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This paper is concerned with the initial boundary value problem for the three-dimensional Navier-Stokes equations with density-
dependent viscosity. The cylindrically symmetric strong solution is shown to exist globally in time and tend to the equilibrium state

exponentially as time grows up.

1. Introduction

The compressible isentropic Navier-Stokes equations (CNS)
with density-dependent viscosity coeflicients can be written
fort > 0 as

p, +div(pU) = 0,
(pU), +div(pU e U) - div (4 (p) D (1)) (1)
-V (A(p)divU) + VP (p) =0,

where p(x,t), U(x,t), and P(p) = p¥(y > 1) stand for the
fluid density, velocity, and pressure, respectively, D(U) =
(1/2)(VU + (VU)T) is the stress tensor, and u(p) and A(p)
are the Lamé viscosity coeflicients satisfying p(p) > 0 and
u(p) + NA(p) = 0 for p > 0. The typical model (the so-called
viscous Saint-Venant system) is rigorously derived [1, 2] and
expressed as (1) with y = 2, u(p) = p, and A(p) = 0.

When p and A are density-dependent viscosity, there are
many important results made on the compressible Navier-
Stokes equations. For example, the existence of solution to
2D shallow water equations was investigated by Bresch and
Desjardins [3, 4]. The well posedness of solution to the free
boundary value problem with initial finite mass and the
flow density being connected with the infinite vacuum either
continuously or via jump discontinuity was considered by
many authors; refer to [5] and the references therein. The

global existence of classical solution for « € (0,1/2) was
shown by Mellet and Vasseur [6]. The qualitative behaviors of
global solution and dynamical asymptotic of vacuum states
were also addressed, such as the finite time vanishing of
finite vacuum or asymptotical formation of vacuum in large
time, the dynamical behaviors of vacuum boundary, the large
time convergence to rarefaction wave with vacuum, and the
stability of shock profile with large shock strength; refer to [7]
and the references therein.

It should be mentioned here that important progress
has been obtained on global existence and asymptotical
behaviors of strong solution to compressible Navier-Stokes
equations (1) with constant viscosity coefficients; the readers
can refer to [8-12] and the references therein. When p is
density-dependent viscosity, Lian et al. [13] proved that the
strong solution exists globally in time and investigated the
long time behaviors of the solution to one-dimensional case.
However, for multidimensional case, there are a few results
on the global existence and asymptotical behaviors of strong
solution with density-dependent viscosity coefficients for
compressible Navier-Stokes equations.

Recently, there have been some results on the existence
of cylindrically symmetric solution to three-dimensional
compressible Navier-Stokes equations. When viscosity coef-
ficients are both constants, Frid and Shelukhin [14, 15] proved
the uniqueness of the weak solution under certain condition,
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Fan and Jiang in [16] showed the global existence of weak
solution, and Jiang and Zhang obtained the existence of
strong solution for the nonisentropic case in [17]. When
u(p) = p%, 0< 0 <y, Ap) = A (a positive constant), Yao et
al. [18] showed the global existence for the three-dimensional
compressible Navier-Stokes equations. However, when y and
A are both density-dependent viscosity, there is no result
made on the existence of cylindrically symmetric solution to
three-dimensional compressible Navier-Stokes equations.

In the present paper, we consider the initial boundary
value problem (IBVP) for the three-dimensional isentropic
compressible Navier-Stokes equations and focus on the exis-
tence and time asymptotic behavior of the global strong
solution. For simplicity, we deal with the case p(p) =
p% Alp) = (o — 1)p* with > 1/2. We show that the unique
global cylindrically symmetric strong solution to the IBVP
(2)-(4) exists and tends to the equilibrium state exponentially
as time grows up for initial data satisfied in Theorem 1.

The rest part of the paper is arranged as follows. In
Section 2, the main results about the global existence of
strong solution to the compressible Navier-Stokes equations
are stated in detail. Then, some important a priori estimates
will be given in Section3 and Theorem1 is proven in
Section 4.

2. Main Results
For simplicity, the viscosity terms are assumed to satisfy

u(p) = p*and Mp) = p' (p) — u(p) = (@ —1)p* with o > 1/2
and D(U) = VU. Then (1) become

p, +div(pU) = 0,
(pU), +div (pU® U) - div (p*VU) + VP (p)  (2)
=(a-1)V(p*divU).

