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This work deals with Feigenbaum’s functional equation f(¢(x)) = ¢f(f(x)), (0) = 1,0 < ¢(x) < 1, x € [0,1], where p > 2
is an integer, ¢ is the p-fold iteration of ¢, and f(x) is a strictly increasing continuous function on [0, 1] that satisfies f(0) = 0,
f(x) < x, (x € (0, 1]). Using a constructive method, we discuss the existence of non-single-valley continuous solutions of the above

equation.

1. Introduction

In 1978, Feigenbaum [1, 2] and independently Couliet and
Tresser [3] introduced the notion of renormalization for
real dynamical systems. In 1992, Sullivan [4] proved the
uniqueness of the fixed point for the period-doubling renor-
malization operator. This fixed point of renormalization
satisfies a functional equation known as the Cvitanovi¢-
Feigenbaum equation:

9() = —2g(g(-Ax), 0<A<l,
A )

g0)=1, -1<g(x)<1, xe[-1,1].

As mentioned above, this equation and its solution play
an important role in the theory initiated by Feigenbaum [1, 2].
However, it is difficult to find an exact solution of the above
equation in general. This problem can be studied in classes
of smooth functions or of continuous functions. In classes
of smooth functions, the existence of smooth solutions for
(1) has been established in [5-8] and references therein. As
far as we know, continuous solutions of (1) in classes of
continuous functions have been relatively little researched.
In this direction, we refer to [9, 10]. In particular, Yang

and Zhang [9] demonstrated the existence of a single-valley
continuous solution for the following equation:

¢ (x) = %(p((p()tx)), 0<A<l,
(2)

¢(0) =1,
which is called the second type of Feigenbaum’s functional

equations. In the last years, a number of authors considered
the more general equation

0<op(x)<1, xe[0,1],

¢ (x) = l<p1’()tx), 0<A<l1,
A (3)

p(0)=1,

where p > 2 is an integer and ¢? is the p-fold iteration
of . It is easy to see that (2) is a special case of (3). For p
large enough, Eckmann et al. [11] showed that there exists a
solution of (3) similar to the function ¢(x) = |1 - 2x?|. For
any p > 2, Zhang et al. [12] and Liao et al. [13] proved that (3)
has single-valley-extended continuous solutions.

In the present paper, we will consider Feigenbaum’s
functional equations

fle)=9"(f ),
9(0) =1,

0<g@(x)<1, xel0,1],

(4)
0<op(x)<1, xe[0,1],
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where f(x) is a strictly increasing continuous function on
[0,1] that satisfies f(0) = 0, f(x) < x, (x € (0,1]).
We will prove the existence of single-valley-extended non-
single-valley continuous solutions of (4) by the constructive
method. Obviously, let f(x) = Ax; then (4) is (3).

2. Basic Definitions and Lemmas

In this section, we will give some characterizations of single-
valley-extended non-single-valley continuous solutions of
(4); they will be proved in the appendix.

Definition 1. One calls ¢ a single-valley-extended continuous
solution of (4) if (i) ¢ is a continuous solution of (4); (ii)
there exists &« € (f(1),1) such that ¢ is strictly decreasing
on [ f(1),«] and strictly increasing on [«, 1].

Definition 2. One calls ¢ a single-valley-extended non-
single-valley continuous solution of (4) if (i) ¢ is a single-
valley-extended continuous solution of (4); (ii) ¢ has at least
an extreme point on (0, f(1)).

In the following, we always let A = f(1) = ¢”7'(1) and
define the sets

A=, fF ),
A= [ @, ],

A=), @], ©)
A= [ @, ff @],
Vk > 0.
Obviously,
A=A UA,  AL=AL UA, (6)

and, from the fact that { fk ()} and {f k(o)) are, respectively,
strictly decreasing and limy _, , ., (1) = 0, lim; _, , ., f*(«) =
0, then

+00 +00
[0,1] = Ja, = (2} ual),
k=0 k=0
(7)
+00 +00
[0,a] = (A% = J (A% UAT).
k=0 k=0

