
Research Article
Global Existence of the Cylindrically Symmetric Strong Solution
to Compressible Navier-Stokes Equations

Jian Liu1 and Ruxu Lian2

1 College of Teacher Education, Quzhou University, Quzhou 324000, China
2 College of Mathematics and Information Science, North China University of Water Resources and Electric Power,
Zhengzhou 450011, China

Correspondence should be addressed to Jian Liu; liujian.maths@gmail.com

Received 5 April 2014; Accepted 11 June 2014; Published 30 June 2014

Academic Editor: Igor Boglaev

Copyright © 2014 J. Liu and R. Lian. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper is concerned with the initial boundary value problem for the three-dimensional Navier-Stokes equations with density-
dependent viscosity.The cylindrically symmetric strong solution is shown to exist globally in time and tend to the equilibrium state
exponentially as time grows up.

1. Introduction

The compressible isentropic Navier-Stokes equations (CNS)
with density-dependent viscosity coefficients can be written
for 𝑡 > 0 as

𝜌
𝑡
+ div (𝜌U) = 0,

(𝜌U)
𝑡
+ div (𝜌U ⊗ U) − div (𝜇 (𝜌)D (U))

− ∇ (𝜆 (𝜌) divU) + ∇𝑃 (𝜌) = 0,

(1)

where 𝜌(x, 𝑡), U(x, 𝑡), and 𝑃(𝜌) = 𝜌
𝛾
(𝛾 > 1) stand for the

fluid density, velocity, and pressure, respectively, D(U) =

(1/2)(∇U + (∇U)𝑇) is the stress tensor, and 𝜇(𝜌) and 𝜆(𝜌)
are the Lamé viscosity coefficients satisfying 𝜇(𝜌) ≥ 0 and
𝜇(𝜌) + 𝑁𝜆(𝜌) ≥ 0 for 𝜌 ≥ 0. The typical model (the so-called
viscous Saint-Venant system) is rigorously derived [1, 2] and
expressed as (1) with 𝛾 = 2, 𝜇(𝜌) = 𝜌, and 𝜆(𝜌) = 0.

When 𝜇 and 𝜆 are density-dependent viscosity, there are
many important results made on the compressible Navier-
Stokes equations. For example, the existence of solution to
2D shallow water equations was investigated by Bresch and
Desjardins [3, 4]. The well posedness of solution to the free
boundary value problem with initial finite mass and the
flow density being connected with the infinite vacuum either
continuously or via jump discontinuity was considered by
many authors; refer to [5] and the references therein. The

global existence of classical solution for 𝛼 ∈ (0, 1/2) was
shown byMellet and Vasseur [6].The qualitative behaviors of
global solution and dynamical asymptotic of vacuum states
were also addressed, such as the finite time vanishing of
finite vacuum or asymptotical formation of vacuum in large
time, the dynamical behaviors of vacuum boundary, the large
time convergence to rarefaction wave with vacuum, and the
stability of shock profile with large shock strength; refer to [7]
and the references therein.

It should be mentioned here that important progress
has been obtained on global existence and asymptotical
behaviors of strong solution to compressible Navier-Stokes
equations (1) with constant viscosity coefficients; the readers
can refer to [8–12] and the references therein. When 𝜇 is
density-dependent viscosity, Lian et al. [13] proved that the
strong solution exists globally in time and investigated the
long time behaviors of the solution to one-dimensional case.
However, for multidimensional case, there are a few results
on the global existence and asymptotical behaviors of strong
solution with density-dependent viscosity coefficients for
compressible Navier-Stokes equations.

Recently, there have been some results on the existence
of cylindrically symmetric solution to three-dimensional
compressible Navier-Stokes equations. When viscosity coef-
ficients are both constants, Frid and Shelukhin [14, 15] proved
the uniqueness of the weak solution under certain condition,
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Fan and Jiang in [16] showed the global existence of weak
solution, and Jiang and Zhang obtained the existence of
strong solution for the nonisentropic case in [17]. When
𝜇(𝜌) = 𝜌

𝜃
, 0 ≤ 𝜃 ≤ 𝛾, 𝜆(𝜌) = 𝜆 (a positive constant), Yao et

al. [18] showed the global existence for the three-dimensional
compressible Navier-Stokes equations. However, when 𝜇 and
𝜆 are both density-dependent viscosity, there is no result
made on the existence of cylindrically symmetric solution to
three-dimensional compressible Navier-Stokes equations.

In the present paper, we consider the initial boundary
value problem (IBVP) for the three-dimensional isentropic
compressible Navier-Stokes equations and focus on the exis-
tence and time asymptotic behavior of the global strong
solution. For simplicity, we deal with the case 𝜇(𝜌) =

𝜌
𝛼
, 𝜆(𝜌) = (𝛼 − 1)𝜌

𝛼 with 𝛼 > 1/2. We show that the unique
global cylindrically symmetric strong solution to the IBVP
(2)–(4) exists and tends to the equilibrium state exponentially
as time grows up for initial data satisfied inTheorem 1.

The rest part of the paper is arranged as follows. In
Section 2, the main results about the global existence of
strong solution to the compressible Navier-Stokes equations
are stated in detail. Then, some important a priori estimates
will be given in Section 3 and Theorem 1 is proven in
Section 4.