Consider a flow between two circular coaxial cylinders
and assume that the corresponding solution depends only on
the radial variable 7 in Q := {r | 0 < a < r < b} and the
time variable t € [0, T]. Then, the three-dimensional Navier-

Stokes equations governing the flow reduce to the following
system in the domain Qy := Q x (0, T) of the form

1
pt+ ;ar(rpu) = O:
rpu rpua,u - Pvz + rarpy - ar (”P‘xaru)
1 1
—(a—1)ro, ('P“af (ru)> +=p*u=0, (3
r r
rpvy + rpud,v + puv — 0, (rp*0,v) + lp"‘v -0,
-

rpw, + rpud,w — 0, (rp“d,w) = 0,
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supplemented with the initial and boundary conditions

(p, u, v,w) (r,0) = (py, thgs Vo wp) (r), 7 € [a,b],
u(a)=u() =0,
(4)
via)=v (1), v(b)=v, (1),
w(a) =w, (1), w(b) =w,(t).

The velocity vector V. = (u,v,w) is given by the radial,
angular, and axial velocities. For simplicity, we take here
v;(t) = w;(t) = 0 (i = 1,2), since otherwise we can use

v—(uv +ﬂv> w—<lw +ﬂw>
b-a' b-a?)’ b-a ' b-a *

(5)

to replace v and w.
We are interested in the global existence of the initial
boundary value problem for (3)-(4). It is convenient to
deal with the IBVP (3) in the Lagrangian coordinates. For

b
simplicity, we assume that L pot dr = 1, which implies

b b
J- prdrzj pordr =1, (6)

a a

forr € [a,b]andt € [0, T]; define the Lagrangian coordinates
transformation

x(r,t) = J pydy, 1=t 7)

which translates the domain [0, T] x [a, b] into [0, T] x [0, 1]
and satisfies

o ax_ e o
o P xS % T w T
rz(x,r)=a2+2L ﬁ(y,r)dy, % =u.

The initial boundary value problem (3)-(4) is changed to

pe+p(ru), =0,

_ 1 p*).u
ru, - r—zvz +(p"), - (x(p““(ru)x)x + r" =0,
() 9)
-1 1 1+ P )Y
v+ v - (p “(rv)x)x + = 0,

2 1+a

w, — (r p wx)x =0,

for (x, ) € [0,1] x [0, T], with the initial data and boundary
conditions given by

(p, u, v, w) (x,0) = (pg, g, Vo Wp) (x),  x €[0,1], (10)
(u,v,w) (0,7) = (u,v,w)(1,7) =0, 7¢€[0,T], 11)

where 1 = r(x, 7) is defined by

ir(x,T):u(x,T), x €[0,1], T €[0,T]. (12)
dr
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Before stating the main result, we assume that
(Po = P> > Vo wy) € H' ([0,1]), (13)
with p, > 0and p = (1/(b - a)) f: por dr, and define
Y1, 2 1 y-1  —y-1
E0= . E(u0+v0+wo)+ﬁ(p0 —-p )

(' -7))dx

B [ (3 (or ) v d)

Cop ) (7)) i
(1)

1
+ (Y

Then, we have the following main results.

Theorem 1 (IBVP). Lety > 1, « > 1/2. Assume that the initial
data satisfies (13) and Ey(E, + E;) < a*o* (2o — 1)’2,3”2""1.
Then, there exist positive constants p, > 0 and p* > 0
with p, < p < p* so that the unique global strong solution
(p,u, v,w) to IBVP (9)-(12) exists and satisfies

0<p, <px1)<p’, (pu,v,w)eC([0,1]x[0,T]),

(p=p), € L ([0,T1, L7 ([0,1])) n L* ([0, T, L* ([0, 1)),

(u,v,w) € L% ([0,T],H' ([0,1])) n L* ([0, T], H’ ([0,1])).
(15)

In addition, the solution tends to the equilibrium state
(p,0,0,0) exponentially as time grows up; that is

I(p = Po v, ) (D 210,y < 1™ (16)

where ¢; > 0 and ¢, > 0 denote two constants independent of
the time. Furthermore, if (1, vy, wy) € H*([0,1]), then

(u, v,w) € L ([0,T]; H ([0,1])) n L* ([0, T]; H’ ([0,1])).
17)

Remark 2. The initial constraint Ey(E, + E;) < a*a*(2x —
1)7?p""* ! for « > 1/2 does not always require that the
perturbation of the initial data around the equilibrium state
(p,0,0,0) is small. Indeed, it can be large provided that the
state p > 0 is large enough or the value of « is near 1/2.

