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The high-dimensional D. H. Lehmer problem over quarter intervals is studied. By using the properties of character sum and the
estimates of Dirichlet L-function, the previous result is improved to be the best possible in the case of ¢ = p, an odd prime with
p = 1(mod 4), which is shown by studying the mean square value of the error term.

1. Introduction and Main Results

Let g > 2 be an odd integer and let a be an integer coprime
to g. For each integer b with 1 < b < gand (b,q) = 1,
there is a unique integer ¢ with 1 < ¢ < ¢ such that bc =
a(mod gq). Let M(a, q) denote the number of solutions (b, ¢)
of the congruence equation bc = a(mod q) with 1 < b, c < g
such that b, c are of opposite parity. D. H. Lehmer posed the
problem to find M(1, p) or at least to say something nontrivial
about it (see problem FI2 of [1], page 251), where p is an odd
prime. Zhang [2] proved that

M(1,q) = @ +0 (qllzd2 (q) lnzq) , ey
where ¢(q) is the Euler function and d(q) is the Dirichlet
divisor function. For the further properties of M(a, p), he [3]
studied the mean square value of the error term M(a, p)—(p—
1)/2 and obtained

p-1 2
p-1\ _3, 3lnp
;(M(a,p)—7> _4p +O<peXp(lnlnp>>'
(2)

For general odd integer g, the similar properties of M(a, q)
were studied in [4].

It is interesting to study the D. H. Lehmer problem over
short intervals [1,Ag] with 0 < A < 1 being a real number.
Denote by N(a,q) the number of pairs of integers b, c with

bc =a(mod q),1 < b, ¢ <(q—1)/2,and b, c having different
parity. In [5], Xu and Zhang studied the mean square value of
error term

E(a,9) = N(a,9) - $9(a) ®

in the case of ¢ = p and obtained a sharp asymptotic formula

p-1
Y E (a.p) = —p’ +0(p™). (4)
P} 64

Let k be a positive integer and » a nonnegative integer;
let 0 < A,...,Ak,; < 1 be real numbers and w =
ApAgs e Aky)- Let g > max{[1/A;] : 1 <i<k+1}bea
positive integer and a an integer coprime to g. In [6], Xu and
Zhang studied the high-dimensional D. H. Lehmer problem
over short intervals as

(A4] (Aq] [Ar19]
N (a,k,w,q,n) =Z o Z ' Z' (b ---b - )™,
by=1 b=1 c=1 (5)
b, --b.c=a( mod q)
24(by +-+b+c)
and obtained an interesting asymptotic formula

N (a,k,w,q,n)

=C (k, W, l’l) ¢k (q) q2kn +0 (4nq(2n+l)k—l/2d2 (q) In q) ,
(6)
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2
where
2n+1
(Al.Ak) +Ak+1 ifk>2'
k = Ly
C (ky w,m) = 2n+§(2n ;;1-32) 2n+2
M+ - (A - 4) k=1
4(n+1)2n+1) ’ ’
)
They also improved the result for N, (a,k,q) = N(a,k,

w,q,0) in the case w = (1/2,1/2,...,1/2) to be the best
possible, by studying the mean square value of the error term
Eipp(ak,q) = Nyplakq) - ¢5(q)/2".

In this paper, we consider the high-dimensional D. H.
Lehmer problem over quarter intervals. Let N, ,(a,k,q) =
N(a, k,w,q,0) in the case w = (1/4,1/4,...,1/4). That is,

(q-1)/4(q-1)/4  (q-1)/4(q-1)/4

N1/4(‘1>k"1): Z Z Z Z L
b=l  b=1 h=1 c=1 (8)
b by-b.c=a( mod q)
24(by +by+--+b +c)

We will use the properties of character sum and the estimates
of Dirichlet L-function to obtain a sharper asymptotic for-
mula of Ny 4(a, k, q) in the case of g = p, an odd prime with
p = 1l(mod 4). In order to show that our result is close to
be the best possible, the mean square value of N, ,(a, k, p) —

¢k( p)/ 2243 i studied too.
In this paper, we will use the following notations:

*

2y mod gy(-1)——1 denotes the summation over all
primitive characters modulo g such that y(-1) = -

J(g) denotes the number of all primitive characters
modulo g;

di.(n) denotes the k-th divisor function (i.e., the
number of solutions of the equation nn,---nm, = n
in positive integers n;,n,, ..., n);

X4 denotes the primitive character modulo 4;

Xs, denotes the primitive character modulo 8 with
Xs,(=1) = =1, and xg denotes the primitive character
modulo 8 with st(—l) =1.

