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We study the recent investigations on a class of functions which are logarithmically completely monotonic. Two open problems are

also presented.

1. Introduction

Recall [1] that a positive function f is said to be logarithmi-
cally completely monotonic (LCM) on an open interval I if
f has derivatives of all orders on I and for alln € N :=
1,2,3,...1,

(-1)"[In £ ()] > 0. o

LCM functions are related to completely monotonic
(CM) functions [2], strongly logarithmically completely
monotonic (SLCM) functions [3], almost strongly completely
monotonic (ASCM) functions [3], almost completely mono-
tonic (ACM) functions [4], Laplace transforms, and Stieltjes
transforms and have wide applications. It is evident that the
set of SLCM functions is a nontrivial subset of the set of
LCM functions, which is a nontrivial subset of the set of CM
functions, and that the set of CM functions is a nontrivial
subset of the set of ACM functions. It was established [3] that
the set of SLCM functions is a nontrivial subset of the set of
ASCM functions and that the set of SLCM functions on the
interval (0, 00) is disjoint with the set of strongly completely
monotonic (SCM) functions (see [5] for its definition) on the
interval (0, 00).

It is well known that the classical Euler gamma function
is defined for x > 0 by

I (z) = LOO et dr. )

The logarithmic derivative of I'(z), denoted by

I' (2)
I'(z)’

v(z) = 3)

is called psi function, and ' for k € Nare called polygamma
functions.
Fora,y € R and 8 > 0, define

T (x+ )

Y
e ] xe(0,00), (4

f[x’ﬁ’y (x) = |:

which is encountered in probability and statistics.

Since fy3,(x) (y > 0) is logarithmically completely
monotonic if and only if f,g,(x) is logarithmically com-
pletely monotonic and f, g, (x) (y < 0) is logarithmically
completely monotonic if and only if f, 5 ;(x) is logarith-
mically completely monotonic, we only need to study the
logarithmically complete monotonicity of the function

eT(x+p

+1
foc,ﬁ,ﬂ (x) = [ ha )] ,  x€(0,00). (5)

In [6, Theorem 3.2], it was proved that the function
f1/201(x) is decreasing and logarithmically convex from
(0,00) onto (127, 00) and that the function Sro1(x) is
increasing and logarithmically concave from (0,00) onto
(1, 00).
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2
In [7, Theorem 1], for showing
bh_l a-b r (b) bb_l/z a-b
e — e (6)
a%1 T (a) au—l/z
for
b>a>1, (7)

monotonic properties of the functions In f,,,(x) and
In f, o1 (x) on the interval (1, co) were obtained.

In [8, Theorem 2], it was presented that the function
Sa0,1(%) is decreasing on the interval (c, 0o) for ¢ > 0 if and
only if

1
<- 8
as (8)
and increasing on the interval (¢, co) if and only if
. {c[lnc—w(c)] ¥fc>0, ©)
1 ifc=0.

In [9], after proving the logarithmically completely
monotonic property of the functions f;,,,(x) and f; ;_; (x),
in virtue of Jensen’s inequality for convex functions, the upper
and lower bounds for the Gurland’s ratio were established: for
positive numbers x and y, the inequality

T ()T (y)

[T((x+9)/2)]°  [(x+)/2]77
(10)

xx—l/zyy—l/z xx—lyy—l

[(x+y) 217

holds true, where the middle term in (10) is called Gurland’s
ratio [10].
In [11] the authors proved the following result.

Theorem 1 (see [11]). If
2a<1<p, (1)

then the function f, g, (x) is logarithmically completely mono-
tonic on the interval (0, 00).

The necessary and sufficient conditions for the func-
tions f, ,(x) and f,, _,(x) to be logarithmically completely
monotonic on the interval (0, co) were also given in [11].

Using monotonic properties of the functions f;,;(x)
and f,,_;(x), the inequality (6) was extended (see [1I,
Remark 1]) from

b>a>1 (12)
to
b>a>0. 13)
In [12] the authors proved the following results.

