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Let S be a commutative semigroup, f,g: S — Cando : S — Saninvolution. In this paper we consider the stability of involution-

exponential functional equations

flx+0y)=g(x) f ()] < ¢ (x) [resp., $ ()], 1f(x + 0y) = F(X)g(y)] < p(x)[resp., $(y)] for

all x, y € S, where ¢ : S — R satisfies the growth condition: there exists C > 1 such that lim, _,  C*¢(kx) = 0 for each x € S.
We also consider the stability of L -version | f(x + 0y) = f(x) f ()| o0 r2ny < €, where f: R" — Cis alocally integrable function.

1. Introduction

Throughout this paper we denote by S, R, R*,C,R", a com-
mutative semigroup with an identity element, the set of real
numbers, nonnegative real numbers, complex numbers, and
the n-dimensional Euclidean space, respectively, and IRS' =
R"\{0},C, = C\{0},¢:S — R", € >0.A functionm:S —
C is called exponential provided that m(x + y) = m(x)m(y)
forallx, y € S,ando : S — Sis called an involution provided
that o(x + y) = o(x) + o(y) and o(0(x)) = x forall x, y € S.
An exponential functionm : § — C is called o-exponential
it m satisfies m(ox) = m(x) for all x € S and denote by m, a
o-exponential function.

In [1], the following functional inequalities with involu-
tion are investigated:

|f(x+0y) =g x) f ()] < ¢ () [resp. ()], Vax,p 6(%
|f (x+0y) = f(x)g(y)| < ¢ (x) [resp. ¢ ()], Vx,y 6(5)-

As a result, all unbounded functions f,g satistying the
inequalities (1) and (2) are exactly described only when ¢ is
a constant function while only one of unbounded functions
£, g satistying each of (1) and (2) is exactly described when ¢
is an arbitrary unbounded function.

In this paper we investigate the functional inequalities (1)
and (2) by imposing some growth conditions on ¢, f, or g.
First, we introduce the conditiononh: § — C:

Ll ()
e <

where h will stand for f and g.
Secondly, we introduce the condition on ¢; there exists
C > 1 such that

Jim Cr¢(kx)=0 (4)

forall x € S.

As a result, we completely determine f and g satistying
each of the inequalities (1) and (2): if g satisfies (3) [resp., f
satisfies (3)] or ¢ satisfies (4), then (f, g) satisfying (1) [resp.,
(2)] are of the form

fx)=fO)ym,(x),
g(x) =m, (x) (5)
x [resp. f(x) = f(0)m(x),g(x)=m(ox)]

for all x € S, where m,, is a o-exponential function and m is
an exponential function.
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As an application of our result, we determine all unboun-
ded functions f,g : Ry — R satisfying the functional ine-
qualities

|f (wx +vy,uy —vx) = g (x, y) f (V)|
<¢(xy) [p@v)],

|f (ux +vy,uy —vx) - f (%, 7) g ()]
<¢(xy) )]

for all (x, y), (u,v) € Ré, where f, g satisty (3) or ¢ : Ré
— R" satisfies (4) (see [2-5] for related equations) and
determine all unbounded functions f, g : Ry — R satisfying
the functional inequalities

(6)

7)

|f (x> 1o t41,91) G (X, Y20 1, ¥3)
= [ (X125 + p1y; + ugthy + V1V, X195 = 11X,
T UV, = ViU, XUy = Y1 V) — UK, (8)
VLY X1 Vy Vit — Uy Yy = VX))
<y (oo younvi) [ (0 v, 1, ,)]
for all x;, y;, uy, vy, X, ¥, Uy, and v, € R, where f, g satisfy

(3)ory: Rg — R satisfies (4) (see [2, 4] for related equa-
tions). Finally, we consider the stability of L>-version

|f (x+ay)- f(x) f (J’)lLOO(RZ") <6 )

where f: R" — Cisalocallyintegrable function. Asa result,
we prove that every unbounded solution f (ie., || f]| L@ =
00) of (9) satisfies

X+ ox> (10)

f(x)=m<

for almost every x € R", where m : R” — C is an un-
bounded exponential function. Every bounded solution f
(i.e.s [ fllpeommy < 00) satisfies

1
1 1o ey < 5 (1 +VI+ 46); (11)
Ife < 1/4, then f satisfies either

(1+VI=4e) < || flpomn < 5 (1+ VI+4e)  (12)

1
2

N | —

or
1
"f"LOO(R") < > (1 - V1- 46). (13)

We refer the reader to [1, 6-16] for related functional
equations and their stabilities. We also refer the reader to [17-
19] for some recent developments on the issues of stability and
superstability for functional equations.
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2. Stability of (1) and (2)

In this section we investigate unbounded functions f, g satis-
tying (1) and (2) when some of f and g satisfy (3) or ¢ satisfies
(4). For bounded solutions of (1) and (2) we refer the reader
to [1].