The main results are the following.

Theorem 1. Let p > 5 be an odd prime with p = 1(mod 4)
and a coprime to p. Then, for any positive integer k with
(p, k(k + 1)) = 1, one has the asymptotic formula that

k
P .o (2k2+2k+2kpk/21nk+1p) )

Ny (ak, p) = 22k+3

Theorem 2. Let p > 5 be an odd prime with p = 1(mod 4).
Then, for any positive integer k, one has

p-1
Y |Eyulak p)* = A(k) P + O (p*),  (10)

a=1
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where
1 k1 k1) Q2 di, ()
a= (Lot gy § A
=3 (-1) Zl >
(n2p)=1
k+1 i i—j k+1-i
t
+ ch+1z6 Z Z Cs Ck+1 i
j=0 s=0 t=0
(_l)k+1—i

2|25+4t+i+j—2k—2|+k+i+5

|2s+4t+i+j—2k-2|
< dk+1 (2 / n) dk+1 (n)

X
2
n=1 n
(n,p)=1
k+1 ji k+l k+j,+L
DIPIPXeimee: Cy7
k1 i ket 1 2kt 2+41, =y =y [+he+ 31 -1,
j1=01,=0 1,=0
12k+2+1,—j, -1
% = dk+1 (2 2 1”) dk+1 (”)
2
n=1 n
(n.p)=1
k+1 1

P PLACICT

71=0 jo=11;=0 [,=0

; 2j1+j,+4l =7k-11
x (_1)k+]1+lz\/§ Jitptah

3k+3+1 -1
(2 b= =2~ 17’1) dk+1 (7’1)

x Z

1’12
(np) !
k+1 ) © 4 (n)r; (n)
kti 2k+j,+2 i k+1
+ Z(_l) R C1]<2+1 Z 2 5
s} n=1 n
(n.p)=1
k+1 k+1 K+l +1
+ZZC11 ch (-1)"
k+1 7 k+1 ol =Ll+2-1 -1,
1,=01,=0
0 d 2|11—lz| d ( )
k+1 njag,, \n
x ), ;
n=1 n
(n,p)=1
k k+1 jz
et A 1, j53kt4L+1-3],
+ Z Z Z( 1) Ck+1 k+1C] \/—
7,=01,=01,=0
jo—lL=k+1-1
i dk+l (2(]2_12)—(k+1—l1)n) rjz (T’l)
(n.p)=1
k k+l1 j»
kAl A zl 12 /—411+]z—k 3
+ Z Z Z( 1) Ck+l k+1 i
72=01,=0 1,=0

Jo—l<k+1-1;
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k+1-1)~(j, 1
diy ()1, (20551707

2
n=1 n
(n.p)=1
Ji k+1 .
kth+ly ~jn Al Al 3k+411+1—311
+ Z Z Z( 1) Ck+1C] Ck+1\/_
J1=04,=0 1,=0
Ji—h=k+1-1,

(2(11 - )—(k+1—lz)n) r, (n)

(e8]

(n )
S k+1 .
ktl+ly ~jy Al A 412*]1*"*3
+ Z Z Z( 1) Ck+1C] Ck+1\/_
j1=01,=01,=0
1=l <k+1-1,

iy 09 7, (20717060

0
XZ J2 .
n

kK k Jh j
+ Z Z z Z(—l)k+ll+lz
J1=1 j,=11,=01,=0
hhzjh

g1 Al 2Rt =3],
Ck+1Ck+1C] C; \/_
Gr=1)=(ja=h)

i ity ()7, (297070 n)

- n?

n=1
(np)=1

+ Z z Zl zz( 1)k+ll+l2

1=1jo=11=01,=0
h=h<i-h

g1 o bl 2R T3],
X Ck+1Ck+1C] ¢ \/_

00 r].z’lz (1’1) rj1*11 (2(12—12)—(J1_11)n)
x ) i :

(np)=1

(11)

and where Ci = k!/jl(k - j)!,rj(n)
Xs,(n/t), and € is any fixed positive number.

