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We first prove characterizations of p-uniform convexity and g-uniform smoothness. We next give a formulation on absolute
normalized norms on C?. Using these, we present some examples of Banach spaces. One of them is a uniformly convex Banach

space which is not p-uniformly convex.

1. Introduction

Throughout this paper, we denote by N, R, and C the sets
of positive integers, real numbers, and complex numbers,
respectively.

Let X be a nontrivial Banach space, which means a real
Banach space with dim X > 2 or a complex Banach space
with dim X > 1. The modulus of convexity of X is defined as

5(s)=inf<1—"x;—y") )
for € € [0, 2], where the infimum can be taken over all x, y €
X with |lx]| < 1, |yl < 1, and ||x — yl| > &. The modulus of
smoothness of X is defined as

(o il Bl 1)

)

p(r) = sup( 5

for 7 € (0,00), where the supremum can be taken over all
x, ¥y € X with ||x|| < 1and | y|| < 1.Itis obvious that p(7) < 7.
We know that if X is a Hilbert space, then §(e) = 1-/1 — 2/4
and p(1) = V1 + 72 - 1.

We recall that X is said to be uniformly convex if §(¢) >
0 for all ¢ > 0. Also, X is said to be uniformly smooth if
lim,_, o p(7)/T = 0.

For p € [2,00), X is called p-uniformly convex if there
exists C > 0 satisfying

8(e) > Ce? (3)

for all € € [0, 2]. On the other hand, for q € (1,2], X is called
g-uniformly smooth if there exists K > 0 satisfying

p(7) < Kt (4)

for all 7 € (0,00). It is obvious that p-uniformly con-

vex Banach spaces are uniformly convex, and g-uniformly

smooth Banach spaces are uniformly smooth. We also know

that, for p € (1, 00), L? spaces are max{2, p}-uniformly con-

vex and min{2, p}-uniformly smooth. See [1-6] and others.
A norm | - || on C? is said to be absolute if

[Ger )] = (el 2D (5)

for all (x, x,) € C? and normalized if |(1,0)] = [|(0, 1| = 1.

The ¢,-norms || - ||, are such examples:

P p\Vp .
||<x1,x2>||1,={<|xl| el wspeen
max {[x|, [x,[},  if p = co.

Let AN, be the family of all absolute normalized norms
on C*. We let ¥, be the set of all convex functions yon [0,1]
satisfying

max{l —t,t} <y () <1 (7)

for t € [0,1]. Bonsall and Duncan in [7] showed the fol-
lowing characterization of absolute normalized norms on C>.
Namely, the set AN, of all absolute normalized norms on
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2. .
C” is in one-to-one correspondence with W,. The correspon-
dence is given by

y(t)=(1-t1)] fortel0,1]. (8)

Indeed, for any y € ¥,, the norm || - ”w on C? defined as

(21| + [x])

XV’(&)’ if (xl’xz) #(0,0),

X1, X =
Izl Pel+

0, if (x;,x,) = (0,0)
)

belongs to AN, and satisfies (8). Saito et al. in [8] extended
this result to C".

In this paper, we first prove characterizations of p-
uniform convexity and g-uniform smoothness. We next give
another formulation on absolute normalized norms on C2.
Using these, we present some examples, one of which is a
uniformly convex Banach space which is not p-uniformly
convex.

2. Characterizations

In this section, we prove characterizations of p-uniform con-
vexity and g-uniform smoothness.

Proposition 1. Let X be a Banach space and let p € [2,00).
Then the following are equivalent:

(i) X is p-uniformly convex,
(i) liminf, _, ,,0(e)/ef > 0.

