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The notion of tip-extended pair of intuitionistic fuzzy filters is introduced by which it is proved that the set of all intuitionistic fuzzy
filters in a residuated lattice forms a bounded distributive lattice.

1. Introduction

Nowadays, it is generally accepted that in fuzzy logic the
algebraic structure should be a residuated lattice which was
introduced by Ward and Dilworth [1]. Some other logical
algebras such as MTL-algebras [2], BL-algebras [3], MV-
algebras [4], G-algebras, IT-algebras, and NM-algebras [2],
which are also called R;-algebras [5], are all able to be con-
sidered particular classes of residuated lattices. (For details,
see, e.g., [6].)

Filters are an important tool to study these logical algebras
and the completeness of the corresponding nonclassical log-
ics. On the one hand, filters are closely related to congruence
relations with which one can associate quotient algebras [7];
on the other hand, various filters correspond to various sets
of provable formula [3, 4]. A filter is also called a deductive
system in BL-algebras [8]. It has been widely investigated in
residuated lattices [7, 9-11] and particular residuated lattices
[2,3,6,8,12-15].

Since Rosenfeld [16] applied the notion of fuzzy sets
[17] to abstract algebra and introduced the notion of fuzzy
subgroups, the literature of various fuzzy algebraic concepts
has been growing very rapidly [18]. In particular, in [19-21],
the notion of tip-extended pair of fuzzy sets was introduced
to investigate the lattices of all fuzzy normal subgroups and
L-ideals.

The notion of fuzzy filters was introduced, and some
properties of them were obtained [22-24]. Moreover, based
on the notion of intuitionistic fuzzy sets (IFS) proposed by
Atanassov [25], the concept of the intuitionistic fuzzy filter
in BL-algebras was introduced in [26]. However, the study

of residuated lattices from the point of lattice theory is less
frequent.

In this paper, the intuitionistic fuzzy filter theory in
residuated lattices is developed. This paper is organized as
follows: in Section 2, some basic concepts and properties
of intuitionistic fuzzy sets and intuitionistic fuzzy filters in
residuated lattices are recalled. In Section 3, by introducing
the notion of tip-extended pair of intuitionistic fuzzy filters,
it is proved that the set of all intuitionistic fuzzy filters forms
a bounded distributive lattice. The last section concludes this

paper.

2. Preliminaries

The concepts of residuated lattices and intuitionistic fuzzy
filters will be extensively used in the sequel. Therefore, we
recall their definitions and summarize their main properties.

LetU #0. Amapping f: U — [0,1] is called a fuzzy set
[17]. Let f and g be fuzzy sets on U. Then tip-extended pair
of f and g [19, 20] can be defined by

g _ f(x)’ x#1,

f (x)‘ifmvg(l), eo1,
)

f _ g(x)) x+1,

I (x)‘{g(nvf(l), x=1.

Letuy, vy : U — [0,1] be two fuzzy sets satisfying 0 <
Uup(x) +vy(x) < 1forall x € U. Then A = (uy,v,) is called
an intuitionistic fuzzy set [25] (or equivalently denoted by
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A = {{xuu(x),va(x)) | x € U}). The family of all
intuitionistic fuzzy sets on U will be denoted by IFS(U).
Basic operations on intuitionistic fuzzy sets are defined in
the following way.
Let A, B € IFS(U). One has

ANB=(uyAug,vyVvg),
AUB = (uy Vug vy Avy),

AcCB iffuy <ug, vy >vp, (2)

AD>B iff ACB,

A=B iff A>B, ACB.

Definition 1 (see [3]). A residuated lattice is an algebra
L =(L,AV,® —,0,1) such that (L, A, V,0, 1) is a bounded
lattice with the least element 0 and the greatest element 1,
(L,®,1) is a commutative monoid, and (®, — ) forms an
adjoint pair; thatis, x® y < zifandonlyifx < y — z
forall x, y,z € L.

A nonempty subset F of Lis called a filter of Lif (i) Vx, y €
F,x®y € F; (1)) Vx € F,y € L,x < yimplies y € F or,
equivalently, (iii) 1 € F;and (iv) Vx € F,y € L,x —» y € F
implies y € F.

