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We study the boundary stabilization of a semilinear wave equation with variable coefficients under the time-varying and nonlinear
feedback. By the Riemannian geometry methods, we obtain the stability results of the system under suitable assumptions of the
bound of the time-varying term and the nonlinearity of the nonlinear term.

1. Introduction

Many results concerning the boundary stabilization of clas-
sical wave equations are available in literatures. See [1-6] for
linear cases and [7-14] for nonlinear ones. The stability of a
nondissipative system described by partial differential equa-
tions (PDEs) has attracted much attention. Reference [15]
developed the exponential stability for an abstract nondissi-
pative linear system, and in [16], the Riesz basis property was
developed for a beam equation with nondissipativity.

In [17], the following semilinear wave equation was
considered:

utt—Agu+h(Vu)+f(u)=0 (x,t) € O x(0,+00),

u(x,t)|Fz =0 te€(0,+00),

ou (x,t)
o

+1(u,) =0 (x,t) € I} x (0,+00),

u(x,0) =uy(x), u(x,0)=u(x) xeQ

@)

and the well-posedness and uniform decay of the energy of
the system (1) was also established with linearly bounded /(1)
in [17].

Based on [17], we study the system (1) with time-varying
and nonlinear feedback:

ou (x,t)
op

+pMIW) =0 (x,t) €l x(0,+00).  (2)

The decay rate of the energy (when t goes to infinity) of the
wave equation with time-varying feedback was established
under the assumption ¢ is decreasing [18-20] or ¢ has an
upper bound [21].

In this paper, we consider the decay rate of the energy
under suitable assumptions of the bound of the time-varying
term ¢(¢) and the nonlinearity of the nonlinear term I(u).

2. Some Notation

Let Q be a bounded domain in R” (n > 2) with smooth
boundary I'. It is assumed that I’ consists of two parts I, and

[, (=T, UL) with[, #0,T, NT, = 0.

Let A(x) = (a;(x)) be symmetric, positively definite
matrices for each x € R”, and a,-j(x) are smooth functions
on R". As in [22], we define

g= Al (x) forxeR" (3)
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as a Riemannian metric on R" and consider the couple
(R", g) as a Riemannian manifold with an inner product:
(XV),=(A" 0 XY), IX

|§ =(X,X), X,YeR]

(4)

Denote by D, Vg, divg, and A g the Levi-Civita con-
nection, the gradient operator, the divergence operator, and
the Beltrami-Laplace operator in terms of the Riemannian

metric g, respectively. It can be easily shown that, under the
Euclidean coordinate,

7 - z(z% o)

v, | afaf

A(x) Vf,

1]( ) X € Rn’ (5)

1 -0 < 0
= = = ii = > IR”)
\/@,;axi <\/5];a,] (x) axjf> X €

where Vf is the gradient of f in the standard metricand G =
det(g).

Let H be a vector field on (R, g). Then for each x € R",
the covariant differential DH of H determines a bilinear form
on R:

DH (X,Y) = (DyH,X), VX,Y € R, (6)

where Dy H stands for the covariant derivative of the vector
field H with respectto Y.

3. The Main Results

We consider the semilinear wave equation with variable
coeflicients under the time-varying and nonlinear boundary
feedback:

utt—Agu+f(u): (x,t) € Q x (0, +00),

u(x,t)|rz =0 te€(0,+00),

(7)
au(z’t) +¢ O (u)=0 (x1) €T, x(0,+c0),

u(x,0)=uy(x), u(x,0)=u(x) xeQ,

where I, f are continuous nonlinear functions and p(x) is
the outside unit normal vector of the Riemannian manifold
(Q, g) for each x € I Different from [18-21], in this paper,
we consider a general ¢; thatis, ¢ € CY([0, +00)) satisfies

<p<O(t) VtE>0, (8)

<D()

where O(t) € C([0,+00)) is a positive and nondecreasing
function satistying

lim —= =0. 9)
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Let ®'(t) € C([0,+00)) be a positive and nondecreasing
function with 0 as the limit. Then t®’ (¢) satisfies (9). There are
many examples of @'(t) such as (1 + 1)*(« < 0) and eﬁt(ﬁ <
0).

The main assumptions are listed as follows.

Assumption A. f € Cl(R),f(O) = 0 derives from a potential
F:

F(s)=jf('r)d120 Vs e R, (10)
0
and satisfies

|f' ©)|<blsl’+b, VseR, (11)

where b;, b, are positive constants, and the parameter p
satisfies

2, n=2,

1<p<

spP= e , n=>3. (12)
n—2

Being different from [17], we assume the nonlinear term
I(u) has no growth restriction near zero as in [23, 24].
Assumption B. 1 € C'(R) is a nondecreasing function
satisfying

1(0) =0, alsP<sl(s) <ols® Vis|=1.  (13)

Assumption C. There exists a vector field H on Q such that

DH (X, X) = ¢ (x) |X|j7 for XeR! xeQ, (14)

where b = mingc(x) and B = maxgc(x)
B < min {b + &,rb} , (15)
n

where r > 1 is a constant. Moreover we assume that

(Hip), <0 xel, (Hipu),20 x el (16)

Condition (14) as a checkable assumption is very useful to
study the control and stabilization of the wave equation with
variable coefficients and the quasilinear wave equation [22,
25]. For the examples of the condition, see [22, 26].