Proof. We first assume that lim inf, _, ,,8(¢)/ef = 0. Then for
every C > 0, there exists a small ¢ > 0 such that §(¢g)/ef <
C. That is, X is not p-uniformly convex. Conversely, we next
assume that X is not p-uniformly convex. That is, for every
C > 0, there exists € € (0,2] such that 8(¢) < Ce?. Putting
C = 1/n, we can define a sequence {g,} in (0, 2] such that
8(e,)/ef < 1/n. In the case of liminf ¢, = 0, without loss of
generality, we may assume lim,,¢, = 0. We have

0< liminf&
e—+0 gp

s
< lim inf@ <lim2=0 (0
n— oo sn

n—»oon

and hence liminf,_, ,,0(e)/ef = 0. In the other case, there
exists g, > 0 such that ¢, < ¢, for all n € N. Then since § is
nondecreasing, we have

5(e) _0(5) _1

0< <
2P 85 n

(1)

for n € N and hence §(g;)) = 0. Therefore, §(¢) = 0 for ¢ €
[0, &,]. This implies lim inf, _, ,(8(¢)/e? = 0. O
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Proposition 2. Let X be a Banach space and let q € (1,2].
Then the following are equivalent:

(i) X is q-uniformly smooth,

(i) lim sup, _, ,,p(7)/77 < c0.

Proof. We first assume that lim sup, _, ,,p(7)/7? = co. Then
for every K > 0, there exists a small T > 0 such that p(7)/77 >
K. That is, X is not g-uniformly smooth. Conversely, we next
assume that X is not g-uniformly smooth. That is, for every
K > 0, there exists 7 > 0 such that p(7) > K7?. Putting K = n,
we can define a sequence {z,,} in (0, 00) such that p(z,)/7] >
n. Then we have

T, T 1
ne Pl T 1 (12)
Tn Tn 1'2

Hence, lim, 7, = 0 because g — 1 > 0. Therefore, we obtain

lim supM > lim supM > lim n = oo. (13)
T—40 71 n— 00 Tg n— 0o
This completes the proof. O

We know that Hilbert spaces are 2-uniformly convex and
2-uniformly smooth Banach spaces. We can easily check this
thing by Propositions 1 and 2.

3. Convex Functions

In this section, we discuss properties of convex functions
belonging to ¥,. We first note that functions y belonging to
W, are continuous and satisfy y(0) = (1) = land y(t) > 1/2
forallt € [0,1].

Let y € W,. Then we define v, v/, and 0y as follows:

v = lim YOV (14
fors € (0,1],
W (s) = lim YOV© (15)

t—s+0 t—s
fors € [0,1), and
oy(s)={aeR:y@)>y(s)+a(t-s) Vte[0,1]} (16)

for s € [0, 1]. See [9] and others.
We know the following.

Lemma 3 (see [9,10]). Let v € V,. Then the following hold:

(i) Fors,t,u € [0,1]with0 <s<t<u<l,

wm—w@gwwrwwgwwrfm W)

t—s u-=:s

holds.
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(ii) Fors,t,u € [0,1]with0 <s<t<u<l,

' vy -y(s) ' v (u) -y (t)
v, (s) < T Sy () <y, () < =
<y’ (u)
(18)
holds.
(iii) Fort € [0,1],
(o0, ¥t (0], if t=0,
oy (t) = [wi (t),l//:_(t)], if 0<t <1, (19)
[1//1(1),+oo), ift=1

holds.
(iv) JH{ow(¢) : t € [0,1]} = R holds.
(v) -1< wL(O) and 1//1(1) < 1 hold.

Remark 4. (i)-(iii) are stated in [9]. (iv) follows from Theo-
rem 24.1in [9]. (v) is proved in [10].

Using Lemma 3, we can easily prove the following.
Lemma5. Let y € V,. Then the following hold:
(i) Y.(8) < (1= y(®)/(1 = 1) for every t € [0,1),
(ii) 1//i(t) > (y(t) — 1)/t for every t € (0, 1].
Lemma 6. Lety € Y, and s, t,u € [0,1] withs < t < u. Then
YOy 1=y
t—s 1-t

yO-1_yw-y@ _,
t u-—t

>

(20)

hold.
The following lemma is used in Section 5.
Lemma?7. Lety € ¥, and s,u € [0,1] with s < u. Then
u—s<yw)1-28)+y(s)Qu—-1)<2u—s) (21)
holds.