Lemma 3. Suppose that ¢(x) is a single-valley-extended non-
single-valley continuous solution of (4) and « is the extreme
point of ¢ in (A, 1). Then the following conclusions hold:
(i) ¢(x) has a unique minimum point « with g(e) = 0;
(ii) 0 is a recurrent but not periodic point of ¢;
(iii) A is an extreme point of ¢ and @(A) > A;
(iv) @(x) has a unique fixed point 3 = ¢() on [0, 1], and

P =f)=A<B<a 8)
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(v) forx € [0,A] and 0 < i < p — 1, then (pi(x) = aif and
onlyifx = f(a)andi=p—1.
Lemma 4. Suppose that ¢(x) is a single-valley-extended non-

single-valley continuous solution of (4). Let J] = [0,A], ], =
o(]), and J; = ¢'(J,)); then the following conclusions hold:

) Jo» Ji5- - - Jpa C (A, 1] are pairwise disjoint;

(i) for all i = 0,1,...,p — 2, then ¢
homeomorphism.

2 Jo = Jiisa

Lemma 5. Suppose that ¢(x) is a single-valley-extended non-
single-valley continuous solution of (4). Then for alln > 1,
@ has infinite many extreme points (1) and f"(«); f"(1) is
the maximum point of ¢ on [ f"(«), a]; f"(«) is the minimum

point of ¢ on [0, f"(1)].

Lemma 6. Suppose that ¢(x) is a single-valley-extended non-
single-valley continuous solution of (4). Then the equation
@?7(x) = f(x) has only one solution x = 1 on (¢( f(«)), 1].

Lemma?7. Let@,, ¢, be two single-valley-extended non-single-
valley continuous solutions of (4). If

¢ (x) =, (x), x€[A1], 9)

then ¢,(x) = ¢,(x) on [0, 1].

3. Constructive Method of Solutions

In this section, we will prove constructively the existence
of single-valley-extended non-single-valley continuous solu-
tions of (4).

Theorem 8. Fix a strictly increasing continuous function f(x)
on [0, 1] with f(0) =0, f(x) < x(x € (0,1]). Denote f(1) =
A If @y (x) is a continuous function on [A, 1] and satisfies the
following conditions,

(i) there exists an o € (A, 1) such that ¢,(e) = 0 and ¢,
is strictly decreasing on [, «] and strictly increasing on
[ex, 1];

(i) @ (1) = F(1) = A, 9§ (N) = flgp(1));
(iii) there exists an oy € (A, 1] with (pé’*l((xo) =0, gy(A) >
ay; denote J, = [ag, 1], J; = goé(]o); then
@) Jos J1s- - Jp-2 € (A, 1] are pairwise disjoint,

(b) foralli = 0,1,...,p—2,then g, : J, — J;isa
homeomorphism,

(¢) avis an endpoint of ], , and o = (pg_z(oco);
(iv) the equation goop_l (x) = f(x) has only one solution x =
1 on (o, 1],

then there exists a uniquely single-valley-extended non-single-
valley continuous function ¢(x) satisfying the equation

fle) =9 (f (),
x € [A1].

x €[0,1],
(10)
<P (x) = (PO (x) >
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And ¢ has infinitely many extreme points. Conversely, if ¢, is
the restriction on [A, 1] of a single-valley-extended non-single-
valley continuous solution to (4), then conditions (i)-(iv) above
must hold.

Proof. Suppose that ¢, satisfies conditions (i)-(iv). Define
v, = (pg_1 | i1 By condition (iii), we have that y, is a ho-
meomorphism. And by v, (&) = (pg_l(oco) =0 <y, (1) we
know that v, is strictly increasing.

