Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 738350, 5 pages
http://dx.doi.org/10.1155/2014/738350

Research Article

On the Starlikeness of Certain Class of

Multivalent Analytic Functions

Lei Shi and Zhi-Gang Wang

School of Mathematics and Statistics, Anyang Normal University, Anyang, Henan 455000, China

Correspondence should be addressed to Zhi-Gang Wang; zhigangwang@foxmail.com

Received 22 October 2013; Revised 5 March 2014; Accepted 5 March 2014; Published 30 March 2014

Academic Editor: Pavel Kurasov

Copyright © 2014 L. Shi and Z.-G. Wang. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly

cited.

The main purpose of this paper is to determine the conditions of starlikeness for certain class of multivalent analytic functions.
Relevant connections of the results presented here with those obtained in earlier works are pointed out.

1. Introduction and Main Result

Let & » denote the class of functions of the form

f@=2"+ Y az" (peN:={12..1), (@

n=p+1

which are analytic in the open unit disk U := {z : z €
C and |z| < 1}. For convenience, we set &/ =: &/. A function
f € 9, is said to be in the class é’;(g) of p-valent starlike
functions of order g in U, if it satisfies the following inequality:

zf' (2)
R( 2L
(7

For simplicity, we write §7(0) =: ™.
In [1], Chichra introduced the class & of analytic func-
tions f € o which satisfy the condition

R(f'@+2zf"(2))>0 (z€U). 3)

He proved that the members of & are univalent in U. Later,
R. Singh and S. Singh [2] showed that # ¢ §*. Recently, Gao
and Zhou [3] considered the subclass % (f3,y) of & which is
defined by

R By)=1{f e :R(f () + Pzf" (2)) > y}
(B>0y<;zel).

)>Q (0so<pzel). ()

They derived some mapping properties of this class. More-
over, several authors discussed some related analytic function
classes associated with the class & (see [4-7]). By using
the method of differential subordination, Yang and Liu
[8] generalized the above works and studied the subclass
T »(A, B, y,a) of o , which satisfies the condition

fl ) +azf" (z) <h(z) (zel), (5)

where

1+ Az\Y
ey, (AsL,0<y<1),
1+ Bz
1+ Az (6)

h(z) =
1+Bz’ (y=1).

In [9], Owa et al. introduced a new subclass & ol B,y; j) of
o , which satisfies the inequality

zP=j zP=j-1

)] (j+1)
w(al 90 pl 29,
7)
(jefo,1,2,....,p}s peN; z € U),
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where « > 0, B > 0, and (throughout this paper unless
otherwise mentioned) the parameters y and & are constrained
as follows:

<o Patr (=]
' (p-i) (8)

(a>08>0; peN; je{0,1,2,...,p}).

The extreme points, coefficient inequalities, radius of starlike-
ness, and inclusion relationship for the class % ,(«, §, y; j) are
derived. By setting p = j = a = 1, it is easy to see that
the class & ,(a, B, y; j) reduces to the class Z(p, y). If we set
p=j=a=y=1lintheclass #,(a, B,y; j), then it reduces
to the class Z(y), which was studied earlier by Silverman [10],
R. Singh and S. Singh [2, 11], independently.

For some recent investigations on the starlikeness of
analytic functions, one can refer to [12-20]. In the present
paper, we aim at deriving the conditions of starlikeness for
the class & , (e, B, y; j)- The main result is presented below.

Theorem 1. Let 8 2 « > 0. Then

@) Ryl py31) € S, foryy sy < pla+ (p - P,
where vy, is the solution of the following equation:

_§(1+2{p[0c+(p—1)/3]—)’1}

><c>0 (_1)n—1
;z(n+p—1)[a+(n+p—2)ﬁ])

9)
x(p+z{p[a+(p—1)m—y1}

sy

n:2‘x+(n+P_2)ﬁ

2) Ryl Boysj) € S, =1 (j€{2,3,...,p}) fory, <
y < pla + (p — 1)B], where y, is the solution of the

following equation:
p-j+1 p!
- 2(68 —
2 ((p—j+1)!+ ©-r)

y [es) (_l)n—l )
n:2“+(n+P_j)ﬂ

==+ (10)

[ee) (_l)n—l )
X - .
n=2“+(n+p_J_ l)ﬂ
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2. Preliminary Results

In order to establish our main theorem, we will require the
following lemmas.