Lemma 1. Assume thatm : S — C is an unbounded expo-
nential function and ¢ : S — R satisfies (4). Then m satisfies
3).

Proof. Since m is unbounded, we can choose a x,, € S such
that |m(x,)| > C, where C > 1 is the constant in (4). Since ¢
satisfies (4) we have

1+ ¢ (kx) 1+ ¢ (kx,)
lim ————== = lim ————=
k— o0 |m (kx0)| k— o0 |m (xO)l (14)
: -k, o~k _
< klgl(l)o (C +C"¢ (kxo)) =0.
This completes the proof. O

Theorem 2. Let f,g : S — C be unbounded functions satis-
fring

|f (x+0y)—g@x) f(y)] <¢x) (15)

forall x,y € S. Then g is a o-exponential function. In par-
ticular if g satisfies (3) or ¢ satisfies (4), then there exists a o-
exponential functionmy : S — C such that

f&x)=fO)m,(x),  g(x)=m,(x) (16)
forall x €.
Proof. Choosing a sequence y, € S, n = 1,2,3,..., such that
| f(y,)] — ocoasn — oo, putting y = y,, n =1,2,3,...,

in (15), dividing the result by | f(y,,)|, and lettingn — oo we
have

g(x) = nILnéoM (17)

I ()
for all x € S. Putting x = 0 in (15) we have
|f (o) =g (0) f (»)| < ¢(0) (18)

for all y € S. Multiplying both sides of (17) by g(y) and using
(15), (17), and (18) we have

00 g ) = tim IO Cron) o flyroxty,)
= f(5) nmo ()

- Jim FOTELDZD _0) (x4 ay)

n 19)

for all x, y € S. Dividing (19) by g(O)2 we have

9o (¥) go (¥) = 9o (x + o) (20)
for all x, y € S, where gy(x) = g(x)/g(0). From (20) we have
g (x) = g (0)m, (x) (21)
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for some o-exponential m,. If g satisfies (3) or ¢ satisfies (4),
then, by Lemma 1, we can choose a sequence x,, € S, n =
1,2,3,..., such that (1 + ¢(x,))/lg(x,)| — O0Oasn — oo.
Putting x = x,,, n = 1,2,3,..., in (15), dividing the result by
lg(x,)], and letting n — oo we have

f (x, +0y)
g(x,)

forall y € S. Multiplying both sides of (22) by g(x) and using
(15), (18), and (22) we have

f(y)= lim (22)

n— oo

g () f (x, +0y)
g(x,)

f(x+ox,+y)
g(x,)

g(x) f(y)= lim

lim

n— 00

g(0) f (ox + oy + x,,)

9 =g0) f(x+y)

(23)

n— 00

for all x, y € S. Putting ¥y = 0 in (23) and dividing the result
by g(0) we have

Jx) = f(0) go (x) = f (0)m, (x) (24)
for all x € S. Putting x = 0 in (15) and using (24) we have
£ 0) (1= g @)[[m, (y)] < ¢(0) (25)

for all y € S. Since m, is unbounded, from (25) we have
g(0) = 1. Now, from (21) and (24) we get (16). This completes
the proof. O

We denote by c-x the inner productof ¢ = (¢;,¢,,...,¢,) €
C" and x = (x;,%,,...,%,) € R" which is defined asc - x =
Z;’:l ¢;xj, and Re = (Rey,..., Re,), where Re; are the real
parts of cj,j =1,2,...,n. Itis easy to see that if S is uniquely
2-divisible (i.e., for each x € S there exists a unique y € S

such that 2y = x), then m, is o-exponential if and only if

ma(x)=m(x+20x>, x€eS (26)

for some exponential functionm : § — C.