The following alternative definitions of intuitionistic
fuzzy filters were proved in [26], but they can be similarly
verified in residuated lattices.

Definition 2. Let A € IFS(L). Then A is called an intuitionistic
tuzzy filter if

(1) uyg(x) Suy(1), vy(x) = vy (1) forall x € L

(2) up(x) Nup(x — y) <uy(y)forallx, y € L;

(3) va(x) Vvy(x — y) 2 v,(y) forallx, y € L.

The set of all intuitionistic fuzzy filters on a residuated
lattice L will be denoted by IFF(L).

Theorem 3. Let A € IFS(L). Then A is an intuitionistic fuzzy
filter if and only if x ® y < z implies u,(x) A uy(y) < uy(2)
and v, (x) Vv, (y) 2 v(2) forall x, y,z € L.

Theorem 4. Let A € IFS(L). Then A is an intuitionistic fuzzy
filter if and only if the following assertions hold:

(1) x < yimplies uy(x) < u,(y) and v, (x) = v,(y) for
allx,y € L;

(2) uy()Auy(y) Suy(x@y) and vy () Vv, (y) = va(x®
y) forallx, y € L.

3. Lattice of Intuitionistic Fuzzy Filters

In this section, we mainly investigate the lattice of all
intuitionistic fuzzy filters by introducing the notion of tip-
extended pair of intuitionistic fuzzy sets.

The following lemma is obvious but necessary.

Lemma 5. Let A, B be intuitionistic fuzzy filters of L. Then so
is AN B.
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For A € IFS(L), the intersection of all intuitionistic fuzzy
filters containing A is called the generated intuitionistic fuzzy
filter by A, denoted as (A).

Theorem 6. Let A € IFS(L). Define a new intuitionistic fuzzy
set B by B = (ug, vg) where

ug(x)=\/

a,®®a,<x
a;€L,neN

vp(x) = N\

a,®®a,<x
a;€L,neN

forall x € L. Then B = (A).

{ua (@) A nug(a)}

©)
{vala) V- vuy(a,)}

Proof. We complete the proof by two steps. Firstly, we verify

that B is an intuitionistic fuzzy filter. For all x, y € L, such
that x < y, the definition of B yields that ug(x) < ug(y) and
vg(x) = vg(y). Forall x, y € L, we have

ug (%) Aug ()

a,®®a,<x
a;eL,neN

AV
b, ®®b,,<y
beL,meN

VoV

a,®®a,<x b, ®...®hmgy
a;€LneN  peLmeN

{ua(@) A nuy(a,)}

{ua (B)) Ao Auy (b))

{ua(a) A nuy(a,)

Aty (b)) A Ay (by)}

\/ {ua(c) A nug (g}

€,®®C, <xX®Y
geLkeN

IN

=ug(x®y), @
v (x) Vg (y)

- A

a,®®a, <x
a;€eL,neN

A

b, ®-®b,, <y
beL,meN

= N A

a,®®a,<x b ®®b, <y
aiEL,nEN b,-eL,meN

{ua(a) v---vuy(a,)}
{ua (b)) v vVuy (b,)}
{uala)v---vuy(a,)

Vg (b)) V- Vuy (b,)}

= A

€,®+®C, <X®y
geLkeN

{ua(a) v vy ()}

=up(x®y).

Thus B is an intuitionistic fuzzy filter.
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Secondly, let C be an intuitionistic fuzzy filter such
that C 2 A. By the definition of intuitionistic fuzzy filter, it
holds that

up ()= \/ Aua(a) Ao nuy(a,)
a,®®a,<x
a;€L,neN

Vo uc(@) A Aug(a,)}

a,®®a,<x
a;€L,neN

Vo Auc(ae-

a;®--®a,<x
a;€L,neN

IN

IN

®a,)}

IN

uc (x),

N Hua(@)ve-vuy(a,)}

a,®®a,<x
a;€L,neN

N Huc(@)v--vuc(a,)}

a,®®a,<x
a;€L,neN

©)

v (x)