2. Main Results

For simplicity, the viscosity terms are assumed to satisfy
𝜇(𝜌) = 𝜌

𝛼 and 𝜆(𝜌) = 𝜌𝜇󸀠(𝜌) −𝜇(𝜌) = (𝛼−1)𝜌𝛼 with 𝛼 > 1/2
and D(U) = ∇U. Then (1) become

𝜌
𝑡
+ div (𝜌U) = 0,

(𝜌U)
𝑡
+ div (𝜌U ⊗ U) − div (𝜌𝛼∇U) + ∇𝑃 (𝜌)

= (𝛼 − 1) ∇ (𝜌
𝛼 divU) .

(2)

Consider a flow between two circular coaxial cylinders
and assume that the corresponding solution depends only on
the radial variable 𝑟 in Ω := {𝑟 | 0 < 𝑎 ≤ 𝑟 ≤ 𝑏} and the
time variable 𝑡 ∈ [0, 𝑇]. Then, the three-dimensional Navier-
Stokes equations governing the flow reduce to the following
system in the domain 𝑄

𝑇
:= Ω × (0, 𝑇) of the form

𝜌
𝑡
+
1

𝑟
𝜕
𝑟
(𝑟𝜌𝑢) = 0,

𝑟𝜌𝑢
𝑡
+ 𝑟𝜌𝑢𝜕

𝑟
𝑢 − 𝜌V2 + 𝑟𝜕

𝑟
𝜌
𝛾
− 𝜕
𝑟
(𝑟𝜌
𝛼
𝜕
𝑟
𝑢)

− (𝛼 − 1) 𝑟𝜕
𝑟
(
1

𝑟
𝜌
𝛼
𝜕
𝑟
(𝑟𝑢)) +

1

𝑟
𝜌
𝛼
𝑢 = 0,

𝑟𝜌V
𝑡
+ 𝑟𝜌𝑢𝜕

𝑟
V + 𝜌𝑢V − 𝜕

𝑟
(𝑟𝜌
𝛼
𝜕
𝑟
V) +

1

𝑟
𝜌
𝛼V = 0,

𝑟𝜌𝑤
𝑡
+ 𝑟𝜌𝑢𝜕

𝑟
𝑤 − 𝜕
𝑟
(𝑟𝜌
𝛼
𝜕
𝑟
𝑤) = 0,

(3)

supplemented with the initial and boundary conditions

(𝜌, 𝑢, V, 𝑤) (𝑟, 0) = (𝜌
0
, 𝑢
0
, V
0
, 𝑤
0
) (𝑟) , 𝑟 ∈ [𝑎, 𝑏] ,

𝑢 (𝑎) = 𝑢 (𝑏) = 0,

V (𝑎) = V
1
(𝑡) , V (𝑏) = V

2
(𝑡) ,

𝑤 (𝑎) = 𝑤
1
(𝑡) , 𝑤 (𝑏) = 𝑤

2
(𝑡) .

(4)

The velocity vector 𝑉 = (𝑢, V, 𝑤) is given by the radial,
angular, and axial velocities. For simplicity, we take here
V
𝑖
(𝑡) = 𝑤

𝑖
(𝑡) ≡ 0 (𝑖 = 1, 2), since otherwise we can use

V − (
𝑏 − 𝑟

𝑏 − 𝑎
V
1
+
𝑟 − 𝑎

𝑏 − 𝑎
V
2
) , 𝑤 − (

𝑏 − 𝑟

𝑏 − 𝑎
𝑤
1
+
𝑟 − 𝑎

𝑏 − 𝑎
𝑤
2
)

(5)

to replace V and 𝑤.
We are interested in the global existence of the initial

boundary value problem for (3)-(4). It is convenient to
deal with the IBVP (3) in the Lagrangian coordinates. For
simplicity, we assume that ∫𝑏

𝑎
𝜌
0
𝑟 d𝑟 = 1, which implies

∫

𝑏

𝑎

𝜌𝑟 d𝑟 = ∫
𝑏

𝑎

𝜌
0
𝑟 d𝑟 = 1, (6)

for 𝑟 ∈ [𝑎, 𝑏] and 𝑡 ∈ [0, 𝑇]; define the Lagrangian coordinates
transformation

𝑥 (𝑟, 𝑡) = ∫

𝑟

𝑎

𝜌𝑦 d𝑦, 𝜏 = 𝑡, (7)

which translates the domain [0, 𝑇] × [𝑎, 𝑏] into [0, 𝑇] × [0, 1]
and satisfies
𝜕𝑥

𝜕𝑟
= 𝜌𝑟,

𝜕𝑥

𝜕𝑡
= −𝜌𝑢𝑟,

𝜕𝜏

𝜕𝑟
= 0,

𝜕𝜏

𝜕𝑡
= 1,

𝑟
2
(𝑥, 𝜏) = 𝑎

2
+ 2∫

𝑥

0

1

𝜌
(𝑦, 𝜏) d𝑦, 𝜕𝑟

𝜕𝜏
= 𝑢.

