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We modify the three-step iterative schemes to prove the strong convergence theorems by using the hybrid projection methods for
finding a common element of the set of solutions of fixed points for a pseudocontractive mapping and a nonexpansive semigroup
mapping and the set of solutions of a variational inequality problem for a monotone mapping in a Hilbert space under some
appropriate control conditions. Our theorems extend and unify most of the results that have been proved for this class of nonlinear

mappings.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert
space H with inner product (:,-) and norm || - [|. Recall that a
mapping T : C — C s said to be a k-strict pseudocontraction
if there exists 0 < k < 1 such that

[t Df <o ek -Dx- a1,
Vx,y € C,

where I denotes the identity operator on C. When k = 0, T :
C — Cissaid to be nonexpansive if

[Tx - Ty| < |x-y|, VxyeC. )

Andwhenk =1,T : C — Cis said to be pseudocontraction
if
[T =Tyl < e =y + |0 = T)x = =Ty,

(3)
Vx,y € C.

Clearly, the class of k-strict pseudocontraction falls into the
one between classes of nonexpansive mappings and pseudo-
contraction mapping. We denote the set of fixed points of T
by F(T).

A mapping A of C into H is called monotone if

(Au—-Av,u—-v) >0, VYu,veC. (4)

The classical variational inequality is used for finding u € C
such that

(Au,v—u) >0, VveC. (5)

The set of solutions of variational inequality problems is
denoted by VI(C, A). See, for example, [1-7] and the refer-
ences therein.

In 1953, Mann [8] introduced the iteration as follows:

Xpp1 = G, + (1 — ) Sx,, (6)

where the initial guess element x, € C is arbitrary and {«,,}
is a real sequence in [0,1]. The Mann iteration has been
extensively investigated for nonexpansive mappings. In an
infinite-dimensional Hilbert space, the Mann iteration can
conclude only weak convergence [9]. Attempts to modify
the Mann iteration method (6) so that strong convergence is
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guaranteed have recently been made. In 1974, The Ishikawa’s
iteration process is defined by Ishikawa [10] as the following:

Yo = ﬁnxn + (1 - ﬁn) Txn’

n=>0,

7)

Xp1 = O Xy + (1 - an) Tyn’

where the initial guess x, is taken in C arbitrarily and the
sequences «,, 3, € [0,1]. This is called Ishikawa Iteration.
This has been studied in strong convergence theorem for
lipschitzian pseudocontractive mapping in Hilbert spaces.
Several years later, inspired by the idea of one and two
step iterative scheme, Noor [11, 12] introduced a three-step
iterative scheme and studied the approximate solution of vari-
ational inclusion in Hilbert spaces by using the techniques of
updating the solution and the auxiliary principle. It has been
shown in [13] by Goebel and Kirk that the three-step iterative
scheme gives better numerical results than the two-step and
one-step approximate iterations.

A family & = {S(s) : 0 < s < oo} of mappings of C into
itself is called a nonexpansive semigroup on C if it satisfies the
following conditions:

(i) S(0)x = x for all x € C;
(ii) S(s +t) = S(s)S(¢) for all s, t > 0;
(iii) [S(s)x = S(s)yll < llx — yll forall x, y € Cand s > 0;

(iv) for all x € C, s — S(s)x is continuous.

We denote by F(&) the set of all common fixed points of §;
that is, F($) = {x € C : S(s)x = x,0 < s < co}. It is known
that F(&) is closed and convex. In the sense of nonexpansive
semigroup mapping, we also see [14-24].

In 2003, Nakajo and Takahashi [25] proposed the follow-
ing modification of Mann iteration method for a nonexpan-
sive mapping T from C into itself in a Hilbert space

x, € C is arbitrary,
Yo = 0%, + (1 - “n) Txn’
ComlecCilyudl=ls-2l}.  ®
Q,=1{zeC:{(x,—z,xy-x,) 20},

Xni1 = Pong, X0 120,

where Py denotes the metric projection from a Hilbert space
H onto a close convex subset K of H and proves that the
sequence {x,} converges strongly to Pgp)x,. A projection
onto intersection of two halfspaces is computed by solving a
linear system of two equations with two unknowns. In 2008,
Takahashi et al. [26] proved the following strong convergence
theorem by the new hybrid method in a Hilbert space. They
assume x, € H,C; = C, u; = Pg x,, and defined the
sequence by (8) where 0 < &, < a < 1

