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We investigate the existence of multiple positive solutions of fractional differential equations with p-Laplacian operator
Df, (¢ (DS u®)) = ftu®), a <t < buP@ =0, j = 0,1,2,...,n =2, u(b) = &' (), ¢,(D%u@) = 0 =
Df}(qﬁp(D:m(b))), where $ € (1,2, € (n—L,n], n > 3,& € (0,00), 7 € (a,b), B; € (0,1], ¢y € {1,2,...,& — 2} is a fixed
integer, and ¢,(s) = Is|”%s, p > 1, gb;l = ¢, (1/p) +(1/q) = 1, by applying Leggett-Williams fixed point theorems and fixed

point index theory.

1. Introduction

The goal of differential equations is to understand the
phenomena of nature by developing mathematical models.
Fractional calculus is the field of mathematical analysis,
which deals with investigation and applications of derivatives
and integrals of an arbitrary order. Among all, a class
of differential equations governed by nonlinear differential
operators appears frequently and generated a great deal of
interest in studying such problems. In this theory, the most
applicable operator is the classical p-Laplacian, given by
¢, () = [ulP?, p>1.

The positive solutions of boundary value problems asso-
ciated with ordinary differential equations were studied by
many authors [1-4] and extended to p-Laplacian boundary
value problems [5-8]. Later, these results are further extended
to fractional order boundary value problems [9-12] by
applying various fixed point theorems on cones. Recently,
researchers are concentrating on the theory of fractional
order boundary value problems associated with p-Laplacian
operator [13-19]. The above few papers motivated this work.

In this paper, we are concerned with the existence of
multiple positive solutions for the fractional differential
equation with p-Laplacian operator

DF. (¢, (Diu(®)) = f(tu(®), a<t<b, (1)

with the boundary conditions

u? (@) =0, j=0,1,2,....n-2,

Ul (b) = & (), )

¢, (DSu (@) = DP (¢, (Diu (b)) =0,

where ¢,,(s) = Is|P™%s, p > 1, </>‘;1 = ¢, (1/p) + (1/q) = 1,
Be(,2ae(mn-1,nl,n=>35 €(0,1],« € [l,a - 2]
is a fixed integer, and £ € (0,00), € (a,b) are constants.
The function f : [a,b] x R" — R" is continuous and D,

Df . Df ! are the standard Riemann-Liouville fractional order
derivatives.

The rest of this paper is organized as follows. In Section 2,
the Green functions for the homogeneous BVPs correspond-
ing to (1)-(2) are constructed and the bounds for the Green
functions are estimated. In Section 3, sufficient conditions for
the existence of at least two or at least three positive solutions
are established, by using fixed point index theory and Leggett-
Williams fixed point theorems. In Section 4, as an application,
an example is presented to illustrate our main result.
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2. Green’s Function and Bounds

In this section, we construct Green’s function for the homo-
geneous boundary value problem and estimate bounds for
Green’s function that will be used to prove our main theo-
rems.

Let G(t, s) be Green’s function for the homogeneous BVP

-Dlu(t)=0, a<t<b,
u(j)(a):O, 0<j<n-2, (3)

u(oﬁ) (b) — Eu(oﬁ) (;1) .

Lemmal. Letd = (b-a)* ' —&(n-a)* " >0.Ify €
Cla, b, then the fractional order BVP

Diu(t)+y(t)=0, a<t<b, (4)
ut? (a) =0,

u(%) (b) — Eu(uﬁ) (1’])

0<j<n-2,
©)

has a unique solution, u(t) = I: G(t, s)y(s)ds, where

_ el
669=G 69+ PG (s ©
here
1
G, (t.s) = %
a-1 a—o;—1
(t_“()b (;;Szl , a<t<s<b,
—a 1
a-1 a—o;—1
(- ‘2’ (;;Szl (-9, a<s<t<b,
—a 1
G- 0 )
2 US) = r (a)
_ a—a;—1 eyl
(rl a)(b - a)O(Eal::) ? g =s= b)
—a - -1 (b _ S)ot—ocl—l e
. )(b_a)afaﬂ ~(r=9""", asssa,

