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The consistent tanh expansion (CTE) method has been succeeded to apply to the nonintegrable (3+1)-dimensional Kadomtsev-
Petviashvili (KP) and (2+1)-dimensional Boussinesq equations. The interaction solution between one soliton and one resonant
soliton solution for the (3+1)-dimensional KP equation is obtained with CTE method. The interaction solutions among one soliton
and cnoidal waves for these two equations are also explicitly given. These interaction solutions are investigated in both analytical
and graphical ways. It demonstrates that the interactions between one soliton and cnoidal waves are elastic with phase shifts.

1. Introduction

The investigation of exact solutions of nonlinear partial
differential equations (PDEs) plays an important role in the
study of nonlinear physical phenomena. Many methods for
seeking solutions of PDEs have been developed, such as the
inverse scattering method [1], Hirota’s bilinear method [2],
symmetry reductions [3], Darboux transformation [4], alge-
brogeometric method [5], homogeneous balance method [6],
and multiple exp-function method [7]. However, except for
the soliton-soliton interaction solution, it is very difficult to
find interaction solutions among different types of nonlinear
excitations with these methods. Recently, a consistent tanh
expansion (CTE) method is developed to find interaction
solutions between solitons and any other types of solitary
waves [8, 9]. The method has been valid for a lot of integrable
systems [10-15]. The method for the nonintegrable nonlinear
systems is much less studied. In this paper, we use the CTE
method to study two typical nonintegrable systems. The
interaction solutions between solitons and any other types
of solitary waves for these two equations are obtained via
the CTE method. These interaction solutions are completely
different from those obtained via other methods [6, 16-18].
The structure of this paper is organized as follows. In
Section 2, the CTE approach is developed to the (3+1)-
dimensional KP equation. The interaction solutions among

one soliton and other types of solitary waves such as one res-
onant soliton solution and cnoidal waves are explicitly given.
The interactions between one soliton and cnoidal waves are
elastic with phase shifts. According to the above procedure
of solving the KP equation, the interaction solutions for the
Boussinesq equation are presented in Section 3. The last
section is a simple summary and discussion.

2. CTE Method and Interaction Solutions for
(3+1)-Dimensional KP System

The (3+1)-dimensional Kadomtsev-Petviashvili (KP) equa-
tion reads

(uy — UL, + 1ty ) + 30, +3u,, = 0, (1)

which has been directly applied in plasma physics. It has also
been studied to figure problems of three-dimensional wave
structures per se, the wave of collapse of sonic waves, and
the self-focusing of the beams of the fast magnetosonic waves
propagating in magnetized plasma [19-22].

According to the CTE method, we take the tanh function
expansion as the following form by using the leading order
analysis [8]:

u = uy +u, tanh (f) + uytanh® (), (2)
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where u, u;, u,, and f are arbitrary functions of (¢, x, y).
Vanishing the coefficients of powers of tanh®( f), tanh’( f),

and tanh*( f) after substituting (2) into the (3+1)-dimensional
KP system (1), we get

2
u2=2fx)
ul:_zfxx’ )
2 2 2
u —_‘_Lf2+ff+4fxxx+fy+fz_fxx
0 3 x 6fx Zf)% .

Collecting the coefficients of tanh?( 1) tanh?( 1) tanh'( ),
and tanh’(f), we get four overdetermined systems for the
field f. We omit the expression of these four overdetermined
systems since they are very lengthy. According to the CTE
approach, we obtain the nonauto-Backlund transformation
(BT) theorem of (3+1)-dimensional KP equation (1).

Nonauto-BT Theorem 1. If one finds the solution f to satisfy
these four overdetermined systems consistently, then u, with

= 2fanh? (£) =2, tanh () - 5 /2
(4)

2 2 2
+ft+4fxxx +fy +fz _fxx
6fx 2fy

will be a solution of (3+1)-dimensional KP system (1).

By means of the nonauto-BT Theorem 1, some special
interaction solutions among solitons and other kinds of
complicated waves can be obtained. We will give some
concrete interesting examples in the following.