Lemma 2 (see [9]). A function f € R ,(a, B,y; j) if and only
if f can be expressed as follows:

f)=2"+2(8-7y)

Q=)
><J’|x|=1< Zlmx ’z >d!4(x),

n=p+

(11)
where p(x) is the probability measure on X := {x € C : |x| =
1}.

The proof of the following lemma is much akin to that of
Theorem 1 which was obtained by Nunokawa et al. [21] (see
also Liu [22] and Yang [23]). We, therefore, choose to omit
the analogous details involved.

Lemma3. If f € o, satisfies the inequality

( zf(j) (2)

f(j_l)(z)> >0 (je{l,2,....p}sz€l), (12)

then f € §,(j—1).
Lemma 4 (Jack’s Lemma [24]). Let ¢ be a nonconstant regular

function in U. If |¢| attains its maximum value on the circle
|z| = r < 1 at z,, then

zo9' (20) = k¢ (2p) » (13)

where k 2 1 is a real number.

We now give the lower bounds of the following continu-
ous linear operators:

2 -n(L2

) (fe R, (wBy;1);z€U),

sz(f)=m(f(j)(.z)) (fed, @By @

zP=J
je{l,2,....,p}sz € [U)
acting on the class % ,(«, , y; j), which played crucial role in
the proof of our main result.

Lemma55. If f € R ,(a, B,7; j), then, for |z| < 7 < 1, one has
the following.
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(1) When j € {1,2,...
()
w2 @), P
27 )= (p—))!
0 (_r)n—l

200 2 e p 1B

, b}, then

(15)
p!
>
(p =)
00 (_1)n—1
RO R
This inequality is sharp.
(2) When j =1, then
/@)
n(5)
r_)n—l
>1+2(6
2102000 e G DR
( 1)7171
120D e G DA
(16)
where 8, = pla + (p — 1)B]. The inequality is sharp.

Proof. By Lemma 2, we know that

N (H—j)! n
— P S - -~ S
fz)=2"+2(8-7y) n:§p+1n! PEYE ﬁ]z (17)

is the extreme function of the class %p(a, B,y; ). Thus, we
only need to consider the function f defined by (17); it follows
that

@ p! N (-n"" -
7 - O B 0p
(18)

We note that (18) can be written as follows:

70 @) _ p!' . 2(6-y) J i 2 g,
zpi (p-j)! B o btz

(19)
Thus, we find from (19) that
() ! 2(8 -
()t
z — i)
pP-J (20)
1 ] z
x J e/Prr-ig (—) dt.
0 1-tz
Moreover, we observe that the function
k(z)=—— (0sts1) (21)

1-tz

is convex in U, k(z) = k(z), and k(z) maps real axis to real
axis; we have

B r S?{( z >£ r
1+tr — 1-tz/) ~ 1-t

Upon substituting (22) into (20) and expanding the integrand
into the power series of t and integrating it, we can easily get
(15). The sharpness of (15) can be seen from (18).

By similarly applying the method of proof of (15), we also
can prove (16) holds true. The sharpness of (16) can be found
in (17). O

(Jzl€r<1).  (22)

3. Proof of Theorem 1

Proof. Suppose that f € R,(a, B,y;j) with p 2 « > 0. It

follows from (7) that

() (G+1)
(fzp (,Z) fj fzp_j_(lz)) > £ (zeU). (23
By noting that
B(@ , 7@
; ZP’j * Z‘Diji1
(24)
) f(j) (2) ﬁ f (j+1) (2) ﬂ f(]) (z)
T R <a >ZP]’
we get
f(]) (Z) f (j+1) (Z) o f(]) (Z) ‘8 f(j+1) (Z)
9{( o )T e YT

B-agp(f@
+TER< ZP*J. )

Thus, we can easily find from (15), (23), and (25) that

(25)

2R(f(j) (2) f(]+1) (Z))
ZP=j Zp—j-1
p! o (_1)n—l )
2(6 - )
X((P )l #2{ Y),;zoc+(n+p—j—1)ﬁ
(26)
We now set
@ o 1+w()
ISR AR e (27)
(je{l,2,....p}; z e U).