Proof. Assume thatu € C [«+114, b] is a solution of fractional
order BVP (4)-(5) and is uniquely expressed as I7. Djj. u(t) =
—I7 y(t), so that

-1 ! o a,
u(t)=mL(t—s) Ly (s)ds+¢ (¢ —a)*! o

+ot-a)+- 4, (t-a)".
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From u(a) = 0,0 < j<n-2,wehavec, =¢,, =¢,, =

-+ =¢, = 0. Then
ut) = — j (t-9"" y(ds+c (E-a)",
() Ja
U@ (1) = Cll_[ (a—i)(t—a)* ™! )
i=1

- H (=) T (1“) J (t - )" y(s)ds.

i=1

From u(®)(b) = Eu(“l)(n), we have

cﬂ(a—i)(b—a) ll—gm—z)r(“)

b
. J (-5 y(s)ds

a (10)
=g [CIH (a—i)(n- a)a_“l_l
i=1
oy ' 1 " .
_g(“_l)r(a) J (=" y()ds|.
Therefore
1
as a0 -1 a—o;—1
T(e) [(0-a)* ™ = &(n-a)" "]
b
: “ (b=9""" y(s)ds
'Er(’?-s)“'“l‘ly(s)ds = 1
’ I'(a) [(b-a) ]
b
' J (b= y(s)ds
+ E(-a)™"
@ b -a ™ [b-a " —E(-a) ]
b
' J (b-9)""""" y(s)ds (1)

B £
T@)[b-a)* " -E(n-a) "]

n a—og—1
~J(fy—s) " y(s)ds

1

. r (b= y(s)ds
§
+
[(b _ a)a—a1—1 _ E (’7 _ a)“‘“l‘l]

b
. J G, (1, s) y (s) ds.
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Thus, the unique solution of (4)-(5) is

-1 t o
u(t) = m L (t-ys) 1y(s)ds
I GO MR
T@ -] j b=y y(s)ds
-1
* 5 (f - a) a—a;—1
[(b —a) T —E&(m-a) " ]
(12)
b b
: J G, (1,5) y(s)ds = J G, (t,s) y(s)ds
N §t-a)™
[(b _ a)aflefl ¢ (11 _ a)rx—oclfl]
b b
: J G, (1,5) y (s)ds = J G(t,s) y(s)ds,
where G(t, s) is given in (6). ]

Lemma 2. Ifh € Cla, b], then the fractional order differential
equation

Df (¢, (DLu(®)) =h(t), a<t<b,  (13)

satisfying (5) and

¢p (DZ”" (a)) =
(14)

DA (¢, (D u (b)) =0

has a unique solution,

b b
u(t) = J G () ¢, <J H (s,7)h () dr) ds, 15)

where

1

r(p)

H(t,s) =

t-a)f ' (p-s)f P!
(b-a)f P!
t-a)f ' (p-s)f P!
(b-a)f P!

a<t<s<b, (16)

—(t—s)ﬁ_l, a<s<t<b.

3
Here H(t, s) is Green’s function for
Df (¢, (x()) =0, a<t<b,
¢, (x(@) = 0, a7)
DP (¢, (x (b)) =
Proof. An equivalent integral equation for (13) is given by
DS u(t t-0)f " h(r)d
¢, (Dgeu (1)) = (ﬁ)J t-0 " h(r)dr »

+c1(t—a)ﬁ_1+cl(t—a)’3_2.

By (14), one can determine ¢, = 0 and ¢ = (-1/(b -

QF /TP [ - 1F P h)dr.
Thus, the unique solution of (13), (2) is

¢, (D%u ()
1 _ ﬁ 1
1“([3).[ t-1)"" h(r)dr
(t - )ﬁ—l 1 (19)

ppi
o lr(/s)J (b0 h(r)dr

= —J H(t,t)h(1)dT.