Vn = XUy + (1 - ‘xn) Tun’
Con = {2 €Cyt |y —2| < u, - 2|} ©)

u n>0,

n+l = PC,leO’
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where 0 < «, < a < 1. Then {u,} converges strongly to z, =
P, F(T) Xo-

Recently, Zegeye and Shahzad [27] defined the mappings
as follows:

F, (x)= {z €eC:(y-zAz)
(10)
L (y-z,z-x) 20, VyeC},
r

n

T, (x) = {z €eC:(y-2Tz)

—l<y—z,(1+rn)z—x>30, ‘v’yeC},
rﬂ
(11)

forallx € Handr, € (0,00), whereT : C — Cisa
continuous pseudocontractive mapping and A : C — H is
a continuous monotone mapping. In the following year, Tang
[28] introduced a viscosity iterative process, which converges
strongly to a common element of the set of fixed points of
a pseudocontractive mapping and the set of solutions of a
monotone mapping as the following:

In = An'xn + (1 - /\n) Fr,,xn’
(12)
Xne1 = “nf (xn) + ﬁnxn + YnTr”yn’

where F, and T, are defined by (10) and (11), respectively.

In this paper, we modify the three-step iterative schemes
to prove the strong convergence theorems by using the hybrid
projection methods for finding a common element of the set
of solutions of fixed points for a pseudocontractive mapping
and a nonexpansive semigroup mapping and the set of
solutions of a variational inequality problem for a monotone
mapping in a Hilbert space under some appropriate control
conditions. The results that are presented in this paper extend
and improve the corresponding ones announced by Nakajo
and Takahashi [25], Takahashi et al. [26], Zegeye and Shahzad
[27], Tang [28], and many authors.

2. Preliminaries

Let H be areal Hilbert space with norm ||| and inner product
(,+) and let C be a closed convex subset of H. Then

Ax + @ = D)y|* = Axll® + (1 = 1) ||y
A=V |x -yl
forall x,y € Hand A € [0, 1].
Recall that, the metric projection P from a Hilbert

space H to a closed convex subset C of H is defined as the
following: given x € H, P-x is the only point in C with the

property

- Pox| = infflx-pl:yec). a4
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Pcx is characterized as follows:
Jx e < =51,
(x = Pex, y = Pox) <0, (15)
e = 2 e = Pead + 1y = Pex|,

forallx e H,y € C.

Hilbert space H satisfies the Kadec-Klee property [28, 29];
that is, for any sequence {x,}. x, — x and [x,]| — x|
together imply [ x,, — x| — 0.

A normed space X is said to satisfy Opial’s condition [30],
if for each sequence {x,} in X which converges weakly to a
point x € X, we have
VyeX, y#x. (16)

lim inf |x, x| <liminf |, - »].

Lemmal (see [27]). Let C be a nonempty closed convex subset
of a Hilbert space H. Let T : C — C be a continuous
pseudocontractive mapping and let A C — Hbea
continuous monotone mapping and define mappings F, and T,
as follows: x € H,r € (0, 00)

F,(x)z{zeC:(y—z,Az)
+l( -z,z-x)20, V eC}
. y-zz-x)=2U, Vy >
Tr(x):{zeC:Q/—z,Tz)

—% (y-z1+rz-x)<0, Vyec}.
17)

Then, the following hold:

(1) F, and T, are single-valued;

(2) F, and T, are firmly nonexpansive; that is, for any
x,y € H, IIFrx—FryII2 < (Fx - Fy,x —
J/)» "Trx - Tr}’||2 < <Trx - Try’x - y>’

(3) F(T,) = F(T), F(F,) = VI(C, A);
(4) F(T) and VI(C, A) are closed and convex.