Firstly, we define ¢ on A, by induction. Obviously,
@ = @, is well defined on A,. Suppose that ¢(x) is well
defined as ¢ (x) on A and strictly increasing and decreasing,
respectively, on A} and A% for all k < m, where m > 0 is a
certain integer. Let

Pr1 (X) = llfll (f ((Pm (f_l (x)))) > (x €0,,); (1)

then ¢(x) is well defined as ¢, ,(x) on A, and strictly
increasing and decreasing, respectively, on A . and A? , .
Thereby ¢(x) is well defined as a continuous function ¢ (x)
on A, and strictly increasing and decreasing, respectively, on
A, and A3 for all k > 0 by induction. And

v, (¢k+1 (f (x))) = f ((Pk (x)) >

Secondly, we prove that ¢, and ¢, have the same value
on the common endpoint fk“(l) of Ayand A, forallk > 0.
From condition (ii) we have

Ve (9o ) =95 (90 W) =95 W) = f (g0 (M) (13)
And letting m = 0, x = A in (11) we get

o (f () =" (f (9o (1)) = 9o (V) = @ (f (). (14)

That is, ¢, and ¢, have the same value on the common
endpoint f(1) = A of Ajand A . Suppose that

O (" (1) = @y (f7 (1)), (15)

where m > 1is a certain integer. Let x = f'"”(l) in (11); then
we have

P (F" D) = v (f (00 (F™ (1))
=9, (f (@ (f" (D)) (16)
=9, (f’”“ (1)).

That is, ¢, and ¢, have the same value on the common

endpoint f**1(1) of A, and A,,, for all k > 0 by induction.
Therefore, we can let

X € Ak' (12)

1, (x=0),

17
P (%), (x€Ay). )

‘P(X)={

Since ¢y is continuous on A and increasing and decreasing,
respectively, on Alk and Azk for k > 0 and (14), (15), and (16),
we have that ¢ is a non-single-valley continuous function and
has infinitely many extreme points on (0, 1].

Thirdly, we prove that ¢ is continuous at x = 0
as follows. It is trivial that { fk(oc)} is strictly decreasing
and limk_,oofk(oc) = 0. We prove {(pk(fk(oc))}I;C:’1 is
strictly increasing on [«g, 1] by induction as follows. Since
f(p,(f(«))) > 0 and from (11), we get

o (@) =v," (f (91 (f @)

>y 0 =y, (f (90 @) = 91 (f ().

Suppose that ¢, (f™(a)) > ¢,,_,(f" ' («)), where m > 2 is a
certain integer. Therefore, by (11) and the fact that y," o f is
strictly increasing, we have that

Prm+1 (fm+1 (“))
=y, (f (@ (f™ (@))) (19)
> U (F (@ns (F771(@)))) = 0 (7 (@)

Thereby, {¢g( fk(oc))}hfz1 is strictly increasing in [e,, 1] by
induction. Let lim, _, ¢ (f*(«)) = y; then y € [ay, 1]. From
(12), we have that

o0 (P (F1 @) = v (9 (f @)))
= f (o (f* @)).

Let k — ©00; we get (pop_l(y) = f(y). By condition (iv), we
know y = 1 = ¢(0). This proves that ¢ is continuous at x = 0.
Thereby, ¢ is a continuous function on [0, 1]. We have that
@(x) satisfies (10) by (12) and ¢(x) is unique from Lemma 7.

Obviously, if ¢, is the restriction on [A, 1] of a single-
valley-extended non-single-valley continuous solution to
(4), then conditions (i)-(iv) must hold by the lemmas in
Section 2. O

(18)

(20)

Example 9. Let ¢y(x) : [1/4,1] — [0, 1] be defined by

13 39 1 3
BT, (:ﬁ“z)’
@ (x) = (21)

3 3
xX— -, (—stl).
4

Obviously, ¢, satisfies the conditions of Theorem 8 with p =
2, f(x) = x/4,and A = f(1) = 1/4, « = 3/4. Hence it is the
restriction to [1/4, 1] of a single-valley-extended continuous
solution ¢ to (4). Since ¢, has the minimum point &« = 3/4
and ¢,(1/4) = 13/16 > 3/4, ¢ is a single-valley-extended
non-single-valley continuous solution. Its graph is depicted
in Figure 1.

Example 10. Let @y(x) : [1/5,1] — [0, 1] be defined by

109 218 /1 2
25 T oy (ESXSE>’

X) = 22
@ (x) 2 ) (22)
xX— -, (—stl).

5 5



. Non-single-valley solution
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X

FIGURE 1: The graph of non-single-valley solution.

