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We used the local fractional variational iteration transform method (LFVITM) coupled by the local fractional Laplace transform
and variational iteration method to solve three-dimensional diffusion and wave equations with local fractional derivative operator.
This method has Lagrange multiplier equal to minus one, which makes the calculations more easily.The obtained results show that
the presented method is efficient and yields a solution in a closed form. Illustrative examples are included to demonstrate the high
accuracy and fast convergence of this new method.

1. Introduction

The diffusion equation is a partial differential equation that
portrays density dynamics in a material that undertakes dif-
fusion. It is also used to describe progression demonstrating
diffusive-like performance, for example, the transmission of
alleles in a population genetics [1–3]. The three-dimensional
diffusion equation in fractal heat transfer involving local
fractional derivatives was presented as

∇2𝛼𝜑 (𝑥, 𝑦, 𝑧, 𝑡) = 1
𝐾𝛼

𝜕𝛼𝜑 (𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑡𝛼 , (1)

subject to the initial condition
𝜑 (𝑥, 𝑦, 𝑧, 0) = 𝜂 (𝑥, 𝑦, 𝑧) , (2)

where the local fractional Laplace operator is defined as
follows (see [4–8]):

∇2𝛼 = 𝜕2𝛼
𝜕𝑥2𝛼 +

𝜕2𝛼
𝜕𝑦2𝛼 +

𝜕2𝛼
𝜕𝑧2𝛼 . (3)

𝐾𝛼 is a nondifferentiable diffusion coefficient, and𝜑(𝑥, 𝑦, 𝑧, 𝑡)
is satisfied with the nondifferentiable temperature distribu-
tion, while the three-dimensional wave equation involving
local fractional derivatives was presented as

∇2𝛼𝜑 (𝑥, 𝑦, 𝑧, 𝑡) = 1
𝐾𝛼

𝜕𝛼𝜑 (𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑡2𝛼 , (4)

subject to the initial conditions

𝜑 (𝑥, 𝑦, 𝑧, 0) = 𝜂1 (𝑥, 𝑦, 𝑧) ,
𝜕𝜕𝜑 (𝑥, 𝑦, 𝑧, 0)

𝜕𝑡𝛼 = 𝜂2 (𝑥, 𝑦, 𝑧) .
(5)

Many physical problems are governed by partial differential
equations (PDEs), and the solution of these equations has
been a subject ofmany investigators in recent years.Thediffu-
sion and wave equations have been successfully modeled for
many physical and engineering phenomena such as seismic
analysis, rheology, fluid flow, viscous damping, viscoelastic
materials, and polymer physics [9–11].

Recently, the diffusion and wave problems were studied
by several authors by using local fractional decomposition
method [12–15], local fractional variational iteration [15–
17], local fractional series expansion [18], local fractional
functional decomposition method [19, 20], local fractional
Laplace decomposition method [21], local fractional homo-
topy perturbation method [22], local fractional similarity
solution [23], and local fractional differential transform
method [24, 25]. In this paper, our aims are to present
the coupling method of local fractional Laplace transform
and variational iteration method, which is called the local
fractional variational iteration transform method, and to use
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it to solve three-dimensional diffusion and wave equations
with local fractional derivative.

2. Mathematical Fundamentals

In this section, we present the basic theory of local fractional
calculus and concepts of local fractional Laplace transform
(see [12–15]).

Definition 1. One says that a function 𝑓(𝑥) is local fractional
continuous at 𝑥 = 𝑥0; if it holds,𝑓 (𝑥) − 𝑓 (𝑥0) < 𝜀𝛼, 0 < 𝛼 ≤ 1 (6)

with |𝑥 − 𝑥0| < 𝛿, for 𝜀, 𝛿 > 0 and 𝜀, 𝛿 ∈ 𝑅. For 𝑥 ∈ (𝑎, 𝑏),
it is called local fractional continuous on (𝑎, 𝑏), denoted by𝑓(𝑥) ∈ 𝐶𝛼(𝑎, 𝑏).
Definition 2. Setting 𝑓(𝑥) ∈ 𝐶𝛼(𝑎, 𝑏), the local fractional
derivative of 𝑓(𝑥) at 𝑥 = 𝑥0 is defined as

𝐷𝛼𝑥𝑓 (𝑥0) = 𝑑𝛼
𝑑𝑥𝛼𝑓 (𝑥)