3. Main Results

3.1. The Hybrid Method

Theorem 2. Let C be a nonempty bounded closed and convex
subset of a real Hilbert space H. Let T : C — C bea
continuous pseudocontractive mapping and let A: C — H be
a continuous monotone mapping. Let § = {S(s) : 0 < s < oo}
be a nonexpansive semigroup on C such thatlim inf, _, u, = 0,
limsup, _, 0@, > 0, and lim,, _, (4,41 — 4,) = O. Let {a,},
{B..}, and {y,} be the sequences in [0, a) for some a € [0,1),
{r,} < (0,00) such that lim inf r, > 0 and suppose

n—-oo'n

F = F($) N F(T) n VI(C, A) #0. The mappings T, and F,

are defined by (10) and (11). Let {x, } be sequences generated by
x, € Cand

W, = YuXy + (1= 9,) F, X,
2, = Bw, + (1-B,) T, w,

Y = 0z + (1= 0,) S (14,) 25
C,=1{zeClly,—z] < |x, -2},
Q,={zeC|{x,-zx,—x,) >0},

Xpr1 = Pong, X0 V1 20.
Then the sequence {x,} converges strongly to Ppx,.
Proof. Consider that
1=l = 10 = 2) = (% = 2
= =2l =2~z = 2) + 2’
=[5 =2l = 2 (3 = 0 + x5 =22, = 2)
+x, — 2]
=15 =2l = 2 (3 = 03, — 2)
=2 (%, ~ 2%, = 2) + |, —

~2) -l
(19)

= "yn _2"2 -2 <yn X Xy

On the other hand, we get that C,, is closed and Q,, is closed
and convex for all n > 0. From (19), ||y, — zl < lx, — zll is
equivalent to ||y, — x,II> + 2(y, - X, x, — z) < 0 forz € C.
Thus, we have C,, is convex for all n > 0. Therefore, C, N Q,
is closed and convex for all n > 0. Let x* € F, we have

lw, = %7 <y |20 = 7] + (L= 9) | F 20 = 7
< Y 20 = "+ By = x| = v, = X7
= ||F, x, — x"
< flacn = %7,
Iz = x| < B lw, = %" + (1= B,) | T, w, - x|
< Bullxn = 7| + T, w, = x| = By [, — X7
=T, w, —x"
< fJw, - x7|
< ||F, %, —x°
< -]

(20)



It follows that

"yn - x*" <ay "Zn -x' “ + (1 - “n) ”S (n"‘n) Zn = x" “

< a, [y = 7]+ 2w = %7 = e, - 27

S &N
< Jw, -]
< -]

Therefore, x* € C,, for all n > 0. Thus, we have F ¢ C, for all
n=0.

Next, we use mathematical induction. Start with n = 0,
we have x, € Cand Q, = C then F ¢ C, N Q,. Assume that
xy is given and F ¢ C, N Qy for some k > 0. There exists a
unique x;.,; € C,NQy such that x;,; = P, nq, X0, then we get
(Xpp1 =2, X9 — Xpyq) 2 0forz € C,N Q. From F ¢ C, N Qy,
we have F C Q4. Therefore, F ¢ C;; N Qy,;. Thus {x,} is
well definedand F ¢ C, N Q,, foralln > 0.

Since F is a nonempty closed convex subset of C, there
exists a unique X € F such that x = Ppx,. From x,,, =
Pc, nq,*o and the metric projection property, we have

0< <xn+1 = Xpp X = xn+1>
= (X1 = X0s X = Xg + X = Xp41)
_ (22)
= (X1 = Xgo X = Xq) + (X1 = X0» Xg = Xppy1)

= ot = 20l 1% = o]l = e = ol

It follows that [|x,,.; — x|l < [|x — x,ll forallx € F c C, N Q,
and n > 0. This implied {x,,} is bounded. So, {F, x,}, {T, w,},
{S(u,)z,} {1y} 1z,}, and {w,,} are bounded.

Next, we show that

lim |x,,, - x,| = 0. (23)

n— 00

Since x,,,; € C, NQ, € Q,, x,, = Py X, and (x,, = X¢, X1 —
x,) > 0, as same as the prove of (22), we get [|x,.,; — x,ll =
lx,, — x,ll for all n > 0. Thus, {||lx,, — x,ll} is nondecreasing.
By {llx,, — x,ll} is bounded and nondecreasing, there exists the
limit of {||x,, — x,|1}. Since x,,,, € Q,,, we have

(%, = Xps1>Xg — X,) 20, Vn>0, (24)
., - xn+1”2 = |2, = %0+ x = xn+1"2
=l = xoll* + 2 (e = 02 %0 = %01)
# %1 = %o

= "xn - x0”2 +2 <xn —XppXo "Xy T X, — xn+1>

+ e = xof
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= 1%, = xo|” + 2%, — %00 %0 — X,
+2(% = X0 Xy = i) + %1 = %o
< %0 = %o + 2 (e = %00 X0 — %)
+ s = o
=[x, - x0||2 = 2|x, - x0||2 S B x0||2

= s = 50l = s = ol

(25)
Since lim,, _, . [Ix,, — x, || exists, therefore (23) holds.
Next, we show that
lim ||S(u,) x, — x,|| = 0. (26)

n— 00

Since x,,,, € C,, we have

”xn - yn” < "xn - xn+1|| + “xn+1 B yn“ <2 "xn+1 - xn“ —0

as n — 00.