Obviously, ¢, satisfies the conditions of Theorem 8 with p =
3, f(x) = x%/5,and A = f(1) = 1/5,« = 2/5. Hence it is the
restriction to [1/5, 1] of a single-valley-extended continuous
solution ¢ to (4). Since ¢, has the minimum point « = 2/5
and ¢,(1/5) = 109/125 > 2/5, ¢3(1/5) = 59/125 > 2/5
@ is a single-valley-extended non-single-valley continuous
solution. Its graph is similar to Figure 1.

Appendix

Proof of Lemma 3. (i) Suppose that y is a minimum point of
@. By (4) we have

fle =" (f) 20 (). (AD
And from f(0) = 0, f(x) < x (x € (0,1]) we know ¢(y) = 0.
If y < A, then foralli = 1,2,... we have (pi([O, Al = [0,1].

Thus there exists x, € [0, A] such that ¢*"'(x,) = 0. And by
(4) we have

Fle(f (%)) = ¢* (x0) =9 (0) = 1. (A2)
This contradicts f(0) = 0, f(x) < x(x € (0,1]). Thus y > A.
And from the definition of & we know y = « and ¢(«) =
o(y) = 0.

(ii) We now prove that, for all #n > 0 and each x € [0, 1],
we have

9 )) = (f" (x)). (A3)
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Obviously, (A.3) holds for n = 1 by (4). Suppose that (A.3)
holds for n < k, where k is a certain integer. Therefore, by

induction and (4), we have that

k+1

gDP (fk+1 (x))

(Y (@) = (o) e (7 )
- (o) (F o (r )

(") o (e )

(") (P ) =

= (") (o () = -

= (" (f ) = FF (f () = F* (9 ()
(A4)

that is, (A.3) holds for n = k + 1. Thereby, (A.3) is proved by
induction. Let x = 0 in (A.3); we have that

() = f(9(0) = ¢ (f"(0)) = ¢* (0).

And it is trivial that {f"(1)} is strictly decreasing and
lim,, _, ,o f"(1) = 0. Thereby, we have that

(A5)

n1—i>r-{loo¢p (0) - nl—i»r-{loofn (1) =0; (A6)
that is, we proved that 0 is a recurrent but not periodic point
of ¢.

(iii) Firstly, we prove that A is an extreme point of ¢. By the
fact that ¢ is strictly increasing on [«, 1] and (4), we have that
@F is strictly increasing in [ f(«), f(1)]. Thereby ¢ is strictly
monotone in [ f(«), f(1)]. Suppose that A is not an extreme
point; then ¢ is strictly decreasing on [ f(«), «]. We prove ¢
is strictly decreasing on A% (k > 0), respectively, as follows.

Obviously, ¢ is strictly decreasing on A{. Suppose that ¢
is strictly decreasing on A} for all k < m, where m > 0 is a
certain integer. By (4), we have that ¢? is strictly decreasing
on A% . Thereby ¢ is strictly monotone on A% . Suppose

m+1° « m+1°
that ¢ is strictly increasing on A}, ;; then we claim that

p(f" (@) <o(f" (@), Vnzm+2.
We first prove that
o(f @) #o(f (@), Vsl

Suppose that there exists s # I such that o( f*(«)) = @(f ")) =
8. And from (A.3) we get

(A7)

(A.8)

¢ O =" (f (@)= fp@)=f(0)=0. (A9)
Similarly, we have goplfl(é‘) =0.Ifs > [, then
0= (pp5—1 (6) = ¢(PS—PI)+(PI‘1) (5) — (P(PS‘PI) (0) ) (A.IO)
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This contradicts that 0 is not a periodic point. That is,
we proved (A.8). Thereby, we have ¢(f"(a)) #o(f™ (@),
Vn > m + 2. And from the fact that ¢ is strictly increasing
on A%, we get o(f"**(a)) < @(f™"'(«)). Suppose that
o(f"(«)) < o(f™(a)), where n > m + 2 is a certain integer.
If o(f" (@) > (f™"(a)) > ¢(f™(a)), and by the fact that
(pﬂm*1 is strictly monotone on ([ f**!(a), f™(«)]) and (A.3),
we get

¢ o (M @)

<o” " o (f" W) (A1)
=" (" @) = " 0) =0,
or
o (o (f" @)
<" o (" w)) (A12)

m+1

— (PP (fm+1 (“)) - fm+1 (0) =0.