Therefore, gb;,l (gbp (DGu(t))) = —gb;l (J: H(t, t)h(t)dTt). Con-

sequently, D% u(t) + ¢, ([ H(t, Dh(r)dT) = 0.
Hence,

b b
u(t) = J G(t,s) qu (J H(s,t)h (1) d‘l’) ds. (20)

O

Lemma 3. Greens function G(t,s) satisfies the following
inequalities:

(i) G(t,s) < G(b,s), for all (t,s) € [a,b] x [a,b],

(ii) G(t,s) = (n —a)/(b - a))“_lG(b, s), for all (t,s) €
[, b] x [a,b].

Proof. Consider Green’s function given by (6).
Leta <t < s <b. Then, we have

) 1 t-a) (-5
EGI (t.5) = T(a-1) [ - a)zx—al—l :|

fa-2 (1-a)* 2 prat! (1 -(1 —ocl)s+O(sz)) (21)
>
“T(a-1) (b-a)!

(1-9)%>0.



Leta < s <t < b. Then, we have
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0 1 (t-a) 2 (b-s5)™" a-2
—G, (t,s) = —(t—
ot 1 (69) F'(ax-1) [ (b-a)* ! (=)
(22)
a2 (1-a)*2prat (1 -(1-0;)s+0 (52)) —(b-a) ! (-9 50
> -S > 0.
[(a—1) (b-a) ot
Therefore G, (¢, s) is increasing in ¢, which implies G,(t,s) <  Infact, if s > #, obviously, (23) holds. If s < #, one has
G,(b, s).
Now we prove
G, (1,s) 20, se€lab]. (23)
1 (’7 - a)“*arl (b - S)a_al_l a—o,—1
G, (n,s) = -(n-s)
2 (’7 S) T (06) [ (b _ a)oc—ocl—l (’7 )
(24)
L [(=a) ™ -9 - (=) om0 ]
RN ) (b—a)* ! T
That implies that (23) is also true. Therefore, by (6), (21), and Ifa <t <s<b,wehave
(23), we find 1 (t—a)* ! (b—s)* L
Gl (t’ S) = [ a—o;—1 ]
: , I'(a) (b-a)* ™
o) 0 (x=1)E(t-a)* _ o
—G(t,s) = =G, (t, G s _ a—1 _ ol ooyl
3 (t,s) 3 L(ts) + y > (1, 3) (25) _ 1 (t a) [(b a)* (b s)1 ] 27)
I'(x) \b—a b-a)* M~
> 0.
— a-1
> (Z—“) G, (bs).
Therefore G(t, s) is increasing with respectto t € [a, b]. Hence —a
the inequality (i) is proved. Now, we establish the inequality Therefore
(11) <rl_ a)«-l
28
On the other hand, ifa < s <t < b, we have Gi(t:s) 2 b-a G159 (28)
From (6) and (28) we have
Gl (t, S) t—a a-1
Gt9=6 69+ DG, (1)
1 [t-a)* (-9 ™" a-1 ] _
= —(f — _ a—1 _ a—1
T (OC) [ (b _ a)oc—otl—l ( S) > <u> Gl (t, S) + E(t—a)Gz (}7’ S) (29)
b-a d
S 1 <t—a)““1 ><}7_a>a—1G(b S)
T T(x)\b-a (26) “\b-a o
. . Therefore
(b-a) (b— 5" - e
’ |: (b_a)oc—txl—l - (b—S) ] G(t,S) > <Z_—a> G(b,S)

_ a—1
z(” “) G, (bs).
b-a

(30)
Y (ts) € [n,b] x [a,b].
Hence the inequality (ii) is proved. O
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Lemma 4. Greens function H(t,s) satisfies the following
inequalities:

(i) H(t,s) < H(s,s), for all (t,s) € [a,b] x [a,b],
(ii) H(t,s) = yH(s,s), for all (t,s) € I x [a,b],

where I = [(3a +b)/4, (a + 3b)/4] and y = (1/4)P.

The method of proof is similar to that [20], and we omit
it here.