Proof. In the case of s < 1/2 < u, we have
1 1

u-s=-(1-28)+-Qu-1

5 ¢ )+ ( )

SYWA-20+y Q-1
<(1-25)+QRu-1)

=2(u-s).

Using Lemma 6, we will prove this lemma in the other cases.
In the case of s > 1/2, since 2y(s) — ((w(s) - 1)/s)(2s—1) < 2,
we have

u-s<Quw)+1-2u)(u-s)
=2y (W) (u—s)—(u-s)u-1)
<2y () (u-s) - (y (W) -y (s)) Qu-1)
=y ) (1-25) +y(s)(2u—-1)
=2y () (-5~ (YW -y () @2s-1) (23)

S2w(s)(u—s)—@(u—s)(25—l)
:<2w(s)—w(sz_1(25—1)>(u—s)
<2Wu-ys).

In the case of u < 1/2, since 2y/(u) — (1 —w(u))/(1 —u))(2u -
1) < 2, we have

u—s<(2y(s)+2s 1) (u—s)
=2y () (u-s)+ -5 (2s-1)
<2y () (w-s) - (Y@ -y (s)2s-1)
=y ) (1-25) +y(s) Qu—1)
=2y (W) (u—s)~ (y ) - y(s) Qu-1) (24)

<29 () (u—s) - lzf(”) (w—s)Qu—1)
- (2w - 2 u-n) -9
1-u
<2(u-s).
This completes the proof. O

We also know the following.

Lemma 8 (Bonsall and Duncan [7] page 37). Let v € V,.
Then the following hold:
(i) the function t — y(t)/t is nonincreasing;

(ii) the functiont — y(t)/(1 — t) is nondecreasing.
The following lemma follows from Lemma 8.

Lemma9. Lety € ¥, and s,u € [0,1] with s < u. Then

s u 1-s 1-u

< , >
yv(s)  y(u v(s)  y(u

(25)

hold.

4. Absolute Normalized Norms on C*

We denote by T, the set of nondecreasing functions y from
[0,1] into [-1,1] satisfying _[01 y(s)ds = 0. The following



proposition says there are many absolute normalized norms
on C?, and we can make many such norms easily.

Proposition 10. Define a mapping D from ¥, into T, by

v (), iftelo1),
v @), ift=1

fory € ¥, and t € [0, 1], and define a mapping S from T, into
¥, by

(Dwﬂﬂ={ (26)

t
wa=1+Lw9¢ (27)

fory e@,andt € [0,1]. Then Do Sy =y a.e.and Se Dy =y
forally e, andy € ¥,.

Proof. Fix v € ¥, and put y = Dy. We will show y € T,. By
Lemma 3, y is nondecreasing, —1 < l//jr(O) = p(0) and y(1) =
wi(l) < 1. Hence y(t) € [-1,1] for all t € [0,1]. By the
definition of D, we have

1 1
1:1(/(1):1p(0)+Ly(s)ds:l+Ly(s)ds. (28)

This implies j(: y(s)ds = 0. Therefore, we have shown y € I},.
Next, we fixy € I, and put v = Sy. We will will Sy € ¥,. Since
y is nondecreasing, we have that y is convex. It is obvious that
y(0) = y(1) = 1. From the convexity of y, y(t) < 1 for all
t € [0, 1]. Since —1 < y(¢) for t € [0, 1], we have

w(t)=1+Lty(s)dsz1+Lt(—1)ds=1—t (29)

for t € [0, 1]. Since p(t) < 1 for t € [0, 1], we also have

t
w(t):1+J0y(s)ds

1 1
=1+ Jo y(s)ds— L y(s)ds (30)

1

1
:1—J y(s)dszl—J lds=t
t t

fort € [0, 1]. Therefore y € ¥,. The remains are obvious. [

We next discuss the convexity and smoothness. In [11],
Takahashi et al. proved that (- "w) is strictly convex if and
only if y is strictly convex. See also [8]. Using this fact, we can
obtain the following.

Proposition 11. Lety € ¥,. Then (C?, || - ll) is strictly convex
if and only if Dy is injective.

