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We consider the time-oscillating Hartree-type Schrodinger equation i, + Au + 0 (wt) (|x|'y * |u|2) u = 0, where 0 is a periodic

function. For the mean value I(6) of 0, we show that the solution u,, converges to the solution of iU, + AU +1 (6) (|x|’y * |U|2) U=0

for their local well-posedness and global well-posedness.

1. Introduction

In this paper, we discuss the following Hartree-type
Schrodinger equation:

iu, + A+ 60 (wt) (177 * [ul?)u =0,
(OHS)
u0)=¢e H' (RN),

where * represents the convolution operator, y € (0,4] N
(O,N), w € R, and 0 is a periodic function belonging to
C'(R, R). People are interested in Hartree equation since it
has many applications in the quantum theory of large systems
of nonrelativistic bosonic atoms and molecules. The numbers
of bosons in such systems are very large, but the interactions
between them are weak. Hartree equation arises in the study
of the mean-field limit of such systems; see, for example, [1-
3].

Different from the classical Hartree-type Schrodinger
equation, the coefficient of nonlinearity of (OHS) is a
function, especially a periodic function, not some constant,
although its L™ norm is finite. We assume 7 is the period of
0; then we can define the mean value

1(6) = % LT 6 (s) ds. )

One can take such mean value as the coefficient of
nonlinearity of Hartree-type Schrédinger equation:

iU, + AU +1(0) (Ix|? = [UP*) U =0,
(HS)
U©0) =geH (RY).

Then, (OHS) is a time-oscillating equation and (HS) is the
corresponding deterministic one. In this paper, our purpose
is to discuss the relationship of well-posedness of solutions
between (OHS) and (HS).

The Cauchy problem has been settled by Cazenave and
Weissler [4, 5] and Miao et al. [6-8]. For the sake of con-
ciseness, we only state the results without any detailed proof.
The definition of admissible pair is arranged in Section 2,
although we use it here.

Proposition 1. For any initial data ¢ € H Y(RYN), there exists a
unique H' solution of (OHS) (or (HS)) defined on the maximal
life interval (=T 5 Tinax) With 0 < Ty, Troin < 00. Moreover,
the following properties hold.

Tmax)> Hl (RN)) n Lq ((_Tmin’ Tmax)’

(1) u € C((_Tmin’ loc
WY (RN)) for any admissible pair (g, r);

(2) (blow-up alternative) if T,,,,, < 00 (resp., Trin < 00),
then, for y < 4, one has limyp [[Vull 2@y = +00
and, for y = 4, one has |lull 3o,y isven-0@yy) =
+00.

ax’
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As mentioned above, we are concerned with the behavior
of solution of (OHS), when |w| — +00. Precisely, in the
maximal life interval of solution of (HS), we attempt to find
the relationship of solutions between (OHS) and (HS) as |w|
is sufficiently large. Mimicking the approach of Cazenave
and Scialom [9] and Fang and Han [10] in the case of the
H' Schrodinger equation with the local nonlinear term, we
obtain the following theorems for Hartree-type.

Theorem 2. Assume the initial data ¢ € H'(RN) and define
u,, as the solutions of (OHS). Let U be the solution of (HS) with

the maximal life interval [0, S,,,,). Then, we have

(1) for any time T satisfying 0 < T < S, if lw| is
sufficiently large, the solution u, of (OHS) exists in
[0, T];

(2) for any admissible pair (q,r) and time 0 < T < S,
u, — U in L1((0, T), W (RN)) as |w| — oo. In
particular, the convergence holds in C([0,T], HYRN)).

Theorem 2 describes the relationship of local well-
posedness of solutions between (OHS) and (HS). Further-
more, if the solution of (HS) is globally existent, that is, S, =
+00, we want to know whether Theorem 2 still holds. The
following theorem gives the positive answer if the solution of
(HS) owns sufficient decay ast — oo.

