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We give several sharp bounds for the Neuman means N ,;; and Ny, (N, and N i) in terms of harmonic mean H (contraharmonic
mean C) or the geometric convex combination of arithmetic mean A and harmonic mean H (contraharmonic mean C and
arithmetic mean A) and present a new chain of inequalities for certain bivariate means.

1. Introduction

For a,b > 0 with a # b, the Schwab-Borchardt mean SB(a, b)
[1-3] of a and b is defined as

D _ a2 )
cos™! (a/b)’ asm
SB(a,b) = 0
T2
a>b,

cosh™ (a/b) ’

where cos !(x) and cosh™(x) = log(x + Vx%-1) are
the inverse cosine and inverse hyperbolic cosine functions,
respectively.

The Schwab-Borchardt mean SB(a, b) can be expressed
by the symmetric elliptic integral Ry [4] of the first kind as
follows [5] (see also [6, (3.21)]):

1

SB (a, b) = m, (2)

where Ry(a, b,¢) = (1/2) [[7 [(t + a)(t + b)(t + c)]/2dt.

Recently, the Schwab-Borchardt mean has been the sub-
ject of intensive research. In particular, many remarkable
inequalities for the Schwab-Borchardt mean and its generated
means can be found in the literature [1-3, 7-10].

Very recently, Neuman [11] found a new mean N(a,b)
derived from the Schwab-Borchardt mean as follows:

1 b
N(a’b)zi[a-FSB(a,b)]' (3)

Let G(a,b) = Vab, H(a,b) = 2ab/(a + b), L(a,b) =
(a-0b)/(loga - logb), P(a,b) = (a - b)/[2sin" ((a - b)/(a +
b)), Aa,b) = (a +b)/2, M(a,b) = (a - b)/[2sinh*((a -
b)/(a + b)), T(a,b) = (a - b)/[2tan”"((a - b)/(a + b))],
Qa,b) = (@ +b)/2, and C(a,b) = (a* + b)/(a +
b) be, respectively, the geometric, harmonic, logarithmic,
first Seiffert, arithmetic, Neuman-Sandor, second Seiffert,
quadratic, and contraharmonic means, and let

Ny (a,b) = N[A(a,b),H (a,b)],
Ny (a,b) = N [H (a,b), A(a,b)],
Nug (@b) = N[A(a,b),G(ab)],
Noa (@.b) = N [G(a,b),A(a,b)],
Noc(a,b) = N [A(a,b),C(a,b)],
Nea (@ b) = N[C(a,b), A(a,b)],
Nyq(a.b) = N[A(a,b),Q(a.b)],
Noa (a.b) = N[Q(a,b), A (a,b)]
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be the Neuman means. Then Neuman [11] proved that
G(a,b) < L(a,b) < Nyg(a,b) < P(a,b) < Ng, (a,b)
<A(a,b) < M(a,b) < Ngs(a,b) <T(ab) (5
< Nyq(a,b) <Q(a,b) <C(ab),
for all a,b > 0 with a # b, and the double inequalities
a,Aa,b) +(1-a,)G(a,b)
< Nga(a,b) < BA(a,b)+(1-B,)G(ab),
,Q(a,b) + (1 -a,) A(a,b)
< Nyq(a,b) < B,Q(ab) + (1-,)A(a,b), ©
A (a,b) + (1 - 0a3) G (a,b)
< Ny (a,b) < B3A(a,b) + (1 - B5)G(a,b),
a,Q(a,b) + (1 - a,) A(a,b)
< Noa (a,b) < B,Q(a,b) + (1 - B,) A(a,b)

hold for all a,b > O witha # bifand only if a; < 2/3, 8, >
m/4 0, <2/3, B, 2 (m—2)/[4(V2-1)] = 0.689..., a5 < 1/3,
Bs > 1/2,ay < 1/3,and B, > [log(1 + V2) + V2 - 2]/[2(V2 -
1)] = 0.356. ...

