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The concept of s-logarithmically preinvex function is introduced, and by creating an integral identity involving an n-times
differentiable function, some new Hermite-Hadamard type inequalities for s-logarithmically preinvex functions are established.

1. Introduction

Throughout this paper, let R = (-00,00), R, = (0,00), N
denote the set of all positive integers, I denote the interval in
R, and A denote the set in R”,n € N.

Let us recall some definitions of various convex functions.

Definition 1. A function f: I C R — R is said to be convex
if
FAx+1 -1 y)<Af () +(1=-1) f(y) (1)

holds for all x, y € I 'and A € [0, 1]. If inequality (1) reverses,
then f is said to be concave on I.

Definition 2 (see [1]). A set A € R" is said to be invex with
respecttothemapn: AxA — R” ifforeveryx, y € Aand
te[0,1]

y+tn(xy) € A )

The invex set A is also called a 77-connected set.

It is obvious that every convex set is invex with respect to
the map #(x, y) = x — y, but there exist invex sets which are
not convex (see [1], e.g.).

Definition 3 (see [1]). Let A € R" be an invex set with respect
ton: AxA — R". Foreveryx, y € A, they-path P, joining
the points x and v = x + #(y, x) is defined by

P, =1{z|lz=x+tn(y,x),t €[0,1]}. 3)

Definition 4 (see [2]). Let A € R” be an invex set with respect
ton: AxA — R" Afunction f: A — R is said to be
preinvex with respect to #, if for every x, y € Aand t € [0, 1]

fly+tn(xy) <tf () +1-1) f(y). (4)

The function f is said to be preincave if and only if —f is
preinvex.

Every convex function is preinvex with respect to the map
n(x, y) = x — y, but not conversely (see [2], e.g.).

Definition 5 (see [3]). Let A € R" be an invex set with respect
ton: Ax A — R”. 'The function f: A — R, on the set A
is said to be logarithmically preinvex with respect to 7, if for
every x,y € Aandt € [0,1]

f+tn(xy) < [fF@OITfD] (5)

For properties and applications of preinvex and logarith-
mically preinvex functions, please refer to [1-8] and closely
related references therein.
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The most important inequality in the theory of con-
vex functions, the well known Hermite-Hadamard’s integral
inequality, may be stated as follows. Let I € R and a,b € I
witha < b.If f: [a,b] €I — R isa convex function on
[a, b], then

b
f(‘”b)s LJ Fx)dx < w ()

2 b-al,

If f is concave on [a, b], then inequality (6) is reversed.
Inequality (6) has been generalized by many mathemati-
cians. Some of them may be recited as follows.

Theorem 6 (see [9, Theorem 2.2]). Let f: I CR — Rbea
differentiable mapping on I and a,b € I with a < b. If | ' (x)]
is convex on [a, b], then

f@+f®) 1 Jb
2 b-a

f(x)dx

a

)
_e-a[lf @ +|f ®]]
< - .

Theorem 7 (see[10, Theorem 1]). Let I € R and a,b € I with
a<b.Iff:lab] <I — Risdifferentiable on [a, b] such that
If'(x)lq is a convex function on [a, b] for q > 1, then

‘f(a)+f(b)_ 1 J

b
2 b-a fodx

a

1/q 8)
_b-a| [f'@+ | @)
< 5 .
Theorem 8 (see [11, Theorem 2.3]). Let f : I € R — R
be differentiable on I, a,b € I witha < band p > 1. If
| ()PP~ is convex on [a, b], then

a+b 1t
i (552)- L e
<b—a< 4 )“P

To16 \p+1

" {[|f,(a)|p/<p—1) . 3|f’(b)

9)
|p/<p—1)]1*1/1’

p/(p-D) e
; [3|f’(a)| | o) ] }
Theorem 9 (see [6]). Let A C R be an open invex set with
respectton : Ax A — Randa,b e Awithn(a,b) > 0 for
alla+b.If f: A — R, is a preinvex function on A, then the
following inequality holds:

2b+1(a,b) 1 bnab)
f( 2 )Sn(a,b) L fx)dx

L S@+fO)
2

(10)
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Theorem 10 (see [4, Theorem 4.3]). Let A € R be an open
invex set with respect tonp : Ax A — Randa,b € Awith
n(a,b) > 0 for all a # b. Suppose that f : A — R is a twice
differentiable function on A and |f" (x)| is preinvex on A. If
q > 1and f" is integrable on the n-path P,, forc = b+#(a,b),
then

ben(ab)
f®) + f(b+n(ab)) 1 J U ) dx

2 n(ab) by

(11)