Theorem 3. Under the assumptions of Theorem 2, suppose
thaty > 2 and

Ue L12/(8—y) ((O,S )’L6N/(3N—2—2V) (RN)); (2)

and then it follows that solution U of (HS) is global; that is,
Siax = 00. Moreover, solution u,, of (OHS) is also global if |w|
is sufficiently large, and u,, — U in L1((0, 00), WM (RM)) as
|w| — o0, for all admissible pairs (g, 1).

max

The assumption (2) makes sure the solution U of (HS)
owning sufficient decay, by which deduces U not only is
global but also has scattering state (the details can be referred
to in [6-8]). In fact, (2) shows that U is global when
y = 4 immediately, according to the blow-up alternative in
Proposition 1. And for y < 4, the norm of [VU(t) 2w
can be controlled by (2), for any ¢ € [0, S,,,,), which shows
Smax = 00 by the blow-up alternative in Proposition 1. The
details can be found in Lemma 9.

Many people show that the condition (2) holds in differ-
ent cases. Cazenave in [4] shows (2) is true for defocusing case
(I(0)) when 2 < y < 4. When y = 4, Miao et al. in [6] show
(2) is true for defocusing case with the radial initial data and
for focusing case with the radial initial data and its energy and
kinetic energy smaller than the ground states.

When solution U of (HS) is global but (2) does not hold,
we are not sure the behavior of solution u,, of (OHS) even w
is sufficiently large. In order to have a good understanding of
the development of u,,, we think that we should understand
the development of U firstly, especially the blow-up rate of U.

In Section 2, we introduce some notations and some use-
ful lemmas. Theorem 2 is proved in Section 3, and Section 4
is devoted to proving Theorem 3.
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2. Notations and Some Tools

In this section, we introduce some notations and useful
lemmas. In order to discuss nonlinear Schrédinger equation
conveniently, we always consider the equivalence of (OHS)
(or (HS)):

. t .
ut)y=ep+i J 7940 (ws)
0 (3)
X (|x|_y * |u|2) u(s)ds,

where ("), represents the Schrodinger group.

Definition 4 (admissible pair). A pair (g, ) is called admissi-
ble if (2/q) + (n/r) = n/2and 2 < g, < co (if N = 1, then
2<r<o0;if N =2,then2 <r < 00).

Before stating the useful lemma, we describe the Classical
Strichartz estimates. The proofs of Strichartz estimates are
referred to in [5, 11-14].

Lemma 5 (classical Strichartz estimates). The following prop-
erties hold.

(i) Forany ¢ € LZ(RN) and any admissible pair (q, 1), the
function t — €™ ¢ belongs to

L(R,L (RY)) nC(R,L* (RY)). (4)

In addition, there exists a constant C such that

“ itA(P"Lq(R,Lr) s C"(P”LZ' (5)

(i) Let I be an interval in R, J = I, and t, € J. If (y, p)
is an admissible pair and f € LY (I, LP’(IRN)), then for
any admissible pair (q, r), the function

t .
fr— J eI (s)ds, wheretel, (6)
t

belongs to L1(R, L (RM) n C(R, LA(RYN)). Moreover,
there exists a constant C independent of I such that

t .
J e'(t_s)Af(s)ds
t,

0

< C"f”Ly'(LLP’)' (7)
La(I,L)

We also need the following maximal estimate, which
follows immediately from the sharp Hardy inequality (see

(15]).
Lemma 6. Let 0 < y < N; one has
el ™ s 1l e gy S Malpz - (8)

The following lemma is the key to discussing the rela-
tionship between (OHS) and (HS), which shows that when
|w| goes to infinity, the nonlinearity of (OHS) converges to
the nonlinearity of (HS). The lemma has been proved by
Cazenave and Scialom [9]; therefore, we only state it here
without any detailed proof.
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Lemma 7. Let (y, p) be an admissible pair, and fix a time t,,.
Given f € L' (R,LF (RNY), it follows that

1(60) f SN f () ds, (9)

| =00 o

t .
J 6 (ws) €I f (s)ds o
ty w

in LY(R, L' (RN)), for any admissible pair (q, 7).