Zhang et al. [12] presented the best possible parameters
oy, 0, B, By € [0,1/2] and a5, oy, 35, B4 € [1/2,1] such that
the double inequalities

G(ya+(1-oa)bab+(1-a;)a)

<Nyg(a,b) <G(Ba+(1-B)bpb+(1-p)a),
G(aa+(1-o0y)bab+(1-ay)a)

< Nga (a,b) <G(Bya+ (1-B,)b,Bb+(1-5)a),
Qoza+(1—az)b,azb+(1-0a)a)

< Nga (a,b) < Q(Bsa+(1-B5)b,Bsb+(1-B5)a),
Qoya+(1-oy)bob+(1-0ay)a)

< Nyq(ab) < Q(Bua+(1-By)b,Bb+(1-p,)a)
(7)

hold for all a,b > 0 with a # b.

In [13], the authors found the greatest values «;, «,, s,
oy, s, O, &, and og and the least values f3;, 5, B3, Bas Bs> Be»
B, and B such that the double inequalities

A% (a,b) G (a,b)

< Nga (a,b) < AP (a,b) Gt (a,b),

a, N 1-a,
G(a,b) Af(a,b)
1 B, 1-5,
S Nea@b) ~G@b)  Ab)

Abstract and Applied Analysis

A% (a,b) G (a,b)

< N (a,b) < AP (a,b) G (a,b),

ay +1—oc4

G(a,b) Af(a,b)

1 B 1-B
N,c(a,b) G(ab) A(ab)

Q™ (a,b) A" (a,b)

< Nyg(a,b) < Q% (a,b) A" (a,b),
O N 1-oag
A(a,b) Q(a,b)

1 Bs 1-fg
“Na@b) ~A@b) ' Q@b)’

Q% (a,b) A'™ (a,b)

< Noa (@,b) < Q¥ (a,b) A" (a,b),

og 1-oag

A@b) Qb

1 Bs 1-f
“ New(@b) ~ A@b) ' Qab)

(8)

hold for all a,b > 0 with a # b.

Leta>b>0,v=(a-b)/(a+b) € (0,1), p € (0,00),
q € (0,7/2), r € (0,log(2 + V3)), and s € (0,7/3) be the
parameters such that 1/ cosh(p) = cos(q) =1 - V2, cosh(r) =
sec(s) = 1 + 2. Then He et al. [14] proved that

NAH(a,b)=%A(a,b)[l+sinsﬁ], ©)
Nyy (a,b) = %A(a, b) [cos (q) + sinq(q)] ., (0
Ny (a,b) = %A (a,b) [cosh (r) + Sin}: (r)] . an

N (ab) = %A(a, b) [1 . Sinz(SZS)] . W

H(a,b) < Ny (a,b) < Ny, (a,b) < A(a,b)
< Ngy (a,b) < Nyc(a,b) < C(a,b).

Letx € [0,1/2], y € [1/2,1], f(x) = H[xa+(1-x)b, xb+
(1 = x)al, and g(y) = Clya + (1 — y)b, yb + (1 — y)a]. Then
we clearly see that
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f(0)=H(a,b) < Nyy (a,b) < Ny, (a,b) < A(a,b)

:f(%) :g(%) < Ngy (a,b) < Ny (a,b) < C(a,b)

=g(),
(14)

for all a,b > 0 with a # b, and the functions f and g are,
respectively, strictly increasing on the intervals [0, 1/2] and
[1/2,1] for fixed a,b > 0 with a # b.

The main purpose of this paper is to find the best possible

parameters «;, &, &3, &y, Br> Bas B3> Py € R, a5, a4, 5> s €
[0,1/2], and o, a5, B, Bs € [1/2,1] such that the double
inequalities
A% (a,b) H'™ (a,b)
< Nuy (@,b) < AP (a,b) H P (a,b),
A% (a,b) H'™™ (a,b)
< Ny (a,b) < AP (a,b) HP (a,b),
C* (a,b) A" (a,b)
< Nga (a,b) < CP (a,b) AP (a,b),
C* (a,b) A" (a,b)
< Nuo(a,b) < CP (a,b) AP+ (a,b),
Hasa+ (1 —oa5)b,asb+ (1 - as)al
< Nuy(a,b) <H|[Bsa+(1-ps)b,Bsb+(1-Bs)al,
Hlaga+ (1 —og)b,agh + (1 - ) al
< Ny (a,b) <H|[Bga+ (1- )b, Beb+ (1 - ) al,
Cloza+(1-a;)b,ab+ (1 -ay)al
< Ngy(ab) <H[B,a+(1-B,)b,Bb+(1-,)a],
Cloga+(1-ag)b,aghb+ (1 -oag)al
< Nyc(a,b) < H[Bga+ (1- )b, Bsb+ (1 -fBs)al

(15)

hold, for all a,b > 0 with a # b, and present a new chain of
inequalities for certain bivariate means.