Corollary 3. Let P(x),x € R", be a polynomial. Suppose that
f,g:R" — C are unbounded function satisfying

|f (x+0y) =g @) f ()] <IP () (27)

forall x,y € R". Then there exists a o-exponential function
my, : R" — C such that

f(x) = f(0)ym, (x),

forall x € R". In particular if g is continuous, then there exists
c € C",R(c + co) # 0 such that

g(x) =m, (x) (28)

f(x)=f(0) /D ereo)x g(x) = e1/2erco)x  (59)

forall x € R".

Proof. It is easy to see that |P(x)| satisfies (4). Thus, by
Theorem 2 we get (28). Assume that g is continuous. It is
well known that every continuous exponential functional m :
R" — C is given by m(x) = e for some ¢ € C". Thus,

from (26) we have m (x) = e/D(eren)x gor all x € R,
where co denotes matrix multiplication. Thus, we get (29).
This completes the proof. O

Remark 4. Let a,b € R" be two nonzero vectors that are not
parallel; that is, b # ra for all r € R. Then, the hyperplane
b - x = 0is not parallel to (b—a) - x = 0 and hence there exists
xy € R"such thatb - x, >0and (b-a) - x, > 0.1fb =ta
for some t € R, then there exists x, € R"” such thatb- x, > 0
and (b —a) - x, > 0if and only if t > 1. Thus, if b # ta for
all t < 1, then there exists x, € R"” such thatb - x, > 0 and
(b-a)-x,>0.

Corollary 5. Lety € R" be fixed. Suppose that f,g : R" — C
are unbounded continuous function satisfying

If(x+0y)-g) f(y) <™ (30)

forall x, y € R". Then there exists c € C", R(c + co) # 0 such
that g(x) = eV D= for all x € R™. If (1/2)R(c + co) # ty
forallt <1, then one has

f(x)=f(0) 6(1/2)(c+ca)~x’ g(x) = /D cteo)x 31)

forall x € R".

Proof. Recall that every continuous o-exponential functional
m, : R" — Cis given by

m, (X) _ e(1/2)(c+c0)»x (32)

for all x € R", where co denotes matrix multiplication. If
(1/2)R(c + co) # ty forallt < 1, then by Remark 4 there
exists x, € R” such that

1 1
E(c+ca)~x0>0, E(c+ca)-xo>y-x0. (33)

From (32) and (33) we have

1+ ek 1+ ek
lim =
k — 00 g (kXO) 6(1/2)(c+ca)-kx0

=0, (34)

which implies that g satisfies the condition (3). Thus, we get
(31). This completes the proof. O

Theorem 6. Let f,g: S — C be unbounded functions satis-
fying

If (x+0y)—g@) f(y)| <o (y) (35)

forall x, y € S. Then there exists an unbounded o-exponential
functionm, : S — C such that f(x) = f(0)m,(x) for all x €
S. In particular if f satisfies (3) or ¢ satisfies (4), then one has

f &)= f0)ym, (x),
forall x €.

g (x) =m, (x) (36)



Proof. Putting y = 0 in (35) we have
[f ()= f(0)g(x)| < ¢(0) (37)

for all x € S. Choose a sequence x,, € S, n = 1,2,3,..,,
such that |g(x,)] — coasn — oco.Putting x = x,, n =
1,2,3,..., in (35), dividing the result by |g(x,,)|, letting n —
00, and using (37) we have

f(x, +ay) f(0)g(x,+0y)
g(x,) g(x,)

forall y € S. Multiplying both sides of (38) by f(x) and using
(35) and (38) we have

= lim

n— 00

f(y) = lim (38)

n— 00

_ fO)g(x,+0y) f(x)
x) = lim
f)f(x)= lim e
i JOS G royra)
g(x,)
(39)

for all x, y € S. From (39) we have f;(x) := f(x)/f(0) is an
exponential function, say m. Now, from (37) we can write

J ) =f0)ym(x),

for all x € S, where |r(x)| < ¢(0)/]f(0)| for all x € S. Putting
(40) in (35) and using the triangle inequality we have

|f )y m (x)|[m (o) =m(y)] < () +1(x)|f (¥)]