Remark 3. Theorem1 applies to the viscous Saint-Venant
model for shallow water (which is (9) with y =2, a = 1).

3. The A Priori Estimates

In this section, we establish the a priori estimates for any
solution (p, u, v, w) with p > 0 to IBVP (9)-(12). Making use
of similar arguments as in [19] with modifications, we can
establish the following lemmas.

Lemmad4. Lety > 1, T > 0, and (p, u, v, w) with p > 0 be any
regular solution to the IBVP (9)-(12) for T € [0,T] under the
assumptions of Theorem 1. Then, it holds that

Jl <% (u2 + +w2) + }%1 (py‘l _py—l)

0
+p’ (pfl - /_fl)> dx

Tl Tl
+j J izp“_lvzdxds+J J r2p1+0‘(v§+w§)dxds
0oJor 0 Jo

a (" (1) @npu a-1 2
+ —J J <p(“ bRz, —p(‘”l)/zmx) dxds
2 0o Jo r (04

+2(x—1rr
200 Jo op

a (7! a-1 @)
+—J J <p("‘”)/2mx+—p("c 1)/2—) dxds
2 0o Jo 04 r

+2a—1J’J'1
20 Jo op

1.2 2
rfu dx ds

2
1u

" —dxds = E,,.
,

(18)

Proof. Taking the product of (9),, (9);, and (9), with
ru, rv, w, respectively, integrating on [0, 1], and using (9),, we
have

liJl(uz+vz+1,uz)dx+J1

1 a1/ 2 2
Edro Oﬁp (u+v)dx

1
+ J rsz"c (ui + vi + wi) dx
0

1
+(x—-1) J p““(ru)idx
0
1
- | owe (- e

= Ll (P =7"p") () dx

d (! 1 e /-1 —
G b G )P () e
(19)

and by computation, we have the following:

1 1
2 2 2 1 a-1_2
J (u +v +w)dx+J 2P vidx

0 0

N | =
& e

1
21 2 2
+J rpt " (vi + wh)dx
0



1 2
o npu a-1
N _J <p(a LN P(a+1)/2mx> dx
2 Jo r o

20-1 (!
+ J P Ul dx
20 0

1 2
o a—1 npu
N _J <p(a+1)/zmx+ P(a 1)/2_) dx
2 Jo o r

20 -1 (1 4 i
+ —dx
2 J r?

d ! 1 y-1  —y-1 —y -1 —1
=—5J <—(p - )+ (P - ))dx,

o \y-1
(20)

which leads to (18) after the integration with respect to 7 €
[0,T]. O

Lemma 5. Under the same assumptions as Lemma 4, it holds
that

Jol (% ((u * r(/’a)x)z +v7+ wz) + yi 1 (p”’l B ﬁrl)
" (p" -ﬁ’l)> dx

T 1 Tl
+J- J p”“(rv)idxds+[ J- rp" wldx ds
0o Jo 0

0

4 T rl
+ ay . J J (p(7+o¢)/2)2r2dx ds=E, tel0,T].

(y+a) Jo Jo x
(21)

In addition, it holds that

(x,7) € [0,1] x [0,T], T > 0.
(22)

0<p, <p(x,1)<p’,

Proof. Differentiating (9), with respect to x, rewriting it in
the following form:

pre = ~(PP(ru),) (23)
and substituting (23) into (9),, we have
U, - L r(p"), +r(p*),, + (pP*) u=0. (24
r

Since 0r/07 = u, the above equation can also be rewritten as

2

(u+r(p"),), +7(p"), = = (25)
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Multiplying (25), (9);, and (9), with (u + r(p%),), rv,
w, respectively, integrating over [0, 1], and using (9), and
boundary conditions, we have
d ('/1 a2 2 2 1 1 —y-1
EL (E((u+r(p )) v Hw )+F(PY -77)
+p’ (pfl - ﬁfl) > dx