(27)

Let x* € F,v, = F, x,, and u,, = T, w,; it follows from
Lemma 1, we get

2

v =" =

«
F. x,-F x
* *
< <Frnxn -F x,x,-x >
* *
= <Vn_x » Xy =X >

1 * *
= S (=21t ey = = v = %),

2

ot — x| = |T,nwn -T, x*
< <T,nw,1 - T, x*, w, - x*>

={u, - x",w, - x")

1 .2 .2 2
= 5 (o = %" 1"+ oo = I = 1ty - ).

(28)
Hence
v =17 <l = %17 = v =
2 2 2 (29)
ety = 7" <l = %77 = s, — wil|™
It follows that
Iy = x"I

< (Xn”Zn - 'x*"2 + (1 - ‘Xn) ”S (n"ln) Zy = 'x*"2
<a,|x, - x*”2 +(1-a,) v, - x*"2

< “n”xn - x*HZ + (1 - ‘xn) ("xn - x*"2 - "Vn - xnl’z)
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< ol =77+ (1= a) ey = x| = o, =
= ey = = v = 5l
Iy ==
< oy, =2 + (1 - a,) 7
< oyl ="+ (1= a1,) (o, = %7 = it~ w, )
< oy, = x|+ (1= ) g, = 27| =, —w, |

= oy = I =ty ~ w1

(30)
Consequently, we have that
v =l < e =" = Iy =<7
s (“xn - x*” + ”yn - x*”) ”xn - yn” ’
2 %112 * (12 (31)
”un - wn” s “xn —-X ” - “yn -X “
< (o, = x| + [y = 27D 2 = 2l
Equation (27) implies that
,,ILHéO "Vn - xn” =0,
(32)
Jim [, —w,| = 0.
On the other hand, from (18) and (32), we also have
||wn - vn" =9, ||xn - vn|| — 0 asn— oo,
(33)
Iz, = |l = Bu |wn =11, — 0 as n — 0.
It follows from (32)-(33) we get
,,ll,r%o “Zn - xn" =0. (34)

Since y, - x,, = «,(z, — x,) + (1 — ) (S(4,,)z,, — x,,) and from
(27) and (34), we get

”xn - yn” —0

[04
”xn ) (["n) Zn" < n(x "Zn - xn” +
n

1- 1-«,

as n — OA0.
(35)
It follows that
"xn =S ([’ln) xn” < "xn =S (Aun) zn“ + ”S (A“n) Zy = N (Mn) xn"

< "xn =S (t) Zn“ + ”Zn - xn" .
(36)

Therefore (26) holds.

Next, we show that x' € F = F($)NF(T)NVI(C, A). First,
we show that x' is the unique solution in F(&). Since {x,} is
bounded, we choose subsequence {xni} of {x,} and assume

that Xy, — x. Suppose that x' ¢ F($) = No<scooF(T'(s)); that
is, x' #S(s)x’. From Opial’s condition and (26), we have

. . !
liminf “xn, -x "
i— 00 !
. . !
< lim inf "xni -S(s)x ”
i— 00

<liminf (|}x,, - $(9)x,

+ “S(s) Xy, = S(s) x'“)

. . !
< liminf "xn_ -x “ .
i— 00 !

(37)

This is a contradiction. Thus, we obtain x’ € F(S).
Since {x,, } is bounded, there exists a subsequence {x,, } of
: i

{x,} such that x, — x’, x" € C. Without loss of generality,
1 1]'

we may assume that x, — x'. From the setting v,, = F, x,
and (10), we have

<y— Vn,-’AVn,-> + ri <y — Vo Vp, —xni> >0, VyeC.
(38)

Fort € (0,1)and v € C,letv, = tv + (1 — t)x'. Since v € C
and x" € C, we have v, € C and

<vt - Vni’AVt> > <vt Vo, AV, — AVn,->

Vi, = X, (39)
= Ve Vo p .
n;

Since A is a monotone and v, — x,, — 0, we obtain
:

(v — xl’AVt> = ,'lirgowt - Vn,-’AVt> > 0. (40)

By the continuity of A, ift — 0then (v—x', Av) > 0,Vv € C.
Therefore, x' € VI(C, A).
On the other hand, since u,, = T, w,, from (11) we have

<y_ u”i’Tu"i> N % <}’_ u”i’(l + rni)u”i N w”i> <0,
; (41)
Vy e C.