LPOIF )] @D
| (0)]

for all x,y € S. Since m is unbounded, from (41) we have
m(oy) = m(y) for all y € S. Assume that f satisfies (3) or ¢
satisfies (4). Choose a sequence y, € S, n = 1,2,3,..., such
that (1 +¢(y,))/1f(y )| — Oasn — 0.Puttingy =y,, n=
1,2,3,..., in (35), dividing the result by | f(y,)|, letting n —
0, and using (37) we have

gx) =m(x)+r(x) (40)

<¢(»)

e flm) e fw)

forall x € S. Multiplying both sides of (42) by f(y) and using
(35) and (42) we have

_ fO)g(x+ay,)f(y)
X = lim
g(x) f(y) o ()
_ le f(O)f(x+0y+0yn) :f(O)g(x+ay)
n=eo ()
(43)

for all x, y € S. Putting x = 0 in (43), replacing oy by x, and
dividing the result by f(0) we have

9(x) = g(0) fo(0x) = g (0)m, (0x) = g (0)m, (x) (44)

for all x € S. Putting y = 0in (35) and using (40) and (44) we
get g(0) = 1. This completes the proof. O
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Using Theorem 6 and applying the same method as in the
proof of Corollary 3 we have the following.

Corollary 7. Let P(x), x € R", be a polynomial. Suppose that
f,9:R" — C are unbounded function satisfying

|f (x+0y)—g ) f(»)] <|P(y)] (45)

for all x,y € R". Then there exists a o-exponential function
m, : R" — C such that

f(x)=f0)m,(x),
forall x € R".

g(x) =m, (x) (46)

Using Theorem 6 and applying the same method as in the
proof of Corollary 5 we have the following.

Corollary 8. Lety € R" be fixed. Suppose that f,g : R" — C
are unbounded continuous function satisfying

|f (x+0y) =g @) f(y)|<e™” (47)

forall x, y € R". Then there exists c € C", R(c + co) # 0 such
that f(x) = £(0)e/?C)* forall x € R™. If (1/2)R(c+co) #
ty for allt < 1, then one has

f (X) _ f (0) e(1/2)(c+c0)~x,
forall x € R".

g (X) _ e(1/2)(c+ca)-x (48)

Theorem 9. Let f,g : S — C be unbounded functions satis-
fying

If (x+0y) - f(x)g(y)| < p(x) (49)

for all x, y € S. Then there exists an unbounded exponential
m : S — Csuch that f(x) = f(0)m(x) forall x € S. In
particular if f satisfies (3) or ¢ satisfies (4), then one has

f )= f0)ym(x),
forall x €S.

g (x) =m(ox) (50)

Proof. Putting x = 0 in (49) we have
|f (oy) = F (0 g (»)| < ¢ (0) (51

for all y € S. Choose a sequence y, € S,n = 1,2,3,..., such
that [g(y,)| — ocoasn — oo.Puttingy = y,,n=1,2,3,...,
in (49), dividing the result by |g(y,)I, lettingn — oo, and
using (51) we have

Fo = tim LE¥O) oy SQaloxty) o

n=e0 g (y,) o g (y,)

for all x € S. Multiplying both sides of (52) by f(y) and using
(49) and (52) we have

FO)F) = tim L QSO glox+7,)
ne 9 ()
- nlLf%of(O)f;y(; ;C ron) fO) f(x+y)
' (53)
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for all x, y € S. From (53) we have f;(x) := f(x)/f(0) is an
exponential function, say m. Assume that g satisfies (3) or ¢
satisfies (4). Choose a sequence x,, € S, n = 1,2,3,..., such
that (1 + ¢(x,))/|f(x,)] — Oasn — 0.Putting x = x,,n =
1,2,3,..., in (49), dividing the result by | f(x,,)|, lettingn —
0, and using (51) we have

Sl roy) . fOg(y+ox,)
f(x) f(x)

forall y € S. Multiplying both sides of (54) by f(x) and using
(49) and (54) we have

F 0 a(y) = lim LOS D90 +ox,)

g(y)= lim Jim (54)

oo f(x)
- nhi%of 2 f;x(:;y o) f©)g(ox+y)
(55)

for all x, y € S. Putting y = 0 in (55), replacing ox by x, and
dividing the result by f(0) we have

g (x) = g(0) f, (0x) = g (0) m (ox) (56)
for all x € S. Putting x = 0 in (49) and using (56) we get
g(0) = 1. This completes the proof. O

Using Theorem 9 we have the following.