(8)

The initial boundary value problem (3)-(4) is changed to

𝜌
𝜏
+ 𝜌
2
(𝑟𝑢)
𝑥
= 0,

𝑟
−1
𝑢
𝜏
−
1

𝑟
2
V2 + (𝜌𝛾)

𝑥
− 𝛼(𝜌

𝛼+1
(𝑟𝑢)
𝑥
)
𝑥
+

(𝜌
𝛼
)
𝑥
𝑢

𝑟
= 0,

𝑟
−1V
𝜏
+
1

𝑟
2
𝑢V − (𝜌1+𝛼(𝑟V)

𝑥
)
𝑥
+

(𝜌
𝛼
)
𝑥
V

𝑟
= 0,

𝑤
𝜏
− (𝑟
2
𝜌
1+𝛼
𝑤
𝑥
)
𝑥
= 0,

(9)

for (𝑥, 𝜏) ∈ [0, 1] × [0, 𝑇], with the initial data and boundary
conditions given by

(𝜌, 𝑢, V, 𝑤) (𝑥, 0) = (𝜌
0
, 𝑢
0
, V
0
, 𝑤
0
) (𝑥) , 𝑥 ∈ [0, 1] , (10)

(𝑢, V, 𝑤) (0, 𝜏) = (𝑢, V, 𝑤) (1, 𝜏) = 0, 𝜏 ∈ [0, 𝑇] , (11)

where 𝑟 = 𝑟(𝑥, 𝜏) is defined by

d
d𝜏
𝑟 (𝑥, 𝜏) = 𝑢 (𝑥, 𝜏) , 𝑥 ∈ [0, 1] , 𝜏 ∈ [0, 𝑇] . (12)
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Before stating the main result, we assume that

(𝜌
0
− 𝜌, 𝑢

0
, V
0
, 𝑤
0
) ∈ 𝐻

1
([0, 1]) , (13)

with 𝜌
0
> 0 and 𝜌 = (1/(𝑏 − 𝑎)) ∫𝑏

𝑎
𝜌
0
𝑟 d𝑟, and define

𝐸
0
= ∫

1

0

(
1

2
(𝑢
2

0
+ V2
0
+ 𝑤
2

0
) +

1

𝛾 − 1
(𝜌
𝛾−1

0
− 𝜌
𝛾−1
)

+𝜌
𝛾
(𝜌
−1

0
− 𝜌
−1
)) d𝑥,

𝐸
1
= ∫

1

0

(
1

2
((𝑢
0
+ 𝑟(𝜌
𝛼

0
)
𝑥
)
2

+ V2
0
+ 𝑤
2

0
)

+
1

𝛾 − 1
(𝜌
𝛾−1

0
− 𝜌
𝛾−1
) + 𝜌
𝛾
(𝜌
−1

0
− 𝜌
−1
)) d𝑥.

(14)

Then, we have the following main results.

Theorem 1 (IBVP). Let 𝛾 > 1, 𝛼 > 1/2. Assume that the initial
data satisfies (13) and 𝐸

0
(𝐸
0
+ 𝐸
1
) < 𝑎
2
𝛼
2
(2𝛼 − 1)

−2
𝜌
𝛾+2𝛼−1.

Then, there exist positive constants 𝜌
∗
> 0 and 𝜌

∗
> 0

with 𝜌
∗
< 𝜌 < 𝜌

∗ so that the unique global strong solution
(𝜌, 𝑢, V, 𝑤) to IBVP (9)–(12) exists and satisfies

0 < 𝜌
∗
≤ 𝜌 (𝑥, 𝜏) ≤ 𝜌

∗
, (𝜌, 𝑢, V, 𝑤) ∈ 𝐶 ([0, 1] × [0, 𝑇]) ,

(𝜌 − 𝜌)
𝑥
∈ 𝐿
∞
([0, 𝑇] , 𝐿

2
([0, 1])) ∩ 𝐿

2
([0, 𝑇] , 𝐿

2
([0, 1])) ,

(𝑢, V, 𝑤) ∈ 𝐿∞ ([0, 𝑇] ,𝐻1 ([0, 1])) ∩ 𝐿2 ([0, 𝑇] ,𝐻2 ([0, 1])) .
(15)

In addition, the solution tends to the equilibrium state
(𝜌, 0, 0, 0) exponentially as time grows up; that is

󵄩󵄩󵄩󵄩
(𝜌 − 𝜌, 𝑢, V, 𝑤) (⋅, 𝜏)󵄩󵄩󵄩󵄩𝐿2[0,1] ≤ 𝑐1𝑒

−𝑐
2
𝜏
, (16)

where 𝑐
1
> 0 and 𝑐

2
> 0 denote two constants independent of

the time. Furthermore, if (𝑢
0
, V
0
, 𝑤
0
) ∈ 𝐻

2
([0, 1]), then

(𝑢, V, 𝑤) ∈ 𝐿∞ ([0, 𝑇] ;𝐻2 ([0, 1])) ∩ 𝐿2 ([0, 𝑇] ;𝐻3 ([0, 1])) .
(17)

Remark 2. The initial constraint 𝐸
0
(𝐸
0
+ 𝐸
1
) < 𝑎

2
𝛼
2
(2𝛼 −

1)
−2
𝜌
𝛾+2𝛼−1 for 𝛼 > 1/2 does not always require that the

perturbation of the initial data around the equilibrium state
(𝜌, 0, 0, 0) is small. Indeed, it can be large provided that the
state 𝜌 > 0 is large enough or the value of 𝛼 is near 1/2.

Remark 3. Theorem 1 applies to the viscous Saint-Venant
model for shallow water (which is (9) with 𝛾 = 2, 𝛼 = 1).

3. The A Priori Estimates

In this section, we establish the a priori estimates for any
solution (𝜌, 𝑢, V, 𝑤) with 𝜌 > 0 to IBVP (9)–(12). Making use
of similar arguments as in [19] with modifications, we can
establish the following lemmas.