\%

\%

N luc(@me-oa,)

a;®--®a,<x
a;€L,neN

> uc(x),

and hence B € C. Thus B = (A). O

Example 7. Let L = {0,a,b,1} with 0 < a < b < 1. The
operations ® and — are defined as

®[0a b1 —[0ab1
0(0 00O 01111
al0 0 aa alalll (6)
bl|0abbd bl0all
10 abl 1{0abl
Define uy, v, @ L — [0,1] as uy(0) = 0.2,v,(0) =
0.7,us(a) = 0.5,v4(a) = 045u,(b) = 0.6,v,0) =

0.4,u,(1) = 0.8, and v4(1) = 0.15. Since 0.5 = uy(a) A
up(a) ¢ u A(az) = 0.2, f is not a fuzzy filter. It is routine
to verify that (A) is an intuitionistic fuzzy filter, where
M<A>(0) = M(A)(a) = 05’V<A)(0) = V<A>(a) = 04,M(A)(b) =
0.6,v4y(b) = 0.3,u4,(1) = 0.8, and v 4,(1) = 0.15 from the
above theorem.

Lemma 8. Let a,b,s,t € [0,1] such that0 < a+b < 1 and
0<s+t<1.Then0<aVs+bAt<l.

Proof. Not losing the generality, we assume that a < s. Then
aVs+bAt<s+t <1 Itisobviousthat0 <aVvs+bAt.
Thus it holdsthat0 <aVvs+bAt<1. O

Theorem 9. Let A be an intuitionistic fuzzy filter of L and for
allt,s € [0,1] such that 0 < t +s < 1. Then A™ = (u',,v},) is
an intuitionistic fuzzy filter, where

t _ I/IA(X), x:'él’
Uy (%) = {uA(l)Vt, x=1,
(7)
S _ VA(x)) x:/:l’
Va0 = {VA(I)/\S, x=1

Proof. It follows from Lemma 8 that A" ¢ IFS(L). Now we
prove that A*® is an intuitionistic fuzzy filter.
If x < y, we consider the following two cases:

Case 1 (y = 1). It is obvious that ug(x) < ui‘(l) = ufq(y),
vg(x) > vZ(l) = v;(y).

Case 2 (y+1). The definition of A" leads that ug(x) =
uA(x) < UA()/) = U;()/% V;(x) = VA(x) 2 VA(y) = Vfﬁ(y)
Thus u;‘(x) < ufﬁ(y), vf‘\(x) > qu(y).
Let x, y € L. We consider the following two cases:

Casel (x® y = 1).If x = y = 1, it is obvious that ug(x) A
ufq(y) < u;(x ®¥), qu(x) \Y; yfA(x) > qu(x ® ¥).
Ifx=1y+lorx# 1, y = 1, it is a contradiction.
If x#1,y#1, it holds that ug(x) A ufq(y) = uy(x) A
uy(y) Sup(xey) = ui(x@y), vf‘x(x) Vyfq(x) = vulx)V
yalx) =vplx®y) = v%(x@y).

Case2(x® y#1).If x = y = 1, it is a contradiction.

Ifx =1,y#1lorx#1,y = L, it is obvious that ', (x) A
ui\(y) < uZ(x ®¥), vg(x) \Y; yZ(x) > v;(x ® ¥).

If x# 1, y #1,we have ui\(x) A uf‘x(y) =uu(x) ANuy(y) <
u(x®y) = u;(x ® ¥), v;(x) \Y; y;(x) = vu(x) V yux) >
valx®y) = Vi(x@y).

Allin all, it yields that ug(x)/\ug(y) = up(x)Auy(y) <
u(x®y) = ui(x@y), vi‘(x) Vyfq(x) = (%) V y,u(x) =
valx®y) = vi\(x®y).