Corollary10. Let P(x), x € R", be a polynomial. Suppose that
f,g:R" — C are unbounded function satisfying

|f (x+0y) = f(x) g (y)| < IP ()] (57)

forall x,y € R". Then there exists an exponential function
m:R" — C such that

fx)=f0)m(x),
forall x € R".

g (x) =m(ox) (58)

Corollary 11. Let y € R" be fixed. Suppose that f,g : R" —
C are unbounded continuous function satisfying

|f (x+0y) = f(x)g(y)| <™ (59)
forall x, y € R". Then there exists c € C",Rc # 0 such that
f(x) = f(0)e”™ forall x € R". If Rc # ty forallt < 1, then
we have

f )= f0)e™,
forall x € R".

gx)=e" (60)

Theorem 12. Let f,g: S — C be unbounded functions satis-
fying

|f(x+0y)- f(x)g(»)] <¢(y) (61)

forallx, y € S. Then g is an exponential function. In particular,
if g satisfies the condition (3) or ¢ satisfies (4), then there exists
an unbounded exponentialm : S — C such that

f)=f0)mx), g(x)=m(ox) (62)
forall x € 8.

Proof. Choose a sequence x,, € S,n = 1,2,3,..., such that
|f(x,)] - ocoasn — oo.Puttingx = x,,n = 1,2,3,..,,
in (61), dividing the result by | f(x,,)|, and lettingn — oo we
have

g(y) = lim % (63)

for all y € S. Multiplying both sides of (63) by g(x) and using
(61) and (63) we have

f (x, +0y) g (x)
f(x,)

f(x,+0y+ox)

f(x)

for all x,y € S. Therefore, g is an exponential function,
say m. Assume that g satisfies (3) or ¢ satisfies (4). Choose
a sequence y, € S,n = 1,2,3,..., such that (1 + ¢(y,))/
lgy,)] - O0asn — oo.Putting y = y,,n = 1,2,3,..,,
in (61), dividing the result by |g(y, )|, and lettingn — oo we
have

9(»)g(x) = lim
(64)
=g(x+y)

= lim
n—00

fx+ay,)
9 ()

for all x € S. Multiplying both sides of (65) by g(y) and using
(61) and (65) we have

f(x) = lim (65)

n— 00

flx+ay,)g(y)
9 ()

f(x+oy,+0y)
9 ()

for all x, y € S. Putting x = 0 and replacing y by ox in (66)

we have f(x) = f(0)m(ox) for all x € S. Replacing m(x) by

m(ox), we get (62). This completes the proof. O

f(x)g(y)= lim

(66)
=f(x+oy)

= lim

Using Theorem 12 we have the following.

Corollary13. Let P(x), x € R", be a polynomial. Suppose that
f,9:R" — C are unbounded function satisfying

|f (x+0y) - f(x)g(»)] <|P(y)] (67)

for all x,y € R". Then there exists an exponential function
m: R" — C such that

J ) =f0)m(x),
forall x € R".

g (x) =m(ox) (68)

Corollary 14. Let y € R" be fixed. Suppose that f,g : R" —
C are unbounded continuous function satisfying

|f (x+0y) - f(x)g(y)| <€ (69)

forall x,y € R”. Then there exists c € C",Rc # 0 such that
g(x) = e forall x € S. If Rc # ty forallt < 1, then we have

f)=f0)e",  glx)=e"" (70)
forall x € 8.



3. Applications

In this section we consider the stability of (6)~(8). A function
M : (0,00) — R is called multiplicative function provided
that M(xy) = M(x)M(y) for all x, y > 0. Let F(x + yi) =
f(x, ), G(x +iy) = g(x, y), and O(x + yi) = ¢(x, y) for all
(x,y) € Ré. Then the functional inequalities (6) and (7) are
converted to

|F (zw) — G (2) F (w)| < © (2) [resp., @ (w)], (71)

|F (zw) — F (2) G (w)| < © (2) [resp., @ (w)] (72)
forall z,w € C,,.

Viewing C, as a multiplicative group, letting o(z) = z,

and applying Theorems 2 and 6 to the inequalities (71) we

have the following.

Theorem 15. Let f,g : R — R be unbounded functions
satisfying (6). Then f, g are of the form

fy) = FaoM(Yx+y),
g(xy) =M<\/x2 +y2)

forall x,y € R, where M : (0,00) — R is a multiplicative
function.