Theorem 5 (Leggett-Williams [3]). Let T ﬁc — ﬁc be
completely continuous and let ¢ be a nonnegative continuous
concave functional on P such that ¢(y) < ||yl forall y € P..
Suppose that there exist a, b, ¢, and d with0 <a <b<d <c
such that

(A1) {y € P(¢,b,d) : ¢(y) > b} + 0 and $(Ty) > b for
y € P(¢,b,d),

(A2) Tyl < afor |yl < a,

(A3) ¢(Ty) > bfory € P(¢,b,c) with |Ty| > d. Then T has
at least three fixed points y,, v,, and y, in P, satisfying
Iyl < a, b<¢(y,)s lysll > a, and §(ys) <.

Theorem 6 (see [3]). Let T : l_)c — P be a completely
continuous operator and let ¢ be a nonnegative continuous
concave functional on P such that ¢(y) < ||y for all y € P..
Suppose that there exist a, b, and c with 0 < a < b < ¢ such
that

(BL) {y € P(¢,b,c) : ¢(y) > b} # 0 and §(Ty) > b for
y € P(¢,b,¢),

(B2) ITyll < afor |yl < a,

(B3) ¢(Ty) > (b/c)Tyl for y € ﬁc with |Ty|l > c. Then T
has at least two fixed points y, and y, in P, satisfying
Iyl < a Iy, > aand ¢(y,) <b.

Theorem 7 (see [21]). Let P be a closed convex set in a Banach
space E and let Q) be a bounded open set such that Q, == QNP #

0. LetT : ﬁp — P be a compact map. Suppose that x + Tx for
all x € 0,

(C1) Existence: if i(T, Q,, P) # 0, then T has a fixed point in
Q,.

(C2) Normalization: ifu € Qp, then i(, Q,,P) =1, where
U(x) =uforx e ﬁp.

(C3) Homotopy: let v : [0, 1] x ﬁp — P be a compact map
such that x # v(t, x) for x € aQP andt € [0,1]. Then
i(v(0,-), Qp, P) = i(v(1,-), Qp, P).

(C4) Additivity: if U1, U2 are disjoint relatively open subsets
of Q, such that x + Tx for x € 51, \ (U1 UU2),
then i(T, QP,P) = i(T,U1,P) + i(T,U2, P), where
i(T,Uj,P) = i(T | uj,Uj,P) (j = 1,2).

Theorem 8 (see [22]). Let P be a cone in a Banach space E. For
q > 0, define Q, = {x e P:|x| < gq}. Assume that T : ﬁq — P

is a compact map such that x # Tx for x € 0. Thus, one has
the following conclusions:

(DY) If x|l < ITx|| for x € aQq, then i(T, Qq,P) =0.
(D2) If x|l = ITx|| for x € aQq, then i(T, Qq,P) =1

3. Main Results

In this section, the existence of at least two or at least three
positive solutions for fractional differential equation with
p-Laplacian operator BVP (1)-(2) is established by using
fixed point index theory and Leggett-Williams fixed point
theorems.

Let E = {u : u € Cla,b]} be the real Banach space
equipped with the norm [u] = max;,;;|u(t)|. Define the
cone P C E by

P= {u €E:u(t)>0, Vt € [a,b], minu (t)
te[n,b]

> (1297 fut}

LetT : P — E be the operator defined by
Tu(t)

(31)

b b 32)
= J G(t,s) ¢, (J H(s,7) f (t,u (7)) dr) ds.

a

If u € P is a fixed point of T, then u satisfies (32) and hence
u is a positive solution of p-Laplacian fractional order BVP

1D-(2).
Lemma 9. The operator T defined by (32) is a self-map on P.

