof. By the fundamental theory of functional differential
equations [24-26], system (1) with initial condition ¢ € C,
has a unique local solution on (0, T},,,), where T, ,, is the
maximal existence time for solution of system (1).

First, we prove that x(t) > 0 for all t € (0,T,,,)- In fact,
supposing the contrary, let £; > 0 be the first time such that
x(t;) = 0 and x(t,) < 0. From the first equation of system (1),
we have x(t;) = A > 0 which is a contradiction. Then x(¢) > 0
forallt € (0, T ay)-

From the second and third equations of system (1), we get

Y =4, (0™ + j ¢ -9 j hy (1)

T (6= - D= ) v 1)

+g(x(s-1),y(s—1) y(s—1)]drds, (4)
t (e
v(t) = ¢; (0) e + kj e Ht=9) J h, (t)e ™ y (s
0 0
- 1)dtds,
which implies that y(¢) and v(t) are nonnegative for all t €
(0, Tpax)-
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Now, we prove the boundedness of the solutions. From
the first equation of (1), we have x(t) < A — dx(t) which
implies that

©)

SRS

lim sup x (¢) <
t—+00

Then x(t) is bounded. Let

T(t)=y(t)+ J hy(r)e “"x (t - 1)dr. (6)

Since x(t) isbounded and JOOO h,(t)dt = 1, theintegralin T'(t)
is well defined and differentiable with respect to ¢. Hence,

ar © —ayt
%:AL hy (r)e dr
-d J hy () e " x (t—1)dT - ay (1) )
<Ay -6T (1),

where § = min{a, d} and
"= J h()e %Tdr, i=1,2. ®)
0

Thus, T(t) < M := max{T(0), Ay /8}, which implies that y(t)
is bounded.
It remains to prove that v(¢) is bounded. By third equation
of system (1) and the boundedness of y(t), we deduce that
P (£) < kM, — v (8). ©)
Then v(t) < max{v(0),kMn,/u}. Therefore, v(t) is also
bounded. We have proved that all variables of system (1) are

bounded which implies that T,,,, = +oo and the solution
exists globally. O

If in addition to (2) we assume that ¢,(0) > 0 for alli =
1,2, 3, we easily obtain the following result.

Remark 2. When ¢ = (¢;,¢,,¢;) € C, satistying (2) with
¢;(0) > 0 (i = 1,2, 3), all solution of (1) with initial condition
¢ is positive for all t > 0.

2.1. Equilibria. Obviously, system (1) has always one disease-
free equilibrium of the form E ¢ (A/d,0,0). Therefore, the
basic reproduction R, of system (1) can be defined by

ki, f (A/d, 0,0) + un, g (A/d, 0)
ap

R, = (10)

As in [20], R, can be rewritten as R, = Ry + Ry,
where Ry, = ki1, f(A/d,0,0)/au is the basic reproduction
number corresponding to virus-to-cell infection mode and
Ry, = mng(A/d,0)/a is the basic reproduction number
corresponding to cell-to-cell transmission mode.

Theorem 3.
(i) If Ry < 1, then system (1) has a unique disease-free
equilibrium of the form E¢(A/d, 0,0).

(ii) If Ry > 1, the disease-free equilibrium is still present
and system (1) has a unique chronic infection equilib-
rium of the form E*(x*, y*,v") with x* € (0,1/d),
y* >0, andv" > 0.

Proof. 1t is clear that E f()t/d, 0,0) is the unique steady state
of system (1) when R, < 1. To find the other equilibria, we
resolve the following system:

A—dx - f(xyv)v-g(xy)y=0,
m(f(xyv)v+g(xy)y)-ay=0, (1)

ki,y —uv = 0.

From (11), we obtain the equation

n A—dx ki’ n A—dx
k12f< , 1( )’ 12( )>

(A —dx)
T Umg (X, ’717> =

We have y = (11,(A — dx))/a > 0, which implies that x < A/d.
Thus, there is no biological equilibrium when x > A/d.
Define the function y, on the interval [0, 1/d] by

¥y (x) = ko f <x, m (A —dx) kmn, (A - dx) >

a ’ a‘u
(13)
( 1y (A —dx) )
+ [’”71!] X, — | —
a
Clearly, v,(0) = —ap < 0, y,(A/d) = au(R, — 1), and
o) dn, 0 kd 9]
wl(x):kmnz(_f_ﬁ_f_ ’71’72_f>
ox a oy apy v
g dn, 9 (14)
g an 99
+um (ax ; ay) > 0.

Hence, if Ry > 1, there exists another biologically meamngful
equlhbrlumE (x*,y",v") with x™ € (0,A/d), y* > 0, and
v* > 0. This completes the proof.

3. Stability of the Disease-Free Equilibrium

In this section, we establish the stability of the disease-free
equilibrium.