𝑥=𝑥0 = 𝑓
(𝛼) (𝑥0)

= lim
𝑥→𝑥0

Δ𝛼 (𝑓 (𝑥) − 𝑓 (𝑥0))
(𝑥 − 𝑥0)𝛼 ,

(7)

where Δ𝛼(𝑓(𝑥) − 𝑓(𝑥0)) ≅ Γ(𝛼 + 1)(𝑓(𝑥) − 𝑓(𝑥0)).
Definition 3. Let one denote a partition of the interval [𝑎, 𝑏]
as (𝑡𝑗, 𝑡𝑗+1), 𝑗 = 0, . . . , 𝑁 − 1, and 𝑡𝑁 = 𝑏 with Δ𝑡𝑗 = 𝑡𝑗+1 − 𝑡𝑗
and Δ𝑡 = max{Δ𝑡0, Δ𝑡1, . . .}. The local fractional integral of𝑓(𝑥) in the interval [𝑎, 𝑏] is given by

𝑎
𝐼(𝛼)𝑏 𝑓 (𝑥) = 1

Γ (1 + 𝛼) ∫
𝑏

𝑎
𝑓 (𝑡) (𝑑𝑡)𝛼

= 1
Γ (1 + 𝛼) limΔ𝑡→0

𝑁−1∑
𝑗=0

𝑓 (𝑡𝑗) (Δ𝑡𝑗)𝛼 .
(8)

Definition 4. Let (1/Γ(1 + 𝛼)) ∫∞
0
|𝑓(𝑥)|(𝑑𝑥)𝛼 < 𝑘 < ∞. The

Yang-Laplace transform of 𝑓(𝑥) is given by

𝐿𝛼 {𝑓 (𝑥)} = 𝑓𝐿,𝛼𝑠 (𝑠)
= 1
Γ (1 + 𝛼) ∫

∞

0
𝐸𝛼 (−𝑠𝛼𝑥𝛼) 𝑓 (𝑥) (𝑑𝑥)𝛼 ,

0 < 𝛼 ≤ 1,
(9)

where the latter integral converges and 𝑠𝛼 ∈ 𝑅𝛼.
Definition 5. The inverse formula of the Yang-Laplace trans-
forms of 𝑓(𝑥) is given by

𝐿−1𝛼 {𝑓𝐿,𝛼𝑠 (𝑠)} = 𝑓 (𝑥)
= 1
(2𝜋)𝛼 ∫

𝛽+𝑖𝜔

𝛽−𝑖𝜔
𝐸𝛼 (𝑠𝛼𝑥𝛼) 𝑓𝐿,𝛼𝑠 (𝑠) (𝑑𝑠)𝛼 ,

0 < 𝛼 ≤ 1,
(10)

where 𝑠𝛼 = 𝛽𝛼+𝑖𝛼𝜔𝛼; fractal imaginary unit is 𝑖𝛼, and Re(𝑠) =𝛽 > 0.
The properties for local fractional Laplace transform used

in the paper are given as

𝐿𝛼 {𝑎𝑓 (𝑥) + 𝑏𝑔 (𝑥)} = 𝑎𝑓𝐿,𝛼𝑠 (𝑠) + 𝑏𝑔𝐿,𝛼𝑠 (𝑠) ,
𝐿𝛼 {𝐸𝛼 (𝑐𝛼𝑥𝛼) 𝑓 (𝑥)} = 𝑓𝐿,𝛼𝑠 (𝑠 − 𝑐) ,

𝐿𝛼 {𝑓(𝑘𝛼) (𝑥)} = 𝑠𝑘𝛼𝑓𝐿,𝛼𝑠 (𝑠) − 𝑠(𝑘−1)𝛼𝑓 (0)
− 𝑠(𝑘−2)𝛼𝑓(𝛼) (0) − ⋅ ⋅ ⋅
− 𝑓((𝑘−1)𝛼) (0) ,

𝐿𝛼 {𝐸𝛼 (𝑎𝛼𝑥𝛼)} = 1
𝑠𝛼 − 𝑎𝛼 ,

𝐿𝛼 {sin𝛼 (𝑎𝛼𝑥𝛼)} = 𝑎𝛼
𝑠2𝛼 + 𝑎2𝛼 ,

𝐿𝛼 {𝑥𝑘𝛼} = Γ (1 + 𝑘𝛼)𝑠(𝑘+1)𝛼 .