Lemma 4. Let 𝛾 > 1, 𝑇 > 0, and (𝜌, 𝑢, V, 𝑤)with 𝜌 > 0 be any
regular solution to the IBVP (9)–(12) for 𝜏 ∈ [0, 𝑇] under the
assumptions of Theorem 1. Then, it holds that

∫

1

0

(
1

2
(𝑢
2
+ V2 + 𝑤2) +

1

𝛾 − 1
(𝜌
𝛾−1

− 𝜌
𝛾−1
)

+𝜌
𝛾
(𝜌
−1
− 𝜌
−1
)) d𝑥

+ ∫

𝜏

0

∫

1

0

1

𝑟
2
𝜌
𝛼−1V2d𝑥 d𝑠 + ∫

𝜏

0

∫

1

0

𝑟
2
𝜌
1+𝛼

(V2
𝑥
+ 𝑤
2

𝑥
) d𝑥 d𝑠

+
𝛼

2
∫

𝜏

0

∫

1

0

(𝜌
(𝛼−1)/2 𝑢

𝑟
+
𝛼 − 1

𝛼
𝜌
(𝛼+1)/2

𝑟𝑢
𝑥
)

2

d𝑥 d𝑠

+
2𝛼 − 1

2𝛼
∫

𝜏

0

∫

1

0

𝜌
𝛼+1
𝑟
2
𝑢
2

𝑥
d𝑥 d𝑠

+
𝛼

2
∫

𝜏

0

∫

1

0

(𝜌
(𝛼+1)/2

𝑟𝑢
𝑥
+
𝛼 − 1

𝛼
𝜌
(𝛼−1)/2 𝑢

𝑟
)

2

d𝑥 d𝑠

+
2𝛼 − 1

2𝛼
∫

𝜏

0

∫

1

0

𝜌
𝛼−1 𝑢
2

𝑟
2
d𝑥 d𝑠 = 𝐸

0
.

(18)

Proof. Taking the product of (9)
2
, (9)
3
, and (9)

4
with

𝑟𝑢, 𝑟V, 𝑤, respectively, integrating on [0, 1], and using (9)
1
, we

have

1

2

d
d𝜏

∫

1

0

(𝑢
2
+ V2 + 𝑤2) d𝑥 + ∫

1

0

1

𝑟
2
𝜌
𝛼−1

(𝑢
2
+ V2) d𝑥

+ ∫

1

0

𝑟
2
𝜌
1+𝛼

(𝑢
2

𝑥
+ V2
𝑥
+ 𝑤
2

𝑥
) d𝑥

+ (𝛼 − 1) ∫

1

0

𝜌
𝛼+1
(𝑟𝑢)
2

𝑥
d𝑥

= ∫

1

0

(𝑟𝑢)
𝑥
(𝜌
𝛾
− 𝜌
𝛾
) d𝑥

= ∫

1

0

(𝜌
𝛾−2

− 𝜌
𝛾
𝜌
−2
) (−𝜌
𝜏
) d𝑥

−
d
d𝜏

∫

1

0

(
1

𝛾 − 1
(𝜌
𝛾−1

− 𝜌
𝛾−1
) + 𝜌
𝛾
(𝜌
−1
− 𝜌
−1
)) d𝑥,

(19)

and by computation, we have the following:

1

2

d
d𝜏

∫

1

0

(𝑢
2
+ V2 + 𝑤2) d𝑥 + ∫

1

0

1

𝑟
2
𝜌
𝛼−1V2d𝑥

+ ∫

1

0

𝑟
2
𝜌
1+𝛼

(V2
𝑥
+ 𝑤
2

𝑥
) d𝑥
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+
𝛼

2
∫

1

0

(𝜌
(𝛼−1)/2 𝑢

𝑟
+
𝛼 − 1

𝛼
𝜌
(𝛼+1)/2

𝑟𝑢
𝑥
)

2

d𝑥

+
2𝛼 − 1

2𝛼
∫

1

0

𝜌
𝛼+1
𝑟
2
𝑢
2

𝑥
d𝑥

+
𝛼

2
∫

1

0

(𝜌
(𝛼+1)/2

𝑟𝑢
𝑥
+
𝛼 − 1

𝛼
𝜌
(𝛼−1)/2 𝑢

𝑟
)

2

d𝑥

+
2𝛼 − 1

2𝛼
∫

1

0

𝜌
𝛼−1 𝑢
2

𝑟
2
d𝑥

= −
d
d𝜏

∫

1

0

(
1

𝛾 − 1
(𝜌
𝛾−1

− 𝜌
𝛾−1
) + 𝜌
𝛾
(𝜌
−1
− 𝜌
−1
)) d𝑥,

(20)

which leads to (18) after the integration with respect to 𝜏 ∈

[0, 𝑇].

Lemma 5. Under the same assumptions as Lemma 4, it holds
that

∫

1

0

(
1

2
((𝑢 + 𝑟(𝜌

𝛼
)
𝑥
)
2

+ V2 + 𝑤2) +
1

𝛾 − 1
(𝜌
𝛾−1

− 𝜌
𝛾−1
)

+𝜌
𝛾
(𝜌
−1
− 𝜌
−1
)) d𝑥

+ ∫

𝜏

0

∫

1

0

𝜌
1+𝛼
(𝑟V)2
𝑥
d𝑥 d𝑠 + ∫

𝜏

0

∫

1

0

𝑟
2
𝜌
1+𝛼
𝑤
2

𝑥
d𝑥 d𝑠

+
4𝛼𝛾

(𝛾 + 𝛼)
2
∫

𝜏

0

∫

1

0

(𝜌
(𝛾+𝛼)/2

)
2

𝑥
𝑟
2d𝑥 d𝑠 = 𝐸

1
, 𝜏 ∈ [0, 𝑇] .

(21)

In addition, it holds that

0 < 𝜌
∗
≤ 𝜌 (𝑥, 𝜏) ≤ 𝜌

∗
, (𝑥, 𝜏) ∈ [0, 1] × [0, 𝑇] , 𝑇 > 0.