2. Lemmas

In order to prove our main results we need several lemmas,
which we present in this section.

Lemma 1 (see [15, Theorem 1.25]). For —co < a < b < 0o,
let f,g:[a,b] — R be continuous on [a, b] and differentiable

on (a, b); let g'(x) + 0 on (a,b). Iff'(x)/g'(x) is increasing
(decreasing) on (a, b), then so are

f(x) - f(a)
g(x)-ga)’

f&x)-f®)
gx)-g®)’

(16)

Iff'(x)/g'(x) is strictly monotone, then the monotonicity in
the conclusion is also strict.

Lemma 2 (see [16, Lemma 1.1]). Suppose that the power series
flx) = Y2pa,x" and g(x) = Y2 b,x" have the radius of
convergence t > 0 and a,, b, > 0 for all n > 0. If the sequence
{a,/b,} is (strictly) increasing (decreasing) for all n > 0, then
the function f(x)/g(x) is also (strictly) increasing (decreasing)
on (0,7).

Lemma 3. The function

_ sinh (x) — x
1 (%) = sinh (x) [cosh (x) — 1] (17)

is strictly decreasing from (0, 00) onto (0,1/3).
Proof. Making use of power series expansion we get

2 sinh (x) — 2x

¢ (x) = sinh (2x) — 2 sinh (x)
Yoo, 2/ 2n+ 1)) 2+

TIE (2 -2) enr )yt 18

= Z:io 2/ 2n+3)!) el

Zsio ((22n+3 _ 2) / 2n+ 3)!) o
Let
243
" ﬁ b= ﬁ (19)
Then

a, >0, b, >0, 20)

and a,,/b, = 1/(2°*** - 1) is strictly decreasing for all n > 0.
Note that

a,

0") =2 =,
(Pl( ) b() 3

1 (00) = nlgrr&% =0 (21

Therefore, Lemma 3 follows easily from Lemma 2 and
(18)-(21) together with the monotonicity of the sequence
{a,/b,}. O

Lemma 4. The function

x — sin (x)

¢, (x) = (22)

sin (x) [1 — cos (x)]

is strictly increasing from (0,7/2) onto (1/3, /2 — 1).



Proof. Let f,(x) = x —sin(x) and g, (x) = sin(x)[1 — cos(x)].
Then simple computations lead to

fi(x) _ fi1(x) - £, (0)
g1 (x) g1 (x)—g (0)°

¢, (x) = (23)

and fl'(x)/gi (x) = 1/[1 + 2 cos(x)] is strictly increasing on
(0,71/2).
Note that

A O LAV
(PZ(O)_xh—»ng*g;(x)_?)’ %(2)_2 L@

Therefore, Lemma 4 follows from Lemma 1, (23), (24),
and the monotonicity of fl' (x)/ g{ (x). O

Lemma 5. The function

log [(x + sinh (x) cosh (x)) / (2 sinh (x) cosh (x))]
log (1/ cosh (x))

@3 (x) =
(25)

is strictly decreasing from (0, o) onto (0,2/3).

Proof. Let f,(x) = log[(x + sinh(x)cosh(x))/(2 sinh(x)
cosh(x))] and g,(x) = log[1/ cosh(x)]. Then simple compu-
tations lead to

_ L) f(x) - £,(07)
G (x) g (x)-g,(0)°

¢ (x) (26)

f> (x)
g5 (x)

= (x [cosh3 (x) + sinh? (x) cosh (x)] — sinh (x) cosh? (x))

X (sinh2 (x) cosh (x) [x + sinh (x) cosh (x)])_1
= (8x cosh (3x) + 8x cosh (x) — 4 sinh (3x) — 4 sinh (x))

X (4x cosh (3x) — 4x cosh (x) + sinh (5x) — sinh (3x)

:Q

—2sinh(x))™

18

((8@n+1)(1+3™)-4(1+3""))

1

x (n+1))7") x2”+1)

18

((4 2n+1) (32” _ 1) 452l _g2mHl 2)

(.