Then w is analytic in U with w(0) = 0. It follows from (27)
that

f(f) (2) f(j+1) (z)
— + -
ZP= ZP=j-1
C(n f‘f‘“(z)[ l+wi)\ 220 (2) ]
AR zpit <1—w(z)) +(1—w(z))2 '
(28)

At the same time, we can claim that |w(z)| < 1. Indeed, if not,
there exists a point z, € U such that

max |w(z)| =
|zl

|w(2)] = 15 (29)

by Lemma 4, we obtain

20 (z)) = ko (z)) =ke® (0<O<2mk=1). (30)

For z = z, by virtue of (28), we split it into two cases to prove
the following.

(1) When j = 1, in view of (16), we get

(Zo) f”(zo)

A

_ pk m(f(zo))< P (f( 0)) (31)
= 2sin?(6/2) 2 )7 2 2}

<-L(1+20plo (- 081 -)

00 (_l)n 1 )
X .
,;z(nﬂv— D]a+(n+p-2)p
Let S 2 « > 0. If y satisfies the condition

L (1+2bplarp-08-1)

0 (_1)1171
Xn-z(n+P—1)[a+(n+p—2)l3]>

<Y p-a

=/3+ 3 (32)

<(pe2lplas(p-1pl-1)
S ),

met(ntp-j-1)p

we have a contradiction to (26) at z = z,; the smallest
y satisfies (32) is solution y; of (9). This implies that
iffza>0andy, £y < pla+(p-1)p], we have
|w(z)| < 1. Thus, we conclude that f € é’;.
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(2) When j € {2,3,..., p}, by means of (15), we have

9 (=) f(’“)(Z)
91( PJ le )
o[£ [N 2k
_(p J 1)9{( Zg—jJrl |:<1_ei9> (l—ei9)2:|>

(p-j+ l)kgR(f‘“’ (Zo)>

2sin? (0/2) Zé”f“

IA

p—j+1

Pojtly <f(’ 1)(Z0))

IIA
|
>
|
(.
+
—

( l)n—l
00 St

(33)

(G

Let B 2 o > 0. If y satisfies the following inequality,

p-j+1
2

<P (.
((p et ”Zm(mp J)ﬁ)
B-«a

7

(_1)n—1
<<p o2l V)nzz“+(n+p—j—l)/3)’

we have a contradiction to (26) at z = z;,; the smallest
y satisfies (34) is solution y, of (10). This shows that
iffza>0andy, £y <6, wehave lw(z)| < 1.1t
follows from (27) that

0
m(;{;_l)(g)> >0 (jef23

(34)

IA

==

+

LplizeU). (35)

Therefore, by Lemma 3, we deduce that

Rp(@Bysj)eS,(j-1) (je{23....p).  (6)

The proof of the theorem is thus completed. O

Remark 6. If B < « (0« > 0; f > 0), we cannot find the
number y(«, B) such that

Rp(Bysj)es,(i-1) (jef23....p0), (37

since the continuous linear operators Z;(f) and Z,(f)
acting on #,(a, B, y; j) do not exist in sharp upper bounds.

Putting p = « = 1 in the first part of Theorem 1, we can
get the following result.
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Corollary 7. Let 8 2 1. Then R(B,y) C 8~ for y,
where 1y, is the solution of the following equation:

S ()" [B+2n(B-1)]
1_“)2 nll+m-0p

Remark 8. Corollary 7 corrects some errors of Theorem 4 in

[3].

By setting p = o = 8 = 1 in the first part of Theorem 1, we
also can get the following criterion for starlikeness obtained
by Silverman [10].

sy<l

3
1_5/3=Y3 (38)

Corollary 9. Consider R(y) ¢ 8* for (6 — n°)/(24 — °) <
y <1l
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