This contradicts that (ppmﬂfl(x) > 0. That is, go(f"“((x)) <
o( f’””(oc)). Thereby, we proved (A.7) by induction. If
@(f™(@)) = 1, then by (A.3) we have

o =0 (o (" @) =0 (¢ (S (@)

=0 (" (¢(@)) =90 = 1.
(A.13)

This contradicts conclusion (ii). Thereby, we get ¢(f"(«)) <
(p(fm”((x)) < 1,Vn > m + 2. This contradicts that ¢(0) =
1. Thereby, ¢ is strictly decreasing on A . Furthermore,
we proved that ¢ is strictly decreasing on A (k > 0),
respectively, by induction; that is, ¢ is single-valley solution
of (4). This contradicts the condition that ¢ is a non-single-
valley solution of (4). That is, we proved that A is an extreme
point of .
Secondly, we prove that ¢(1) > A. We claim that

e(f"M) #A o(f"(@)#A, Vn=1,

Suppose that ¢(f"(1)) = A; by (A.5) we get o(f"(1)) =
¢”"*1(0). And from ¢ (0) = A, we have that ¢ (0) = ¢” *1(0).
Let

L={0,0(0),....9" (0),¢"" (0),....,¢" (0)};

(A.14)

(A.15)

obviously, L is a limited set and ¢'(0) € L, Vi € Z".

By (A.5), we have that f'(1) = ¢ (0) € L, Vi € Z'.
This contradicts that L is limited. Thereby, we proved that
@(f"(1)) # A. Suppose that o(f"(«)) = A; from (A.3), we have

0=f"(¢@) =9 (f ()
= ) =P 0).

(A.16)

This contradicts that 0 is not a periodic point of ¢. That is,
(A.14) holds. Suppose that (1) < A. Since A is an extreme
point of ¢, we have that ¢ is strictly increasing on [ f(«), A].
Furthermore, we have ¢(f(«)) < @(1) < A. We claim that

p(f"M) <A o(f(@) <A Vnxl

It is trivial that (A.17) holds for n = 1. Suppose that (A.17)
holds for n = m, where m is a certain integer. By (A.3),
we know gopm is strictly monotone on [f™*!(1), f™(a)]. If
o(f™1(1)) > A, then there exists x, € (f™"'(1), f™(a))
such that ¢(x;,) = A. Thus, x, is an extreme point of
@* on (f"(1), f™(«)). That is, ¢* is not monotone on
[fm”(l),fm((x)]. Furthermore, (ppm is not monotone on
[£™1(1), f™()]. This contradicts that ¢” " is monotone on
£ (1), f™(@)]. Thus @(f™'(1)) < A. Similarly, we have
(p(fm“(oc)) < A. That is, (A.17) holds for n = m + 1. Thereby,
(A7) holds by induction. This contradicts that ¢(0) = 1.
Thus (1) > A.

(iv) Firstly, suppose that g is a fixed point of ¢; then by
(A.5), we have g# 1. And by p(a) = 0, we have g#a. If g €
(«, 1), then g = ¢(q) < ¢(1). And by induction, for all m > 0,
we have g = ¢"(g) < ¢™(1). Specially,

(A17)

a=¢""(q) <" (1) =9 (9(0)) = ¢ (0). (AI8)

This contradicts (A.5). Thereby, g < a.

Secondly, there exists at least one fixed point 8 € (0, «) by
¢@(0) = 1, p(x) = 0. We prove f is the unique fixed point as
follows. We claim that

Be (™, ], vax1

Suppose that there exists m > 1 such that 8 € [ (), f"(1)];
then by (A.3), we have

@ B)) = (f"(F™(B)) =9 (B) =B
(A.20)

that is, (f () = f"(B). And from f™(f) € [a, 1], this
contradicts that ¢ does not have a fixed point on [«, 1]. Thus,
we have 8 ¢ [ f"(«), f"(1)], Vn > 1. Suppose that there exists

m > 1such that B € (f™*'(1), f™()); then by (A.3), we have
e (S B) = (T B)))
=o' (B) = B.

