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In the Multiethnic regions, like the west of China, because of the difference of religious beliefs, ethnic customs, and mode of
production, the contacts and relationships are also different. The epidemic characteristics of these regions are different from other
places. Based on the background, some high-risk immunization strategies for Multiethnic regions are proposed. The epidemic
dynamics were analyzed both from theory and simulation experiment. The results indicate that the proposed immunization
strategies are effective, and it is also economic and feasible.

1. Introduction

The problem of epidemic spreading has been a hot topic in
past decades. Infectious diseases occur frequently in the 21st
century, for example, SARS in 2003, the bird flu in 2005, H1N1
in 2007, and so forth. All these seriously threaten the health
and life of the people. Recently, various epidemicmodels were
investigated [1–6]. In typical epidemic mode, Individuals
were divided into several classes. Generally, the basic states
include 𝑆 standing for susceptible state, 𝐼 standing for infected
state, and 𝑅 standing for recovered state. The typical mode is
named by the transform of the states, such as the susceptible-
infected-susceptible (SIS) [7], susceptible-infected-recovered
(SIR) [8], and susceptible-infected (SI) [9]. Around these
models, various problems have been investigated [3, 10–16].

As for epidemic dynamics, one key problem is whether
the epidemic propagation can be effectively controlled by
vaccination aiming at part of the population. At present,
there are two methods to solve the problem. One is to make
infected individuals isolated and treat them; the other is
to carry out vaccination of susceptible individuals. Because
the isolation and treatment not only often bring many
inconveniences but also are very unfavorable to the social
economic development, so people generally use the method
of vaccination.

Based on mean-field theory, Callway proposed a random
immunization in which the nodes to be vaccinated are
selected randomly [17]. However, experiments indicate that

almost all individuals need to be vaccinated for controlling
the epidemic. Obviously, it is impossible in practice. In order
to solve the problem, Pastor-Satorras and Vespignani inves-
tigated network immunization for SIS model and proposed
another scheme—called “targeted immunization schemes”
[18], in which the nodes with larger degrees are vaccinated
firstly. The efficiency of the targeted immunization schemes
is much higher than the former. However, the targeted
immunization schemes require all of information of the
whole network before being implemented. In response to this
issue, Cohen proposed an efficient immunization strategy
named “acquaintance immunization” [8]. In this scheme, the
“acquaintances” of some nodes which are selected randomly
are vaccinated with certain probability. It is evident that the
nodes with large degrees have more chance to be vaccinated.
However, all above works are done based on the hypothesis
that all individuals are uniform. In other words, the traffic
capacities of all edges of the networks are equal. But it is
not true in fact. For example, at the multiethnic regions, the
contact frequency of two individuals who come from the
same nationality is bigger than the situation from different
nationalities. Nodes in networks are not always from the same
nationality. In this paper, the nodes in the network are divided
into three classes which represent the individuals coming
from three different nationalities. Besides, all these immu-
nizations do consider not only whether an immunization
strategy is effective or not, but alsowhether the immunization
strategy is feasible or not. Uniform immunization is a simple
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strategy and can be done in the real life. But it has a clear
drawback which needs to vaccinate almost all nodes; the cost
of requirement is huge. Obviously, it is not efficient. We need
a simple and effective strategy tomake sure of vaccinating less
people and getting better performance. The most important
thing is whether the selected strategy can be adopted in real
life.

In consideration of the above problems, we studied high-
risk immunization strategies for multiethnic regions which
are to vaccinate the susceptible individuals whose neighbors
have been infected. And these individuals are called “high-
risk individuals” [16]. Is this immunization valid? According
to the mean-field theory, we build the standard SIRS model
on BA scale-free networks in which all nodes come from
different nationalities and investigate the behaviors of density
of infected individuals.

The rest of the paper is organized as follows. In the next
section, high-risk immunization in different BA scale-free
complex networks is investigated, and the standard SIRS
model is built. Finally, conclusions are given in the last
section.