[
—

-1
x ((2n + 1)!)_1) xZ”H)
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= (i ((8n+3)(1+3™7)-4(1+3"))
n=0
X ((2n+3)!)‘1)x2”>

T
n=0

-1
x ((2n + 3)!)_1)x2") .

(27)
Let
8(2n+3)(1+3™2) -4 (1+3)
a, = ,
" (2n + 3)!
(28)
, 4(271 + 3) (32n+2 _ 1) + 52n+3 _ 32n+3 )
" (2n + 3)!
Then it is not difficult to verify that
161 + 20) + (161 + 12) 322
g = Qonr20+A6n+ 1377 0, g
(2n + 3)!
(29)
Ayi1 a, Cn
-—=-—x<0
bn+1 bn dn

for all n > 0, where ¢, = (256n + 48)3*""* x 5% 1 (384n +
464)5°™3 + (2048n* + 70401 + 6000)3*"2 — 16 - 3*"*7 + 64 and
d, =[5 +(8n+17)3*""* - (8n+22)][5°"" + (8n+9)3°"** -
(8n + 14)].

Note that

2

95 (07) = Z—O ==, ¢y(c0)=0. (30)
0

3

It follows from Lemma 2 and (27)-(29) that the func-
tion le(x)/ g;(x) is strictly decreasing on (0, 00). Therefore,
Lemma 5 follows from (26) and (30) together with Lemma 1
and the monotonicity of fz' (x)/ g;(x). O

Lemma 6. The function

log [(x + sin (x) cos (x)) / (2 sin (x))]
log [cos (x)]

@y (x) = (31)

is strictly decreasing from (0,7/2) onto (0, 1/3).

Proof. Let f;(x) = log[(x+sin(x) cos(x))/(2 sin(x))], g5(x) =
log[cos(x)], fu(x) = cos?(x)[x — sin(x) cos(x)], and ga(x) =
sin?(x)[x + sin(x) cos(x)]. Then simple computations lead to

f3(x) _ f3(0-f3 (0+)

= = , 32
7= 0 -9, 0 2
L@ _fi®) _ fi0) - fi0) 33)
g gi(x)  gy(x) =g, (0)
i) 1 _ (34)
g, (x) 1/2 + sin (2x) / (2x)
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Since the function x — sin(x)/x is strictly decreasing on
(0, 77), hence (34) leads to the conclusion that fi (x)/ gfl(x) is
strictly decreasing on (0, 71/2).

Note that

<p4(0+)=xlgr3+§‘}8=§, ¢i(c0)=0. (35
4

Therefore, Lemma 6 follows easily from (32), (33), (35),
and Lemma 1 together with the monotonicity of fi (x)/ gi(x).
O

Lemma 7. The function

log ((x + sinh (x) cosh (x)) / (2 sinh (x)))
log [cosh (x)]

@5 (x) = (36)

is strictly increasing from (0,log(2 + V/3)) onto (1/3,
[210g(2+/3 + log(2 + V3)) — log 3]/(2l0g2) - 1).

Proof. Let f5(x) = log[(x +sinh(x) cosh(x))/(2 sinh(x))] and

gs(x) = log[cosh(x)]. Then simple computations lead to

fs(x) f5 (%) = f5(07)

= , (37)
gs(x)  gs(x) —gs5(0)

@5 (x) =

fS' (x) _ sinh (x) cosh® (x) - xcosh? (x)

gs (%) ~ xsinh? (x) + sinh? (x) cosh (x)

_ sinh (4x) + 2 sinh (2x) — 4x cosh (2x) — 4x
" sinh (4x) — 2 sinh (2x) + 4x cosh (2x) — 4x

Zoo (22n+2 (22n _ 2?’1) / (21’1 + 1)‘) x2n+1

n=1

T Y (222 (22 + 2n) [ (2n + 1)) 221

Yoo (27 [27 - (2n+2)] [ (2n+ 3)1) x>
CY%, (22 222 4 (2n + 2)] [ 2n + 3)) X2

(38)
Let
22n+4 [22n+2 _ (2” + 2)]
a, = ,
" 2n + 3)! (39)
b 22n+4 [22n+2 + (2” + 2)]
" (2n +3)!
Then
a, >0, b, >0,
Gpir Gy _ (3n +2) 22"+ (40)
by b, (21 +n+1)(223 +n+2)
foralln > 0.