(73)

Applying Theorems 9 and 12 to the inequalities (72) we
have the following.

Theorem 16. Let f,g : R} — R be unbounded functions
satisfying (7). Then f, g are of the form

f(xy)= f(l,O)M(\/x2 + y2>E<tan71 <%>> ,
e w() e 2)

forall (x,y) € R2, where M : (0,00) — Risa multiplicative
function and E : R — R is an exponential function satisfying
EQ2n) = 1.

LetH = {a + bi+¢j+dk | a,b,c,d € R} be the set of
quaternions. Recall that i* = j* = k* = —1,ij = k, jk = i,
ki = j, ji = -k, kj = —i, and ik = —j and the conjugate of
q=a+bi+cj+dk € Hisgivenby q* = a - bi — ¢j — dk.
We denote ||gll = \/qq* = Va? + b> + ¢? + d?. Let F(x + yi +
uj +vk) = f(x, y,u,v), Gx + iy + uj + vk) = g(x, y,u,v),
and O(x + yi+uj+ vk) = ¢(x, y,u,v) for all (x, y,u,v) € Rg.
Then the functional inequalities (8) are converted to

|F(ap") -G (q) F (p)| < ®(q) [resp., ®(p)]  (75)

forall p,q € H\ {0}.
Applying Theorems 2 and 6 to the inequalities (75) we
have the following.
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Theorem 17. Let f,g : R; — R be unbounded functions
satisfying (8). Then f, g are of the form

f(xy.uv) :f(l,0,0,0)M(\/m),
AR N eryreryee)

for all (x, y,u,v) € [Rg, where M : (0,00) — R is a multi-
plicative function.

(76)

4, Stability in L>°-Version

Let f : R" — C be a locally integrable function and ¢ :
R" — R” an involution. In this section, we consider an L*°-
version of the stability of functional equation

fx+oy)=f(x)f(y) (77)

for almost every (x, ) € R*". More precisely, we study the
functional inequality

"f(x +oy) - f(x) f (y)”LOO(RZ") SE. (78)

As is well known, inequality (78) implies

|| (v 09) = £ @ £ D)9 () dxdy| < el

(79)
forallg € LY(RY).
We first employ § : R" — R defined by
-
8(x) = {9° > 1l <1 (80)
0, if |x]>1,

where g = (I|x|<1 e A1) 1dx) 1. It is easy to see that § is an
infinitely differentiable function with support {x : |x| < 1}.

Let f be a locally integrable function on R” and §,(x) :=
t*8(x/t), t > 0. Then for each t > 0,

fra= | f@ox-gde (8)

is a smooth function and f * §,(x) — f(x) for almost every
xeR"ast — 0",

In the following, we exclude the case when f(x) = 0 for
almost every x € R".

Theorem 18. Let f : R" — C satisfy (78). Then either there
exists an unbounded exponential functionm : R" — C such
that

x+0x>

2 (82)

f(x)=m(

for almost every x € R", or else

||f||Loo(Rn) < %(1 +V1+ 46). (83)
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Ife < 1/4, then either

(1+VI—4e) < || fllpogn < 5 (1+ VI+de)  (84)

Y-
N | =

or
1
||f"L°°(R") < 5 (1 - V1- 46). (85)

Proof. Applying ¢(x', y") = 8,(x — x')8,(y — ¥') in (79) we
have

“ f (x' + ay') o, (x - x’) d, (y - y') dx'dy'

Jf JSt x-2' +ay 6 (y—y')dy')dz'
Jf Jét x - z+cry)(soo)

X (ay - cry') dy') dz'

~
—~
N\
SN—
/
—_—

J S, (x -z +y') (8,00) (oy —y')dy')dz'
_ Jf(z')(j&(y')(ésoa)(x+ay—z'—y')dy'>dz'
= Jf(z')& * (6oa)s(x+ay—z')dz'

=(f 8 % (800)) (x+0y).
(86)

We also have

” f(x')f(y')(?t (x - x')&s (y - y’) dx'dy'
[0 ot
~(F=8)00 [ £ () (F0) (v dy
= (f % 8,) () (f *6,) (»)-

x’)dx') 6, (y - y')dy'

(87)

Thus, the inequality (78) is converted to the classical fun-
ctional inequality

|(f # 8 07) (x +0y) = (f +8,) (x) (f +8) (y)| < e

(88)

for all x, y € R", where 8° = § o 0.