Lemma 8. Let the initial data ¢ € HY(RYN). For any w € R,
define u,, as the solution of (OHS), and U is the solution of (HS)
with the maximal life interval [0, S,,,). Fix a time | satisfying
0 < I < 8,0 and suppose u,, exists in the interval [0, 1] when
|w| is sufficiently large. Suppose the following conditions hold:

lim sup|u
|lw| — 0o

ollxn <0 (10)

where
L ((0,n,H' (RY)), if y<2
X (0,1) = 4 18/0 ((O, 1), [N/GN-2-2y) (RN))
nL ((0,0),H' (RY)), if 2<y<4.
(11)
Then, for any admissible pair (g, ), one has

— 0. (12)

“uw - U”L‘f(((),l),Wl’r(RN)) Jw| = co

Proof. From the conditions (10), we can choose two constants
L and M such that when |w| > L, we have

sup ||u <M.
lezL" w"X(O,l) (13)
Set

Q = Ul x(0.) (14)

and then Proposition 1 deduces Q < co.
It follows from (3) that u, — U = i(I; + I,), where

I = Lte(ws) I (17 Ju ) o ()
(7« P U@]ds,  (5)

I = Lt [0 (ws) — 1(0)] ™" (x| 7 = [UI*) U (s) ds.

By Lemma 6, Hardy-Littlewood-Sobolev inequality, Holder
inequality, and Sobolev embedding, we obtain

|(1l ™ 1UP) U], ) < E Uy < 1°Q° (16)

Y (0,l)
where
L' (0,7 (RY)), ify<2;
Y (0,0) = 16/6-p) ( (0,1), WHSNIGN+2r-9 (RN)) )
ifa<y<4, (17)
ity<2;
if2<y<4

Therefore, we can obtain from Strichartz estimates and
Lemma 7 that

Ce, — 0. (18)

"IZHL‘I((O,Z)WI”(RN)) = lw] — 00

It follows from Strichartz estimates, Lemma 6, Hardy-
Littlewood-Sobolev inequality, Holder inequality, and
Sobolev embedding that

"I 1 "Lq((O,l)W”([RN))

<Cr* [””w - U"X(O,l) (”uw||§((0,l) + ||U||§((0,l))

5 (19)
+||”w - U"X(o,l) (““w"xm,l) + "U"X(OJ))]
<cr (M2 + Qz) [“”w - U||§((0,l) + u, - U"X(O,l)] .
Equations (19) and (18) can deduce that
ety U||L'i((0,l),w”(RN))
< Ce, +CI* (M* + Q) (20)

% [t = Ul * 10 = Ullan ]

The conclusion (12) can be obtained from the above inequal-
ity, if we can show
[l U“X(O,l) |w:’oo 0. (21

Divide [0,] into subintervals [t;,t;,;],i = 0,...,] — 1,
witht, =0, ¢ ;= [ such that in each subinterval, we have

Cl‘x (||uw|l§((ti’ti+1) + "Ulli((ti)t‘ﬂ)

(22)

N =

+”uw“X(t,~,ti+l) + "U”X(fi’tm)) =

where J only depends on M and Q.
In the initial interval [ty,,], since u,(t,) = U(t,) = ¢,
(19), (18), and (22) deduce that

”uw - U”X(to,tl)
1 2 (23)
< Ce, + 5 [n”w - U”X(to,tl) + ””w - U“X(to,tl)] >

where we let L1((¢,,t,), wh(RN)) = X(t,,t,) by the special

choice of (g, 7).
Then by the continuity argument, we have

e, - U"LV((tO,tl),LP(IRN)) < 4Ce,. (29)

Since u,, and U both belong to C([0, 1], H*'), we choose (g,7) =
(00, 2) and obtain

(1) = Ut 1
1
< Ce, + E ["”w - U"i((to,tl) + ”uw - U“X(to,tl)] (25)

< 4Ce,.