Theorem 2 (see [12]). If § > 0 and o« < 0, then the
function f, g,(x) is logarithmically completely monotonic on
the interval (0, 00).
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Theorem 3 (see [12]). For 3 > 0, a necessary condition for the
function f, g,(x) to be logarithmically completely monotonic
on the interval (0, 00) is that

« < min {/3%} (14)

Theorem 4 (see [12]). For § > 1, a necessary and sufficient
condition for the function f, g,(x) to be logarithmically
completely monotonic on the interval (0, 00) is that

. (15)

N | =

o <

As direct consequences of the above results, the following
Kec¢ki¢-Vasi¢-type inequality is deduced.

Theorem 5 (see [12]). Let x and y be positive numbers with
X#Y.

(1) For 3 > 1, the following inequality
x ocﬁr(x+‘3):|1/(x_}’)
I(x, =) —/—= (16)
(xy)>[<y) I(y+p)

holds true if and only if & < 1/2, where

L\ e
I(a,b)=—(—a> (a>0,b>0, a+b) (17)
e\ a

is the identric or exponential mean.
(2) For 8 > 0, the inequality (16) holds true also if « < 0.

In [13], the following result was established.

Theorem 6 (see [13]). (1) For 8 € [0,1/2), if

ocgﬁ—e‘l(l—ﬁ)zexp(ﬁ), (18)

then the function f g, (x) is logarithmically completely mono-
tonic on the interval (0, 00).

(2) For 3 € [1/2,1], if

« < min {3ﬁ2—3ﬁ+1,%}, (19)

then the function f g, (x) is logarithmically completely mono-
tonic on the interval (0, 00).

From Theorem 6 we can directly obtain the following new
result.

Corollary 7. (1) For f € [1/4,1/2], if
a<f--, (20)

then the function fo g, (x) is logarithmically completely mono-
tonic on the interval (0, 00).



Journal of Applied Mathematics

(2) For B e (1/2,3/4], if

(xsﬁ—é, (21)

then the function f, g, (x) is logarithmically completely mono-
tonic on the interval (0, 00).

(3) For B € (3/4,1], if

agﬁ—%, (22)

then the function f, g, (x) is logarithmically completely mono-
tonic on the interval (0 oo)

A necessary and sufficient condition is obtained in [13] as
follows.

Theorem 8 (see [13]). For

+ —, 00 (23)

o)
6

Be{otu [
a necessary and sufficient condition for the function f, g, (x) to

be logarithmically completely monotonic on the interval (0, co)
is that

1
< - 24
< (24)
Regarding the logarithmically complete monotonicity for
the function f,5_;(x) and their applications. In [14], the
authors proved the following results.

Theorem 9 (see [14]). If the function f“,ﬁ,,l(x) is logarithmi-
cally completely monotonic on the interval (0, 00), then either

B >0, oczmax{ﬁ,%} (25)

or

=0, ax1 (26)

Theorem 10 (see [14]). For
1
-, 27
B> 5 (27)

the necessary and sufficient condition for the function f, g _;(x)
to be logarithmically completely monotonic on the interval
(0, 00) is that

a>p. (28)

As first application, the following inequalities are derived
by using logarithmically completely monotonic properties of
the function f, g+, (x) on the interval (0, c0).

Theorem 11 (see [14]). (1) For k € N, double inequalities

lnx—l <y(x)<lnx- ZL’
x x
(29)
(k-1)! k!

(k=1! k!
Xk 2kt k

A G =

hold true on the interval (0, 00).

3
(2) When B > 0, inequalities
B
y(x+p)<lnx+—,
x
(k ) ~ Bk-1)! Co
2 - 1!
DY (x4 p) 2 o
hold true on the interval (0, 00) for k > 2.
(3) When f > 1/2, inequalities
y(x+p) >Inx,
(k 2)1 (31)

D Y (x4 p) <

hold true on the interval (0, 00) for k > 2.
(4) When 3 > 1, inequalities

B-1/2

y(x+p) <lnx+ ,
x

(k 2)' _(B-1/2) (k- 1)

k

Dy D (x4 B) 2

X

hold true on the interval (0, 00) for k > 2.

As second application, the following inequalities are
derived by using logarithmically convex properties of the
function fa,ﬁ,il(x) on (0, c0).