From Theorem 2 we know that |E, ,(a, k, p)| > pk/2

best possible.

For general odd number g > 3, whether there exist
similar asymptotic formulae for N(a, k, w, ¢, 0) in the cases of
1/4) are open

w=(1/2,1/2,...,
problems.

1/2) and w = (1/4,1/4,...,

= Zﬂn dj(t)dk_j(”/t)

for
some a and thus the bound in Theorem1 is close to be the

2. Several Auxiliary Lemmas

To establish the main results of our theorems, we need the
following several auxiliary lemmas.

Lemma 3. Letq > 9 be an odd integer and let x be a primitive
Dirichlet character modulo q. Then one has

(%) ) if x(-1)=1;
lq/4] 7r -
- 1rlLan
= 2im
x(2+x2)-x@) ifx(-1)=-
lq/8]
Y x(®)
b-1
% (y(Z)L(l,@@) + \/EL(L%XSI))
ifx(—l) =1
% ((4+7@-x®)L(17) - 2V2L (L Xxs,))
if y(-1) =-
(12)
Proof. See [7] or Lemma 2 in [8]. -

Lemma 4. Let p > 5 be an odd prime with p = 1(mod 4)
and a coprime to p. Then, for any positive integer k, one has

E, ), (a,k, p)

1
~20im) ¢ (p)
Y X@+x@-g@) " ()L (1L7)
mod
Fetet
k+1 k+1 —
2ﬂk+l¢(p))(n%dpx (a)T ( )L (I’XX4)
x(=D=1
X7 Xo
1 \/zkfl
o(2)-5
\p) T 78 (p)
% Z x(a) Xk+1 (2) Tk+1 (X) Lk+1 (I’XXSI)
x mod p
x(=1)=1
X# Xo



1
2(im)¢ (p)

Y @ (x)

x mod p
x(=1)=-1

— _ kel
x (2x(2) - DLLY) - V2ZX)L(LXxs,))
(13)
Proof. From the definition of N, ,(a, k, p) we have

N4 (a.k, p)
(p-1/4(p-1)/4  (p-1)/4(p-1)/4

Yy Yy G

b=1 by=1 be=1  c=1
blhz---bkcza( mod p)

(p-1)/4
(a) (b))
2¢( ) xngdpx < b; *
(p-1)/4 k+1
- z(a)( Y (—1)"x(b)> )
b=1

_ (_1)hl+bz+---+bk+c)

k+1

x mod p
¢k( (p-1)/4 k+1
=W Z X(a )( Z X(b)>
Xmodp
X* Xo
ST krl
1 b
2¢(pxn§dpx<a)< Z -1)"x( ))

(14)
Note that p = 1(mod 4); we have

(p-1)/4

Y 1)°x®)
b=1

(p-1)/4

=2 ) xb-

b=1,2lb

(p-1)/4

Y x®
b=1

(p-1)/4

Y x®
b=1

(p-1)/8
=2x(2) ) x(b)-
b=1,2|b
(0 (1)

if ¥ = x, is aprincipal character;
(x)
V2x 2) =L (L ¥xs,)

ifX(—l) =1, x# Xo

2% (2)-1)L(L,Y) - V2x @) L (L Xxs,))

ifX(—l) =-1.

(15)
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Combining the above with Lemma 3, we can get

N (a,k, p)
), 1
22k+3 2(2i71’)k+1¢ (P)

Y x@@+x@-x@)" ! () I (1L,%)
x mod p

x(=1)=-

1
" 277 (p)

< Y 1@ )L i 05

x mod p
x(=D=1
X#Xo

\/Ek—l
- z X(a) Xk+1 (2) Tk+1 (X) Lk+1 (1’)—()( 1)
ﬂk l(p(p)xmodp ’

x(=1)=1
X*Xo

1 — k+1
- (@)t
e 2, F 0T W
x(=1)=-

x ((2x(2) - DL ) - VZXQLL Txs) -

(16)

Noting the definition of E; ;,(a, k, p), we can immediately get
Lemma 4.