In the interval [t,t,], Strichartz estimates and inequali-
ties (18), (22), and (25) deduce that

””w - U“L‘f((tl,tz),Wl”(RN))
< ||Mw(t1) - U(tl)”Hl + Csw

1 (26)
+ E ["uw - U||§((tl,t2) + "uw - U”X(tl,tz)]

1
< 5C€w + 5 [“uw - U"i{(tl,tz) + “”w - U“X(tl,tz)] :

Let L((t, t,), W (RYN)) = X(t,,t,) and apply the continuity
argument; we have

e — U”X(tl,tz) < 16Ce,. (27)
Furthermore, let (g,7) = (00, 2) again; we have
4o (t) = U@ < 16Ce,,. (28)
Therefore, by induction argument, we obtain

||uw - U"x L3 < 4i+1Csw,
(tistis1) (29)
||uw(ti+1) - U(ti+1)||Hl < 4i+lcsw’

wherei=0,...,] - 1.
Finally, put all estimates in each subinterval together; we
have
-1
i+1 J+1
It = Ullxony < ;4 Ce, <4"'Ce, = 0, (30)
which shows (21) is true and finishes the proof of lemma. [J

At the end of section, we give a blow-up alternative for
(HS) (or (OHS)), which is useful for the proof of Theorem 3.

Lemma 9. For any initial data ¢ € H"(RN) and y > 2, there
exists a unique H' solution U of (HS) (or (OHS)) defined on
the maximal life interval [0,T,,,,) with0 < T, .. < 0o. If one
supposes

U € L ((0,T) , LYV (RY)), (31
then one has T,

" = 00 and U € L((0,00), W (RN)) with
any admissible pair (q, 7).

Proof. We assume T,,,, < o00; then according to Proposi-

tion 1, we obtain ||U]| X(0.T,,) = © and for any T € [0, Tiax)>

IUllx@r < oo.SinceU € le/(s’y)((o,Tmax),LGN/BN’Z’Z”)

(RY)), we can choose T, sufficiently close to T, such that

max

"U”LIZ/(S—V)((TO’Tm )’LSN/(SN—Z—Zy)(RN)) < 8, (32)

ax

where ¢ is sufficiently small.
For any admissible pair (g, 1), Strichartz estimate deduces
that

IVU a0y
< VU (T)] 2 (33)

+ |[Via«™ = utul|

LS/G=V)((T,,T),LEN/BN=4+2) (RN))*

Abstract and Applied Analysis

Note that

V(127 * U U] "
= [IxI" = V(JUPP)] U + (I« = |UI*) VU.

It follows from Hardy-Littlewood-Sobolev inequality and
Holder inequality that

[¥ [(1x ™« o) U]

1.6/(8-y) ((TO’T)’LﬁN/(3N74+2y) (RN))
2
<l VU”LOO((TU T),12) I U|IL12/(8—y) ((Ty, Ty LN/ ON-220) (RN ) (35)

< C&*||Ullxr, -
From (33) and (35), we obtain
IVU ez, .y < CIVUT)| 2 + Ce* Ul xr, 1y (36)

By Sobolev embedding and the definition of X(T,,T), we
have

Ul xer, 7y < CIUT) |1 + CEW gy (37)

If we choose Ce* < 1/2, we have IIUIIX(TO,T) < 2CIU(T) g »
which is uniformly bounded for any T. Then let T converge
to T\, We have ”U"X(To,me) < 2CIU(Ty)ll 2> which is a
contradiction. Now, we know U € X(0, c0). Then, by (33) and
(35), we know VU € L9((0, 00), L' (RY)). The similar way can
show U € L1((0, 00), L' (RY)); thus we finish the proof.  [J

3. The Proof of Theorem 2

In this section, we prove the Theorem 2. In view of Lemma 8,
we only need to show that the solution u,, of (OHS) exists in
the interval [0, T] for sufficiently large w and the condition
(10) holds.

Proof. For any 0 < T < S, let M := 2[|U(#)l x(,r) and
0]l < A; furthermore, we have |I(0)| < A, where the norm
X is defined as (11). Divide the interval [0, T'] into subintervals
(titi1],i=0,...,] = 1,and t, = 0, t; = T, such that in each
subinterval [¢;,t;,,], we have

IUMx¢, ., < & (38)

i

where ] only depends on M and T', and ¢ is a sufficiently small
constant which is chosen later.