(11)

3. LFVITM for Three-Dimensional
Diffusion Problems

We first rewrite problem (1) in the local fractional operator
form

𝐿(𝛼)𝑡 𝜑 (𝑥, 𝑦, 𝑧, 𝑡) = 𝐾𝛼 (𝐿(2𝛼)𝑥𝑥 𝜑 (𝑥, 𝑦, 𝑧, 𝑡)
+ 𝐿(2𝛼)𝑦𝑦 𝜑 (𝑥, 𝑦, 𝑧, 𝑡) + 𝐿(2𝛼)𝑧𝑧 𝜑 (𝑥, 𝑦, 𝑧, 𝑡)) ,

(12)

where the local fractional differential operators 𝐿(𝛼)𝑡 , 𝐿(2𝛼)𝑥𝑥 ,𝐿(2𝛼)𝑦𝑦 , and 𝐿(2𝛼)𝑧𝑧 are defined by

𝐿(𝛼)𝑡 (⋅) = 𝜕𝛼
𝜕𝑡𝛼 (⋅) ,

𝐿(2𝛼)𝑥𝑥 (⋅) = 𝜕2𝛼
𝜕𝑥2𝛼 (⋅) ,

𝐿(2𝛼)𝑦𝑦 (⋅) = 𝜕2𝛼
𝜕𝑦2𝛼 (⋅) ,

𝐿(2𝛼)𝑧𝑧 (⋅) = 𝜕2𝛼
𝜕𝑧2𝛼 (⋅) .

(13)

Adopting the local fractional Laplace transform (denoted in
this paper by Ł𝛼) to both sides of (12) and using the initial
condition leads to

Ł𝛼 {𝜑 (𝑥, 𝑦, 𝑧, 𝑡)} = 1
𝑠𝛼𝜑 (𝑥, 𝑦, 𝑧) +

1
𝑠𝛼

⋅ Ł𝛼 {𝐾𝛼 (𝐿(2𝛼)𝑥𝑥 𝜑 (𝑥, 𝑦, 𝑧, 𝑡) + 𝐿(2𝛼)𝑦𝑦 𝜑 (𝑥, 𝑦, 𝑧, 𝑡)
+ 𝐿(2𝛼)𝑧𝑧 𝜑 (𝑥, 𝑦, 𝑧, 𝑡))} .

(14)
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Operating with the inverse of local fractional Laplace trans-
form on both sides of (14) gives

𝜑 (𝑥, 𝑦, 𝑧, 𝑡)
= 𝜂 (𝑥, 𝑦, 𝑧)
+ Ł−1𝛼 (𝐾

𝛼

𝑠𝛼 Ł𝛼 {𝐿(2𝛼)𝑥𝑥 𝜑 + 𝐿(2𝛼)𝑦𝑦 𝜑 + 𝐿(2𝛼)𝑧𝑧 𝜑}) .
(15)

Deriving both sides of (15) with respect to 𝑡, we have
𝐿(𝛼)𝑡 𝜑 (𝑥, 𝑦, 𝑧, 𝑡)
= 𝐿(𝛼)𝑡 [Ł−1𝛼 (𝐾

𝛼

𝑠𝛼 Ł𝛼 {𝐿(2𝛼)𝑥𝑥 𝜑 + 𝐿(2𝛼)𝑦𝑦 𝜑 + 𝐿(2𝛼)𝑧𝑧 𝜑})] .
(16)

By the correction function of the irrational method

𝜑𝑛+1 (𝑥, 𝑦, 𝑧, 𝑡) = 𝜑𝑛 (𝑥, 𝑦, 𝑧, 𝑡) − 1
Γ (1 + 𝛼) ∫

𝑡

0
(𝐿(𝛼)𝜏 𝜑𝑛 − 𝐿(𝛼)𝜏 [Ł−1𝛼 (𝐾

𝛼

𝑠𝛼 Ł𝛼 {𝐿(2𝛼)𝑥𝑥 𝜑𝑛 + 𝐿(2𝛼)𝑦𝑦 𝜑𝑛 + 𝐿(2𝛼)𝑧𝑧 𝜑𝑛})]) (𝑑𝜏)𝛼 , (17)

finally, the solution 𝜑(𝑥, 𝑦, 𝑧, 𝑡) is given by

𝜑 (𝑥, 𝑦, 𝑧, 𝑡) = lim
𝑛→∞

𝜑𝑛 (𝑥, 𝑦, 𝑧, 𝑡) . (18)