Lemma 5. Let q > 3 be an odd integer and a coprime to q.
Then, for any positive integer k with (g, k(k + 1)) = 1, one has

Z * X(a) Tk+1 (X) Lk+1 (LX)

x mod g
X(=1)=-

< 2k2+2k+1 k/2 ( )(2k) q)lnk+1q)

Y x @ () L (L)
x mod g

x(=1=1

<« 2k2+2k+1qk/2¢ (q) (2k)w(q)lllk+lq,

Z ® %(a) Tk+1 (X) Lk+1 (1’%)(81)

x mod g
x(=D=1
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<« 2k2+2k+1qk/2 ¢ (q) @ k)w(q)lnk+lq)

Z * %(a) Tk+1 (X) Lk+1 (I’XXSZ)
x mod g

x(-1)=-1

« 2k2+2k+1 k/2 ( )(zk)w(q k+1q'

17)

Proof. Using the similar method as proving Lemma 5 of [9],
we can obtain these estimates. O

Lemma 6. Let g and r be integers with q > 2 and (r,q) = 1,
and let x be a Dirichlet character modulo q. Then one has the
identities

Yoxn= Y w(1)s@.
x mod g d|(g,r-1)
(18)
1@ =Yu@¢(3).
dlq
where Z; mod g denotes the summation over all primitive

characters modulo q and J(q) is the number of primitive
characters modulo q.

Proof. This is Lemma 3 of [10]. O

Lemma?7. Let g, m be nonnegative integers with q > 3 an odd
integet, and let x be a Dirichlet character modulo q. Then, for
any positive integer k, one has

Y@Lt

x(=1)=-1

di (2"n) dj. (n)

_J(q) i

- 2m+1 =~ I’l2 O (qe) >
(ma)=1
> ren el
x(=1)=-1
] S d (2"n)d (n) .
-5 5 AR o),
(na)=1
Z ' |L(1’XX4)|2k
x(=1)=1
J(@) d2(>
a3 AW o),

5
e} dZ
1) Y, E o),
n=1
(n,29)=1
> e,
x(=1)=-1
00 d2
1@ Y 2o
n=1
(n,2q)=1
(19)

Proof. Using the similar method as proving Lemma 4 of [11],
we can get the results. O

Lemma 8. Let q > 3 be an odd integer, and let k > 2 be a

positive integer. Then, for any fixed nonnegative integers m, j
such that 1 < j < k, one has

Y@ML (L, ) (1L ) L7 (1 xxs,)
x(=1)=-1

xs, (2"n) dk (Zmn)r (n)

2m+1 Z O(q€)>
(ﬂq) 1
> X @ (Lxxs, ) U (L) L (L xas,)
x(=1)=-1
(2"n) dy (2"n) r; (n)
2m+1 Z XSZ n) k( ”)r . O(q€)>
(nq) 1
Y x (2L (L) L (L, ) = 0 (4°),
x(=1=1
’ X(zk) k(l’XXz;)Lk(l’%Xsl) =0(q"),
x(=1=1
Z ’ (2'" )L (1,%) L (1, xxs,)
-1)=
(2"n) d, (2"n) d, (n) .
2m+1 Z st n) k( n) i O(Q)’
(nq) 1
> x @I (L) L (1 Xxs,)
x(-1)=-1
J(q) & xs,(2"n) dk (2"‘n)dk (n) .
2m+1 Z O(q ),

(nq) 1

> x @)L L)L (L) L (L xxs,)

x(-1)=-1

2m+1 Z

(mz) 1

di(n)r (2 n)

+0(q°),



> @ (L) P (Lx) I (L xxs,)
x(=1)=-1

dy (n)r (2"’ )

2m+1 z +0 (qe) >
(nq) 1
Y@L Y0 (1 xx,)
x(=1)=-1
dy (2mn)r (n) .
2m+1 Z O(q )’

("q) 1

Y@ML L) (L) (LX)
x(=1)=-1

2m+1 Z

(nq) 1

2'”n) r;(n)

0(q)>

(20)

where rj(n)

= Din 4 (O)d_j(n/t) x5, (n/t).