Proof. We assume that - ll,) is strictly convex. Then y
is strictly convex. That is, for s,¢,u € [0,1] with 0 < s <t <
u < 1, we have

v () <yl () <yl (0) <y (w), (31)

Hence Dy is injective. We can easily prove the converse
implication. O
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In [10], Mitani et al. proved that (C?, | - ) is smooth if
and only if y is differentiable at any t € (0, 1) and wfr(O) =-1
and v/ (1) = 1. Using this fact, we can prove the following.

Proposition 12. Let y € ¥,. Then (C%, | - ly) is smooth if and
only if Dy is surjective.

Proof. We assume that (- ll,) is smooth. Then vy is dif-
ferentiable at any t € (0,1) and wﬁr(O) =-landy'(1) = 1.
So (Dy)(0) = —1 and (Dy)(1) = 1 are obvious. We note that
oy(0) = (—o0,-1] and oy(1) = [1,+00). Fora € (-1,1),
there exists t € [0, 1] with a € dy(t). From the above note, we
have t € (0,1). From the differentiability, we obtain

acoy () = [y ), v. 0]
={v' o} = {v. ®} = {(Dy) ®)}.

That is, (Dy)(t) = a. Therefore we have shown Dy is sur-
jective. Conversely, we next assume that Dy is surjective. We
suppose that v is not differentiable at some t € (0,1). Then
we have v/ (t) < wfr(t). By Lemma 3, we have

(32)

(Dy) ([0,1]) < [-L, 1]\ (v. (), v, () G [-1,1].  (33)

This contradicts the surjectivity of Dy. Hence, v is differen-
tiableatanyt € (0, 1). We next suppose that -1 < wfr (0). Then
by Lemma 3 again, we have

(Dy) (0,1 € [FL U\ [-Ly, (0)) g [-1,1].  (34)

This is a contradiction. Hence, ¥ (0) = —1. We can similarly
prove 1//1(1) = 1. Therefore, (C2, | - ||V,) is smooth. O
5. Examples

In this section, we present examples of absolute normalized
norms on C? satistying that (- IIV,) is uniformly convex
and is not p-uniformly convex. We also present examples of
such norms satistying that (- ll,) is uniformly smooth
and is not g-uniformly smooth. We note that, in finite dimen-
sional Banach spaces, strict convexity and uniform convexity
are equivalent. Smoothness and uniform smoothness are also
equivalent.

Theorem 13. Let y € T, and p € [2,00). Assume that there
exist sequences {s,} and {u,} in [0,1] such that s, < u, for
nenN,

m Y (un) 4 (Sn)

nango (u” _S”) =0 n— 0o (u —s )P—l
n n

=0. (35

Then (C%, || - lls,) is not p-uniformly convex.

Proof. Puty = Sy. Without loss of generality, we may assume

(36)
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forn € N, and {s,} and {u,,} converge to some number ¢, €
[0,1]. We put

_ (uw () + (v ()
T (W () + (1 (w)

for n € N. It is clear thats, < t, < u, for n € N. Define
sequences {x,} and {y,} in c? by

t (37)

1
Xy = (l—Sn,Sn), Yn = —(l_un’un)
v (s,) v (1)
(38)
for n € N. It is obvious |x, || = I|y,|l = 1. Then we have
X4y _(l—sn+ 1-u, s, N u, )
T \w(s) v () v(s) v (u)
(39)

- (@ + @)(1—@,,%).

Thus,
B 1 1
lew el = ( (s v () ) vit). 40
We put
v = (un/w (un)) B (Sn/w (Sn)) (41)
(0 =2s,) fy (sa)) + ((u, = 1)y ()
By Lemma 9,
0< U _ S <1—25n+2un—1 "
Ty vl T vl v

From this inequality and (46), v,, € [0, 1] holds. Using v,,, we
also have

-GS v v v )
H(w(ss w(u vfz )H o
-(Yor e ) 1=l
Yoy e )y
Therefore, we obtain
(g iy )ved) »

5

We will show liminf, _, ,,6(e)/ef = 0. Before showing it, we
need some inequalities:

2y (s,) w (u,) = (v (u,) + v (5,)) v (£,)
=y (s,) (v () —w (t) — v () (v (£,) -

—w(sn)j y(s)ds - w(n)j y(s)ds

S‘/’(Sn))’(”n)( U, = n)_vj(un))}( n)(tn_sn)

(v () v ()
=¥ )y ”)( " W () + Uy () )

(sl (5) + (9 (1) )
Wy G+ () "

1
" W )+ (a4 -
< (Y (un) -y (Sn)) (un - Sn)

1
< ;(un - Sn)p’

v (sn))

v (s (
Y (Sn)) (un - Sn)

(45)

1-2s, 2u -1
(g iy v
= ( ( n) (1 - 2571) + I//(Sn) (zun - 1))

v (v,)
(s, v (u,) (46)

s (s v (v,)
2 (=5 Uy ()
1

Zz(un—sn)>0

by Lemma 7. From (45) and (46), we have

S ((((1=2s,) / (s,)) + (e, = 1) [y () ¥ (v))
((((1=2s,) fw (s,)) + (2w, = 1) fy () v (1))

o =2 (W () + (U () v (5,)
(= 2s5,) fy(s,)) + (e, = 1)y () v (v)°
1
"2y () v (w,)
% 2 V/(Sn)vj(un) B (ll/ (un) +1//(5n))1//(tn)
(1 =2s,) 1y (s)) + (2ua = 1) /9 () ¥ (v))”
1

= 29 () v ()




6
% (un - Sn)p
(1250 19 )+ (@ty D1y () v (7))
1

S v

< EZP’
. 1-2s, N 2u, -1 )
hﬂi‘ip( v i) )‘”( )

1-2s,

< 1 ( +2un—1>
< lim —_—
n=eo\ y(s,) ()
_ -2ty 26—

v(t)  wit)
=0.

(47)

These imply liminf, _, ,,8(¢)/e” = 0. So by Proposition 1, we
obtain the desired result. O

Corollary 14. Let y € T,. Assume that y is injective, y is
infinitely differentiable on the neighborhood of somet, € (0, 1),
and

Y () =y" (tg) =" (to) =+ =0. (48)

Then (C%,| - lls,) is uniformly convex and is not p-uniformly
convex for all p € [2,00).

Proof. Put v = Sy. By Proposition 11, since y is injective,
(- ll,) is strictly convex and hence it is uniformly convex.
By the L'Hospital theorem, for n € N with n > 2, we have

)
u—t+0 (n—1)!

i Y W)
im
u—t+0(n— 1)!1/11 (u—t,)

i y(n—3) (M)
=110 (4 — 1)1/2)(u — t,)°

0=

(49)

" (u)
lim —
=0 (n— 1) (u—t,)

i Y@ - (to)

_u—>t0+0 (u_to)n—l .

So, by Theorem13, we have that (N E IIW) is not n-
uniformly convex for every n € N with n > 2. Therefore, we
obtain the desired result. O
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y on L'-norm y on L®-norm y on L*-norm

y in Example 15 7 in Example 19

£7" in Example 18

FIGURE 1

It is well known that a function f from R into R defined
by

0, ift <0,

exp (—t_z) , ift>0 (50)

fm:{

for t € R is strictly increasing on [0, 00), infinitely differen-
tiable and £ (0) = 0 forall n € N.

Example 15. Define y € T, by

'—ex <4—<t—1>2> ift<l
P 2 ’ 2
y(®) =140
< 1\7? ) 1

+ exp 4—<t——> , ift> =
L 2 2

fort € [0,1]. Then (C2, | - || sy) is uniformly convex and not
p-uniformly convex for all p € [2,00). See Figure 1.

1
ift=—, 1
ifr=2, (D
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Theorem16. Lety € I, and q € (1,2]. Assume that there exist
a constant A € (0,1/2) and sequences {s,} and {u,} in [0,1]
such that s, < u, forn eN,

lim (u,-s,) =0,

-MNu,) —y((1-A)s, +Au,)

(un - Sn)q_l

y(As, + (1

lim

n—00

(52)

Then (C%, | - llsy) is not g-uniformly smooth.