Thereby, o(f' ™ (B)) = f'™(B). That is, f* () € (f*(1),
f(a)) is a fixed point of ¢. Since ¢ has no fixed point
on [f(«), f(1)] and @(A) > A, we have that ¢ must be
strictly increasing on [ f 2(1), f(a)]. And ¢ has the fixed point
fPB) € (f*(1), f(a)); thus ¢F is strictly increasing on
[ f2(1), f(«)]. But by (4) and the fact that ¢ is decreasing on
[A, «], we have that ¢? is strictly decreasing on [fz(l), f(a)].
This contradicts. Thus, we have 8 ¢ [ (1), f"(a)],Vn > 1.
Thereby, we prove (A.19). Thus, we have 8 € (A, ). And since
@ is decreasing on [A, ], we have that 3 € (A, ) is the unique
fixed point.

(A19)

(A.21)



(v) By (4), we have 0 = f(p(a)) = ¢f(f(a)). And
since « is the unique minimum point of ¢, it follows that
o 1 f(«)) = a. Thus the sufficiency is proved.

We prove the necessity as follows. Suppose that ¢'(x) = «
for some x € [0,A] and 0 < i < p — 1. Firstly, we claim that

x¢ (M, @)U (@), 1), Va1
(A.22)

Suppose that x € (f"(«), f"(1)); then ¢™*' is not mono-
tone on (f"(«), f"(1)). Thereby, ¢” is not monotone on
(f"(«), f*(1)). This contradicts that ¢” is monotone on
(f"(«), f"(1)) by (A.3). Thus x ¢ (f"(«), f"(1)). We have
similarly that x ¢ (f"'(1), f"(«)). Thereby we prove (A.22);
thatis, x = (1) or x = (), Vn > 1.
Secondly, we prove that

x:#fnﬂ (‘x))

vn > 1. (A.23)

x# (1),

Suppose that x = f"(1) for some n > 1; then (pi(f”(l)) =
a. And from (A.5), we have & = ¢'(f"(1)) = ¢'(¢* (0)) =
¢"*#"(0). This contradicts that 0 is not a periodic point of ¢.
Thus we prove x # f"(1),Vn > 1. Suppose that x = f"(«) for
some n > 2; then <pi(f”(oc)) = . And from (A.3), we have

¢ (0) = ¢ (¢ (f"@)) = ¢ (¢' (f" (@)))

= ¢ (@) = 9" 1 (0).

(A.24)

This contradicts that 0 is a recurrent point of ¢. Thus we prove
x# f"(«), ¥n > 2. Thereby (A.23) holds. That is, we get x =
f(a) and ¢'(f (@) = cx.

Lastly, we prove i = p — 1. Suppose that there exists
j#i,0 < j < p -1, such that ¢/(f(a)) = a. Then we can
suppose that j < iand

0=¢"" (f@) =7 (¢ (f(@)) =97 (0). (A25)

This contradicts that 0 is not a periodic point of ¢. Thus we
prove ¢’ (f(«)) # «, Vj#i. Thereby we have i = p — 1 and
x = f(x). O

Proof of Lemma 4. (i) Firstly, we prove that, for all i =
0,1,...,p — 2, we have J; ¢ (A, 1]; thatis, ; n ] = 0. We
claim that

Y (f@)>A Vo<i<p-2. (A.26)
Suppose that there exists 1 < j < p — 1 such that ¢/(f(a)) =
x < /\ And from Lemma 3(v) we have o = gop_l(f(oc)) =
"9/ (f(a))) = P/ (x). This contradicts Lemma 3(v).
Thus (A.26) holds. We claim that

PN >N, Yos<i<p-2 (A.27)