1 1
+ J P (rv)2dx + J rpwldx
0 0

4oy Jl (P(ym)/z)irzdx ~0,

(y+a)* do
(26)
and then (21) follows.
Denote
1 N s
¢ (p) = ﬁ(py P+ (-,
(27)

v (o) = [ o) an

It is easy to verify that p(p) > 0 and y'(p) > 0. In addition, it
holdsas p — +oo that

p
lim y(p) — (y-1)"" lim J eI dy

p— +00 p— oo J5

2
= i (28)
pﬂloo(y +2a-1)4fy—1

(y+2a-1)/2  —(y+2a-1)/2
y+2a _py « )

— +00,

< (p
and as p — 0 that

p
lim v (P) _ ginO J pV/ZrIoc—(3/2)d’7

p—0 °
2 _ _
= lim —p/2 ( a—(1/2) _ —a—(1/2) (29)
L S G G
2 S/
200— 1

We can choose two constants 0 < p, < p* with p, <p < p*
and p* = v~ (—=y(p,)) so that

2 _ip 1/2 2 _y)ra-0/2)
~EM*(E,+E < - < —p% , (30
a0 0 ( 0 1) W(P*) Zoc—lp (30)

which obviously satisfies
2 1/2
ay (p.) < _;Eé/z(Eo +E,)

5 (31)
1/2 *
< &E(l)/z(Eo +E,) " <ay(p’).



Abstract and Applied Analysis

Thus, it follows from (18) and (21) that

1
@)l <|| ow(p)ax
< Il 9(p)" szp“ldxl
0

from which we obtain (22) with p, and p* determined as
above. O

Lemma 6. Under the same assumptions as Lemma 4, it holds
that

1Gps v, w) @5 oy
T

+ J;) “(sz’ U Vs’ws) (S)"iz([o,l])dS (33)

T

+ L 1@, v, w) () orpds <C, T €[0,T7,

where C > 0 denotes a constant independent of time.

Proof. To prove (33), taking the product of (9), with

pf(”“)(ru)r over [0, 1] and making use of (11), we can obtain

after a tedious computation that

d Jl g(ru)zdx + Jl r_zp_(1+“)(ru)2dx
dr 0 2 * 0 T
1
= J r_zp_(H“) (uz + vz) (ru),dx
0

1
| P (34)

0
1

+a(a+1) J p_lpx(ru)x(ru)rdx
0

1
-« J ' p ? pou(ru),dx,
0

5
which implies
1 T 1
J (ru)idx+j J r_zp_(lm)(ru)fdxds
0 0 Jo
T 1
< C+Cj J u dxds
0 Jo
Tl T 1
+CJ J v4dxds+CJ J pidxds
0 Jo 0 Jo
Tl
+CJ J pﬁuzdxds
0 Jo
Tl
+CJ J pﬁ(ru)idxds
0 Jo (35)

T 1
<C+C I o I u’dx ds
0 0

T 1

; CJ Ve j VAdx ds
0 0
T 1

; CJ il J pldxds
0 0

T 1
+CJ J p(ru)’dx ds

0 Jo

Tl
<C+ CI J p2(ru)>dx ds.
0 Jo

From (9),, (18), (21), (22), and Gagliardo-Nirenberg-Sobolev
inequality, we can deduce that

T 1l
J J pﬁ(ru)idxds
0 Jo
T 1 N
< [ Mool s | plaeas
L[ T 36
<2 p.(ru) dxds (36)
T 1
J J r_zp_(1+“)(ru)§dxds
0
T rl
+CJ J (pﬁ+u2+u4+ui+v4)dxds,
0 Jo

where C denotes a constant independent of time. The combi-
nation of (35) and (36) leads to

1 T 1l
J (ru)>dx + J J (ru)ldxds < C, (37)
0 0 Jo
which together with (9),, (18), (21), and (22) implies

1 T 1 T 1l
J uidx+J J uidxds+J J uixdxdsgc. (38)
0 0

0 0 Jo



Using the same methods, we can obtain the following:

1 T rl T 1l
J vidx+J J vfdxds+[ J vixdxdsSC,
0 0 Jo

0 Jo (39)
1 T rl T rl

J widx + J J wszdxds + J J wixdx ds<C.

0 0 Jo 0 Jo

The combination of (38)-(39) and (9); -(9), leads to (33). [J

Lemma 7. Under the same assumptions as Lemma 4, it holds
that

"(”T’ Ve W) (T)”;([o,u) + ”(Pr’ Us Vi W) (T)";p([o,l])
. i (40)
+ Jo “(us’vs’ws) (S)”Hl([o,l])ds <C, T1€l0,T].