: /
OO+ | o)

Theorem 11 (see [12, Theorem 3.1]). Forn € Nandn > 2, let
A C R be an open invex set with respect ton : AxA — R and
a,b € Awithn(a,b) > 0foralla + b. Supposethat f : A — R
is an n-times differentiable function on A and " is integrable
on the n-path P, for ¢ = b+ n(a,b). If | f™ |1 is preinvex on A
forq > 1, then

b+n(a,b)
fO+f+n@b) 1 J" s

2 n(a,b) Jo

"y (a,b)]* (1 - k)

& 4(k+ 1)

< [fE® + D) P b+ y(ab)] ‘
(12)

@l -7

T 4[(n+ 1) (n+2)

X {[n'f(n)(a)'q (- 2)'f(n)(b)|q]l/q

+|or -2 @[+ n|f(”)(b)|q]l/q} :

Theorem 12 (see [13, Theorem 5]). Forn € Nandn > 2, let
A € R be an open invex set with respectton : AXA — R and
a,b € Awithn(a,b) > 0foralla + b. Supposethat f: A — R
is a function such that f™ exits on A and f is integrable on
[a,a + n(b,a)]. If | f™|1 is logarithmically preinvex on A for
q = 1, then we have the inequality

a+n(b,a)
f@+fla+nba) 1 J" F o) dx

2 1 (b, a)

a

LD k-1 (7 (b @) (13)

P (a+n®.a)

paue’ 2(k+1)!
(b, )” —1\\"Va
USP(nD) mar
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where
E, (”> ‘Z)

_coma[n (7 @) - (|7 @[] + 2} @[
. ¢ [In |/ @) ~In (|12 @]
2 " @)
q[n ([ ®)]) - n (| (@)])]
& D a[n ([ @f) - In (| @])] + 2]
kZ (n - K)g+! [1n (| £ @) = In (| @])]"

il O @)

(14)

Recently, some related inequalities for preinvex functions
were also obtained in [14, 15].

In the paper, the concept of s-logarithmically preinvex
function is introduced, and by creating an integral iden-
tity involving an n-times differentiable function, some new
Hermite-Hadamard type inequalities for s-logarithmically
preinvex functions are established which generalize some
known results.

2. New Definition and Lemmas

Now we introduce concepts of s-logarithmically preinvex
functions.

Definition 13. Let A € R” be an invex set with respect to % :
Ax A — R" The function f: A — R, on the set A is said
to be s-logarithmically preinvex with respect to #, if for every
x,y € At €[0,1],and some s € (0, 1]

Fl+tn(xy) < @I Fo™. a5

Clearly, when taking s = 1 in (15), then f becomes the
standard logarithmically convex function on A.

In order to obtain our main results, we need the following
lemmas.

Lemma 14. Forn € N, let A € R be an open invex set with
respectton: AxA — Randa,be Awithn(a,b) > 0 forall
a+b.If f: A — Risann-times differentiable function on A
and f™ is integrable on the #-path P, for c = b+1n(a,b), then

bin(ab)
f(b)+f(b+17(a,b))_ 1 j g £ dx

2 n(a,b) Jp

C 1

’ ,;2k!;7 (a,b)

X [(b - x)k_1 (2x - 2b-kn(a,b)) + (b +n(a,b) - x)k‘l
x (2b+ 21 (a,b) - 2x — kn (a, b)) ] £ (x)

[1(a,b)]"
2n!

3
(x=b)/(n(a,b)) )
X “ (=t 2t =) £ (b + tn (a, b)) dt
0
1
+J 1-""'Qt+n-2)
(x=b)/(n(a,b))
x f(b+tn(ab))dt |,
(16)

where x € [b,b + (b, a)] and the above summation is zero for
n=1.

Proof. Since a,b € A and A is an invex set with respect to 7,
for every t € [0, 1], we have b + ty(a,b) € A. Whenn = 1, by
integrating by part in the right-hand side of (16), one gives

%’b) “01 Qt=1) f (b+1tn(a, b))dt]

_ f (b) + f (b + 11 (61, b)) a 1 J~b+r](a,b)
) 2 n@b) by

Hence, the identity (16) holds for n = 1.

When n = m and m > 1, suppose that the identity (16) is
valid.

When n = m + 1, by the hypothesis, we have

[’1 ([1, b)]mﬂ
2(m+1)!

(x=b)/(n(ab))
y J ()" (2t —m—1)
0

x f(m”) (b+tn(a,b))dt

1
+J (1-"Qt+m-1)
(x-b)/(5(a,b))

x f (b 4ty (a, b)) dt

_[n@v]”
C2(m+1)!