It follows from Lemma 2 and (38)-(40) that f; (x)/ g;(x)
is strictly increasing on (0, log(2 + V3)).

Note that

W | =

a,
0") =2 =
(PS( ) b()

2log [2\/§+log (2 + \/5)] —log3
2log2 -

Qs [log (2 + \/5)] =
(41)

Therefore, Lemma 7 follows from Lemma 1, (37), and (41)
together with the monotonicity of fsl (x)/ g;(x). O

Lemma 8. The function

log [(x + sin (x) cos (x)) / (2 sin (x) cos (x))]
@6 (x) =

log [sec (x)] (42)

is strictly increasing from (0, 7/3) onto (2/3, [2 log(4m+3 V3)-
2log 6 —log3]/(210g2)).

Proof. Let f¢(x) = log[(x + sin(x) cos(x))/(2 sin(x) cos(x))],
ge(x) = log[sec(x)], f7(x) = sin(x) cos(x) — x cos(2x), and
g7(x) = (x+sin(x) cos(x))sin®(x). Then simple computations
lead to

_fe () _ fo (%) = f5(07)
96(X)  gs(x)—gs(0)’

@6 (x)

fe®) _ 1) _ fr0 - f,(0)
96(x) g, (x)  g;(x)~g;(0)

fr(x) 1
gy (x)  1/2+sin(2x) /2x”

(43)

Since the function x — sin(2x)/(2x) is strictly decreas-
ing on (0, 7/3), hence Lemma 1 and (43) lead to the conclu-
sion that ¢ (x) is strictly increasing on (0, 7/3).

Note that

) 2
0 =1 =z, 44
05 (0) = lim )~ 3 (4
2log (47 +3v/3) — 2log6 — log 3
(P6<E>= d ) & il (45)
3 2log2

Therefore, Lemma 8 follows easily from (44) and (45)
together with the monotonicity of ¢4(x). O



3. Main Results

Theorem 9. The double inequalities

A% (a,b) H ™ (a,b)

(46)
< Nupy @ b) < AP (a,b) HP (a,b),
A% (a,b) H* (a,b)
(47)
< Ny, (a,b) < AP (a,b) HP (a,b),
C*% (a,b) A" (a,b)
(48)
< Ngu (a,b) < CP (a,b) AP (a,1),
C% (a,b) A" (a,b)
(49)

< Nyc(a,b) < CP* (a,b) A"P+ (a,b)

hold for all a,b > 0 with a + bif and only ifa; < 1/3, f; = 1,
o, <2/3, 3,21, 05 < 1/3, B; > [2log(2V3 + log(2 + V3)) -
log3]/(2log2)-1 =0.4648.. ., oty < 2/3, and B, > [2log(4m+
3v/3) - 2log 6 — log3]/(2log2) = 0.7733. ...

Proof. Without loss of generality, we assume thata > b > 0.
Letv = (a-b)/(a+b) € (0,1), p € (0,00), g € (0,7/2),
r € (0,log(2 + V3)), and s € (0,7/3) be the parameters such
that 1/ cosh(p) = cos(q) =1 - v?, cosh(r) = sec(s) = 1 + 2.
Then (9)-(12) lead to the conclusion that inequalities (46)-
(49) are, respectively, equivalent to

log N 5y (a,b) —log A (a,b)
logH (a,b) — log A (a,b)

_ log [(p + sinh (p) cosh (p)) / (2 sinh (p) cosh (p))]
log (1/ cosh (p))

o <1-

-1
=1-95(p) < B>
(50)

_ log Nyj4 (a,b) —log A (a,b)
log H (a,b) — log A (a,b)