Proof. Let u € P. Clearly, Tu(t) > 0, for all ¢ € [a,b] and

b b
Tu(t) = J G99, (J Hs, T)f(‘r,u(‘r))dr) ds
(33)

b b
< J G(b,s)(pq(J H(S,T)f(T,u(T))dT)dS

a

so that
b b
ITul < j G (b9 ¢, (J H(s,7) f (1,u () dr) ds. (34)
On the other hand, by Lemma 3, we have

G(t,s)

b
min Tu (f) = min J
te(n,b] telnbl Jg

b
¢, (L H(s,71) f(t,u (T))dr) ds

> (g)w1 JbG(b, 9 (35)

b
¢, (J H (s, T)f(T,u(T))dr) ds

a

—a a—1



Hence Tu € PandsoT : P — P. Standard argument
involving the Arzela-Ascoli theorem shows that T' is com-
pletely continuous. O

For convenience of the reader, we denote

-1

_ 2((b-a)/(n-a)"

Jj G(n.5) ¢, (Ld yH (1,7) dT) ds
_ 1
i JfG(b,smq(ffH(r,r)dT)ds’

fo=lim m f( u)

u—0* te[a b] ¢, (u)’

foo = lim ma xf(t . 4)
U—00 telq,b] </>P ()

(36)

Theorem 10. Let f(t, u) be nonnegative continuous on [a, b] x
[0, 00). Assume that there exist constantsa’, b’ withb' > a’ > 0
such that the following conditions are satisfied:

(H1) f(t,u(t)) > ¢,(Ab") for all (t,u) € [1,b] x [b',b'((b -
a)/(n - a))** ).
(H2) f(t,u(t) < ¢,(Ba’) for all (t,u) € [a,b] x [0,a].

Then fractional order BVP (1)-(2) has at least two positive
solutions u, and u, satisfying |lu,|| < a’, minep, 11, (t) < v,
and |lu,|| > a'.

Proof. Let 6 : P — [0,00) be the nonnegative continuous
concave functional defined by 0(u) = mintg[ﬂ‘b]u(t), u € P.
Evidently, for each u € P, we have 8(u) < |lul|.

It is easy to see that T : P — Pis

b ((b-a)/(1-a))*®"V
completely continuous and b'(b-a) (n- a)Xe D 5 s
a' > 0. We choose u(t) = b’ ((b - a)/(n - a))z(“_l); then

uePp G,b',b'(b_a>2(a_l) ,
1’]—(1

_ 2(a—1)
e(u)zb’<b “) Sb.
11—61

(37)

So {u € P(O,b,b'((b-a)/(n-a)*™™ V) | Ou) > b'} + 0.
Hence, ifu € P(0,b,b'(b-a)/(n-a))** V), thend’ < u(t) <
b'((b-a)/(n-a))** P fort € [,b]. Thus for t € [#,b], from
assumption (H1), we have

Tu ()
b

b
= j G(ﬂ>5)¢q(J H(S,T)f(‘r,u(‘r))dr>ds

b b
> L G(n.5) ¢, (L H (s, T)f(T,u(T))dT) ds
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> Ab' Lb G(n.5) ¢, <L€I yH (1,71) dr) ds

:Zb’<b_a>(x—l >b’(b_a>(x—1
n-a n-a) =

(38)
Consequently,
n-a a—1
rew= (124
n[% u®=\y—,) Iul
(39)

_ a-1 _ a-1
><’7 “) xb’<b “) -
b-a n—a
forn<t<b, b <u(t) <b'((b-a)/(n-a)** . Thatis,

, L b-a 2(a—1)
0(Tu) >b, YueP|6,b,b . (40)
n—a

Therefore, condition (B1) of Theorem 6 is satisfied. Now if
u € Py, then [ull < a. By assumption (H2), we have

b
sl oo

ITu|| = max |Tu (t)] = m
telab]

b b
<J H(s,T)f(T,u(T))dT) ds] < J G (b,s)
a a (41)

b
Py <L H(T,T)f(T,u(T))dr) ds

b b
< Bd' J G (b,s) ¢, (J H(t,1) dT) ds=d,

which shows that T : ﬁar — P, that is, [Tul| < a for
u € P,. This shows that condition (B2) of Theorem 6 is
satlsﬁed Finally, we show that (B3) of Theorem 6 also holds.
Assume thatu € Pb (b= (-a))2D with | Tul > b'((b-a)/(n—

))2(“ Y. then by the definition of cone P, we have

;/l —a (a-1)
6 (Tu) = min Tu (1) > (—> ITul
elnb b-a

—a 2(a—1)
> (=2 i (42)
-a
bl
b ((b-a)/(n-a)""
So condition (B3) of Theorem 6 is satisfied. Thus using
Theorem 6, T has at least two fixed points. Consequently,
boundary value problem (1)-(2) has at least two positive
solutions u; and u, in I_Db,((hf a)/(n-ayy2e- satisfying

Tul.