2. Immunization in Scale-Free Networks

A major discovery in the study of complex networks is that
many networks including Internet, WWW, and metabolic
networks have power lawdistribution in recent years. In order
to explain the appearance of power law distribution, Barabási
and Albert proposed a new scale-free network called BA.
They use several steps to build BA scale-free network. A small
number of𝑚

0
nodes will be constructed first, and then a new

node is added in every step, with m links that are connected
to an old node 𝑖 with probability ∏(𝑘

𝑖
) = 𝑘

𝑖
/∑
𝑗
𝑘
𝑗
, where

𝑘
𝑖
is the degree of the 𝑖th node. When the process cycles

enough, we obtain a network composed of N nodes with
degree distribution 𝑃(𝑘) ∼ 𝑘

−3 and average degree ⟨𝑘⟩ = 2𝑚.
In a concrete spreading model, each node in the network
represents an individual, and each link is an approach to
spread viruses. Each susceptible node is infected with rate
𝛽, if it is connected to one or more infected nodes. Infected
nodes are cured with rate 𝛼. Defining an effective spreading
rate 𝜆 = 𝛽/𝛼, without loss of generality, we set 𝛼 = 1. A
recovered node loses its immunitywith rate𝜎. For this class of
graphs, it has significant scale-free property; nodes with high
degrees play an important role in network; so they can not be
neglected.We should relax the homogeneity assumption used
for homogeneous networks. We consider the relative density
𝑆
𝑖

𝑘
(𝑡) of susceptible nodes, 𝐼𝑖

𝑘
(𝑡) of infected nodes, and𝑅𝑖

𝑘
(𝑡) of

recovered nodes with given degree 𝑘 in the 𝑖th region; that is,
the probability that a nodewith 𝑘 links is susceptible, infected,
or recovered is 𝑆𝑖

𝑘
(𝑡), 𝐼𝑖
𝑘
(𝑡), and 𝑅

𝑖

𝑘
(𝑡), respectively. Suppose

that there are 𝑛 different ethnics; thus, the SIRS model can be
modified as follows:

𝑑𝑆
𝑖

𝑘
(𝑡)

𝑑𝑡
= − 𝜆𝑘(1 −

𝛿Ω

𝜎
)Θ (𝑡)

𝑛

∑

𝑖=1

𝜁
𝑖𝑗
𝑆
𝑖

𝑘
(𝑡) + 𝜎𝑅

𝑖

𝑘
(𝑡)

𝑑𝐼
𝑖

𝑘
(𝑡)

𝑑𝑡
= 𝜆𝑘(1 −

𝛿Ω

𝜎
)Θ (𝑡)

𝑛

∑

𝑖=1

𝜁
𝑖𝑗
𝑆
𝑖

𝑘
(𝑡) − 𝐼

𝑖

𝑘
(𝑡)

𝑑𝑅
𝑖

𝑘
(𝑡)

𝑑𝑡
= 𝐼
𝑖

𝑘
(𝑡) − 𝜎𝑅

𝑖

𝑘
(𝑡)

𝜁
𝑖𝑗
= {

1 (𝑖 = 𝑗)

𝜏 (𝑖 ̸= 𝑗) .

(1)

Here, 𝜁
𝑖𝑗
represents impact coefficient between two dif-

ferent ethnics, 0 < 𝜏 < 1. The first term on the rhs of
the first equation of (1) considers the average density of
newly infected nodes generated by each infected node. This
is proportional to the effective infection spreading rate 𝜆, the
number of connections 𝑘 (degree), the probability that a given
link points to a healthy node 𝑆𝑖

𝑘
(𝑡), and the probability Θ(𝑡)

that any given link points to an infected node. The second
term represents recovered nodes losing immunity with rate
𝜎.The last term represents the change from susceptible nodes
to recovered nodes by vaccinating.This is proportional to the
vaccinating rate 𝛿, the probability that a given link points to
a healthy node 𝑆

𝑖

𝑘
(𝑡), the probability that a given node is a

neighbor of specific nodeΩ, and the probabilityΘ(𝑡) that any
given link points to an infected node.The second term on the
rhs of the second equation of (1) denotes the infected nodes
recovering with unit rate. The explanations of other terms in
(1) are similar to the above. The probability that a link points
to a node with s links is proportional to 𝑠𝑃(𝑠). In other words,
a randomly chosen link is more likely to be connected to an
infected node with high connectivity, yielding

Θ (𝑡) =
∑
𝑘
𝑘𝑃 (𝑘) 𝐼

𝑖

𝑘
(𝑡)

∑
𝑠
𝑠𝑃 (𝑠)

=
1

⟨𝑘⟩
∑

𝑘

𝑘𝑃 (𝑘) 𝐼
𝑖

𝑘
(𝑡) . (2)

Also, 𝑆𝑖
𝑘
(𝑡), 𝐼𝑖
𝑘
(𝑡), and 𝑅

𝑖

𝑘
(𝑡) obey the normalization condition

for each 𝑘:

𝑆
𝑖

𝑘
(𝑡) + 𝐼

𝑖

𝑘
(𝑡) + 𝑅

𝑖

𝑘
(𝑡) = 1. (3)

Consider the nonepidemic stationary condition:

𝑑𝑆
𝑖

𝑘
(𝑡)

𝑑𝑡
= 0

𝑑𝐼
𝑖

𝑘
(𝑡)

𝑑𝑡
= 0

𝑑𝑅
𝑖

𝑘
(𝑡)

𝑑𝑡
= 0

𝐼 (𝑡) = 0.