(22)

Proof. Differentiating (9)
1
with respect to 𝑥, rewriting it in

the following form:

𝜌
𝑥𝜏
= −(𝜌

2
(𝑟𝑢)
𝑥
)
𝑥
, (23)

and substituting (23) into (9)
2
, we have

𝑢
𝜏
−
1

𝑟
V2 + 𝑟(𝜌𝛾)

𝑥
+ 𝑟(𝜌
𝛼
)
𝑥𝜏
+ (𝜌
𝛼
)
𝑥
𝑢 = 0. (24)

Since 𝜕𝑟/𝜕𝜏 = 𝑢, the above equation can also be rewritten as

(𝑢 + 𝑟(𝜌
𝛼
)
𝑥
)
𝜏
+ 𝑟(𝜌
𝛾
)
𝑥
=
V2

𝑟
. (25)

Multiplying (25), (9)
3
, and (9)

4
with (𝑢 + 𝑟(𝜌

𝛼
)
𝑥
), 𝑟V,

𝑤, respectively, integrating over [0, 1], and using (9)
1
and

boundary conditions, we have

d
d𝜏

∫

1

0

(
1

2
((𝑢 + 𝑟(𝜌

𝛼
)
𝑥
)
2

+ V2 + 𝑤2) +
1

𝛾 − 1
(𝜌
𝛾−1

− 𝜌
𝛾−1
)

+𝜌
𝛾
(𝜌
−1
− 𝜌
−1
) ) d𝑥

+ ∫

1

0

𝜌
1+𝛼
(𝑟V)2
𝑥
d𝑥 + ∫

1

0

𝑟
2
𝜌
1+𝛼
𝑤
2

𝑥
d𝑥

+
4𝛼𝛾

(𝛾 + 𝛼)
2
∫

1

0

(𝜌
(𝛾+𝛼)/2

)
2

𝑥
𝑟
2d𝑥 = 0,

(26)

and then (21) follows.
Denote

𝜑 (𝜌) :=
1

𝛾 − 1
(𝜌
𝛾−1

− 𝜌
𝛾−1
) + 𝜌
𝛾
(𝜌
−1
− 𝜌
−1
) ,

𝜓 (𝜌) := ∫

𝜌

𝜌

(𝜑 (𝜂))
1/2

𝜂
𝛼−1d𝜂.

(27)

It is easy to verify that 𝜑(𝜌) ≥ 0 and 𝜓󸀠(𝜌) ≥ 0. In addition, it
holds as 𝜌 → +∞ that

lim
𝜌→+∞

𝜓 (𝜌) 󳨀→ (𝛾 − 1)
−1/2 lim
𝜌→+∞

∫

𝜌

𝜌

𝜂
(𝛾+2𝛼−3)/2d𝜂

= lim
𝜌→+∞

2

(𝛾 + 2𝛼 − 1)√𝛾 − 1

× (𝜌
(𝛾+2𝛼−1)/2

− 𝜌
(𝛾+2𝛼−1)/2

) 󳨀→ +∞,

(28)

and as 𝜌 → 0 that

lim
𝜌→0

𝜓 (𝜌) 󳨀→ lim
𝜌→0

∫

𝜌

𝜌

𝜌
𝛾/2
𝜂
𝛼−(3/2)d𝜂

= lim
𝜌→0

2

2𝛼 − 1
𝜌
𝛾/2
(𝜌
𝛼−(1/2)

− 𝜌
𝛼−(1/2)

)

󳨀→ −
2

2𝛼 − 1
𝜌
(𝛾/2)+𝛼−(1/2)

.

(29)

We can choose two constants 0 < 𝜌
∗
< 𝜌
∗ with 𝜌

∗
< 𝜌 < 𝜌

∗

and 𝜌∗ = 𝜓−1(−𝜓(𝜌
∗
)) so that

2

𝑎𝛼
𝐸
1/2

0
(𝐸
0
+ 𝐸
1
)
1/2

< −𝜓 (𝜌
∗
) <

2

2𝛼 − 1
𝜌
(𝛾/2)+𝛼−(1/2)

, (30)

which obviously satisfies

𝑎𝜓 (𝜌
∗
) < −

2

𝛼
𝐸
1/2

0
(𝐸
0
+ 𝐸
1
)
1/2

<
2

𝛼
𝐸
1/2

0
(𝐸
0
+ 𝐸
1
)
1/2

< 𝑎𝜓 (𝜌
∗
) .

(31)
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Thus, it follows from (18) and (21) that

󵄨󵄨󵄨󵄨
𝜓 (𝜌 (𝑥))

󵄨󵄨󵄨󵄨
≤

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

1

0

𝜕
𝑥
𝜓 (𝜌) d𝑥

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∫

1

0

𝜑(𝜌)
1/2

𝜌
𝑥
𝜌
𝛼−1d𝑥

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
1

𝑎𝛼
(∫

1

0

𝜑 (𝜌) d𝑥)
1/2

(∫

1

0

(𝑟(𝜌
𝛼
)
𝑥
)
2d𝑥)
1/2

≤
2

𝑎𝛼
𝐸
1/2

0
(𝐸
0
+ 𝐸
1
)
1/2

,

(32)

from which we obtain (22) with 𝜌
∗
and 𝜌∗ determined as

above.