Proof. We only prove the first formula; the others can be
obtained by the similar method.
For convenience, we put

Ay, )= ) xmdy (),

N<n<y

B(y.x)= ). xmr;(m),
N<n<y
(21)

where N is a parameter with g < N < ¢°**!. Then from Abel’s
identity we have

L (L x) L7 (1 xxs,)

("1) d (m) & 8, (n) dk—j ()
_ Z Z XX

ny=1 )

S X070
-y g AL

n

c By,
s J (y2 X) dy
1<n<N N Y
(22)

Hence, we have

Y x@ML

x(=1)=-1

> @

x(=1)=-1

F(Lxs,) L (L x) L7 (1 xxs, )

><< Z XXs, (m) dy (my)

my

. ro A(y,ix%)dy)

2
1<m <N N Y

. (K,;N (nz)n2 () j: B(;};X)dy)

(23)
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From the proof of Lemma 6 of [11], we know that only the
term which does not contain the infinite integral will make
contribution to the main term. That is,

Y@ML (L, ) (L) L (1 xs,)
x(=1)=-1

-3

x(—l)——l

+0(q°).

Z Z X(”lnz Xs, (”1)dk (”1) (”2)

1<m <N1<n,<N m,

(24)
Then from Lemma 6, we can write

X (imy) xs, (my) di () 7 ()

mn,

DRPICOID NP

x(=1)=-1 1<m <N 1<m,<N

_1 Z y Xs, () di (my) 7 (1)

1<n1<N 1<n,<N mn,
)

ng(4)
dl(qm 2" n,=1)

z Z, st(”l)dk(”l) ri(n,)

2\ <N 15meN mmn,

<)

d|(g.n;2Mny+1)

kg (

QU

1 q b Xs, () di(ny) 7 (ny)
= _ d 1
Z%H( )¢<d> I;SNI;SN nn,
7,2™n,=1( mod d)
()
dlq

y Z / Z 1 Xs, (ny) di (”1) ()
1<m <N 1<, <N nn, ’
#,2"n,=-1( mod d)

(25)

where Y| __; denotes the summation over all integers r with
(n,q) = 1and 1 < n < N. Now we split the above first sum
into the following four cases:

(i) d <n, < Nandd/2" <n, < N;
(ii)d<n, <Nand1l<n,<d/f2" -
(i) 1<n, <d-1landd/2" <n, < N;

(ivyli<n <d-landl<n,<d/2" -
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By using the similar method as proving Lemma 6 of [11],
we know that the main term will be

1 9
sk@s(g) X' Y
dlgq 1<n; <N 1<m)<N
1,2"n,=1( mod d)

= -Zu (d)¢>< ) (26)

Xs, (1) dy ("1) (1)

1,

dlq
< 2 ”2)dk (2 ”2)” (”2) ¢
Z o +0(q°).
— nz
(n2 q) 1
Hence we have
Y@ (L) V(L) (1 s,
x(=1)=-1
](q) Xs, (2™n) dk (2 n)r (n) . (27)
2m+l Z O(q )
(nq) 1
This proves Lemma 8. O

Lemma 9. Let g > 3 be an odd integer and let k > 2 be a
positive integer. Then, for any fixed nonnegative integers a,b <
k such that a# 0 while b = 0, and a # k while b = k, one has

> x@)x(2)
x mod g
x(=1)=-1

L* (L)L (1.X)

x I (130, ) L7 (1 xxs,)

(Zb “ )rb (n)

J@) < o
ob-a+l z +0 (q ) if a < b
= <"q> 1 ( , )
J (Q) < Ta (n) Ty 2°n . )
2a—b+1 Z ) +0 (q ) if a > b.
(ng)=1
(28)

Proof. Using the similar method as proving Lemma 6 of [11],
we can get the results. O

3. Proof of Theorems

In this section, we will complete the proof of our theorems.
From Lemmas 4 and 5, we can immediately get the result of
Theorem 1.