In each subinterval [¢;,¢;,,], the integral forms (3), (19)
(letu, = 0, 0(ws) = I(0) and [0,1] = [¢;,t;,,]), and (38) apply

%0 @)

tistiva )

< U O)llx, s,y + CAT U, (39)

< e+ CAT < 2¢,

2

where we choose ¢ sufficiently small such that CAT"e” < 1
and
1, if y <2
*= 2—3 if2<y<a (40)
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On [ty,t,], since u,(t,) = U(t,) = ¢, then by Strichartz
estimate, (19) (let U = 0), and (39), we obtain

|wl|iinoo||uw|lx(to’t1)
itA
= "el gD"X(to,tl)
e 3 (41)
+ CAT <|w1|linoo“uwllx(t°’tl)>
3
< 2e+ CAT‘X<lwlliinoonuwnx(to»tl)) :
Then the continuity argument deduces that
. itA
|w1|1£>noo”uw"X(t°‘tl) < 2"81 (P”X(to,tl) <M, (42)

if ¢ is sufficiently small such that 8CAT% < 1, where the
second inequality comes from the Strichartz estimate and the
definition of M.

Therefore, if |w| is sufficiently large, the solution u,
exists on [ty,t;] and (10) holds. By Lemma 8, we have
limy, -, ool (8) = U ) g = 0.

On [t,, t,], Strichartz estimate and (19) deduce

lim ||u

o] = 00 w"X(tl,tz)

2 im0

3
¥ CAT"‘(lwlligimlluw||x<rl,tz>>

. i(t—t;)A
= |wl|1£>noo||uw(tl) B U(tl)"Hl + ||elt " U(tl)”X(t1,tz)

3
1|i£>noo“uw HX(tpfz) >

+ CAT"‘(
|lw

3
i(t-1,)A af 1.
< [y, ,, ¢ CAT <|wlllinoo||uw||x(tl’t2)> .
(43)
Applying the continuity argument again, we have

lim [u y <2 rue)|
| =00

|lw

Therefore, when |w| is sufficiently large, the solution
u,, still exists in [t;,¢,], and (10) holds. Furthermore, by
Lemma 8, we have limy,| _, o, [lu,,(t,) = U(&)ln = 0.

Byinduction, on each subinterval [t;, t;, ], we always have
limy ) -, ool I X(tt,,,) < M since the number of subintervals
is finite, which only depends on M and T. So, if |w| is
sufficiently large, the solution u, exists in [0,T], and the
condition (10) holds. Therefore, Theorem 2 follows from
Lemma 8; thus we complete the proof. O

“’“X(fpfz X(t,t,) <M. (44)

4. The Proof of Theorem 3

Thelast section is devoted to the proof of Theorem 3. By blow-
up alternative in Proposition 1, the key point is to show the
boundness of [[u4,,]| (9 o) a5 @ being sufficiently large.

Proof. The global existence of solution U of (HS) is followed
from Lemma 9. For any T € (0, 00), Theorem 2 shows that
the solution u,, of (OHS) exists in [0, T'] for sufficiently large
wand u, — U in LY(0,T), W (RY)) as || — oo with
any admissible pair (g, 7). In particular,

wleOO””w - U”X(O,T) =0. (45)

Choose T, sufficiently large such that (32) holds, where ¢
satisfies the smallness in the proof of Lemma 9. According to
the proof of Lemma 9, we have

MUl xcr, 00 < 2C[U(T)| - (46)
For any S € [T}, T, ], triangle inequality deduces that

i ||X(T0,S)

< Jluy - U“X(TU,S) + Ul xr, ) (47)
< |y = Ullxr, s + 2C[U(TO)| -

Let |w| go to 0o on both sides; then we obtain from (45) (let
T = S) that

lim n"‘w“x(TU,S) < 2C|U(T) | - (48)

w — 00

The arbitrary value of S shows that when w is sufficiently large,
the solution u,, is global existence by blow-up alternative in
Proposition 1. Then Lemma 9 can deduce that

lim ||u

Jim [ | 00,00y wre vy < ©0- (49)

Finally, we show that u, — U in L1((0, c0), W""(R"))
as |w| — oo for all admissible pairs (g, ). Theorem 2 shows
that for any T' € (0, co)

lim [u, - U“M((O,T),WL’([RN)) =0 (50)

w — 00

therefore, our attention is focused on

lim [u, - U”M((T,oo),wl»f(RN)) =0. (51)

w— 00
We note that
u, (T+1t)-U(T +1)

=" [u, (T) - U (T)]
+i Jt 0 (w (T +5)) 92
0

X [(|x|*y * |uw|2) u, (T +5)
(52)
— (1«1 = [UP)U (T +5)] ds

+1 Jt [0 (w (T +5)) —I1(09)] RCON
0

x (I = [UP)U (T +5)ds

= (I) + (IT) + (III).