Theorem 12 (see [14]). Letn € N and

x>0 (1<k<n). (33)
Suppose also that
Yh=1 (p=20). (34)
k=1
If either
ﬁ > 0, a<0 (35)
or
B=1, as<t, (36)
2
then
HZ=1 [r(xk +ﬁ)]Pk Hk . Pk (xp+B~ax)
n > . (37)
r (Zkzl DX + ﬁ) (Zk=1 pkxk)zkzl PrXptp-o
If
o > > l (38)
2p=7,

then the inequality (37) reverses.

As final application, the following inequality can be
derived by using the decreasingly monotonic property of the
function f“)ﬁ,_l(x) on (0, o).



Theorem 13 (see [14]). If

a>f>-, (39)

N | —

then
I(x,y) < [(;)M% ] " (40)

holds true for x, y € (0, 00) with x # y, where I(x, y), defined
by (17), is the identric or exponential mean.

The following results were shown in [15].
Theorem 14 (see [15]). For
B =0, (41)

a sufficient condition for the function f, g_,(x) to be logarith-
mically completely monotonic on the interval (0, 00) is that

aZmax{%,ﬁ,3ﬁ2—3ﬁ+l}. (42)

Remark 15. From Theorems 9 and 14 we see that the necessary
and sufficient condition for the function f,, ;(x) to be
logarithmically completely monotonic on the interval (0, 0o)
is that

o> 1. (43)
This result is Theorem 2 in [11]. Here we recovered it.

Theorem 16 (see [15]). Let
ﬂe[l—ﬁ,l]. (44)

Then the necessary and sufficient condition for the function
Ja,p-1(x) to be logarithmically completely monotonic on the
interval (0, co) is that

. (45)

N | =

o 2>

The following results are applications of the above theo-
rems.

Theorem 17 (see [15]). When

l — ﬁ < ﬁ < l, (46)
2 6 2
the following inequalities
1/2-

y(x+p)>Inx- P

(k - 2)! . (1/2-B)(k-1)! (47)

k

(—l)ky/(kfl) (x+p) <

xk-1 x
(k>2)

hold true on the interval (0, 00).
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Theorem 18 (see [15]). Letn € N and

x>0 (1<k<n). (48)
Suppose also that
ZPk =1 (p=20). (49)
k=1
If
1
0<p<—,
? (50)
o> max{%,?&ﬁz -38+ 1} R
then
TP+ I Tl ™ -
T (Zz:l pkxk + ﬁ) - (Z:=1 pkxk)zzzl Pexitp-o
Theorem 19 (see [15]). If
1
0<B<—,
2
) (52)
o= max{E,Sﬁz -38+ 1},
then
I( )<[<x>“ﬁr(x+ﬁ)]”““”
x’ —_— —
g y) T(y+B) (53)

(x>0, y>0; x#y),

where in (53) I(x,y), defined by (17), is the identric or
exponential mean.

2. Open Problems

2.1. Open Problem 1. From Theorem 8 we have already
known, for

V3 ) ; (54)

1
ﬁE{O}U[E‘F?,OO

a necessary and sufficient condition for the function f, 4, (x)
to be logarithmically completely monotonic on the interval
(0, 00).

For

1 3
ﬁ€<0,5+?), (55)

what is a necessary and sufficient condition for the function
fa,p1(x) to be logarithmically completely monotonic on the
interval (0, 00)?

Already Known. Theorem 3 gave a necessary condition;
Theorem 6 provided a sufficient condition.



Journal of Applied Mathematics

2.2. Open Problem 2. From Remark 15, Theorems 10 and 16
we have already known, for

1— ﬁ,oo), (56)
2 6

,BG{O}U[

anecessary and sufficient condition for the function f, 5, (x)
to be logarithmically completely monotonic on the interval
(0, 00).

For

1 V3
ﬁe(o,z—?), (57)

what is a necessary and sufficient condition for the function
fa,p,-1(x) to be logarithmically completely monotonic on the
interval (0, 00)?

Already Known. Theorem 9 gave a necessary condition;
Theorem 14 provided a sufficient condition.
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