Now we come to prove Theorem 2. Noting that

P
Y ' x(@ = (29)

1

if x # x,> from Lemma 4 and the orthogonality of Dirichlet
character, we can write

p-1 s
Z |E1/4 (a,k, p)|
a=1

Z | (X 2k+2

4ﬂ2k+2¢ P) o p
x(=D=1

0(})- gy I 8

x mod p
x(=1=1

2k+2

1>)_CX4)|

x|L (1>?7X81)'2k+2

1
+ 22k+4n.2k+2¢ (P)

<)
x mod p
X(1)=—

|2+X(2) X(4)|2k+2| )|2k+2|L(1,X)|2k+2

=D ! Z Ir (X)|2k+2
47.[2k+2¢ (P) mod p
x(=1)=-1

2k+2

x|2x(2) - DL(L D) - V2x @)L, Txs,)|

\/zk ’ * — k+l 2k+2
772k+2¢(P) Z ( )I ( )|

x mod p
x(=1=1

x I (1 x0xa) L (1, ks, )

\/_ k+l
- ﬂ2k+2¢ (P) Z ( )

x mod p
x(=D=1

x Lk+1 (1’XX4) Lk+1

( 1k+1

) |2k+2

(I’Q_CX&)

_ Z 2k+2
2k+37.[2k+2¢ (p)

x mod p
x(=1)=-

x(2+72) -x @)L (L)

k+1

x ((2X(2) = DL(L x) = VZRQ)L(L, xxs,))

_ ( 1)k+1 z 2k+2
2k+3ﬂ2k+2¢ (P)

x mod p
x(=D=-

x (24 x(2) - x @) (1, x)

<(2x@-DLOLR -V @L(Lux,))"



k
— k+2
(LXK
4ﬂ2k+2¢ (p) X§°d . 4
x(-1)=1
2k 1 k+1 et
LXx
ﬂ2k+2¢ (P) X%od P ( E )|
x(=1=1
k+1 k+1
p k+1—
22k+4 2k+2¢ (P) Z( -2) le+1
i imjk+l-i
t
x 26]2 Z Cf—jckﬂ—i
j=0 s=0 t=0
% Z * X (22$+4t+i+j—2k—2) |L (l’x)|2k+2
x mod p
x(=1)=-1

( k+1 k+1 k+1 ji

47-[2k+2¢ (p)z Z Z Z( 1)l1+lz \/_2k+2(11+lz )+2—=(j1+2)

05,=01,=01,=0

X CLLCLChCE Y " X (2P x (277) 1 (LX)
Xmodp

x(=1)=-
x L (1, ) L' (1,30, ) L7 (1 xxs, )

\/Ek 3 k+l
ey DI

7T2k+2¢ (p))( od p
x(=D=1

( k+1) k+1 (1 XX4) (LXXSI)

k-3
\/— kHZ*

7.[2k+2¢ (p))( od
x(=1)=1

) (_p)k+1
2k+3 7.[2k+2¢ (P)

x (25 I (L o) £ (L s, )

kt1 k+1 i Ja 11+lz\/—k+2(ll+lz)+l Fomjy min Al A
XD YY) CL.Cr.Cice

k+1 7 k+1j;
71=0j,=01,=01,=0

x Z * %(23k+3+lz—jl—j2—ll)

x mod p
x(=D=-1

x L (1,30) 7 (1) L7 (1, xx,)

(_p)k+1

2k+37.[2k+2¢ (p)

k+1 k+1 j1 Ja
k+2(1 +1)+1-
% ZZZ( i TR ek el et

k+1 7 k+1j;
J1=0j,=01,=01,=0
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% z * X(23k+3+lz—jl—j2—ll)

x mod p
x(=1)=-

x L (1, x0) 2 (1L,0) L2 (1, Xxs, ) -

(30)
And consider that
'f 'f i i( it g2 22 )
j1=0 j,=01,=01,=0
I AL
<Gl ChChC,
% Z (2]1 l1) XX(z]z lZ)L]l (1 X)
x mod p
x(=D=-1
x L (1) L7 (L s, ) L7 (1 xxs,)
« _ 2k+2
=2 3 (1)
x mod p
x(=1)=-
k+1 k+1 Ll l y 2k+2
+ *
+Z Z( 2)1 2Ck+1 k+1 X( ' 2)|L |
1,=01,=0 x mod p
x(=D=-1
k+1 j,
D N VLR o o]
jr=11,=0
% Z * X(zjz—lz)sz (I’X)
x mod p
x(=1)=-1
k+1 — k+1-j
x L (1 Tx,) L7 (1 s, )
k+1 1
+ Z Z( 1)11 \/—2k+211+2 jlcilﬂcil
ji=11,=0
% Z * x(zjl_ll)le (l’x)
x mod p
x(=1)=-1