Lemma 6. Under the same assumptions as Lemma 4, it holds
that

󵄩󵄩󵄩󵄩
(𝜌, 𝑢, V, 𝑤) (𝜏)󵄩󵄩󵄩󵄩

2

𝐻
1
([0,1])

+ ∫

𝜏

0

󵄩󵄩󵄩󵄩
(𝜌
𝑥𝑠
, 𝑢
𝑠
, V
𝑠
, 𝑤
𝑠
) (𝑠)

󵄩󵄩󵄩󵄩

2

𝐿
2
([0,1])

d𝑠

+ ∫

𝜏

0

‖(𝑢, V, 𝑤) (𝑠)‖2
𝐻
2
([0,1])

d𝑠 ≤ 𝐶, 𝜏 ∈ [0, 𝑇] ,

(33)

where 𝐶 > 0 denotes a constant independent of time.

Proof. To prove (33), taking the product of (9)
2

with
𝜌
−(1+𝛼)

(𝑟𝑢)
𝜏
over [0, 1] and making use of (11), we can obtain

after a tedious computation that

d
d𝜏

∫

1

0

𝛼

2
(𝑟𝑢)
2

𝑥
d𝑥 + ∫

1

0

𝑟
−2
𝜌
−(1+𝛼)

(𝑟𝑢)
2

𝜏
d𝑥

= ∫

1

0

𝑟
−2
𝜌
−(1+𝛼)

(𝑢
2
+ V2) (𝑟𝑢)

𝜏
d𝑥

− 𝛾∫

1

0

𝜌
𝛾−2−𝛼

𝜌
𝑥
(𝑟𝑢)
𝜏
d𝑥

+ 𝛼 (𝛼 + 1) ∫

1

0

𝜌
−1
𝜌
𝑥
(𝑟𝑢)
𝑥
(𝑟𝑢)
𝜏
d𝑥

− 𝛼∫

1

0

𝑟
−1
𝜌
−2
𝜌
𝑥
𝑢(𝑟𝑢)
𝜏
d𝑥,

(34)

which implies

∫

1

0

(𝑟𝑢)
2

𝑥
d𝑥 + ∫

𝜏

0

∫

1

0

𝑟
−2
𝜌
−(1+𝛼)

(𝑟𝑢)
2

𝑠
d𝑥 d𝑠

≤ 𝐶 + 𝐶∫

𝜏

0

∫

1

0

𝑢
4d𝑥 d𝑠

+ 𝐶∫

𝜏

0

∫

1

0

V4d𝑥 d𝑠 + 𝐶∫
𝜏

0

∫

1

0

𝜌
2

𝑥
d𝑥 d𝑠

+ 𝐶∫

𝜏

0

∫

1

0

𝜌
2

𝑥
𝑢
2d𝑥 d𝑠

+ 𝐶∫

𝜏

0

∫

1

0

𝜌
2

𝑥
(𝑟𝑢)
2

𝑥
d𝑥 d𝑠

≤ 𝐶 + 𝐶∫

𝜏

0

‖𝑢‖
2

𝐿
∞ ∫

1

0

𝑢
2d𝑥 d𝑠

+ 𝐶∫

𝜏

0

‖V‖2
𝐿
∞ ∫

1

0

V2d𝑥 d𝑠

+ 𝐶∫

𝜏

0

‖𝑢‖
2

𝐿
∞ ∫

1

0

𝜌
2

𝑥
d𝑥 d𝑠

+ 𝐶∫

𝜏

0

∫

1

0

𝜌
2

𝑥
(𝑟𝑢)
2

𝑥
d𝑥 d𝑠

≤ 𝐶 + 𝐶∫

𝜏

0

∫

1

0

𝜌
2

𝑥
(𝑟𝑢)
2

𝑥
d𝑥 d𝑠.

(35)

From (9)
2
, (18), (21), (22), and Gagliardo-Nirenberg-Sobolev

inequality, we can deduce that

∫

𝜏

0

∫

1

0

𝜌
2

𝑥
(𝑟𝑢)
2

𝑥
d𝑥 d𝑠

≤ ∫

𝜏

0

󵄩󵄩󵄩󵄩
(𝑟𝑢)
𝑥

󵄩󵄩󵄩󵄩𝐿2
󵄩󵄩󵄩󵄩
(𝑟𝑢)
𝑥𝑥

󵄩󵄩󵄩󵄩𝐿2
∫

1

0

𝜌
2

𝑥
d𝑥 d𝑠

≤
1

4
∫

𝜏

0

∫

1

0

𝜌
2

𝑥
(𝑟𝑢)
2

𝑥
d𝑥 d𝑠

+
1

4
∫

𝜏

0

∫

1

0

𝑟
−2
𝜌
−(1+𝛼)

(𝑟𝑢)
2

𝑠
d𝑥 d𝑠

+ 𝐶∫

𝜏

0

∫

1

0

(𝜌
2

𝑥
+ 𝑢
2
+ 𝑢
4
+ 𝑢
2

𝑥
+ V4) d𝑥 d𝑠,

(36)

where 𝐶 denotes a constant independent of time.The combi-
nation of (35) and (36) leads to

∫

1

0

(𝑟𝑢)
2

𝑥
d𝑥 + ∫

𝜏

0

∫

1

0

(𝑟𝑢)
2

𝑠
d𝑥 d𝑠 ≤ 𝐶, (37)

which together with (9)
2
, (18), (21), and (22) implies

∫

1

0

𝑢
2

𝑥
d𝑥 + ∫

𝜏

0

∫

1

0

𝑢
2

𝑠
d𝑥 d𝑠 + ∫

𝜏

0

∫

1

0

𝑢
2

𝑥𝑥
d𝑥 d𝑠 ≤ 𝐶. (38)
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Using the same methods, we can obtain the following:

∫

1

0

V2
𝑥
d𝑥 + ∫

𝜏

0

∫

1

0

V2
𝑠
d𝑥 d𝑠 + ∫

𝜏

0

∫

1

0

V2
𝑥𝑥
d𝑥 d𝑠 ≤ 𝐶,

∫

1

0

𝑤
2

𝑥
d𝑥 + ∫

𝜏

0

∫

1

0

𝑤
2

𝑠
d𝑥 d𝑠 + ∫

𝜏

0

∫

1

0

𝑤
2

𝑥𝑥
d𝑥 d𝑠 ≤ 𝐶.