Fort € (0,1)andv € C,letv, = tv+ (1 - Hx'. Since v € C
and x' € C, we have v, € C and

<”n,- - Vs Tvt> > <”n,- - vt,Tvt> + <vt - unl_,Tuni>

1
T <Vf _u”i’(l + r”i)u”i _w"i>
rni



=- <vt —u,,Tv, - Tu,,i>
1
T <vt T Upp Uy, — w”i> - <Vt - u"i’u"i>
rni

2 1
2 vy [~ (v g, -,
n;

= Uy vt> .
(42)

It follows from u,,—w, — Oasn — oo, weget (x'—v,, Tv,) >
—(v,—x',v,y and hence —(v—x", Tv,) > ~(v—x",v,),Vv € C.
By the continuity of T, ift — 0 then —(v - X, Tx"y > —(v -
x',x"),¥v € C.Letv = Tx', we have x' = Tx'; therefore,
x' € F(T). Consequently, we conclude that x' € F=F($&)n
F(T)nVI(C, A).

Finally, we show that x, — x, where x' = Ppx,. Since
Xne1 = Pong, %o and x' € FcC,NnQ,, weget

%1 = %ol < "x’ - x0|| , ¥Yn=0. (43)

If X = Ppx,, it follows from (43), and the lower semicontinu-
ity of the norm that

”x' - xOH < |x - xo| < liminf "xn_ - x0||
i— 00 !

, (44)
< lim sup ”xni - xo” < "x - x0||.
1— 00
Thus, we obtain that lim, _, ool =Xl = llx" = x|l = [[% =,
Using the Kadec-Klee property of H, we obtain that
lim x,, = x =% (45)

i—»oo
Since {x,} is an arbitrary weakly convergent subsequence

of {x,}, we can conclude that {x,} converges strongly to X,
where x' = Ppx,. This completes the proof. O

Corollary 3. Let C be a nonempty bounded closed and convex
subset of a real Hilbert space H. Let T : C — C bea
continuous pseudocontractive mapping and let A: C — H be
a continuous monotone mapping. Let § = {T(s) : 0 < s < oo}
be a nonexpansive semigroup on C such that liminf, _ u, =
0, limsup, _,o¢4, > 0, and lim, _ (44,7 — 1,) = 0. Let
{r,} < (0,00) such that liminf,_, 7, > 0 and suppose
F = F($) n F(T) N VI(C, A) #0. The mappings T, and E,
are defined by (10) and (11). Let {x,} be a sequences generated
by x, € C and

Vo =S(u,) T, F, ,

Co=1{zeClly,—2| < [x. -}
(46)

Q,=1{zeCl|{x,-2zx,-x,) =20},
Xui1 = Pong,X0r V12 0.

Then the sequence {x,,} converges strongly to Ppx,.
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Proof. Putting &, = 8, = y, = 0,Vn > 0 in Theorem 2, we
can obtain the result. O

3.2. The Shrinking Projection Method

Theorem 4. Let C be a nonempty bounded closed and convex
subset of a real Hilbert space H. Let T : C — C bea
continuous pseudocontractive mapping andlet A: C — H be
a continuous monotone mapping. Let § = {S(s) : 0 < s < oo}
be a nonexpansive semigroup on C such thatliminf, _ yu, = 0,
limsup, _, 4, > 0, and lim,,_, (¢4, — H,) = O. Let {a,},
{B,}, and {y,} be the sequences in [0,a) for some a € [0,1),
{r,} < (0,00) such that liminf, , 1, > 0 and suppose
F = F(8) n F(T) N VI(C, A) #0. The mappings T, and F,
are defined by (10) and (11). Let {x, } be sequences generated by
x, € Cand

Wy =YX + (1= 1) F, %,
2, = Buw, + (1= B,) T, w,,
Yo = 02, + (1= a,) S (1) 2, (47)
Cun = {2 €Cy | |yu =2 < %0 2}

Xy = Pg, %9, Y 20.