Thus A is an intuitionistic fuzzy filter. O

For given A, B € IFS(L), the operation * is defined by
A%B = (u,®ug, v,0vp), (8)
where

upBug (x) = \/ {ua () Aug (@)},

y®zZ<X

V,0vp (x) = /\ {va(y) Vg (2)}.

y®zZ<X

€)

Furthermore, the tip-extended pair for intuitionistic
fuzzy sets A and B are defined by

AP = (e VP, (10)
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where
ug _ MA(X), x#1,
uy ( )_{uA(l)VuB(l), x =1,
Vg _ VA (x)) x#:l’ (ll)
va ()= {VA(I)AVB(1)> x=1,
B = (uy,vi),
where
Uy _ I/IB(X), x#1,
" (x)_{uB(l)VuA(l), x =1,
(12)
VA _ VB(x)’ x#1,
Vg (%) = {VB(I)/\VA(I), x = 1.

Theorem 10. Let A, B € IFF(L). Then AB%B* € IFF(L).

Proof. 1t is obvious that u'’®uy" is order-preserving, and
V<. VA .
v, Ovy' is order-reserving. For all x, y € L, we have

U Buy' (x® y)

= \/ {ulf () Ayt (v)}

URV<X®y

> \/ iy (por) nug (ges)}

pP®g<x
r®s<y

> \/ {ulf (p) AUy (r) nudy (q) A (9))

p®g<x
r®s<y

=V ) nuy (@b n \/ {uly () A ()
P®G=x rQs<y

= u'PBuyt (x) Nulteuy (y),
viovy (x® y)

= /\ (Vi (W) v vy ()}

USVX®Y
< \ Wiper)vvi(qes)
POG<x
r®s<y
< /\ {VE(p) VVE@) Vg (q) Vvg (9)}
pOG<x
r®s<y
= N\ v @tv A\ e vy o)
p®G<x r®s<y
=vEOVE (x) VViEevy (v),
(13)
and hence ulff’@ug‘* (x ® ) > u;‘féu;/*( x) A
WERUL (), VIOV (x ® y) < VIEOVL (x) V VEGYL ().
Thus AB%B* € IFF(L). O
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Theorem 11. Let A, B € IFF(L). Then AB%B* = (A U B).

Proof. Tt is easy to prove that A, B ¢ A®%B*, and hence A U
B < AP%B*. Thus (A U B) ¢ AP%B".

Assume that C € IFF(L) suchthat AUB € C. If x = 1,
we have u"®uz* (1) = uy(1) V ug(l) < uc(1),vievy (1) =
v4(1) Avg(l) = vo(1). If x < 1, it holds that

Ui By (x)

=V W 0)ruy )}

y®Z<X
=V @) vy @b\ ua v\ {us )}
nyfzSil y<x z<x
= \/ {ua (y) Nug (2} v \/ {ua W)t v \/ {ug (2)}
y};@fzﬁil y<x z<x
< \/ {uc (y) Nuc (2} v \/ {uc ()t v \/ {uc (2)}
y;\;@fzsil y<x z<x
= \/ {ua(n) Aup 2}
y®zZ<X
<ue(x),
ViV (x)
= N\ i) vv@)
y®z<x
= N\ WOV @Ia A laia A\ s @)
y};@fZSil ysx z<x
= N\ O vvs@ia Alvaia A\ v @)}
y};@fzsil y<x z<x
> N e vve@Ia A eI N e @)}
y};@ﬁzﬁil y<x z<x
= /\ va(y) vvg (@)}
y®Z<X
> veo(x).
(14)
It follows from Theorem 10 that A2*B* = (A U B). O

Associating with the above results, we prove the main
theorem here. For A, B € IFF(L), the operations M and U on
IFF(L) are defined by

ANB=ANB,  AuB=A"%B" (15)

Theorem 12. (IFF(L),M,U,0,L) is a bounded distributive
lattice.

Proof. We only verify the distributivity. Obviously, it holds
that CM (AU B) 2 (Cn A) U (Cn B), so we only prove
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thatCrl(AuB) C (CnA)Uu(Cn B). Assume that x € L
for uc AP ®ugt (x) < (U Auy) " &(uc A ug)"4(x), we

A [(uc () Aug () V (ue () Ay ()]}

consider the following two cases.