_ log[(q +sin (q) cos (9)) / (2sin (9))] (51)
log [cos (q)]

a, <1

=1

=1-94(q) < By
log Ny (a,b) —log A (a, b)
% logC (a,b) —log A (a,b)

_log ((r + sinh (r) cosh (r)) / (2 sinh (1)) (52)
a log [cosh (7)]

= @5 (r) < Bs»
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o < log N - (a,b) —log A(a,b)
* " logC(a,b) —log A (a,b)

_log[(s +sin(s) cos (s)) / (2 sin (s) cos (s))] (53)
B log [sec (s)]

= @5 (5) < Py

Therefore, Theorem 9 follows easily from (50)-(53) and
Lemmas 5-8. O

Theorem 10. Let o, 35,04, B € [0,1/2]. Then the double
inequalities,

H[osa+ (1 —os)byash + (1 - as) al
< Nap (a,b) < H[Bsa+ (1~ Bs) b, fsb + (1 - Bs) al,
H[aga+ (1—oag)b,agh+ (1 - o) al

< Ny, (a,b) < H[Bsa+ (1~ ) b, fsb + (1 - Bs) a »
(54)

hold for alla,b > O witha # b ifand only ifos < 1/2—-6/6 =
0.09175..., Bs > 1/2— V2[4 = 0.1464 .., ag < 1/2—\/3/6 =
0.2113..., and g > 1/2 — \/1 - 7/4/2 = 0.2683 ...

Proof. Without loss of generality, we assume thata > b > 0.
Let A € [0,1/2],v = (a-b)/(a+b) € (0,1), p € (0,00),
and g € (0,7/2) be the parameters such that 1/ cosh(p) =
cos(q) =1- 2. Then from (9) and (10) we have

HAa+(1-A)bAb+(1-A)a] - Ny (ab)

= Aab) [1 -1 -20)%7]

1 __r
2A(a,b) [1 * sinh (p) cosh (p)]
_A(a,b)
)

[1 2(1 = 24)* (cosh (p) - 1) P ]

1T cosh (p) ~ sinh (p) cosh (p)
_ A(a,b)[cosh (p) - 1]
- 2 cosh (p)
sinh (p) - p 2
|

_ A(a,b)[cosh(p) - 1]

2
2cosh (p) [1+§"1 (p) —2(1-2A) ],

(55)
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H[Aa+(1-A)b,Ab+(1-A)a] - Ny (a,b)

= A(a,b) [1 - (1-20)*]

. q
_ zA(a, b) [COS () + sin (q)]

- %A(a, b)

2 q
x [2 ~2(1-22) (1 - cos (g)) - cos(q) - (q)]

_ I_CTOS(q)A(a,b) [1-201-20 - ¢, (9)].

(56)

Therefore, Theorem 10 follows easily from (55) and (56)
together with Lemmas 3 and 4. O

Theorem 11. Let o, 3,04, B € [1/2,1]. Then the double
inequalities,

Cloa+(1-a,)bab+(1-ay)al
<Nea(a,b) <C[Ba+(1-B;)b, b+ (1-B;)a],
Claga+(1-ag)bagh+(1-ag)al

< Nyc(a,b) < H[Bga+ (1~ Pg)b, Beb + (1~ B)al,
(57)

hold for all a,b > 0 with a + b if and only if o, < 1/2 +

V3/6 = 0.7886..., B, = 1/2 + \/6V/3log(2 + V3)/12 =

0.8082..., ag < 1/2 + V6/6 = 0.9082..., and Bs > 1/2 +
\8V37 - 18/12 = 0.9210....

Proof. Without loss of generality, we assume thata > b > 0.
Lety € [1/2,1],v = (a—-b)/(a+b) € (0,1), r € (0,log(2 +
V3)), and s € (0,7/3) be the parameters such that cosh(r) =
sec(s) = 1 + v*. Then from (11) and (12) one has

Clua+(1—u)b,ub+ (1 - p)a] - Ney (a,b)

= Aa,b) [1+@u-1)*]

. r
B EA (a,b) [cosh (r)+ sinh (r)]

= %A(a, b)

X [2 +2Q2u - 1)’ (cosh () = 1) = cosh (r) - sin}: (r) ]