A quite trivial straight line solution for the overdeter-
mined systems has the form

f=kx+ly+bz+wt, (5)

where k, I, b, and w are the free constants. Substituting the
trivial solution (5) into (4), one soliton solution of the (3+1)-
dimensional KP system yields

u = 2k*tanh’ (kx +ly + bz + wt) - gkz
S (6)
. 30° + 36" + wk
6k2 '

The nontrivial solution of the (3+1)-dimensional KP equation
is found from the quite trivial solution of (5).

To find the interaction solutions between one soliton and
other nonlinear excitations, we can use the solutions with
one straight line solution (5) plus undetermined waves for
the field f. For the interaction solution between one soliton
and one resonant soliton solution of the (3+1)-dimensional
KP equation, we assume

f=kx+ly+bz+wt

7)
+ % In (1 +exp (kox + 1oy + byz + wyt)),
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where k, [, by, and w, are arbitrary constants. Substituting
expression (7) into overdetermined systems, (7) should be
the solution of overdetermined systems with the following
relations:

b, VAR + 413K + k2Kt — (bky + byk)’
k k ’
_ 6b%k, , Kot — 6bby
TR k

Iy =

w, — 4k, (kg —2k* = 3kgk) (8

61\ 4K4IE + 41K + K2Kd — (b, + Byk)?
+ .
k2

Figure 1 displays the interaction behavior between one soli-
ton and one resonant soliton solution with the parameters
selectedas k = 1/2,b = 1, k, = 1/4,1, = 1/4,b, = 1/2,
and w, = 1/2. This phenomenon can be observed on the
sea surface. Solution (7) is useful for applying in maritime
security and coastal engineering.

To find the interaction solutions between one soliton and
cnoidal periodic waves, we assume the interaction solution
form as

f=kx+ly+bz+wt+F(X),
)

X =kox+1yy+byz + wyt.

Substituting expression (9) into four overdetermined sys-
tems, these four equations will be consistent and the consis-
tent condition is

Fx—4F +aF} + a,F] +a;F, +a, =0, Fx=F,, (10)

where Fyx and F, x denote the derivative of F and F; with
respect to X, respectively, and

8k
a, = 2C2k3 - k—o,
LK (Ck-C) kot +P
b ko ko
k (4ll, + 4bb, — kaw,) 5K (b5 +13)
- kS K
0 0 )
2
a, = 6C,kky —2C ky — %
k()
a; = 6C,K> —4C k- > + Few, = 6ll, = 6bby 6llf = 6bb,
kO kO

N 6kl + 6kb]
ko

where C, and C, are arbitrary constants. The general solution
of (10) can be written out in terms of Jacobi elliptic functions
[23, 24]. Hence, the solution expressed by (4) is just the
explicit interaction solutions between one soliton and cnoidal
periodic waves. In the following, we give one special case for
this kind of interaction solution.
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FIGURE 1: Plot of the interaction solution between one soliton and one resonant soliton solution for field u with the parametersk = 1/2,b = 1,
ko =1/4,1, =1/4, b, = 1/2, and w, = 1/2. (a) Three-dimensional image at x = y = 0. (b) The density plot of the corresponding solution.

We take the solution of (10) as
F, = ay+a;sn(a, X, m). (12)

Substituting (12) into (10) and vanishing all the coefficients
of different powers of the Jacobi elliptic function sn, the
interaction solution between one soliton and the cnoidal wave
solution of (3+1)-dimensional KP system (1) gives

u = 2 (k +agky +a,kyS)” tanh? ( f) - 2a,a,k>CD
-tanh (f) + (éafkg (561§m2 - Saf) st
+a; (saokg (agk +2k) + 8k K
L o2ag 2 kow, bg+l§ 2
+ga2k0(m +1)—T—T S

-a (%kg (aoky + k) (a%mz + 8a§ + a;)
(13)