(4)

Then, from the first equation of (1), we obtain

−𝜆𝑘(1 −
𝛿Ω

𝜎
)Θ (𝑡)

𝑛

∑

𝑖=1

𝜁
𝑖𝑗
𝑆
𝑖

𝑘
(𝑡) + 𝜎𝑅

𝑖

𝑘
(𝑡) = 0. (5)

By combining the above equation with (3), we obtain

𝑆
𝑖

𝑘
(𝑡) =

𝜎 − 𝜎𝐼
𝑖

𝑘
(𝑡)

−𝜆𝑘 (1 − 𝛿Ω/𝜎)Θ (𝑡) (2∑
𝑛

𝑖
𝜁
𝑖𝑗
/ (𝑛2 + 𝑛)) + 𝜎

. (6)
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From the second equation of (1),

𝑆
𝑖

𝑘
(𝑡) =

𝐼
𝑖

𝑘
(𝑡)

𝜆𝑘 (1 − 𝛿Ω/𝜎)Θ (𝑡)

2∑
𝑛

𝑖
𝜁
𝑖𝑗

𝑛2 + 𝑛
. (7)

Substitute (7) into (6),

𝐼
𝑖

𝑘
(𝑡) =

𝜎𝜆𝑘 (1 − 𝛿Ω/𝜎)Θ (𝑡) (2∑
𝑛

𝑖
𝜁
𝑖𝑗
/ (𝑛
2
+ 𝑛))

(1 + 𝜎) 𝜆𝑘 (1 − 𝛿Ω/𝜎)Θ (𝑡) (2∑
𝑛

𝑖
𝜁
𝑖𝑗
/ (𝑛2 + 𝑛)) + 𝜎

.

(8)

The solutions 𝐼𝑖
𝑘
(𝑡) = 0 and Θ(𝑡) = 0 always satisfy (8). A

nonzero stationary prevalence (𝐼𝑖
𝑘
(𝑡) ̸= 0) is obtained when

the lhs and the rhs of (8) are expressed as function 𝐹(Θ),
and interest is in the interval 0 < Θ ≤ 1; this has a
nontrivial solution. It is easy to deduce that this requires that
the inequality

𝑑𝐹 (Θ)

𝑑Θ

Θ=0

≥ 1 (9)

must be fulfilled; that is,

𝑑

𝑑Θ

{

{

{

1

⟨𝑘⟩
∑

𝑘

𝑘𝑃 (𝑘)

× [

[

𝐼
𝑖

𝑘
(𝑡) = (𝜎𝜆𝑘(1 −

𝛿Ω

𝜎
)Θ (𝑡)

2∑
𝑛

𝑖
𝜁
𝑖𝑗

𝑛2 + 𝑛
)

× ( (1 + 𝜎) 𝜆𝑘(1 −
𝛿Ω

𝜎
)

×Θ (𝑡)

2∑
𝑛

𝑖
𝜁
𝑖𝑗

𝑛2 + 𝑛
+ 𝜎)

−1

]

]

}

}

}

Θ=0

=
𝜆

⟨𝑘⟩
∑

𝑘

𝑘𝑃 (𝑘) (1 −
𝛿Ω

𝜎
)
2∑
𝑛

𝑖
𝜁
𝑖𝑗

𝑛2 + 𝑛
≥ 1,

(10)

Ω is the probability of any given node (individual) which is a
neighbor of some specific nodes. Therefore,

Ω =
𝑘𝑃 (𝑘)

𝑁 ⟨𝑘⟩
. (11)

As for BA scale-free network,

𝑃 (𝑘) =
2𝑚
2

𝑘3
. (12)

By substituting (12) and (11) into the lhs of inequality (10), we
obtain

𝜆

⟨𝑘⟩
[⟨𝑘
2
⟩ −

2𝑚
2
𝛿

𝑁 ⟨𝑘⟩ 𝜎
]
2∑
𝑛

𝑖
𝜁
𝑖𝑗

𝑛2 + 𝑛
≥ 1. (13)

The value of 𝜆 satisfies the inequality (13); that is,

𝜆

⟨𝑘⟩
[⟨𝑘
2
⟩ −

2𝑚
2
𝛿

𝑁 ⟨𝑘⟩ 𝜎
]
2∑
𝑛

𝑖
𝜁
𝑖𝑗

𝑛2 + 𝑛
= 1. (14)