Based on condition (14), Assumption C was given by [17]
to study the stabilization of the wave equation with variable
coefficients and nonlinear boundary condition. Being differ-
ent from [17], the lower bound of (H, u) ; was relaxed on I
from a positive constant to zero.

To facilitate the writing, we denote the volume element of
(€, g) by dx and denote the volume element of (T, g) by dI..
Define the energy of the system (7) by

EO= | (4 + vl +2P@)dx @)

As in [23, 24], we let h € C([0,+00)) be a concave
increasing function such that
S +(g(s)’ <h(sg(s)

h(0) =0, for |s] < 1. (18)
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With (18), the stabilization of the wave equation with variable
coeflicients and time dependent delay was studied by [27].
The main result of this paper is as follows.

Theorem 1. Let Assumptions A-C hold true. Assume that
2rF (s) < sf (s) VseR, (19)

where r is defined in (15).
(a) If the function | in (7) satisfies

alsP? <sl(s) < gls® Vsl <1, (20)

then there exist constants C > 0 such that
E@t) < @E(O) t>0. (1)

(b) If the functions ¢(t),1 in (7) satisfy
¢ (1) < ¢y

where ¢, is a positive constant, then there exist constants
C,,C, > 0 such that

G h<C2q> (T)
T

Vit > 0, sl(s)zqls® Vis|<1, (22)

E(0)

€@ t>0. (23)
T

E (0)) +
(¢c) If the function O(t) in (8) is a constant function; that is,
O)=Dd(0) Vt=0, (24)

then there exist constants C,, C, > 0 such that

GEWO))Y) K C
C1h<—T >+ ZE@©) t>0. (25)

4. Well Posedness of the System
Define
Hy (Q) = {u € H' | (Q) ulg, = 0}. (26)

By a similar proof as Lemma 7.1 in [17], we have the following
result.

Theorem 2. Let Assumptions A-B hold true. For any initial
data (ug,u,) € Hllz(Q) x L2(Q), system (7) admits a
unique weak solution u such that u € C([0, +oo),Hr12(Q)) n
C'([0, +00), L*(QY)).

To prove Theorem 1, we still need several lemmas further.
Define

E,(t) = J;) (uf + |Vgu'2) dx. (27)
Then, we have
E(®) = By (8) +2 J F () dx. (28)
Q

The following lemma shows the energy of the system (7)
is decreasing.

Lemma 3. Suppose that Assumptions A-B hold true. Let u be
the solution of the system (7). Then

T
E(0)— E(T) = ZJ J S ul(w)drde.  (29)
o Jr,
The assertion (29) implies that E(t) is decreasing.

Proof. Differentiating (17), we obtain

E (1) = JQ (Zututt + 2<Vgu, Vgut>g +2f (u)) dx o
= Jr 2¢ (t) u,l (u,) dT.

Then the inequality (29) follows directly from (30) integrating
fromOtoT. O

5. Proofs of Theorem 1

Lemmad4. Letu(x,t) be the solution of the equation u,+A ,u+
fu) = 0,(x,t) € Q x (0,+00) and that ¥ is a vector field
defined on Q. Then for T > 0

J~T Jr g_:%(u) drdt + % JOT L (uf - |vgu|; —2F (u))

0

x(H,u) AT dt

T
= (u, & (u))|0T + L JQ Dx (Vgu, Vgu) dxdt

] (- -2 o) div, e
Q
O &

Moreover, assume that P € C*(Q). Then

[, (62 5 - ) e
= (I/lp MP)lZ; + % LT Jﬂ Vgp (uZ) dx dt (32)

T
—j qua—”drdt.
o Jr ou

Proof. Note that

F () f () = (F () = div, (F () #) ~ F () div, .
(33)

The equality (31) and the equality (32) follow from
Proposition 2.11in [22]. ]

Lemma 5. Suppose that all assumptions in Theorem 1 hold
true. Let u solve the system (7). Then there exist positive
constants T, C for which

C T 2 au 2
E()< L L (ut . <5) )drdt, (34)

where T > T.



Proof. From (15), we choose a positive constant 0 satisfying

nb

6<?, b+0—?>0, 2r0 >nB.  (35)

Set
H = H, P=0. (36)

We substitute the formula (32) into the formula (31), and we
have

Ty = (up, H () + Pu)|y

T 2
¥ L L (DH (Vg Vyu) - b|V,u], ) dxdt

. LT JQ ((% divH -6)u}

#(b+0- > dive)[v,uf) ) dxdr
2 979

(37)

+ _LT J;) (6 (uf (u) — 2rF (w))

+(2r6 — divH) F (u) | dx dt,
where
T
I, = J J a_u (H (u) + uP)dTl dt
o Jrou

+ % LT Jr (uf - 'VguLz7 - 2F (u)) (H, P‘>g dr dt.
(38)

Decompose I} as
HF = Hrl + HI‘Z’ (39)

where Iy, (ITj, ) stands by the value of the terms on the right
side of (38) integrating on T, ().