(L) (2w e

J-(xb)/(fv(%b))

)" m+1) (m - 2¢)
0

x £ (b + ty (a, b)) dt



~ b+n(a,b)—x\"[2x-2b . ()
( 1 (a,b) )(ﬂ(a,b)+m 1>f )

1
—J A-""m+1)
(x=b)/(n(a,b))

x (2 -2t —m) £ (b+tn(a,b)) dt]

1
T 2(m+ )y (ab)

< {(b-x)"[2x - 2b~ (m+ 1)1 (a, b)]
~(b+1n(ab)-x)"[2x-2b+ (m - l)q(a,b)]}

[n(a,b)]"

x f )+

(x=b)/(n(a,b)) .
x “ (=)™ (2t = m) £ (b + tn (a, b)) dt
0

1
+J A-0""'Qt+m-2)
(x=b)/(n(a,b))

X (b + 1ty (a, b)) dt]

_ f®+ f(b+nab)) 1 b+n(a,b)
- 2 B n (a,b) L f (x)dx
m+1 1

X [(b - x)*" (2x - 2b - kny (a, b))
+(b+n(ab) - x)k71 (2b + 217 (a,b) - 2x — kn (a, b))]
x 50 (x).
(18)

Therefore, when n = m + 1, the identity (16) holds. By
induction, the proof of Lemma 14 is complete. O

Remark 15. Under the conditions of Lemma 14, we have

f b) + f (b +7 (a, b)) B 1 Jb+n(a,b)
2 n (a’ b) b

f(x)dx

% (@, 0)] 2 k) ey
+ (b)
l; 2k! f (19)
[1(a,b)]"

! n—-1
ZZ—H!L (1-6""'Qt+n-2)

x £ (b +ty(a, b)) dt,

f (b) + f (b + 11 (Cl, b)) B 1 Ib+q(a,b)
2 n (a’ b) b

f(x)dx
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n [7(a,0)] (1 -k) [1+ (-]
.

Pt 2kk!
(k-1) n(a, b))
x f <b + —
[n@b)”
- 2n!

/
x “01 Sty @t o) £ (b4t (a,b)) de

+ Jl 1-0)""@t+n-2) f (b+ty(a,b))dt]|,
1/2

(20)
f®)+ f(b+n(ab)) 1 b+n(ab)
2 'nme f ) dx
n [_ k-1 _
+ Z [ ’7(5" b)Q]‘k' (2 k)f(k—l) (b + T’](ﬂ, b))
k=2 '
[n(a,b)]" (!

T ol L (-t @t =n) fO (b + ty(a,b))dt.
(21)

Proof. These are special cases of Lemma 14 for x = b, b +
n(a,b)/2, b + n(a, b), respectively. O

Remark 16. Adding the identities (19) and (21) and then
dividing by 2 result in Lemma 14 from [12].

Lemma 17. Let yu > 0 and x > 0. Then

X
E(nu,x)= L " dt

1yl n _1\k,nk
Ln:i. + n!‘ux L}m) M :'L 1,
— 1 (Inp) im0 (n—k)!(In p)
xn+1
> =1
n+1 “
(22)
forn>0,n¢eN.
Proof. When y = 1, the proof is straightforward.
When y # 1, for n = 0, we have
* oy w1
dt = , 23
Jo : Iny @

which coincides with the right-hand side of (22) for n = 0.
For n = 1, we get

* xp* 1 J- t
tuldt = " - — dt
j-o “ Ing Inulo #

(24)

R SIS D2
(Inw)* Inp (nw]’
which coincides with the right-hand side of (22) for n = 1.
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Suppose that (22) is true for n = m, m > 0, then, for
n =m+ 1, it follows that

x m+l x x
J gy = X #_mrl J £y dt
0 lny lny 0

~ xm+1#x ~ m+1 (_1)m+1m‘
(ln ‘[,{)m+1

. m (_1)kxm—k
k+1

Inu Inu
+mlu
za(m - k)!(In p)

_ (_1)m+2 (m + 1)| merl[ux
(ln}lyw+2 lrly

m+1 ( 1)k m—k+1
+(m+ 1)![4xz
o1 (m—k+1)!(Iny

)k+1

( )m+2 (m+ ), m+1 ( 1)k m—k+1

_) mt ) !
(Iny)™*? D kZ‘)(m k+ 1)!(In )

k+1°

(25)

Therefore, when n = m + 1, the identity (22) holds. By
induction, the proof of Lemma 17 is complete. O

Lemma 18 (see [16]). Lety > 0, u > 0, and x > 0. Then

. 0 (ln )"
G('y;‘u, x) = J tV_l‘utdt = x)’#xz% < 00,
0 =
(26)

where (y), = y(y + Dy +2)---(y + k- 1).