] <o,

. !
g ) <V, (@3

Ju,]| > a'.
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Theorem 11. Let f(t,u) be nonnegative continuous on [a, b] x
[0, c0). Assume that there exist constants a', b', ¢’ with ((1 -

a)/(b-a)** V' >b' >a > 0such that
(H3) f(t,u(t)) < (pP(Ba')for all (t,u) € [a,b] x [0,a'],

(H4) f(t,u(t)) > ¢,(Ab") for all (t,u) € [1,b] x [b',b((b -
a)/(n - a)*“ ™1,
(H5) f(t,u(1)) < (/)P(Bc')for all (t,u) € [a,b] x [0,c].

Then fractional order BVP (1)-(2) has at least three positive
solutions u,, uy, and uz with |u,|| < @', min,, ,u,(t) > b,
lusll > a', and min, ¢, us(t) < b'.

Proof. Ifu € P, then ||u|| < ¢’. By assumption (H5), we have

b
T Tu(t)| = G(t,
ITul = max [Tu (5] = t“%aif]“a (t.5)¢,

b b
(J H(s,r)f(r,u(r))dr)ds] SJ G(b,s)

.¢q<LbH(T

b b
< BC'J G(b,s)gbq(J H(T,T)dT)dSzc'.

(44)
,T)f(T,u(T))dT) ds

This shows that T : P, — P.. Using the same arguments as
in the proof of Theorem 10, we can show that T': P, — Py is
a completely continuous operator. It follows from conditions
(H3) and (H4) in Theorem 11 that ¢’ > b'((b - a)/(n -
a))**™ > b' > 4. Similarly to the proof of Theorem 10, we
have T : P, — P, and

(a—1)
{mp(@bb(z Z) )IO(u)>b'}¢0, s
45

6(Tu) > b,

forall u € P(0,b',b' (b~ a)/(n - )@ D),
Moreover, for u € P(6,b',c') and [ Tull > b'((b - a)/( -
a))z(oﬂ), we have

) 1,, —a a—1
0 (Tu) = minTu(f) > (—) 1Tl
te[nb] b-a

a—1
>b'<b_a> >b.
11—(1

So all the conditions of Theorem 5 are satisfied. Thus using
Theorem 5, T has at least three fixed points. So, th boundary
value problem (1)-(2) has at least three positive solutions u;,
u,, and u; with [lu,| < a', minte[n’b]uz(t) > b |lusll(®) > d,

(46)

and Minye, b lusli(£) < . O

Theorem 12. Let f(t, u) be nonnegative continuous on [a, b] x
[0, 00). If the following assumptions are satisfied:

(H6) fo = foo = 00;

(H7) there exists a constant p, > 0 such that f(t,u) <
gbp(Byl), for (t,u) € [a,b] x [0,u,], then boundary
value problem (1)-(2) has at least two positive solutions
uy and u, such that 0 < Jlu, || < y; < lu,ll.