> Lk+1—jl (LXXSZ)LkH (I’XXSZ)

k k+1 ]2

1+l k+2(l +h)+1-j, j 1
EDIDIDNC CiaClaC
72=01,=01,=0
(p=ly)—(k+1-1))\ 7 k+1
% Z*X(z]zz I)L (IX)
x mod p
x(=1=-1

x L (1, x) L7 (1, xxs, )

1 k+1

n Z Z Z( l)l +, \/—k+2(l 1+Hh)+1- ]lcjl Cll Clz

k+1~j; “k+1
J1=04,=01,=0
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*

X Z X (2(k+1*lz)*(]‘1*ll)) L]l (I’X)
x mod p

x(=1)=-1

x Lk+1 (LX) Lk+17jl (LXXsZ)

k k Jh I .
1+l 2k+2(1 +1,)+2-(j1 +j,)
Y)Y Y (- TR

7=l jp=11,=01,=0

X GGl CiCL Y " X (@) xx (M) 1 (17)
X mod p
x(=1)=-1

x L2 (1, x) L' (L3, ) L7 (1 xxs, )

k+1 k+1 j1 Ja

Z Z Z Z(—I)JIHZ \/—k+2(ll+lz )+1- JzCil_HCJZ Cll Clz

k+1~7j,
7170 j2=0L=01,=0

*

% Z X (23k+3+lz—j1—jz—l1 )

x mod p
x(=1)=-1

x L (L) I (1, 0) L (1, s, )

k+1 jr

; k+2l+1 g 1
= Z Z(_l)h\/z CiJrlC

J1=01,=0

*

y Z )—((23k+3—j1—11)Lk+1 (L) K+ (1’XX82)
x mod p

x(=1)=-1

k+1 ji k+1

I A1+ ]
+ Z Z Z(_I)Jﬁzzﬁzcﬁﬂcj Cen

71=01,=01,=0

y Z B X(22k+2+lz—jrll)|L(1>X)|2k+2

x mod p
x(=1)=-1

k+1 J

+ Z Z z Z( 1)Jl+lz\/_k+2(l1+lz Y+1-j,

71=0 j,=11,=01,=0

L Al — —j1—ja—
e DN ()
x mod p

X(=1)=-1

x L (L) 2 (1, 0) L2 (1, xx, )
31)

Combining the above with Lemmas 7-9, we have

p-1

A (k + +€
Z |E1/4(a> k, P)|2 = ﬂ21(c+3 pk ! + Ok (pk ), (32)
a=1

where
| N el dp Ay (n)
A(k) = <— -2 -1)"2 )
=3 +(-1) ; ——
(n,2p):1
k+1 i imj ki
t
+ ZCk+IZ6JZ Z C;—jckﬂ—i
0 s=0 =0
(_l)k+1—i

2|25+4t+i+j—2k—2|+k+i+5

(2|2$+4t+1+]—2k—2|n)

dk+1 (n)

« ¥ S

( 1)k+j1+12

2
n=1 n
(np)=1
k+1 i k+1 o
+Z Z ZCJI crc?
j1=01,=01,=0

k1 o Tkt 1 o2k 2+~ jy =1 [+k+3-1 -1,

dyy (22500 dy ()

(r:p):l

k+1

n

v J

2

5N 2 GGG C;

71=0 j=11;=0,=0

k+1~j;

; 2], +j,+4],-7k-11
v (—l)kﬂﬁlz\/zh Jatahy

X

(23k+3+lz J1—j—h 7’1) dk+1 (1’1)

Z

(np) 1

k+1

k+ja
. Z( 1)k+]2\/_2 +3j +2C]2

j2=1

n

2

k+1

>

n=

diyy (n) i (n)

2
1 n

(n,p)=1

(_1)k+l1+l2

L b
+ Z ch+lck+12|l1—12|+2—ll—12
1,=01,=0
& diy (257n) dy, ()
x ) ;
n=1 n
(n,p):l
k k+1 Jjy
_\kthth s
+Z Z Z( 1) Ck+1 k+1
72=01,=01,=0
jo—lL=k+1-1