Similar to [5, 22], we deal with IT, as follows.

Since uly, = 0, we have Vrul, = 0; that is,

Vyu = g—Zpt for x € I,,. (40)

Similarly, we obtain
ou
H(u) = (H, Vﬂu>g = $<H, wy, forxel  (41)

Using the equality (40) and (41) in the equality (38) on the
portion I,, with (16) we obtain

1 (T ou '\
m = L L <$) (H.p),dldt<0.  (42)

Let H, be a vector field on Q such that
H =u x eIy,
(43)

H =0 xecl,.
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Set # = H,; it follows from (31) that

T 3u\2 LT ,
L L <$> ard+ L L (= 9,0} ) v

T

= (u, H; (”))lg + J

) dt JQ DH, (V,u, V,u) dx

T
+ 1 J.O dt JQ (uf - 'VguE] -2F (u)) dingldx.
(44)

Then we obtain that
T 2

| ] [vaufarar
o Jrn, 9

T b} 2
< cj L <uf " (%) )dth+C(EO (0) + E, (T))

0

+C J‘TJ (uf + 'VguLz7 +2F (u))dxdt.
0 Jo )

With (16) and (45), we have

T ( ou
Iy, = J j 3 (H (u) + uP) dl' dt
0 Jr, of

1

2
T 9 2 T

<C, L L(a—:> dl"dt+ejo L <u2+|Vgu'Z>dl“dt

T
+cj J W2dT dt
o Jr,

T 2
scj J (a—”) dr dt
o Jr,\op

T T
‘e <E0 (0) + Ey (T) + L E®) dt> +C L L W2dT dt.
- 46)

+ LT Jrl (Mf - |Vgu'z -F (u)) (H, ) dr dt

Note that
nb < div,;H <nB Vx e Q. (47)

Substituting the formulas (42) and (46) into the formula (37),
with (19) and (35), we obtain

T
J E(t)dt < C (E, (0) + E, (T))
0

T 2
+CJ J (uf+<a—u) ) drdt.
0o Jr, ou

(48)
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Since

E,(0) = E (T)—JTJ w94 dr at
0 0 o T, ta‘M

T 2
sEO(T)+lJ J (uf+<a—u> )dl‘dt,
2 Jo T, 614

from (48), we have

T )
LE(t)dtgc_E(T)+cL Ll (ut+ S Jara
(50)

(49)

Since E(t) is decreasing, we deduce that
T
J E(t)dt >TE(T). (51)
0

Substituting the formulas (51) into the formula (50), for
sufficiently large T, we have

E(T) < % LT L <uf + <g—;‘>2> dr dt. (52)

The inequality (34) holds. O

Proof of Theorem 1. (a) From (8), (13), (20), (29), and (34), for
T > T we deduce that

E(D)< 2 LT | (8@ +1)drar

S%(sup{gb(t)lOstsT}

+sup{$ IOstST}>
Co(T)
T

(53)

T
2
xj L(/S(t)utdl"dts E(0).

0

Note that E(t) is decreasing, and the estimate (21) holds.
(b) From (8), (13), (22), (29), and (34), for T > T we
deduce that

T
E(T) < L J (6 (0 g () + 7 dT dit

I8

SO =IO

<

“oT L $(0)g” () dr dt

T
+O (T) JO L (1) ufdl“dt}

<

SO

“oT J{xemu,m} ¢ (t) g (u,) dT dt
+® (T) J’OT J’r1 ¢ (t)u,g (u,)dT dt}

<

SO

T
[ ] @hug(w))ard
0 J{xel},|ul<1}

+ cem (T)E ()
T

°r CO (T
=T L L ¢ () h(u.g (u,))dr dt + %E(O)

T
. Cjo ¢ () d;' meas (Fl)h

5 J, ¢ ®ug (w)drde
X T +
[ ¢ () dt - meas(T,)

Co (T)
T

E(0)

Clq;(T)E(O).

E (0)) +
(54)
Note that E(t) is decreasing, and the estimate (23) holds.

(c) From (8), (13), (24), (29), and (34), for T > T we
deduce that

E(T)

IN

[ '] @@ ) +id)ara

0

SN

J 0 (g2 (u,) + uf)dl“dt
I

IA In
NI =6 HIO

T
J J ¢ () h(ug(u,))dr dt
{xely,lu,|<1}

0

c (T )
+—J j & (1) 12dr dt
T Jo Jixer,jul>1)

T
L L ¢ () h(ug (u,))dr dt (55)

1

<

SO

C T
+ T L L ¢ () u,g (u,)dr dt

< C IoT ¢ (t) dt - meas (rl)h
T
(JOT Ji ¢ g (ut)drdt> .
X

jOT ¢ () dt - meas (T})

<Ch (—CZE © > + &E(O).
T T

Note that E(t) is decreasing, and the estimate (25) holds. [
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