Then the sequence {x,} converges strongly to Ppx,,.

Proof. First, we show that F ¢ C,,. By induction, it is obvious
that F ¢ C,. Suppose that F ¢ C; for some k > 0, so we have
x* € F ¢ C such that [y, — x*|| < [lx, — x™||. Then, we get
x* € C,,,. Therefore F c C, for alln > 0.

On the other hand, we show that C,, is closed and convex
for all n > 0. By mathematical induction, it is obvious that
C, = Cis closed and convex. Suppose that C; is closed and
convex for some k > 0. For z € Cy, we have that ||y, — z| <
lxx — z| is equivalent to |y, — xkll2 + 2(y — XX — 2) <
0. Thus, we have C,; is closed and convex for all n > 0.
Therefore, C,, is closed and convex for all # > 0. This implies
that {x,,} is well defined.

Next, we show that {x,} is bounded. From the metric
projection property and (47), we have x,, = P x, and (x,, —
XX —X,) 2 0forallx € F c C,, and n > 0. Consider

0 < (x, — X0, X — X,,)

= (X, = %0 X — X + X — Xp)
(48)
= (%, = %0, X = X) + (X, = X, X — %X,,)

— 2
= [l = xoll ¢ = ol = 1 = %o]I"-

It follows that |x,, — x,ll < X — x| for all x € F and n > 0.
This implied {x,,} is bounded. So, {F, x,}, {T,, w,}, {S(¢,)z,},
{y,}, {z,}, and {w,,} are bounded.
Next, we show that
lim [x,.; —x,[ = 0. (49)

n— 00

From the metric projection property and (47), we have x,,
PCnxO’ Xp+1 = PCn+1x0 € Cn+1 < Cn’ and <xn —X0> Xn41 _xn>

IV ol
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0. As same as the prove of (48), we get ||x,, —xo [l < llx,.,1 — %l
for all n > 0. Thus, {||x,, — x,l} is nondecreasing. Since {||x,, —
Xoll} is bounded and nondecreasing, there exists the limit of
{llxx,, — x,lI}. Similar to the proved of (25), we get (49) is hold.

Since sequence {x,} is bounded, we can choose subse-
quence {x,} of {x,} and assume that x, — x'. Similar to

the proof of Theorem 2, we also have x" € F.
Finally, we show that x, — x, where x' = Ppx,. Since
x, = Pc xy and x' € F c C,, we have

% = ol < I = xo] - (50)

It follows from (50), if X = Prx,and the lower semicontinuity
of the norm

”x' - xo” < x-x) < lllrgg)lf | Xy, = x0||
(51)
< lim sup . Xy, — xOH < "x' - x0|| ,
i — 00
thus, we obtain that lim, _, e, = 0/l = X = o[l = llx" — %, |I.
Using the Kadec-Klee property of H, we obtain that
lim Xy =X = x. (52)

i— 00
Since {x, } is an arbitrary weakly convergent subsequence

of {x,}, we can conclude that {x,} converges strongly to x',
where x" = Ppx,. O

Corollary 5. Let C be a nonempty bounded closed and convex
subset of a real Hilbert space H. Let T : C — C bea
continuous pseudocontractive mapping andlet A : C — H be
a continuous monotone mapping. Let § = {T'(s) : 0 < s < 0o}
be a nonexpansive semigroup on C such that liminf, | u, =
0, limsup, , ¢4, > O, and lim, (4,1 — u,) = 0. Let
{r,} < (0,00) such that liminf, , r, > 0 and suppose
F = F($) N F(T) n VI(C, A) #0. The mappings T, and F,
are defined by (10) and (11). Let {x,} be a sequences generated
by x, € C and

V=S () T, F,
Con=lzeCull-cl <l -2}, 63
Xy = Pg, %9 VN 20.

Then the sequence {x,,} converges strongly to Pgx,,.

Proof. Putting o0, = 8, = y, = 0,Vn > 0 in Theorem 4, we
can obtain the result. O

Remark 6. According to nonexpansive semigroup mapping,
it will be interesting if we replace the semigroup S = (N,
+) by an additive positive real numbers of a commutative
semigroup or a left amenable semigroup or a left reversible
semigroup with using an asymptotically invariant sequence.
See [31, 32].
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