(39)

The combination of (38)-(39) and (9)
1
–(9)
4
leads to (33).

Lemma 7. Under the same assumptions as Lemma 4, it holds
that

󵄩󵄩󵄩󵄩
(𝑢
𝜏
, V
𝜏
, 𝑤
𝜏
) (𝜏)

󵄩󵄩󵄩󵄩

2

𝐿
2
([0,1])

+
󵄩󵄩󵄩󵄩
(𝜌
𝜏
, 𝑢
𝑥
, V
𝑥
, 𝑤
𝑥
) (𝜏)

󵄩󵄩󵄩󵄩

2

𝐻
1
([0,1])

+ ∫

𝜏

0

󵄩󵄩󵄩󵄩
(𝑢
𝑠
, V
𝑠
, 𝑤
𝑠
) (𝑠)

󵄩󵄩󵄩󵄩

2

𝐻
1
([0,1])

d𝑠 ≤ 𝐶, 𝜏 ∈ [0, 𝑇] .

(40)

In addition, it holds that

𝜌 ∈ 𝐶
0
([0, 1] × [0, 𝑇]) , (𝑢, V, 𝑤) ∈ 𝐶0 ([0, 1] × [0, 𝑇]) ,

(41)

where 𝐶 > 0 denotes a constant independent of time.

Proof. Differentiating (9)
2
with respect to 𝜏, multiplying the

result by (𝑟𝑢)
𝜏
, and integrating the result with respect to 𝑥

over [0, 1], we have

1

2

d
d𝜏

∫

1

0

𝑟
−2
(𝑟𝑢)
2

𝜏
d𝑥 + 𝛼∫

1

0

𝜌
1+𝛼
(𝑟𝑢)
2

𝑥𝜏
d𝑥

= −
1

2
∫

1

0

(𝑟
−2
)
𝜏
(𝑟𝑢)
2

𝜏
d𝑥 + ∫

1

0

(𝑟
−2
𝑢
2
)
𝜏
(𝑟𝑢)
𝜏
d𝑥

− 𝛼∫

1

0

(𝜌
1+𝛼
)
𝜏
(𝑟𝑢)
𝑥
(𝑟𝑢)
𝑥𝜏
d𝑥

+ ∫

1

0

(
V2

𝑟
2
)

𝜏

(𝑟𝑢)
𝜏
d𝑥 − ∫

1

0

(

(𝜌
𝛼
)
𝑥
𝑢

𝑟
)

𝜏

(𝑟𝑢)
𝜏
d𝑥

− ∫

1

0

(𝜌
𝛾
)
𝑥𝜏
(𝑟𝑢)
𝜏
d𝑥.

(42)

A complicated computation gives

d
d𝜏

∫

1

0

𝑟
−2
(𝑟𝑢)
2

𝜏
d𝑥 + ∫

1

0

𝜌
1+𝛼
(𝑟𝑢)
2

𝑥𝜏
d𝑥

≤ 𝐶∫

1

0

𝑟
−2
(𝑟𝑢)
2

𝜏
d𝑥 + 𝐶∫

1

0

𝑢
2
𝑢
2

𝜏
d𝑥

+ 𝐶∫

1

0

𝑢
6d𝑥 + 𝐶∫

1

0

(𝑟𝑢)
4

𝑥
d𝑥

+ 𝐶∫

1

0

V2V2
𝜏
d𝑥 + 𝐶∫

1

0

V4𝑢2d𝑥

+ 𝐶∫

1

0

𝜌
2

𝑥𝜏
𝑢
2d𝑥 + 𝐶∫

1

0

𝜌
2

𝑥
𝑢
4d𝑥.

(43)

From (9)
1
, (9)
2
, (18), (21), (22), and Lemma 6, it holds that

∫

1

0

𝑟
−2
(𝑟𝑢)
2

𝜏
d𝑥 + ∫

𝜏

0

∫

1

0

𝜌
1+𝛼
(𝑟𝑢)
2

𝑥𝑠
d𝑥 d𝑠

≤ 𝐶 + 𝐶∫

𝜏

0

∫

1

0

(𝑟𝑢)
4

𝑥
d𝑥 d𝑠

≤ 𝐶 + 𝐶∫

𝜏

0

󵄩󵄩󵄩󵄩
(𝑟𝑢)
𝑥

󵄩󵄩󵄩󵄩

2

𝐿
∞ ∫

1

0

(𝑟𝑢)
2

𝑥
d𝑥 d𝑠

≤ 𝐶 + 𝐶∫

𝜏

0

∫

1

0

𝜌
2

𝑥
(𝑟𝑢)
2

𝑥
d𝑥 d𝑠

+ 𝐶∫

𝜏

0

∫

1

0

𝑟
−2
𝜌
−(1+𝛼)