Proof. From Lemmal, we obtain T : P — P being completely
continuous. In view of f, = oo, there exists o; € (0, 4;) such
that f(t,u) > ¢,(mu), fora <t < b,0 < u < o, where
Mm € (A/2,00). Let Q, = {u € P | |lul < 0,}. Then, for any
u € 0Q), , we have

b b
ru - [ 6moe, ([ Hen
b
-f(T,u(T))dT) ds > J G(n,s)
n
b b
¢, <J H(s,7) ¢, (mu) d‘[) ds > J G(n,
a n

4, (,11 (g)m ||u||> dr) ds

_ ,,I _ a)lel Jb
n(y=y) ] G0

2
¢, (] VH (1,7) dr)ds - —Zl lull > ull,
Tel

which implies |Tull > |lu]l for u € 0Q, . Hence, Theorem 8
implies

i(T,9,,P) =0. (48)

On the other hand, since f_, = oo, there exists 05 > y; such
that f(t,u) > gbp(nzu), for u > o5, where , € (A/2,00). Let
o, > max{oy((b - a)/(n - a)* ", u}and O, = {u € P |
llull < 03}. Then mingg, pu(t) = ((b-a)/(n - a)* Hull > o3,
for any u € 0Q), . By using the method to get (48), we obtain
Tu(n) > (2111/A)||u|| > |lull, which implies [|[Tul| > |u| for
u € 0Q),. Thus, from Theorem 8, we have

i(T,Q,,P) =0. (49)

Finally, let Q, = {u e P||lull < p,}. Then, for any u € aQM,
by (H7), we then get

b b
Tu(t) :J G(t,s)qu(J H(s,r)f(r,u(r))dr) ds
b b
sj G(b,s)(pq(J H(T,T)f(r,u(r))dr)ds

b b
<J G(b,s)(pq(J H(T,T)(/SP(B[/ll)dT)ds



b b
- Bptlj G(b,s)qbq(J H(T,T)d‘[)ds:yl

= |lull,
(50)

which implies [|Tul| < [lu| for u € BQM. Using Theorem 8
again, we get

i(T,Q,,P)=1. (51)

Note that 0, < y; < 0,, by the additivity of fixed point index
and (48)-(51); we obtain

i(T,9,\9Q,,P)=i(T,Q,,P)-i(T.Q,,P) =1,

i(T,9,,\9Q,,P)=i(T,Q,,P)-i(T,Q,,P) (52)

= -1

Hence, T has a fixed point u; in Q,, '\ 50 , and it has a fixed

point 1, in Q; \ Q,, . Clearly, u, and u, are positive solutions
of boundary Value problem (1D-(2) and 0 < [luyll < py < lluyll.
O

Theorem 13. Let f(t,u) be nonnegative continuous on [a, b] x
[0, 00). If the following assumptions are satisfied:

(H8) fO = foo = 0;
(H9) there exists a constant p, > 0 such that f(t,u) >

¢, (Awy), for (t,u) € [, b]x[((n—a)/(b—a))*" iy, ],
then boundary value problem (1)-(2) has at least two
positive solutions u, and u, such that 0 < |lu,|| < u, <

lles, -

Proof. From Lemma 9, we obtain T : P — P being completely
continuous. In view of f, = 0, there exists 6; € (0, y,) such
that f(t,u) < </5P(172u), fora <t <b0 < u < §,where
1, € (0,B). Let Qs = {u e P| |lul < &} Then, for any
ue€ BQBI , we have

Tu (t)

b b
< J G(b,s)gbq (J. H(T,T)f(T,u(T))dT) ds
b b
< J Gb,9) ¢, (J H(r,7) ¢, (n,u) dT) ds (53)

b b
<1 Ilullj G(hs)%([ H(T,T)d‘r)ds

iy
= = < R
B lleell < [l

which implies |Tu| < |lu| for u € 8051. Hence, Theorem 8
implies

i(T,Q5,P) =0. (54)
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Next, since f,, = 0, there exists §; > y, such that f(t,u) <
¢, (113u), for u > &5, where 17, € (0, B). We consider two cases.

Case (i). Suppose that f is bounded, which implies that there
exists N > 0 such that f(t,u) < ¢,(N) forallt € [a,b] and
u € [0,00). Take §, > max{N/B,d;}. Then, for u € P with
lul = 6,, we get

Tu (t)

b b
< J G(bs)¢, (J H(T,T)f(r,u(r))dr) ds
b b
<[ G ¢q<J H(1,9)¢, (N) dr) s (55)

b b
_NJ G(b,s)(pq(J H(T,T)d‘[)dsz % <4,

= ull.