We now consider the initial conditions of (2); namely,

𝜑 (𝑥, 𝑦, 𝑧, 0) = 𝐸𝛼 (𝑥𝛼 + 𝑦𝛼 + 𝑧𝛼) ,
𝐾 = 1, (19)

we have

𝜑0 (𝑥, 𝑦, 𝑧, 𝑡) = 𝐸𝛼 (𝑥𝛼 + 𝑦𝛼 + 𝑧𝛼) ,
𝜑𝑛+1 (𝑥, 𝑦, 𝑧, 𝑡) = 𝜑𝑛 (𝑥, 𝑦, 𝑧, 𝑡)

− 1
Γ (1 + 𝛼) ∫

𝑡

0
(𝐿(𝛼)𝜏 𝜑𝑛 (𝜏) − 𝐿(𝛼)𝜏 [Ł−1𝛼 (1

𝛼

𝑠𝛼 Ł𝛼 {𝐿(2𝛼)𝑥𝑥 𝜑𝑛 (𝜏) + 𝐿(2𝛼)𝑦𝑦 𝜑𝑛 (𝜏) + 𝐿(2𝛼)𝑧𝑧 𝜑𝑛 (𝜏)})]) (𝑑𝜏)𝛼 .
(20)

Consequently, we obtain

𝜑0 (𝑥, 𝑦, 𝑧, 𝑡) = 𝐸𝛼 (𝑥𝛼 + 𝑦𝛼 + 𝑧𝛼) ,
𝜑1 (𝑥, 𝑦, 𝑧, 𝑡) = 𝜑0 (𝑥, 𝑦, 𝑧, 𝑡)

− 1
Γ (1 + 𝛼) ∫

𝑡

0
(𝐿(𝛼)𝜏 𝜑0 (𝜏) − 𝐿(𝛼)𝜏 [Ł−1𝛼 (1

𝛼

𝑠𝛼 Ł𝛼 {𝐿(2𝛼)𝑥𝑥 𝜑0 (𝜏) + 𝐿(2𝛼)𝑦𝑦 𝜑0 (𝜏) + 𝐿(2𝛼)𝑧𝑧 𝜑0 (𝜏)})]) (𝑑𝜏)𝛼

= 𝐸𝛼 (𝑥𝛼 + 𝑦𝛼 + 𝑧𝛼) (1 + 3𝑡𝛼
Γ (1 + 𝛼)) ,

𝜑2 (𝑥, 𝑦, 𝑧, 𝑡) = 𝜑1 (𝑥, 𝑦, 𝑧, 𝑡)
− 1
Γ (1 + 𝛼) ∫

𝑡

0
(𝐿(𝛼)𝜏 𝜑1 (𝜏) − 𝐿(𝛼)𝜏 [Ł−1𝛼 (1

𝛼

𝑠𝛼 Ł𝛼 {𝐿(2𝛼)𝑥𝑥 𝜑1 (𝜏) + 𝐿(2𝛼)𝑦𝑦 𝜑1 (𝜏) + 𝐿(2𝛼)𝑧𝑧 𝜑1 (𝜏)})]) (𝑑𝜏)𝛼

= 𝐸𝛼 (𝑥𝛼 + 𝑦𝛼 + 𝑧𝛼) (1 + (3𝑡)𝛼
Γ (1 + 𝛼) +

9𝑡2𝛼
Γ (1 + 2𝛼)) ,

(21)

and so on.
The solution in a nondifferentiable series form

𝜑 (𝑥, 𝑦, 𝑧, 𝑡) = 𝐸𝛼 (𝑥𝛼 + 𝑦𝛼 + 𝑧𝛼)

⋅ (1 + 3𝑡𝛼
Γ (1 + 𝛼) +

9𝑡2𝛼
Γ (1 + 2𝛼) + ⋅ ⋅ ⋅)

(22)
is readily obtained.
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Therefore, the exact solution can be written as