(𝑟𝑢)
2

𝑠
d𝑥 d𝑠

+ 𝐶∫

𝜏

0

∫

1

0

(𝜌
2

𝑥
+ 𝑢
2
+ 𝑢
4
+ 𝑢
2

𝑥
+ V4) d𝑥 d𝑠

≤ 𝐶,

(44)

where 𝐶 > 0 denotes a constant independent of time, and
from (44), we can find

∫

1

0

𝑢
2

𝜏
d𝑥 + ∫

𝜏

0

∫

1

0

𝑢
𝑥𝑠
d𝑥 d𝑠 ≤ 𝐶. (45)

With the same methods, we can obtain the following:

∫

1

0

V2
𝜏
d𝑥 + ∫

𝜏

0

∫

1

0

V
𝑥𝑠
d𝑥 d𝑠 ≤ 𝐶,

∫

1

0

𝑤
2

𝜏
d𝑥 + ∫

𝜏

0

∫

1

0

𝑤
𝑥𝑠
d𝑥 d𝑠 ≤ 𝐶.

(46)

The combination of (45)-(46) and (9)
1
–(9)
4
leads to (40).

Now we turn to prove (41). It is easy to verify

𝜌
𝛾
∈ 𝐿
∞
(0, 𝑇,𝐻

1
([0, 1])) ,

(𝜌
𝛾
)
𝜏
∈ 𝐿
∞
(0, 𝑇, 𝐿

2
([0, 1])) .

(47)

This implies 𝜌𝛾 ∈ 𝐶
0
([0, 1] × [0, 𝑇]) and the continuity of

density 𝜌 ∈ 𝐶
0
([0, 1] × [0, 𝑇]). Indeed, it follows from (9)

1

that

(𝜌
𝛾
)
𝜏
= −𝛾𝜌

𝛾+1
(𝑟𝑢)
𝑥

= −𝛾𝜌
𝛾+1
𝑟𝑢
𝑥
− 𝛾𝜌
𝛾
𝑢𝑟
−1
∈ 𝐿
∞
(0, 𝑇, 𝐿

2
([0, 1])) ,

(48)

which together with (21) leads to the half of (41). From the
(33) and (40), we can obtain the continuity of𝑢, V, 𝑤 on [0, 1]×
[0, 𝑇]. The proof is completed.

Lemma 8. Under the same assumptions as Lemma 4, it holds
that

󵄩󵄩󵄩󵄩
(𝜌 − 𝜌, 𝑢, V, 𝑤) (⋅, 𝜏)󵄩󵄩󵄩󵄩𝐿2([0,1]) ≤ 𝑐1𝑒

−𝑐
2
𝜏
, 𝜏 > 0, (49)

where 𝑐
1
> 0 and 𝑐

2
> 0 denote two constants independent of

time.
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Proof. Applying (20) and (26), we can obtain

d
d𝜏

∫

1

0

(
1

2
(𝑢
2
+ V2 + 𝑤2) +

1

𝛾 − 1
(𝜌
𝛾−1

− 𝜌
𝛾−1
)

+𝜌
𝛾
(𝜌
−1
− 𝜌
−1
) ) d𝑥

+ ∫

1

0

1

𝑟
2
𝜌
𝛼−1

(𝑢
2
+ V2) d𝑥

+ ∫

1

0

𝑟
2
𝜌
1+𝛼

(𝑢
2

𝑥
+ V2
𝑥
+ 𝑤
2

𝑥
) d𝑥

+ (𝛼 − 1) ∫

1

0

𝜌
𝛼+1
(𝑟𝑢)
2

𝑥
d𝑥 = 0,

d
d𝜏

∫

1

0

(
1

2
((𝑢 + 𝑟(𝜌

𝛼
)
𝑥
)
2

+ V2 + 𝑤2)

+
1

𝛾 − 1
(𝜌
𝛾−1

− 𝜌
𝛾−1
) + 𝜌
𝛾
(𝜌
−1
− 𝜌
−1
)) d𝑥

+ ∫

1

0

𝜌
1+𝛼
(𝑟V)2
𝑥
d𝑥 + ∫

1

0

𝑟
2
𝜌
1+𝛼
𝑤
2

𝑥
d𝑥

+
4𝛼𝛾

(𝛾 + 𝛼)
2
∫

1

0

(𝜌
(𝛾+𝛼)/2

)
2

𝑥
𝑟
2d𝑥 = 0.

(50)

Meanwhile, with Poincáre-Sobolev inequality and Lemmas
4–7, we may get after a complicated computation that

d
d𝜏
𝐻 (𝜏) + 𝑐𝐻 (𝜏) ≤ 0, (51)

with

𝐻(𝜏) = ∫

1

0

((𝑢 + 𝑟(𝜌
𝛼
)
𝑥
)
2

+ 𝑢
2
+ V2 + 𝑤2

+
1

𝛾 − 1
(𝜌
𝛾−1

− 𝜌
𝛾−1
) +𝜌
𝛾
(𝜌
−1
− 𝜌
−1
) ) d𝑥,

(52)

where 𝑐 > 0 is a constant independent of time, and (52)
implies that

𝐻(𝜏) ≤ 𝐻 (0) 𝑒
−𝑐𝜏
, (53)

from which we obtain (49) immediately.

4. Proof of the Main Results

Proof. The global existence of unique strong solution to
the IBVP (9)–(12) can be established in terms of short
time existence carried out as in [7], the uniform a priori
estimates, and the analysis regularities, which indeed follow
from Lemmas 4–7. We omit the details. The large time
behaviors follow Lemma 8 directly. The proof of Theorem 1
is completed.
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