Theorem 4. The disease-free equilibrium E; is globally
asymptotically stable when R, < 1 and becomes unstable when
Ry > 1.



Proof. To study the global stability of E;, we consider the
following Lyapunov functional:

v =Ly LAR00 4 L joo hy (1)
m u 1My Jo

'eﬂxlfj (f (x(5),y(5),v(s)) v (s)
t—1 (15)
+g(x(s),y(s) y(s))dsdr
kf (A/d,0,0) [* e [
+ % L hy () e ™ L_Ty(s) dsdr.

Calculating the time derivative of V' along the positive
solution of system (1), we get

V(t)|(1)
A
:(f(x,y,v)—f(;,0,0))v (16)
L@ (k’h’hf(/\/d’ 0,0) + pmg (x.y) )
y 1].
m ay

We have lim sup,_, . x(t) < A/d, which implies that all omega
limit points satisfy x(t) < A/d. Thus, it is sufficient to consider
solutions for which x(t) < A/d. By (10) and (H,)-(H;), we
obtain

Vo), < (f(x,0,0) —f(%,o,()))v

a a
+ — (R, -1 < —(Ry—1)y.
’71(0 )y m(o )y

17)

Therefore, V| ;) < 0 when R, < 1. In addition, it is not hard
to verify that the largest compact invariant set in {(x, y,v) |
V = 0} is the singleton {E }. From LaSalle invariance
principle [27], we deduce that the disease-free equilibrium E ¢
is globally asymptotically stable when R, < 1.

On the other hand, the characteristic equation at Ey is
given by

[+ (e+a-1©9(50))

QU

1)
- @7 Ok (2,00 | <o

where 77,(§) = IOOO hi(r)e_(&"‘*’”dr. Define a function y, on
[0, +00) by

AGEE) (fw_ﬁl “)9(3’0))
(19)

A
5, @7, (E)kf<2,o,o>.
We have y,(0) = au(1 - Ry) < 0and limg_,,,y,(£) = +oo,

which implies that y, has a positive real root. Consequently,
E is unstable for R, > 1. O
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4. Stability of the Chronic
Infection Equilibrium

In this section, we investigate the global stability of the
chronic infection equilibrium E* by assuming that R, > 1
and the functions f and g satisfy, for all x, y,v > 0, the
following hypothesis:

(T ) Urt -5) =

(1- L)

.(f(x,y*,v*)g(x*,y*) y ) o,

(Hy)

flnysv)gley)  y
Therefore, we get the following result.
Theorem 5. Assume that (H,) holds. If R, > 1, then the
chronic infection equilibrium E* is globally asymptotically
stable.

Proof. We define a Lyapunov functional as follows:

NG 1
W@ =x@)-x - [ Lrevlge b
B)=x(t)-x L* 70y s+ "
. y(t) xSy v v L rv(t)
y H< = >+ v H(—>
1 * * * * b
+af(x,y,v)v Jo h, (t)

kn, y* v*
'e*"‘lfjt H(f(X(S),y(S)m(S))V(S))dsdT
-t f(x ysve) v

(20)
1 * * * e
+ag(x )y L hy (t)

o[ (D0 1
t— glx*y*)y* "

Sy [ @

t
e 2t J H <&f)> dsdr,
t-1 y

where H(x) = x — 1 —Inx, x > 0. Clearly, H : (0,+00) —
[0, +00) attains its strict global minimum atx = 1 and H(1) =
0.Hence, H(x) > 0. Further, the functional W is nonnegative.

In order to simplify the presentation, we will use the
following notations: z = z(t) and z, = z(t — 1) for any
z € {x,y,v}. The time derivative of W along the positive
solution of system (1) is given by

W), = (1 _ —f("*’y*’”*)>mi (1-2)s

f e yve) M y
+—f(x,y,:)v <1—V_>v+lf(x*,y*,v*)
kn,y v m
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) e (S Gs )y
o[ ()

H( f (e Yoo ve) ))dT+71_g(x )

7y
e (a(GE5)

G i

[ mew( (2)-n(2))ae

Applying A = dx™ + f(x", y*,v" )" + g(x", y*)y" = dx" +
(a/m)y" and kn,y* = pv™, we obtain

W), =ax (1-2) (1- L8220

£ yrv*)
+if(x*,y*,v*)v*J hy (t)e ™" [3
M 0

(21)

fypvv v

flrysv)ve v

IACEYIS N
f e yve)
f oy ) vey”

et ysve) vty

., f(xf,yf,vf)m)] 1o
+l ( flxy,v)v dT+f11g( )

* o - T f(x*’y*’v*)
o -0

f(x v ) g y)y

*

(22)

Xy ve)g(xt y*) yr oy
y

"
e

- if(x*,y*,v*)v* [ e |2
2 0

vy
ln<yr>] dr.
y
Hence,
. . X flx5 ")
Wy, = dx <1‘F>(1‘ Floyv) )