16k°  ayw,
+k, (T - %) +16agk’ky — ay (I + 57

wk, + wyk 4 4
—lOZ—bob—%)S—gagkg—gk‘*
6

bl + zzo) - 13—6a0k0k (@22 +K) +

bg;'lg —8k2k§)+a0<wk°2w0k

b+ 2
2

+ k?w) - (k+ agk, + alkos)_2 ,

where S = sn(a, X, m), C = cn(a, X, m), and D = dn(a, X, m)
are the usual Jacobian elliptic functions with modulus 7 and

al:_mzaZ’
===k +—,
=Ty
ko (3Cokg +A)
R T

A = \[6C2Kki + 16C, ky + 8aZm? + 8a2,

3G, 1K + 1A
l=——2°£ 0 +%<64m2a§kg

~4a’k, (m2 + 1) (2C2k§ + A)z
2CKS +2C,AK: + 1A% ’
+ 2 T 208K, + 55 %o

1/2
— (12C,byk2 + by A + 16b)2> ,

Ciky 9C3k) K 6ly + 6b;
w= [ 20, 220 Ko®o # 0% O )
2 16 ak,

11C K0
+ 270

+3C,C,k¢

Cyky (4a3ky (1+m) — 18b; — 3kgw, — 1813)
+
4

6 (b, +11,)
ke
(14)

It is remarkable that solution (13) describes interaction
between one soliton and the cnoidal wave. Figure 2 plots a



dark soliton coupled to a cnoidal wave background with the
parameters k, = 1,1, = 1, b, = 1/4, 0w, = 1, b = 1/4,
a =1,m = 03,C, = 1,and C, = 0.75. Figures 2(a)
and 2(b) exhibit the wave interaction structure for (3+1)-
dimensional KP equation solution (13) at x = y = z = 0
and x = y =t = 0, respectively. Figure 2(c) is three-
dimensional view of corresponding solution (13). Figure 2(d)
demonstrates the interaction behavior between a soliton and
every peak of the periodic wave. It is easy to observe that the
interaction between a soliton and every peak of the cnoidal
periodic wave is elastic except phase shifts. In the ocean,
there are some typical nonlinear waves such as interaction
solutions between solitons and cnoidal periodic waves [23].
We introduce the interaction solutions which may be useful
for studying the ocean waves.

3. CTE Method and Interaction Solutions for
(2+1)-Dimensional Boussinesq System

The (2+1)-dimensional Boussinesq equation reads

2
Uy +6U +6UL,, —U

xx ~ Waexxex — uyy =0. (15)

It was derived by combining the classical Boussinesq equation
with the weak dependence on the second spatial dimension
[25]. It can be used to describe the propagation of gravity
waves on water surface, in particular the head-on collision
of oblique waves [25, 26].

According to the same as the above-mentioned steps, the
tanh function expansion has the form [8]

u = g+ u, tanh (f) + u,tanh® (f), (16)

where u, u;, u,, and f are arbitrary functions of (¢, x, y).
Vanishing the coefficients of powers of tanh®( ), tanh®( 1),

and tanh*( f) after substituting (16) into the Boussinesq
system (15), we get

2
u, =2f,,
U = _2fxx’ (17)
2 2 2
1 4 , foxx fy_ft _3fxx
Uy =——=f. + + > .
6 3T T ep

Gathering the coeflicients of tanh’( ) tanh?( bR tanh'( 1)
and tanh’(f), we get four overdetermined systems for
the field f. The following nonauto-BT theorem for (2+1)-
dimensional Boussinesq equation (15) is obtained with above
calculation.

Nonauto-BT Theorem. If one finds the solution f to satisfy
four overdetermined systems consistently, then u, with

= 2fanh? () = 2, tanh () + = = 5 2

2 2 2
N foxx + fy _ft _3fxx
3fx 6f2

(18)

>
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will be a solution of (2+1)-dimensional Boussinesq system
(15). To find the interaction solutions between one soliton and
cnoidal periodic waves, we assume the interaction solution
form as

f=kx+ly+wt+F(X),
(19)
X =kox+1,y+wyt,

where ky, l), wy, k, I, and w are all the free constants.
Substituting (19) into overdetermined systems, we obtain an
equation about F, (X) as

FiX—4Ff+a1Fl3—a2F12—a3Fl—a4 =0, Fx=F, (20)

where Fy and F, x indicate the derivative of F and F, with
respect to X, respectively, and

8k
a, = 2C,k> - —,
1 2™0 k()
L 2k* (C, - C,k) N P - o N 4k (1, — waw,)
=
ko 3k, 3k;
5Kk (I - wp)
- 3—k8’ (21)
2
a, = 2k, (C, —3C,k) + %,
0