In addition, it holds that

(u,v,w) € C°([0,1] x [0, T]),
(41)

p e C°([0,1] x [0,T)),

where C > 0 denotes a constant independent of time.

Proof. Differentiating (9), with respect to 7, multiplying the
result by (ru),, and integrating the result with respect to x
over [0, 1], we have

1d Jl r2(ru)’dx + Jl P (ru)>_dx
2dr Jo T 0 XxT

Jl (r_z)r(ru)idx + Jl (r_zuz)T(ru)de
0

1
_(x J (). (ru)  (ri) ., dx (42)

2 o
+ Ll (:—Z)T(ru)rdx - JOI (%)T(ru)rdx
- jl (p"),,(ru) dx.
0

A complicated computation gives

d Jl 2, 2 Jl Lo, \2
— | r“(ru)idx + ru). _dx
|, e | pow,

1 1
< CJ r_z(ru)idx + CJ uzuidx
0 0
1 1
+C J ubdx +C J (ru)idx (43)
0 0

1 1
+C J vzvidx + CJ viutdx
0

0

1 1
+C J pifuzdx +C J piu4dx.
0 0
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From (9);, (9),, (18), (21), (22), and Lemma 6, it holds that
1 T rl
J r 2 (ru)2doc + J J P (ru)l dx ds
0 0 Jo

T 1
<C+ CJ J (ru)idx ds
0 Jo

T 1
<C+ CJ ||(ru)x||im J (ru)idx ds
0 0

T 1
<C+ CJ J pfc(ru)idx ds (44)
0 Jo

T rl
+ CJ J r_zp_(lm)(ru)fdx ds
0 Jo

T rl
+CJ J (pi+u2+u4+ui+v4)dxds
0 Jo

<C,

where C > 0 denotes a constant independent of time, and
from (44), we can find

1 Tl
j uldx + J j udxds < C. (45)
0 0

0

With the same methods, we can obtain the following:

1 T 1
J vidx + J j Ve dxds < C,
0 0 Jo

(46)

1 Tl

J widx + J J w,dxds <C.

0 0 Jo

The combination of (45)-(46) and (9); -(9), leads to (40).
Now we turn to prove (41). It is easy to verify

p' e L®(0,T,H' ([0,1])),
(47)
(p"), € L* (0, T, L7 ([0,1])).

This implies p* € C°([0,1] x [0,T]) and the continuity of
density p € C°([0, 1] x [0,T)). Indeed, it follows from 9),
that

(p), = —yp"" (ru)
(48)
= —pp" M ru, —yp'ur € L® (0, T, L* ([0, 1])),

which together with (21) leads to the half of (41). From the
(33) and (40), we can obtain the continuity of u, v, won [0, 1]x
[0, T']. The proof is completed. O

Lemma 8. Under the same assumptions as Lemma 4, it holds
that

(o =Powvsw) D 2ory <™ >0, (49)

where ¢, > 0 and ¢, > 0 denote two constants independent of
time.
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Proof. Applying (20) and (26), we can obtain

1
(L)
dr Jo \2 y-1

(" -77)
+p’ (p_1 - ;_)_1) ) dx

+ Jl lzpo‘_1 (u2 + vz) dx

or

1

+ J rptt® (ui +v+ wi) dx

0
1

+(a-1) J p*(ru)ldx =0, (50)
0

di'r J: (% ((u +r(p%),)" + v+ wz)

(P P (7 )

1 1
+ J p e (rv)2dx + J rpwldx
0 0

b2y Jl (p(y+“)/2)2r2dx =0.
(y+a) Jo *

Meanwhile, with Poincdre-Sobolev inequality and Lemmas
4-7, we may get after a complicated computation that

iH (1) +cH (1) <0, (51)
dr
with
1
H(1) = J <(u +r(p"), )+t + v w’

0

1 1 e ol -1 ——
to (P =)+ (p -7 1))dx,

(52)

where ¢ > 0 is a constant independent of time, and (52)
implies that

H (1) < H(0)e™, (53)

from which we obtain (49) immediately. O

4, Proof of the Main Results

Proof. The global existence of unique strong solution to
the IBVP (9)-(12) can be established in terms of short
time existence carried out as in [7], the uniform a priori
estimates, and the analysis regularities, which indeed follow
from Lemmas 4-7. We omit the details. The large time
behaviors follow Lemma 8 directly. The proof of Theorem 1
is completed. O
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