Case 1(x = 1). We have

uc Ny p (1) = uc (1) AuF®uy (1)

=uc () A(us (1) Vug (1))

= (uc (D) Ay (D) V (uc (1) Aug (1))
= (uo A ug)* " B(ug Aup)* ™ (1),
(1

=vc (1) V(v (1) Avg (1))

=(ve()Vvy (D) A (ve (1) Vg (1))

Ve Vs (1) = ve (1) VVEBYE

= (ve v va) B (ve v vg) e (1)
Case 2 (x # 1). It holds that

ue (x) A uAB®u (x)

=uc (x) A \/ ful

y®Z<X

(y) Aug' (2)}

=\ fuc @) Au () Auf (2)}

y®zZ<X

=\ {uc @) Auy () Auc (x) Aug (2))
y;;@ﬁzgil

V {uc (x) AUl (1) A ug (x)}

V {uc (x) Ay (x) Aug (1)}

\/ {uc () Ay () Auc (x) Aug (2)}
AT

V{uc (%) Aug (1) Aul? (1) Aug (x)}

V{ug (%) Aug (1) Ay (x) Aug (1)}
\/ fuc () Auy (¥) Aug (x) Aug (2)}
yﬁeizgil

Vuc (1) A (uy (1) Vug (1))
A (e (%) Aug (x)) V (e (x) Auy (x))]}

=V {uc) Auy(y) Auc () Aug (2))

y®z<x
y#Lz#1

VA[(ue (1) Auy (1) V (ue (1) Aug (1)]

<V {lcru) ™ (v

y®z<x
y#lLz#1

Nug Aug)“ ™ (z v x)}

v [(”c Aug) M () A (ue Auy) (y v X)]

\Y [(uc Aug) " (1) A (ue Aug) (2 V x)]

= \/ {(’/‘c A ”A)MCAMB (yvx)

y®z<X

{15) At Aug) ™™ (z v x)} :

17)

Let yvx = y' and zvx = 2’5 itis easy to verify that y' ®z’ < x,
and then the above can be written as

= \/ {(”c Auiy) (J”) A (g A ug) ™ (Z,)}

y'®z'<x
= (ue A ug) "B (ue Aup) " (x)

Ve (x) Vv v @vv" (x)

=ve@V N\ 2OV 2)
y®z<x
= /\ {ve ) vV (y) vvy (2)}

y®Z<X

/\ {ve () vy (y) Ve (x) Vg (2)}

y®z<x
y#lz#1

AMve () VVE (1) Vv (x)}

AMve (x) Avy (%) Avig (1)}

/\ {ve ) Vvy () Ve (x)Vvg(2)}

y®z<x
y#lz#1

AMve (x) Vve (1) VVE (1) V vy (x)}

A e () Ve (1) Vg (x) Vg (1D}

/\ {ve (x) Vvy () Ve (x) Vv (2)}

y®z<x
y#lz#1

AMre )V (vy (1) Avg(1))
V[(ve (%) Vv (x)) A (ve (%) V va (x))]}

= N\ @ Vra(y) Ve V@)

y®z<x
y#Lz#1

AMI(ve @) Vv M)A (ve (1) Vvg ()]

V [(ve () Vvg (X)) A (ve (x) Vva ()]}



> /\ {(VCVVA)VCW

y®z<Xx
y#lz#1

*(yVvx)

V(ve Vv vg) e (z v x)}

A [ ve V) () V (ve Vv,) (ny)]
A

ve V) A (D) A (ve v vg) (2 V x)]

= {(Vc V) (yvx)

y®z<x

V(ve v vg) e (z v X))
(18)

Let yVx = y' and zvx = 2'; it is easy to verify that y' ®z' < x,
and then the above can be written as

_ /\ {(Vc v VA)VCVVB ()/I) v (VC v VB)VcVVA (ZI)}

y'®z'<x 19)

= (ve V)" "B (ve v vg) e (x).

Thus uc AuERU < (ug Au D) (U A upg) M4 and
Ve(x) VVEBVE (x) > (ve V v,) 0B B(ve V vp) 'Y, that s,
the dlstrlbuthty holds. O

4. Conclusions

In this paper, by the notion of tip-extended pair of intuitionis-
tic fuzzy sets, it is verified that the set of all intuitionistic fuzzy
filters forms a bounded distributive lattice.

Future research will focus on the lattice of fuzzy notions
in other algebras by tip-extended pair.
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