(np

Clz \/—3k+4lz+1 3

iy (207610 1 ()

>

)=1

n

2
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k+1 j»

ket +h ~f2 oh A+ j—k=3
+ Z Z Z( 1) Ck+1 k+1C \/—
J2=01,=01,=0
o=l <k+1-1;
) dk+1 (1) i (2("“*11)*(12*12)”)
x ). ;
n=1 n
(n,p)=1
k+1 .
Kkt +ly i 1, 3k+4ll+1—3]1
+Z Z Z( 1) Ck+1C Ck+1\/_
71=01,=01,=0
Ji—lzk+1-1,

0 dk ) (2(]1_11)—(k+1—lz)n) rjz (7’1)

Z +
2
1 n

n
(mp)=1
]1 k+1
ktl+ly ~j1 Al A L+jy—k=3
+ZZZU>Z%&CMW
j1=01,=01,=0
il <k+1-1,
k+1-1 -1
g
2
n=1 n
(mp)=1

kK k Ji j
+ Z Z z Z:(_l)kJrllJrl2

J1=1 j,=11,=01,=0

h=h=zj—h
i A 1, 2k+41,+j,-3 ],
Ck+1Ck+1C C \/_
Gi=1)=(a=k) )
00
Z rjl_ll (7’1) rjz_lz (2 n
2
n=1 n
(n.p)=1

kK k 7 j ksl
IDIDIDNC
1=l jp=11,=01,=0
h<ja—h
g1 s~ ol 2R3,
Ck+lck+lc C \/_
) ) (ja=k)=(ji=h) )
r]z_lz (1’1) r]l_ll (2 h
2 .

0
n=1

(n,p)=1

n

(33)

This proves Theorem 2.

Conflict of Interests

The author declares that there is no conflict of interests
regarding the publication of this paper.

Abstract and Applied Analysis

Acknowledgments

The author expresses his gratitude to the referee for his/her
very helpful and detailed comments. This work is supported
by the NSF (11201275) and the Natural Science Foundation of
Shaanxi Province of China (n0.2011JQ1010).

References

[1] R.K. Guy, Unsolved Problems in Number Theory, Springer, New
York, NY, USA, 1994.

[2] W.P.Zhang, “A problem of D.H. Lehmer and its Generalization
(I1);” Compositio Mathematica, vol. 91, pp. 47-56, 1994.

[3] W. P. Zhang, “A problem of D.H. Lehmer and its mean square
value formula,” Japanese Journal of Mathematics, vol. 29, pp.
109-116, 2003.

[4] W.Zhang, X. Zongben, and Y. Yuan, “A problem of D.H. Lehmer
and its mean square value formula,” Journal of Number Theory,
vol. 103, no. 2, pp. 197-213, 2003.

[5] Z.Xuand W. Zhang, “On a problem of D.H. Lehmer over short
intervals,” Journal of Mathematical Analysis and Applications,
vol. 320, no. 2, pp. 756-770, 2006.

[6] Z. E. Xu and T. P. Zhang, “High-dimensional D. H. Lehmer
problem over short intervals,” Acta Mathematica Sinica, vol. 30,
pp. 213-228, 2014.

[7] Berndt and C. Bruce, “Classical theorems on quadratic
residues,” L'Enseignement Mathématique, vol. 22, pp. 261-304,
1976.

[8] G. L. Ren and W. P. Zhang, “On the mean value of a sum
analogous to character sums over short intervals,” Czechoslovak
Mathematical Journal, vol. 133, pp. 651-668, 2008.

[9] X. Zhefeng and Z. Wenpeng, “On the order of the high-
dimensional Cochrane sum and its mean value;,” Journal of
Number Theory, vol. 117, no. 1, pp. 131-145, 2006.

[10] Z. Wenpeng, “On a Cochrane sum and its hybrid mean value

formula,” Journal of Mathematical Analysis and Applications,
vol. 267, no. 1, pp. 89-96, 2002.
[11] Z.Xu, “Mean value of the character sums over interval [1, q/8),

Taiwanese Journal of Mathematics, vol. 13, no. 1, pp. 169-187,
20009.