Choosing y, € R, sy > 0 such that (f * &, )(y,) # 0, put-
ting y = y,,s = s, in (88), using the triangle inequality, and
dividing the result by |(f * 630)( ¥o)| we have

|(f*8t*8?0)(x+ayo)'+e

|(f * 8t) (x)l < |(f . 550) (}’0)|

(89)

for all x € R”. Since (f*6t*6§70)(x+cry0) — (f*8§))(x+ay0)
ast — 0%, it follows that

F (x) := limsup (f * 8,) (x) (90)

t—0*

exists for all x € R". Since (f * §,)(x) — f(x) for almost
every x € R", it follows from (90) that

F(x)=f() (91)

for almost every x € R".
Fixing y € R" and letting s — 0% so that (f = 8,)(y) —
F(y) in (88), we have

|(f *8,) (x +oy) -

for all x,y € R". We first consider the case when F is
unbounded. Let y, € R",n = 1,2,3,..., be a sequence such
that |[F(y,)| — oo.Putting y = y, in (92), dividing the result
by |F(y,)|, and letting n — oo we have

(f #98,) (x+0y,)
F(y,)

for all (x, y) € R". Multiplying F(y) in (93) and using (92)
and (93) we have

(f*8))F(y)<e (92

(f *8:) (x) = lim_ (93)

i S #00) (e+07) E(y)

(f *8,) () F(y) = lim 00
_ e (Fx0) (x+oy+oy,)  (94)
neo F(y,)

(f * ) (x +0y)

forall x, y € R",t > 0. Putting x = 0 in (94) we have

(f #8) (O F(y) = (f *6,) (0y) (95)

forall y € R",¢ > 0. From (95) we have (f * §,)(0) # 0 for
some t > 0. Putting (95) in (94) we have

F(ox)F(y) =F(y +o0x) (96)

for all x, y € R". From (96) F is an exponential function.
Now, we prove that

F (x) = F (0x) (97)
for all x € R". In view of (94), replacing (f * 8,)(x) by (f =

0,)(0)F(ox) and (f = 6,)(y) by (f * §,)(0)F(oy) in (88) and
lettings — 07 so that (f = 6,)(0) — F(0) we have

|(f *6,) (x+0y) -
for all x, y € R", ¢ > 0. Using (95) and (98) we have

|(f #8,) (0) F(y +0x)—(f *8,) (O)F((Tx)F(Uy)| <€
(99)

(f *8,)(0)F(ox)F(ay)| <€ (98)



Lettingt — 0" in (99) so that (f * §,)(0) — F(0) we have

|F(y+0x)—F(ox)F(oy)| <e (100)
for all x, y € R. Since F is an exponential function, it follows
from (100) that

|F (ox)| |[F (y) = F (oy)| <€ (101)

for all x, y € R". Since F is unbounded, from (101) we have
F(y) = F(oy) for all y € R". Now, F is written in the form

ro=r(3+3)-(3)0(3)

2 2

-r(3)r(5)-r(557)

2 2 2

forall x, y € R". Conversely, let F(x) = m((x+0x)/2), where
m : R" — C is an arbitrary exponential function. Then F
is an exponential function satisfying F(x) = F(ox) for all
x € R". Thus, we get (82). From now on, we assume that F is
bounded, say |F(x)| < M for all x € R". Then, it follows from
(91) that || f{| oo gy < M. Thus, we have

() 6ol = |[ £ ()8 (x - ) x|
(103)
<M [[6(x-#)|dx' = M

for all x € R". From the inequality (92), using the method in
Theorem 10 of [1] we have

(f #8) @) (JF(y)|-1)| <e

forall x, y € R",t > 0. Fixing x € R” and lettingt — 0" in
(104) we have

(104)

[F) (JF() -1 <e

for all x, y € R. From (105), using the method in Theorem 10
of [1] we have

(105)

IF (x)] < % (1+V1-4e) (106)
forall x € R, and if € < 1/4, then we have either
(- VITae) s IFl <5 (1+VIvde)  (07)
forall x € R or
IF (x)] < % (1-VI-4e) (108)

for all x € R. Since f(x) = F(x) almost every x € R", we get
(83), (84), and (85). This completes the proof. O
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