Case (ii). Suppose that f is unbounded. In view of f : [a, b] x
[0,00) — [0, 00) being continuous, there exist t* € [a,b]
and &5 > max{((b —a)/(n - a)*'e,, y} such that f(t,u) <
ft*,8;), fora <t < b,0 < u < &. Then, for u € P with
lul = &5, we obtain

Tu(t)

b b
<| G(,s) ¢, (J H(T,T)f(T,u(T))dT) ds

(56)

|
< Lb Gb,s) ¢, (Lb H(r,7) f (t,0,) d'r> ds
|

b b
<| e, (j H (7,7, (15 ||u||)dr)ds

b
< 1305 J G (b, s)¢q<J H(T,r)dr)ds='73_§5
<05 = |lul.

So, in either case, if we always choose Q5 = {u € E | [luf <
8, = max{d,,ds}}, then we have ||[Tul| < |ull, for u € 0Q,.
Thus, from Theorem 8, we have

i(T,Q5,P) = 1. (57)

Finally, let Q "

min, ¢, ,u(t) = (n-a)/(b-a))* " ul =
by (H9), and we then obtain

Tu(n)

={u € P| |lull < u,}. Then, for any u € 8(2”2,
(n-a)/(b-a)* "y,

b b
=I G(W’S)‘Pq(J H(SJ)f(T,u(r))dr)dg

b b
> J G(n.5) ¢, (J H(s,7)¢, (Ayz)d‘r> ds
n a
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b

> Ap, L G(n.5) ¢, <L€I yH (1,7) dT) ds

- 2 < > [’t > ,Ll "ll” >
2 2

which implies |[Tu| > |lu| for u € aQ#Z. An application of
Theorem 8 again shows that

i(T,9Q,,P)=0. (59)

Note that §; < y, < &, by the additivity of fixed point index
and (54)-(59); we obtain

i(T,Q, \Qs,P)=i(T,Q,,P)—i(T,Q,P)
=-1, (60)
i(T,05,\Q,,,P)=i(T,Q4,P)-i(T,Q,,P) =1

Hence, T has a fixed point u; in Q,, \ 551, and it has a fixed
point u, in Qg \ 5’42. Consequently, ©, and u, are positive
solutions of boundary value problem (1)-(2) and 0 < [lu,| <
ty < lluyll. 0

4. Example

In this section, we consider boundary value problem of the
fractional differential equation

Dy’ (¢, (Dgfu®)) = f (tbu(®), 0<t<l,

u(0) =0,
4 (0) =0,
, 1, <1> (61)
=-u(2),
u (1) 3% {3
¢, (D5u(0)) =0,
0.5 25
Dy (¢, (Dgfu(1))) =0,
where
t 5
m + 12u°, 0<u<?2,
ftu = ; (62)
— +u+58, u>2.
100

Let p = 1/2. We note thata = 0,b =1, =1/2,& = 1/3,
B=3/2,6 =1/2,n=3,«a =5/2,and «; = 1. By a simple
calculation, we obtain (( — a)/(b - a))* ! =0.3535, y =0.5,
B = 1.0452, and A = 34.1482. Choosinga’ = 1, b’ = 2, and
¢’ =100,then0 < a' < b’ < (- a)/(b-a)** Y and f
satisfies

(i) f(t u(t)) < 1.0452 = </>p(Ba') for all (t,u) € [0,1] x
[0, 1],

(ii) f(t,u(t)) > 68.364 = ¢,(Ab") for all (£, u) € [0.5,2] x
[2,16.0049],

(iil) f(t,u(t)) < 104.52 = ¢p(Bc') for all (t,u) € [0,1] x
[0,100].

Consequently, all of the conditions of Theorem 11 are satisfied.
With the use of Theorem 11, boundary value problem (61) has
at least three positive solutions u,, u,, and u; with

el < 1,

iy 022
(63)
il > 1

min u, (t) < 2.
tell/21] 3 ()
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