* * * * _l f(xy*v*)
+f (2" y" ") (1 o)

f(x,y,v)v ) x* * *(_ _l
Tyt ol y)y y*

+f(x’y*"’*)g(x*>y*)
fy5v7)g (%)
fyv)g(xy)y )‘i oo

+f(x7y*,V*)g(x*,y*)y* f( Yo )
* 0 ot f(-x*,)/*,v*))

: hy(1)e ™ JWXY.V)

v JO 1() [H(f(x,)’*ﬂ/*)

f (o yove) vey” T)w
(x Sy

]df——g(x )
xy,

v

i)
oy Loohl(f)ew[ (f(x,y v))
+H< )

(5t )1

(Y)Y I hy (7) e*“sz(—V y;)dr.
0 vy

T’y‘l.’ y‘[

(23)

Since the function f(x, y, v) is strictly monotonically increas-
ing with respect to x, we have

(1—%)(1—%)@. (24)

From (H,), we have

—_ 1= f(xy 1/) lf(x)y’v)
V* f(x y,v) % f(X,y*,v*)
i ey (1) )
<1 f(x,y*,v*) ( f(x,y,V) e <0,
—1—L+f(x’y*’v*)g(X*>J’*)

*

y o f(xynvt)g(xy)

(25)
fx"y v )g(xy)y
f ey ve)g(x,y*) yr
_ (1_ fGETy5v)g(xy) )
f e y*ve) g (x*,y%)

_(f(x,y*,v*)g(x*,y*) y ) o,

fxysv)glxy)  »*

Since H(x) > 0 for x > 0, we have W|(1) < 0 with equality
ifand only if x = x*, y = y*, and v = v". It follows from
LaSalle invariance principle that E* is globally asymptotically
stable. O



5. Application

In this section, we consider the following HIV infection
model with distributed delays:

Bix®v(D)  Box (D) y(©)

%(t)=A—dx(t) -

1+yv() 1+y,y(t) ’

. «© - T /31X(t—T)V(t—T)

| n !
y® .[o 1(0)e [ L+yv(t-1) 26)

ﬁzx(t—r)y(t—r)] ~

T -1 dr-ay (),
V() =k JOO hy(r)e ™"y (t—1)dr — v (1),

0

where y, and y, are nonnegative constants that measure the
saturation effect. The parameters f3; and S, are the virus-
to-cell infection rate and the cell-to-cell transmission rate,
respectively. The other parameters have the same biological
meanings as in model (1). Further, system (26) is a special case

of (1) with f(x, y,v) = Byx/(1 +y,v) and g(x, y) = B,x/(1 +
,¥). Notice that the HIV infection model presented by Lai
and Zou [23] is a particular case of our model (26), it suffices
to take y; = y, = 0 and h,(r) = &(7). In addition, system
(26) always has a disease-free equilibrium E f()\/d, 0,0) and

a unique chronic infection equilibrium E*(x"*, y*,v") when

Ry = BiAkmn,/dap + By An /da > 1.
On the other hand, it is easy to see that the hypotheses
(Hy)-(H,;) are satisfied. Furthermore, we have

 fyy) \[(fleytv) v
(1 f(x,y*,v*))(fw,v) )
_ -5, (v=v*)

v (1+68;v*)(1+6,v)
(1_ Sy v g (xy) )
fleyve)g(x*,y*)
Sy v)a(xyt)
(f(»c*,y*,v*)g(x,y) y*) 2
%0y
y (1+8,y*) (1+8yy) =

IN

0>

Consequently, the hypothesis (H,) is satisfied. By applying
Theorems 4 and 5, we get the following result.

Corollary 6.

(1) IfRy < 1, then the disease-free equilibrium E ; of system
(26) is globally asymptotically stable.

(ii) If Ry > 1, then the disease-free equilibrium E ; becomes
unstable and the chronic infection equilibrium E* of
(26) is globally asymptotically stable.
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6. Conclusion

In this work, we have proposed a mathematical model that
describes the dynamics of viral infections, such as HIV and
HBYV, and takes into account the two modes of transmission
and the two kinds of delays, one in cell infection and the
other in virus production. The transmission process for
both modes is modeled by two general incidence functions
that include many types of incidence rates existing in the
literature. Further, the two delays are modeled by infinite
distributed delays. Under some assumptions on the general
incidence functions, we have proved that the global stability
of the proposed model is fully determined by one threshold
parameter that is the basic reproduction number R;. In
addition, the viral infection models with infinite distributed
delays and the corresponding results presented in several
previous studies are extended and generalized.

In this study, we have neglected the mobility of cells and
virus. Motivated by the works in [28-32], we will consider this
mobility in our future project in order to improve our present
model.
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