= %A(a, b) [cosh (r) — 1] [2(2;4 —1)° -1+ o (7’)] )

7
Clua+(1—p)bub+(1-p)a] - Nac(a,b)
= A(a,b) [1 +Qu- 1)21/2]
LA [1 + ;]
2 sin (s) cos (s)
= %A(a, b)
2
X [1 + 2(2#— 1) (sec(s) - 1) - m]
_ %A (a,b) [sec () - 1] [2Qu - 12 = 1 - 9, (5)]
(58)

where the functions ¢, and ¢, are defined as in Lemmas 3 and
4, respectively.
Note that

V3log (2 + \/5)
3

>

o [10g(2+ \/5)] =1-
(59)

T 437 - 18

n(3) -5

Therefore, Theorem 11 follows easily from Lemmas 3 and
4 together with (58)-(59). L]

Theorem 12. Let S ,;;(a,b) = S[A(a,b), H(a,b)], Sya(a,b) =
S[H(a) b)’ A(a’ b)]’ SAC(a) b) = S[A(a) b)) C(a) b)]) and
Scala,b) = S[C(a, b), A(a, b)]. Then the inequalities

H(a,b) < Su(a,b) < Ny (a,b) < Sya(a,b)
< Npa(a,b) < A(a,b) < M (a,b) <T (a,b)
60
< Sca (a,b) < Ny (a,b) (©0

<Q(a,b) < Spc(a,b) < Ny (a,b) < C(a,b)
hold for all a,b > 0 witha # b.

Proof. It follows from [1, (3.10)] and [11, (4.1)] together with
[9, (5), Theorems 2 and 5] that

a+2b

N (a,b) > > SB(a,b), (61)

H (a,b) < S,y (a,b) < L(a,b) < Sy, (a,b) < P(a,b)
< A(a,b) < M(a,b) <T(a,b)<Scs(a,b) (62)
<Q(a,b) < Sy (a,b) <C(a,b).

Therefore, the second, fourth, ninth, and twelfth inequal-
ities follow from (61) and the first, sixth, seventh, eighth, and
eleventh inequalities follow from (62) immediately, while the
fifth and thirteenth inequalities can be derived from H(a, b) <
A(a,b) < C(a,b) and the fact that N, (a,b) and N,(a,b)
are, respectively, the mean values of A(a,b), H(a,b), and
A(a,b), C(a,b).



Next, we prove the third and tenth inequalities. In fact,
the third inequality can be derived from the following
inequalities (63) [14, Theorem 1.2] and (64) [9, Theorem 3]
together with A(a, b) > H(a, b). Consider the following:

Ny (a,b) < %A(a, b) + %H(a, b), (63)

Siua (@) > ZA(ab) + (1 _ %>H(a,b), (64)
T T

while the tenth inequality can be derived from the inequality
Nga(a,b) < CP(a,b)A'+(a,b) in Theorem 9 and C(a, b) >
A(a,b) together with Q(a,b) = A'?*(a,b)C"*(a,b), where

Bs = [2log(2V3 + log(2 + V/3)) — log3]/(2log2) - 1 =
0.4648.. .. O

Remark 13. He et al. [14, Theorem 1.2], Xia and Chu [17,
Theorem 3.1], and Chu et al. [18, Theorem 2.1] proved that
the double inequalities

o, Aab) + (1 - o) H (a,b)

<Ny (ab) < BiA(@b) +(1-B,)H(a,b),
a,A(a,b) + (1 -a,) H (a,b)

< Npa (@b) < BoA(ab) + (1 - B,) H(a,b), )
A (ab) + (1 - ay) H (a,b)

< L(a,b) < B3A(a,b)+(1- ;) H(ab),
a,A(a,b) + (1 - a,) H (a,b)

< P(ab) < ByA(ab) + (1 - B,) H (a,b)

hold for alla,b > 0 witha # bifand only if &, < 1/3, B, >
1/2, &, < 2/3, B, = m/4 = 07853.., 4, < 0, B3 = 2/3,
o, <2/m=0.6366...,and B, > 5/6.

From the above results we clearly see that the mean
values N, (a,b) and L(a,b) and Ny, (a,b) and P(a,b) are
not comparable with each other.
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