𝜑 (𝑥, 𝑦, 𝑧, 𝑡) = 𝐸𝛼 (𝑥𝛼 + 𝑦𝛼 + 𝑧𝛼 + 3𝑡𝛼) . (23)

4. LFVITM for Three-Dimensional
Wave Problems

We first rewrite the problem (4) in the local fractional
operator form

𝐿(𝛼)𝑡𝑡 𝜑 (𝑥, 𝑦, 𝑧, 𝑡) = 𝐾𝛼 (𝐿(2𝛼)𝑥𝑥 𝜑 (𝑥, 𝑦, 𝑧, 𝑡)
+ 𝐿(2𝛼)𝑦𝑦 𝜑 (𝑥, 𝑦, 𝑧, 𝑡) + 𝐿(2𝛼)𝑧𝑧 𝜑 (𝑥, 𝑦, 𝑧, 𝑡)) .

(24)

Applying the local fractional Laplace transform to both sides
of (24) and using the initial condition leads to

Ł𝛼 {𝜑 (𝑥, 𝑦, 𝑧, 𝑡)} = 1
𝑠𝛼 𝜂1 (𝑥, 𝑦, 𝑧) +

1
𝑠2𝛼 𝜂2 (𝑥, 𝑦, 𝑧)

+ 1
𝑠2𝛼 Ł𝛼 {𝐾𝛼 (𝐿(2𝛼)𝑥𝑥 𝜑 (𝑥, 𝑦, 𝑧, 𝑡)

+ 𝐿(2𝛼)𝑦𝑦 𝜑 (𝑥, 𝑦, 𝑧, 𝑡) + 𝐿(2𝛼)𝑧𝑧 𝜑 (𝑥, 𝑦, 𝑧, 𝑡))} .
(25)

Operating with the inverse of local fractional Laplace trans-
form on both sides of (25) gives

𝜑 (𝑥, 𝑦, 𝑧, 𝑡)
= 𝜂1 (𝑥, 𝑦, 𝑧) + 𝑡𝛼

Γ (1 + 𝛼)𝜂2 (𝑥, 𝑦, 𝑧)

+ Ł−1𝛼 (𝐾
𝛼

𝑠2𝛼 Ł𝛼 {𝐿(2𝛼)𝑥𝑥 𝜑 + 𝐿(2𝛼)𝑦𝑦 𝜑 + 𝐿(2𝛼)𝑧𝑧 𝜑}) .
(26)

Deriving both sides of (26) with respect to 𝑡, we obtain
𝐿(𝛼)𝑡 𝜑 (𝑥, 𝑦, 𝑧, 𝑡)
= 𝜂2 (𝑥, 𝑦, 𝑧)
+ 𝐿(𝛼)𝑡 [Ł−1𝛼 (𝐾

𝛼

𝑠2𝛼 Ł𝛼 {𝐿(2𝛼)𝑥𝑥 𝜑 + 𝐿(2𝛼)𝑦𝑦 𝜑 + 𝐿(2𝛼)𝑧𝑧 𝜑})] .
(27)

By the correction function of the irrational method,

𝜑𝑛+1 (𝑥, 𝑦, 𝑧, 𝑡) = 𝜑𝑛 (𝑥, 𝑦, 𝑧, 𝑡) − 1
Γ (1 + 𝛼) ∫

𝑡

0
(𝐿(𝛼)𝜏 𝜑𝑛

− 𝐿(𝛼)𝜏 [Ł−1𝛼 (𝐾
𝛼

𝑠2𝛼 Ł𝛼 {𝐿(2𝛼)𝑥𝑥 𝜑𝑛 + 𝐿(2𝛼)𝑦𝑦 𝜑𝑛 + 𝐿(2𝛼)𝑧𝑧 𝜑𝑛})]

− 𝜂2 (𝑥, 𝑦, 𝑧)) (𝑑𝜏)𝛼 .

(28)

Finally, the solution 𝜑(𝑥, 𝑦, 𝑧, 𝑡) is given by

𝜑 (𝑥, 𝑦, 𝑧, 𝑡) = lim
𝑛→∞

𝜑𝑛 (𝑥, 𝑦, 𝑧, 𝑡) . (29)

We now consider the initial conditions of (5); namely,

𝜑 (𝑥, 𝑦, 𝑧, 0) = 0,
𝜕𝛼𝜑 (𝑥, 𝑦, 𝑧, 0)

𝜕𝑡𝛼 = 3 sin𝛼 (𝑥𝛼) sin𝛼 (𝑦𝛼) sin𝛼 (𝑧𝛼) ,
𝐾 = 3.