It is trivial that ¢"*'(A)# A by 0 is a recurrent point of
¢. Suppose that there exists 1 < j < p — 1 such that
¢’(A) < A. And from ¢’(f(«)) > A we have that there exists
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x € (f(a), f(1)) such that (pj(x) = A. And from the fact that
A is an extreme point of ¢, we get that ¢/*! is not monotone
on [ f(«), f(1)]. This contradicts that ¢? is strictly monotone
on [ f(«), f(1)]. Thus, (A.27) holds. We claim that

i+1

e (x)>A YO<i<p-2, x€[0,A]. (A.28)
Suppose that there exists x € [0,A) and 1 < j < p — 1 such
that ¢/(x) = A. And from (4) we get p?7(1) = ¢f(x) =
f((p(ffl(x))) < f(1) = A. This contradicts (A.27). Thus
(p”l(x) #A, V0 <i < p-2,x € [0,A]. Suppose that there
exists x € [0,A)and 1 < j < p — 1 such that goj(x) < A
And from (A.27) we have that there exists z € (x, 1) such
that ¢/(z) = A. And from (4) we get o /(1) = ¢f(z) =
flp(f(2)) < f(1) = A This contradicts (A.27). Thus
(A.28) holds. Thatis, J;n ] = 0.

Secondly, we prove that J;, VO < i < p — 2, are pairwise
disjoint. Suppose that there exists 0 < i < j < p—2, such that
JinJ; = J;j#0.Let y € J;;; then there exist x; € [0,A],x; €
[0, A], such that "' (x;) = y = (pj”(xj). Thereby we have
PPIT(x) = 9P (xy) = 9P (97 (%)) = 9P(x;) =
f((p(ffl(xj))) < f(1) = A. This contradicts J; ¢ (A, 1]. Thus
we proved that J, J;,...,] p-p are pairwise disjoint.

(ii) For all i = 0,1,...,p — 2, then ¢'*' : J > J,isa
homeomorphism by Lemmas 3(i) and 3(v). Thereby ¢' : J,
J; is also a homeomorphism. O

Proof of Lemma 5. A is a maximum point of ¢ on [f(«), «]
by Lemma 3(iii). Suppose that /(1) is the maximum point
of ¢ on [ f"(«), «], where m is some certain integer. Firstly,
we prove f™(a) is an extreme point of ¢. If otherwise, ¢ is
strictly increasing on [ f™*(1), f"(«)]. Thus @(f"'(1)) <
o(f™(«)) and ¢ is strictly increasing on A ,,,. We claim that ¢
is strictly increasing on A for all k > m. It holds obviously
when k = m. Suppose that ¢ is strictly increasing on A, for
all m < k < I, where [ is some certain integer. ¢f is strictly
increasing on A, by (4). Thereby ¢ is strictly monotone on
Ay, If @ is strictly decreasing on A, then we claim that

‘P(fs(l))<(P(fl(06)), Vs>1+1.

Its proof is similar to (A.7) and we omit it here. Thereby
o(f5(1)) < ¢(fi(a)) < 1,¥s > [+ 1. This contradicts
¢(0) = 1. Thus ¢ is strictly increasing on A, . Thereby ¢ is
strictly increasing on [0, f™(1)] by induction. Furthermore
¢(0) < ¢(f™(1)) < 1. This contradicts ¢(0) = 1. Thus " («)
is an extreme point of ¢.

Secondly, we prove f"(«) is the minimum point of ¢ on
[0, f™(1)]. Suppose that there exists I > m + 1 such that
(ph( Fl @) < o(f™(@)) or p(f'(1)) < @(f™(cx)); then we claim
that

(A.29)

Vs > 1,

¢ (f (@) <o (f" (@), (A.30)

or

Vs > 1. (A.31)

p(fF()<e(f" (@),
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The proof is similar to (A.7) and we omit it here. Thereby
¢(0) < ¢(f™(«)) < 1. This contradicts ¢(0) = 1. Thus ™ («)
is the minimum point of ¢ on [0, f™(1)].