By Lemmas 17 and 18, a straightforward computation
gives the following lemmas.

Lemma 19. Let y > 0 and x > 0. Then

F(nu,x) =nE(n—-1;u,x) - 2E (m p, x)

’2 X n
{;; +n!(ln[4+2)
-1 n n -1 k-1 _n-k
= X ( )n+1 + xz ( ) = k+1 4 #1
(In p) i1 (n = k)!(In )
x"(n+1-2x) .
n+1 “=

(27)

forn>0,neN.

Lemma 20. Lety >0, u > 0, and x > 0. Then
H (y; ¢, x) 2 nG (y; 1, x) = 2G (y + L s x)
Cn(y+k)-2xy] @9
(Vs ’

(y +k).

Lemma 21 (see [17]). Let0 < ¢ < 1 < yand0 < t,s < 1.
Then

B io: —xlny

where (Y)je; = y(y + D(y +2) -

¢t < ¢st)

st+1-s

5 (29)
vy

3. Hermite-Hadamard Type Inequalities

Now we start out to establish some new Hermite-
Hadamard type inequalities for n-times differentiable
and s-logarithmically preinvex functions.

Theorem 22. Forn € Nandn > 2, let A € R be an open
invex set with respect torp : Ax A — Randa,b € Awith
n(a,b) > 0foralla # b. Suppose that f : A — R is an n-times

differentiable function on A and f™ is integrable on the n-path
P, forc = b+y(a,b). If | f™|1 is s-logarithmically preinvex on
A for q > 1, then for x € [b,b +n(a,b)] and some s € (0, 1]

f®)+ f(b+n(ab)) 1 br(ab)
2 " (@) e

+
];22k';1 (a,b)

X [ (b- x)k71 (2x - 2b-kn(a,b))
+(b+n(a,b) - x)k_l (2b+2#5(a,b) - 2x — kn (a, b))]

x f40 ()

(n+1-q)/q
B [n(a,b)]

T 2nl(n+ 1)
" {lf‘"> @[5 o
x [(x = )" [(n+ 1)y (a,b) - 2 + 26]]'
g X—b )]l/q
x[F(n,§ @) +
X [(b +1(a,b) — x)" [(n—1) 5 (a,b) + 2x - Zb”l_l/q

X [F (n;gfsq’ %)]l/q} )

@[ |7

(30)



where & = If(")(a)/f(")(b)l, F(n; u, x) is defined in Lemma 19,
and

{o, B}
({0, 5}, if 0<|f® @], [f ®)| <1,
(0,1}, if 0<|f” @] <1<|f"®),
a-ss ifo<|f”®)|<1<[f" @),
-5 1), i [fP @] | ®)]>1,
(3D
{6, 6}
({01, ifo<|f™@)||f"®)| <1,
fs1-sh, ifo<|fP@|<1<|f" @),
oo, if0<[f®®)|<1<|f" @),
[{L1-s), i |[f” @] |/ ®)f>1.

Proof. Since a,b € A and A is an invex set with respect
to n, for every t € [0,1], we have b + trn(a,b) € A.
Using Lemma 14, Holder’s inequality, and s-logarithmically

preinvexity of | £ |, it yields that

f®) + f(b+n(ab)) 1 b+n(ab)
2 " n(ab) L fx)dx

c 1
' gzzk!n (@b)
X [(b - ) (2x = 2b - kny (a, b))

+(b+1n(a,b) - x)k_l (2b + 217 (a,b) - 2x — kn (a, b))]

x & (x)

[1(a, b)]"

<
2n!

0

(x=b)/(n(a,b)) )
x “ 7 (0= 20| £ (b -+t (a,b) |

1
+J A-0""'Qt+n-2)
(x=b)/(n(a,b))

x | £ (b+t;1(a,b))|dt]
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. [n, b)]"

2n!