From the above equation, the critical epidemic threshold 𝜆
𝑐
,

that is given by

𝜆
𝑐
=

𝑁⟨𝑘⟩ 𝜎

(2∑
𝑛

𝑖
𝜁
𝑖𝑗
/ (𝑛2 + 𝑛)) (𝑁 ⟨𝑘2⟩ 𝜎 − 2𝑚2𝛿)

. (15)

When 𝜎 = 1 and 𝛿 = 0, 𝜁 → 1, 𝜆
𝑐
= ⟨𝑘⟩/⟨𝑘

2
⟩. This is

consistent with May’s reference.
Here,

⟨𝑘⟩ = ∑

𝑘

𝑘𝑃 (𝑘) = ∑

𝑘

2𝑚
2

𝑘2
= 2𝑚
2
∑

𝑘

1

𝑘2

⟨𝑘
2
⟩ = ∑

𝑘

𝑘
2
𝑃 (𝑘) = ∑

𝑘

𝑘
2
2𝑚
2

𝑘3
= 2𝑚
2
∑

𝑘

1

𝑘
.

(16)

Substitute (16) into (15)

𝜆
𝑐
=

2𝑁𝑚
2
(∑
𝑘
(1/𝑘
2
))
2

𝜎

[2𝑁𝑚2 (∑
𝑘
(1/𝑘2))∑

𝑘
(1/𝑘) 𝜎 − 𝛿] (2∑

𝑛

𝑖
𝜁
𝑖𝑗
/ (𝑛2 + 𝑛))

= {
∑
𝑘
(1/𝑘)

∑
𝑘
(1/𝑘2)

−
𝛿

2𝑁𝑚2(∑
𝑘
(1/𝑘2))

2
𝜎

}
𝑛
2
+ 𝑛

2∑
𝑛

𝑖
𝜁
𝑖𝑗

.

(17)

In the continuous k approximation, calculate the approxima-
tion of ∑

𝑘
(1/𝑘) and ∑

𝑘
(1/𝑘
2
). Consider

∑

𝑘

1

𝑘
→ ∫

𝑀

𝑚

1

𝑘
𝑑𝑘 = ln 𝑀

𝑚

∑

𝑘

1

𝑘2
→ ∫

𝑀

𝑚

1

𝑘2
𝑑𝑘 =

1

𝑚
−

1

𝑀
=

𝑀 −𝑚

𝑚𝑀
.

(18)

Here, 𝑀 is the maximum degree. By substituting (18) into
(17),

1

𝜆
𝑐

≈ {
ln (𝑀/𝑚)

(𝑀 − 𝑚) /𝑚𝑀
−

𝛿

2𝑁𝑚2((𝑀 − 𝑚) /𝑚𝑀)
2
𝜎
}

×
2∑
𝑛

𝑖
𝜁
𝑖𝑗

𝑛2 + 𝑛

= {
𝑚𝑀 ln (𝑀/𝑚)

𝑀 − 𝑚
−

𝑀
2
𝛿

2𝑁(𝑀 − 𝑚)
2𝜎
}
2∑
𝑛

𝑖
𝜁
𝑖𝑗

𝑛2 + 𝑛
.

(19)

When𝑀 is big enough (when𝑚 is constant,𝑀 increases with
𝑁),𝑀−𝑚 ≈ 𝑀; thus,

1

𝜆
𝑐

≈ {𝑚 ln 𝑀

𝑚
−

𝑀𝛿

2𝑁𝜎
}
2∑
𝑛

𝑖
𝜁
𝑖𝑗

𝑛2 + 𝑛
. (20)

From (20), we can see the following:

(1) 𝜆
𝑐
increases with 𝜁 decreasing;

(2) 𝜆
𝑐
increases with 𝜎; this is reasonable and consistent

with expectation; namely, longer lasting immunity
raises the threshold infection spreading rate for epi-
demic outbreak to occur; for simplicity, in this paper,
we select 𝜎 as a fixed value 1;
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Figure 1: Computer simulations of SIRS model on BA scale-free networks (𝑁 = 2000, ⟨𝑘⟩ = 4). In the BA scale-free networks, we do not
adopt any immunization strategies, 𝜁

𝐴𝐵
= 𝜁
𝐵𝐶

= 𝜁
𝐴𝐶

= 0.7.
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(a) Comparison between uniform immunization and high-risk immu-
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(b) Comparison between uniform immunization and high-risk immu-
nization thinking of ethnics with different transmission probabilities

Figure 2: Computer simulations of SIRS model on BA scale-free networks (𝑁 = 2000, ⟨𝑘⟩ = 4, 𝜁
𝐴𝐵

= 𝜁
𝐵𝐶

= 𝜁
𝐴𝐶

= 0.7). (a) At a fixed
spreading rate 𝜆 = 0.3, the changing of infected density 𝐼(𝛿) as a function of 𝛿. (b) At a fixed vaccinating rate 𝛿 = 0.3, the changing of infected
density 𝐼(𝜆) as a function of 𝜆.