Proof. Puty = Sy. Without loss of generality, we may assume

y(As, + (1=Vu,) -y (Q-A)s, + Au,)

(un - sn)q71

>n  (53)

forn € N, and {s,} and {u,,} converge to some number ¢, €
[0, 1]. We define a sequence {t,} by (37). Since

lim % - l lim M - l
ooy )y () 2 oey(s) vy (w) 2
(54)
we may also assume that
v (s4)
— " — e [M1-1],
WGy <
() (55)
v (u
— " —c[AM1-A
i) rwe) <
for n € N. We note that
(I1-A)s,+Au, <t, <As, +(1-ANu, (56)
because
v (u,) v (s4)
n - n n (57)
) () ™y vy ()"
for n € N. Define sequences {x,} and {y,} in C? by
1
=——(1-t,t,),
xn l// (tn) ( n )
y, = (W (Sn) (1 - un)_ll/ (un) (l_sn) Y (Sn) u,—y (un) Sn)
" ( (s0) + v () w (t,)
(58)

for n € N. It is obvious that ||x,|| = 1. We put v, € [0,1] by
(41). We have

Iyl

— "(1// (Sn) (1 B un) 4 (un) (1 - Sn) ’V/(Sn) U, = V/(un) sn)"
(v (sp) + v (u) v (£,)

- "(11’/ (sn) (un - 1) 4 (un) (1 - Sn) ’V/(Sn) U, — l//(un) Sn)"
( (s0) + v () w (£,)

i (s,) uy, = 1) + v (uy)

( (s0) + v (s ))w(t D)

_vls) Quy - ) 4y () (1-2s,)

R 7 6 P 7 1 A

<2 (V/ (Sn) (zun - 1) + W(un) (1 - an))

<4(u,-s,)

(59)

by Lemma 7. We note that lim,||y,[| = 0. We will calculate
lx, + y,ll and | x, — y,[l. We have

X, + y, = ;(1_1, + IJ/(Sn)(l_un)_ltlj(un)(l_sn)
T () " v (s,) + v (u,) ’
1//(5,1)14"—1//(14 )S
" w@%w%))
_ 1 +V’(sn)_W(un) —u.u
i (g o
1 2y (s,) iy
V) vyl U
(60)
because
o () v ()5) () v )
+((w (s0) =y () / (¥ (s0) + v (1)) "
Hence,
"xn + yn" — 1 21// (Sn) V/ (un) (62)

Y (t) w(s,) + v ()

for n € N. Similarly, we obtain

1 2y (u,)
v (t,) w(s,) + v (u

Xn = Vn = ) (1 ~Sw sn) (63)

and hence

1 2v(s,) v (u,)

V&) v )+ v () (4

"xn - yn" =



for n € N. Therefore, we obtain

From

p(“)/n”) > "xn + yn" + "xn B yn" -1

; (65)
_ 2y(s)y(w)
v(t)y(s,)+y(u,)

211(/ (sn) 4 (un) - (1// (un) +v (Sn)) 14 (tn)

>

\%

W (s) (v () = (£)) = v (u) (w (£) = v (s,))

As,+(1-Mu,, u,
‘//(Sn)(J y(s) ds+J y(s) ds>

t, As,+(1-Mu,,

(1-A)s,+Au,,
v () (j y(9)ds

Sn

tn
+ J- y (s) ds)
(1-A)s,+Au,

¥ (s,)y () (As, + (1= D u, - t,)

+ 9 (s,) v (As, + (1= D)) A (1, = s,,)
=y () y (A=) s, + A, ) A (1, = s,,)
=y (u,) y (8) (8, = (1= A) s, = Auw,)
v (s.) v (t,)

y ( Noo 1 (1 Ay, — ol (s0)) + (uafy (un)))

- Wy (s)) + Uy ()
+y (s,)y (As, + (1= D)) A (s, = 5,.)