Thirdly, we prove f™'(1) is an extreme point of ¢.
(p"H is strictly increasing on [(p(fm(oc)),(p(fm“(l))] by (4)
and ¢ is strictly decreasing on [ f ml(y), f™(«)]. And from
Lemma 4(ii) we have that ¢! is strictly increasing on J, =
[(f(«)),1]. Suppose that fm“(l) is not an extreme point
of ¢; then ¢ is strictly decreasing on [f™*(a), f™'(1)].
And from (4) and the fact that ¢ is strictly increasing
on [f™(a), f"(1)], we get that ¢f is strictly increasing
on [f™!(a), f™'(1)]. Thereby ¢?" is strictly decreasing
on [p(f™1(1)), @(f™"(x))]. This contradicts that ™" is
strictly increasing on J, = [¢(f(«)), 1]. Thus fm”(l) is the
extreme point of ¢.

Lastly, we have that f™ (1) is the maximum point of ¢
on|[f " (x), a]. The proof is similar to f™ () and we omit it
here. Thereby f"(1) is the maximum point of ¢ on [ f"(«x), «]
and f"(«) is the minimum point of ¢ on [0, f"(1)] for alln >
1 by induction. 0

m+1

Proof of Lemma 6. 1t is trivial that x = 1 is a solution of the
equation ¢?"'(x) = f(x) by (4). Suppose that x = x, €
(p(f(«)), 1] is an arbitrary solution of this equation; that is,
@1 (x9) = f(x,). Since ¢([0, f(a)]) = [p(f(«)), 1], we have
that there exists y € [0, f(«)], such that ¢(y) = x,. We claim
that

o(f*(») =xp VYn=0. (A.32)

Obviously, (A.32) holds for n = 0. Suppose that (A.32) holds
for n = k, where k > 0 is a certain integer. Therefore, by (4)
we have that

" (@ (F (1)) = Fle(f* (1)) = £ (x0) = " (xo)-
(A33)

Since f*!(y) € [0, f(a)), we have p(f*" (1)) € (p(f (@), 1].
And since ¢f! is strictly increasing on [¢(f(«)),1] by
o(f(a)) > «, we have (p(fk“(y)) = x,. That is, (A.32) holds
for n = k + 1. Thereby, (A.32) is proved by induction. By the
fact that { f"(y)} is strictly decreasing and lim,, _, ., f"(y) = 0,
we have x; = lim,,_, ., @(f"()) = ¢(0) = 1. O

Proof of Lemma 7. There exist & € (A, 1), B € (A, 1) such that
@;i(a) =0, @;(B) = B (i = 1,2) by (8). Denote ¢y (x) = ¢,(x) =
() (x € L 1)) and & = ¢, (f(@)) < 9, (1) = @o(A), @ =
@, (f(a)) < ¢,(A) = @y(A). We prove that o, = «, as follows.
It is trivial that «; > A, &, > A, and

o5 (o) = ol () = ¢ (f (@) =0,

o () = 95" (@) = 95 (f (@) =0,

(A.34)

by Lemmas 3(v) and 4. Since ¢} s strictly monotone on
[minf{a;, &, }, 1], we have that «; = «,. Let oy = &7 = ,; then
a, < @y(A) and (pg_l((xo) = 0. Define y, = gog_ll[%,l]. By
Lemmas 3(v) and 4, we have that y, is a homeomorphism.

And by v, () = 0 < y,(1), we know that vy, is strictly
increasing.

We prove ¢,(x) = ¢,(x) on A, for all k > 0 by induction
as follows.

Obviously, ¢,(x) = ¢,(x) holds on A,. Suppose that
@,(x) = @,(x) holds on A for all k < m, where m > 0 is
a certain integer. Let

P =g (D) =9, (x), xe[f"(1),1]. (A35)
Since ¢;(x) > ¢;,(f(a)) = &y > A for x < A and from (4) we
have

flo(f1@)=Fflo(f1®))=¢" (¢ (x)

=y, (p(x), (i=12x€A,,,).
(A.36)
Thereby
¢ (x) =y, (f(go(f_1 (x)))), (i=L2x€A,,).
(A.37)

Thus we have ¢,(x) = @,(x) on A,,,;. Thus we get ¢, (x) =
@,(x) on Ay for all k > 0 by induction. O
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