(3) 𝜆
𝑐
increases with 𝑚(⟨𝑘⟩ = 2𝑚) decreasing; the

simulations can verify this point;

(4) 𝜆
𝑐
decreases with𝑁 increasing;

(5) 𝜆
𝑐
increases with 𝛿 increasing; this point is consistent

with the simulation.

All the simulations (Figures 1–4) are computed averaging
over 30 different starting configurations performed on 20
different realizations of the network.We randomly chose 10%
of nodes as 𝐴 nation and 20% of nodes as 𝐵 nation; the rest
of nodes are in 𝐶 nation.

From Figure 1, we can obviously see that the infection
density adopting ethnic distribution strategy runs faster than
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Figure 3: At a fixed vaccinating rate 𝛿 = 0.3, the computer simulations of SIRSmodel with high-risk immunization onBA scale-free networks.
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infected density 𝐼(𝜆) as a function of 𝜆.
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Figure 4: The computer simulations of SIRS model with high-risk immunization on BA scale-free networks (𝑁 = 2000, ⟨𝑘⟩ = 6). (a) The
changing of infected density 𝐼(𝜆) as a function of 𝜆, with 𝛿 = 0.3, 𝛿 = 0.5, and 𝛿 = 0.7. 𝜁

𝐴𝐵
= 𝜁
𝐵𝐶

= 𝜁
𝐴𝐶

= 0.7. (b) The changing of infected
density 𝐼(𝜆) as a function of 𝜆, with 𝜁 = 0.2, 𝜁 = 0.4, 𝜁 = 0.6, 𝜁 = 0.8, and 𝜁 = 1 (𝜁

𝐴𝐵
= 𝜁
𝐵𝐶

= 𝜁
𝐴𝐶

= 𝜁). 𝛿 = 0.3.

another situation. This is consistent with the true life. To
get close to actual conditions in the multiethnic regions, we
should use consider the race property of nodes.

From Figure 2(a), we can see that the density of infected
nodes is decreased with vaccinating rate 𝛿 increasing; besides

when we adopt ethnic distribution strategy, it has an immune
effect by itself. Figure 2(b) shows that the density of infected
node is increased with spreading rate 𝜆 increasing; this is
consistent with the above analysis in BA scale-free networks.
And Figure 2 also shows that the high-risk immunization
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in the multiethnic regions is effective, but the uniform
immunization is not.

From Figure 3, we can see the 𝜆
𝑐
increases with 𝑚(⟨𝑘⟩ =

2𝑚) decreasing. This is verified by the above analysis. It also
shows that 𝜆

𝑐
decreases with 𝑁 increasing, as found in the

above analysis.
Figure 4 indicates that𝜆

𝑐
increaseswith vaccinating rate𝛿

increasing, and this is also consistent with the above analysis.
This indicates that as long as the vaccinating rate is big
enough, the epidemic would not be prevalent in population.
(If the value of 𝜆 is above the threshold, 𝜆 ≥ 𝜆

𝑐
, the

infection spreads and becomes persistent. Below threshold,
the infection dies out exponentially fast.) On the other hand,
it indicates that when the 𝜁 is big enough, it has a weaker
impact on high-risk immunization. Especially, if 𝜁 = 1, there
is no impact on high-risk immunization.

3. Conclusions

Immunization is an interesting and challenging task, which
aims at less cost and better effect. We analyzed the effective-
ness of high-risk immunization from a theoretical point of
view formultiethnic regions and establishedmodels on scale-
free networks. Considering the factors of politics, nations,
economies, and so forth, neither “acquaintance immuniza-
tion” nor “targeted immunization schemes” can be used in
practice. Moreover, targeted immunization needs the whole
information of the network. This is often very hard to get.
Uniform immunization is a simple strategy, but it is not
effective. And worst of all, it requires vaccination of almost
the entire population, which is costly and administratively
unfeasible. High-risk immunization for multiethnic areas is a
dynamic scheme and, at each time step, requires vaccination
of only the part of neighbors of infected individuals. The cost
is relatively small. Besides, it is very close to social reality. At
the same time, it is similar to acquaintance immunization. So,
high-risk immunization not only has its own advantages but
also its own high-risk immunization’s merit.
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