(30)

Starting with the zeroth approximation,

𝜑0 (𝑥, 𝑦, 𝑧, 𝑡)
= 3𝑡𝛼
Γ (1 + 𝛼) sin𝛼 (𝑥𝛼) sin𝛼 (𝑦𝛼) sin𝛼 (𝑧𝛼) .

(31)

Substituting (31) in (28) we obtain the following successive
approximations:

𝜑1 (𝑥, 𝑦, 𝑧, 𝑡) = 𝜑0 (𝑥, 𝑦, 𝑧, 𝑡) − 1
Γ (1 + 𝛼) ∫

𝑡

0
(𝐿(𝛼)𝜏 𝜑0 (𝜏)

− 𝐿(𝛼)𝜏 [Ł−1𝛼 ( 3
𝛼

𝑠2𝛼 Ł𝛼 {𝐿(2𝛼)𝑥𝑥 𝜑0 (𝜏) + 𝐿(2𝛼)𝑦𝑦 𝜑0 (𝜏) + 𝐿(2𝛼)𝑧𝑧 𝜑0 (𝜏)})]

− 3 sin𝛼 (𝑥𝛼) sin𝛼 (𝑦𝛼) sin𝛼 (𝑧𝛼)) (𝑑𝜏)𝛼 = sin𝛼 (𝑥𝛼) sin𝛼 (𝑦𝛼)

⋅ sin𝛼 (𝑧𝛼) ( 3𝑡𝛼
Γ (1 + 𝛼) −

27𝑡3𝛼
Γ (1 + 3𝛼)) ,

𝜑2 (𝑥, 𝑦, 𝑧, 𝑡) = 𝜑1 (𝑥, 𝑦, 𝑧, 𝑡) − 1
Γ (1 + 𝛼) ∫

𝑡

0
(𝐿(𝛼)𝜏 𝜑1 (𝜏)

− 𝐿(𝛼)𝜏 [Ł−1𝛼 ( 3
𝛼

𝑠2𝛼 Ł𝛼 {𝐿(2𝛼)𝑥𝑥 𝜑1 (𝜏) + 𝐿(2𝛼)𝑦𝑦 𝜑1 (𝜏) + 𝐿(2𝛼)𝑧𝑧 𝜑1 (𝜏)})]

− 3 sin𝛼 (𝑥𝛼) sin𝛼 (𝑦𝛼) sin𝛼 (𝑧𝛼)) (𝑑𝜏)𝛼 = sin𝛼 (𝑥𝛼) sin𝛼 (𝑦𝛼)

⋅ sin𝛼 (𝑧𝛼) ( 3𝑡𝛼
Γ (1 + 𝛼) −

27𝑡3𝛼
Γ (1 + 3𝛼) +

243𝑡5𝛼
Γ (1 + 5𝛼)) ,

(32)

and so on.
The solution in a nondifferentiable series form

𝜑 (𝑥, 𝑦, 𝑧, 𝑡) = sin𝛼 (𝑥𝛼) sin𝛼 (𝑦𝛼) sin𝛼 (𝑧𝛼)
⋅ ( 3𝑡𝛼
Γ (1 + 𝛼) −

27𝑡3𝛼
Γ (1 + 3𝛼) +

243𝑡5𝛼
Γ (1 + 5𝛼) ⋅ ⋅ ⋅)

(33)

is readily obtained.
Therefore, the exact solution can be written as

𝜑 (𝑥, 𝑦, 𝑧, 𝑡)
= sin𝛼 (𝑥𝛼) sin𝛼 (𝑦𝛼) sin𝛼 (𝑧𝛼) sin𝛼 (3𝑡𝛼) . (34)

5. Conclusion

In this work, we studied the local fractional variational
iteration transformmethod to solve three-dimensional diffu-
sion and wave equations involving local fractional derivative
operator and their nondifferentiable solutions were obtained.
This method can also be applied to a large class of system
of partial differential equations with approximations that
converges rapidly to accurate solutions.
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