2(lly - wey) 2k (I - )
Kt Ko

0

ay = 2k (2C, - 3C,k) +
where C, and C, are arbitrary constants. We also give one
special case to show interaction solutions between one soliton

and cnoidal periodic waves.
We assume the solution of (20) as

F, = ay+a;sn(a,X,m). (22)

Substituting (22) into (20) and vanishing all the coefficients
of different powers of the Jacobian elliptic function sn, the
interaction solution between one soliton and the cnoidal wave
solution of (2+1)-dimensional Boussinesq system (15) gives

u = 2 (k+agk, +a;k,S)” tanh® (f) - 2k2a,a,CD
-tanh (f) + (alzkg (Saf - Sagmz) st
+a; (48a0k3 (agky + 2k) + @k, (m2 +1)
+k; (48k2 - 1) +awp - lé) s’
+2a, (Zagkg (m2 + 1) (aoky + k)
+16ayk; (agky +3k) + agky (48K> — 1)
+kok (16K = 1) + ag (0 = ) + ww, — 1) S
+kjy (8ay +3aa; ) +agky (48K — 1) + 8k*

+32kagky +2agkky (16k* = 1) + aj (o - 17)
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FIGURE 2: Plot of one soliton on the periodic cnoidal wave background expressed by (13). (a) The wave propagation pattern of the wave along
t axis at x = y = z = 0. (b) The soliton-cnoidal wave structure at x = y = t = 0. (c) The three-dimensional view at x = y = 0. (d) The density
plot of the corresponding solution.

+ 24y (wwy — 1) +w” =1 = kz) : (6 (k +agk, . (ZCzkg + A)2 + (m2 + 1)
2\~ 1
+a,kyS)") (3:1; (I - wp) ((2C2k§+A)2—l6a§)
(23)
2,4
where S = sn(a, X, m), C = cn(a, X, m), and D = dn(a, X, m) _ a2_k° (2C2k§ + A)4) -3 (1(2) _ wg)
are the usual Jacobian elliptic functions with modulus m1 and 4
1 2
m=-T2, -<<C§k§+czk§A+ZA> -16a§>+kg (czkg
C A
ag = 71k§+§) A)6)1/2
2 + = >
ko (3C,k5 + A) 2
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A = \[6C2kd + 16C,k, + 8aZm? + 8a2, 4w 32w w
, 3C,Ckg + Compkl (m* +1)  3C,kg (15— wyp)
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FIGURE 3: Plot of one soliton between the periodic cnoidal wave interaction solution expressed by (23) of the Boussinesq equation. (a) The
wave propagation pattern of the wave along f axis at x = y = 0. (b) The soliton-cnoidal wave structure at x = ¢t = 0. (c) The three-dimensional

view at time x = 0. (d) The density plot of the corresponding solution.

Figure 3 is a special plot of this interaction solution with
the parameters k, = 0.8, = 13, w, = 07,a, = 1,
m = 09,C, = 1,and C, = 0.75. Figures 3(a) and 3(b)
exhibit the wave interaction structure for (2+1)-dimensional
Boussinesq equation solution (23) at x = y = 0O and x =
t = 0, respectively. Figure 3(c) is three-dimensional view
of corresponding solution (23). Figure 3(d) shows that the
interaction between soliton and the cnoidal wave (every peak
of the cnoidal wave) is elastic except for phase shifts.

4. Conclusions

In summary, the (3+1)-dimensional KP and (2+1)-
dimensional Boussinesq equations are studied by means
of the CTE method. A nonauto-BT theorem for these two
systems is given with the CTE method. With the help of
the nonauto-BT theorem, the interaction solutions between
one soliton and cnoidal waves are obtained for these two
systems. The interaction between one soliton and every
peak of the cnoidal periodic wave is elastic with phase shift.
Besides the interaction solution between one soliton and
one resonant soliton solution for (3+1)-dimensional KP

equation is also derived with the nonauto-BT theorem. The
interaction solutions for these two nonintegrable equations
were not found before. It may be useful for studying the
ocean waves. In the meanwhile, other methods such as the
truncated Painlevé expansion [8], Darboux transformation
[23, 24, 27, 28], and Backlund transformation [29] related
nonlocal symmetries have been also used to obtain the
interaction solutions among solitons and other nonlinear
excitations. The details on these interaction solutions for
other nonlinear systems are worthy of further study.
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