Strichartz estimates and Theorem 2 show that

— 0. (53)

|w| — oo

1
1D za((0,00),wrr @) = &4

By Lemma 9, we know U € LG ((0, 00), WHON/@N+2y-4)).
then Lemma 7 deduces that

2
ICIID) ] La((0,00) w0 @) = €5  — 0. (54)

|w| — oo
Since

(Il futy[*) 1 = (1677 5 UP)U

= (161" (Juo [ = 1UP)) 1y + (1x177  [UFP) (1, - U),
(55)

then it follows from Strichartz estimates, Hardy-Littlewood-
Sobolev inequality, and Hélder inequality that

D za((0,00),m1 @)

< ClIU N zure-n (c0p,Lon08 220 vy,
X o = Ul oo o0y, )
+ ClU oo (7,00, 12 ()
X U s (100, Lonen-2-20 vy
X [ty = Ull s 0y conion-2-2n vy (56)
+ C””w - U“;MH)((T,oo),LﬁN/“N’Z*ZV’(RN))
X U oo ((7,00), 12 @)
+flu, - U"L"O((T,oo),Hl([RN))
S U"L“/“’W((T,oo),L6N/(3N’2’2")(RN))
X "“w||L12/<8-V>((T,oo),LéN/<3N-2-2V>(RN))'

By Sobolev embedding F LON/GN+4-2y) ., [6N/GN-2-2)
and interpolation, for any time interval I, we have

||1V"L12/(8—y) (I,LSN/GN-2-2)y

<C ”Vl// || L12/(8-9) (], [SN/(N+4-2p)) (57)

< C“Vvlugzﬁl)v/f();;sé)wwl\l—sw)) “Vv/llfz(}il/)(y_&

Weset Z(I) = L®(I, H* (RN))Dle/(S_V)(I, WLON/(BN-8+y)
(R™). By (52)(57), we have

e, () -U (t)"Lq((T,oo),W”(RN)
< si) + si
2
+ C”U"LlZ/(S*}')((T,OO),LGN/GN*Z*Z;/)([RN)) ”uw - U“Z(T,oo)

+ CM”U"LIZ/(S—y)((T,OO))LGN/GN—Z—ZV)(RN))”uw - U“Z(T,oo)
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+ CM||u,, ~ U"22(T,oo) + Cllug, - U||3Z(T,oo)

2
+ C"U"LIZ/(S—y)((T’oo))LéN/(SN—Z—Zy)(RN))“uw - U“Z(T,oo)’

(58)
where we suppose U] x(g o) < M.
Choose T sufficiently large such that
C”U”ilzl(&-y)((T)oo),LéN/GN—Z—Zy)(RN))
1
+ CM”U”le/(s—y)((T)OO)’LSN/GN—Z—ZV)(RN)) < >’ (59)

C”U”L12/(8—y)((T)OO)’LsN/(.%N—Z—Zy)(RN)) <1

Since (L'2/¢7) [SN/GN=8+Y)y 314 (00, 2) both are admissible
pairs, then it follows from (58) with LI((T, co), wh (RN)) =
Z(T, 0o) that

[l () — U(t)”Z(T,oo)

< 2e), + 2¢5, + 2CM ||, (£) = U] 0,
s (60)
+2Clu, (t) -U (t)"Z(T,oo)

+ 2y () = U () 700y

The standard continuity argument shows that if 2e + 2¢2 is
sufficiently small, that is, w large enough, we have

lto(®) = U®| ooy < 460 +465, — 0. (61)

|w| — oo

Finally, (53), (54), (58), and (61) deduce that

lim [, - U”Lq((T,oo),Wl»f(RN)) =0. (62)

w— 00
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