=y () y (A=) s, + A, ) A (, = s,,)

—y () y (1)

y ( (su/y (5,)) + (/9 (u4,,))
(11 (s,)) + (1/y (u,))

=y (50) ¥ (82) A (4 = 5,)

+ 9 (s,) y (As, + (1= D)) A (s, ~ 5,.)

=y () y (1= A) s, + Aug ) A (g, = s,,)

+y () y () Au, = s,)

¥ (s,) A, —5,) (v (As, + (1= Vw,) =y (£,))

+ 9 () A (= 5,) (v (£) =y (1= D) s, + Awy))

%)L (4, —s,) (y(As, + A=A u,) -y (t,))

-(1 —/\)sn—)tun)

+ %A (= 5,) (¥ (£,) =y (1 = V) s, + Awg,))
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= %A(un_sn)
x(y(As, + (1= u,) —y((1=AN)s, +u,))

1
> -\ —s )
2 n(un sn)

(66)
and (59), we have
plnd) . 1 2 dn( )
l® (4 (=) v (8) (v (s,) + v () )
1 (1/2) An 1
> — > —An.
4y (t,) (v (s,) + v (u,)) 41"
Hence we obtain limsup,_ ,,p(7)/77 = o©o. So by
Proposition 2, we obtain the desired result. O

Corollary 17. Let f be a bijective and strictly increasing func-
tion from [-1, 1] into [0, 1] with f_ll f(a)da = 1. Assume that
f is infinitely differentiable on the neighborhood of some a, €
(-1,1), and

f'(a) = f"(ag) = f" (ag) =--- = 0. (68)
Then f' € T, and (C%| - llgr) is uniformly smooth and is
not g-uniformly smooth for all q € (1,2].

Proof. Tt is not difficult to check ™' € T,. Puty = f~' and
y = Sy. By Proposition 12, since y is surjective, (A E IIW)
is smooth and hence it is uniformly smooth. Fix » € N. As
in the proof of Corollary 14, we can prove lim;, _, , o(f(b) -
f(ay))/(b - ay)” = 0. Since f is strictly increasing, we have

o (b-a)
ORI Y R ©
Putting u = f(b) and t, = f(a,), we have

li y (W) -y (t) T b-a,
P v = blgnw 1/v
0 (u-to) O (f () - f ()

o < (b_ao)'l/ >1/V (70)
" oo aro\ £(b) — f(ap)

= Q.

We choose a strictly increasing sequence {s,} and a strictly
decreasing sequence {u,} in [0, 1] satisfying t, = (2/3)s, +
(1/3)u, forn € Nandlim,s, = lim,u, = t,. Then itis obvious
that £, < (1/3)s, + (2/3)u,, for n € N and lim,((1/3)s, +
(2/3)u,,) = t,. We have

i V(A3 80+ 2/3)uy) — y (2/3) s, + (1/3) )

im
(un - Sn)l/v

_ b (), + @3 u,) —y (f)
B (173) s, + (2/3)u, — ty)"

n— 00

(71)
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Thus, by Theorem 16, we have that (C?, || - ) is not (1+1/v)-

uniformly smooth. Since v is arbitrary, (NE "W) is not g-
uniformly smooth for every g € (1,2]. O

Example 18. Define a function f from [-1, 1] onto [0, 1] by

- -2
—expll-a
s d G I SN
2 2
1 .
f(a) =1 > ifa=0, (72)
+exp(l1-a?
p( )+1 ifa>0
2 2

for a € [-1,1]. Then (C?, | - lls-1) is uniformly smooth and
not g-uniformly smooth for all g € (1, 2]. See Figure 1.

Example 19. Let y be as in Example 15 and let f be as in
Example 18. Define a function # from [0, 1] into [-1, 1] by

(1
F@ 30 el
4 4 4
yet-12 1 3
)= +0——17-—, f-<t<=, 73
1 (t) 5 if 1 (73)
_1 _
—f (4 3)+§, iftzi
4 4 4
for t € [0,1]. Then (C% | - lls,) is uniformly convex, uni-

formly smooth, not p-uniformly convex for all p € [2,00),
and not g-uniformly smooth for all g € (1, 2]. See Figure 1.
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