(x=b)/(n(a,b)) 1-1/q
x “ " n - 2t)dt]

0

(x-b)/(1(a.b)) 1ty
x “ ! (n-20) | f )]
0

qt’ Y
x| (@) dt]

1-1/q
1-0)"'Qt+n- 2)dt]

1
-l
(x=b)/(n(a,b))

1
XH 1=ty @t+n-2)
(x=b)/(n(a,b))

) (100 oy a1
|7 @ | @l |

(32)

By Lemmas 17 and 21, for 0 < |f(")(a)|, If(")(b)l < 1, we give

(x=b)/(n(a,b)) ~ (1-t)° t*
j e - 20 | )" | F O @)|" at

0

1-t
< sq(1-t)

J'(x—b)/(ﬂ(a,b))

-2 [fOO | )| " dt

0

-5 O [ (- 1587 2= )

B e x—b>
2E<”’E "7 @b) ]

1 S

_ (1-t)

j 1-0""'2t+n-2) |f<”> (b)|q '
(x=b)/(n(a,b))

(33)

x| (a)|qtsdt

1-t)
<

1
_ (
| 1=ty e+ n-2) [f o)
(x=b)/(n(a.b))

x| £ ()| " at

sq(1-t)

dt

(brr(ab)-0)/ (b)) it
| 7 (- 20 [ £ )| (@)

0
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=@ [HE (n - LE, W)

1(a,b)
- b+11(a,b)—x)]
_2F(mgea ZEGD T X
< J 1(a,b)
(34)
For 0 < | f™(a)| < 1 < |f™(b)|, we get
(b ab) |
| e =20 £ 0|10 d
(x=b)/(n(a,b)) s(1-t)+1—s s
< J 77" (n - 21) |f(")(b)|ﬂ o ]|f(")(a)| " dr
0
(n) s x-b
O e (n-189. 222
-l ' ks 1(a,b)
b
e )]
"1(a,b)
(35)
! n— n q1-t°" t*
j A= e en-2 @ | @) ar
(x=b)/(n(a,b))
1 S(1—= —S
sJ -t @t +n=2) | @)
(x=b)/(n(a,b))
x| (@) " at
(b+n(a,b)-x)/ (n(ab)) st+l—s
- L 7 (- 20) [ £ )
x| £ @) "t
W), S| p(n) gy 14019 o b+nlab)—x
TR TR0 e P CR: q’;(a—b)>
_2E <n; 5‘5’1’ W)] .
1(a,b)
(36)
For 0 < | f™(b)| < 1 < | f"(a)|, we obtain
b/ ab) R
L e =20 [ £ @0 @] ae
(x=b)/(n(a,b)) n— n s(1-t) " (st+1- s
L
n S| (n (1-s) s x—-b
=l [”E<”_1 T b))

_2E< i nx(a,z)ﬂ’

(1-t)""Qt+n-2) 'f(ﬂ)(b)r?(l’t)s'f(n)(a)'qt‘dt

1
Ju(xfb)/(ﬂ(a,b))
1
_ (1-t)
sj (-0 @t +n-2) | )"
(x=b)/(n(a,b))

q(st+1-s)

x|f* (a) dt

J(b“rﬂ(a)b)—x)/ (n(a,b))

tn—l (n _ 2t) |f(n) (b)|qst

0

qls(1-t)+1-s]

dt
b+11(a,b)—x>
1(a,b)

g b+1(a,b)—x
_ 554
28 (e 1(@.b) )|

x 'f(ﬂ) (a)

=@/’ [nE <n - 1E,

(37)

For | f™(a)|, | f™(b)| > 1, we have

J<x—b)/(n<a,b>) (1)

e =20 |1 @) | @] at

0
-b)/(nab) [s(1=)+1-s]
< J e I(H—Zt) |f(n) (b)'qs s

0

q(st+1-s)

x|f* (@) dt

n n (1- s b
| ® | @ [k (- v, 2 )

(38)

(1—05'

(-0 @ren=2) 6" | @l d

1
J (x=b)/(n(ab))

1
sj 1-0""'Qt+n-2)
(x=b)/(n(a,b))

% |f(n) (b)
J (b+y(a,b)-x)/(n(a,b))

qls(1-t)+1-s] q(st+1-s)

() dt

" (n-21)
0

q(st+1-s qls(1-t)+1-s]

17" () dt

q(1-9) [ < —sq b+n(a,b) - x)
nE{n-1; , —
¢ 1 (a,b)

2E <n; £ %)] ‘
(39)

™ |f(ﬂ) b)

= | @[ ®)|



Using Lemma 19 and substituting (33) to (39) into (32), we get
inequality (30).
Theorem 22 is thus proved. O

Corollary 23. Under the assumptions of Theorem 22,
(Difq =1, then

f®+ f(+nab) 1 bn(ab)
l 2 STol Ak

z 1

=, 2k!n (a,b)

x[(b ) (2x = 2b - kn (@, b)) + (b + (@, b) — x)

x (2b+ 2 (a,b) - 2x — kg (a,b)) | 47 (x)

< LI 1o @ o [ ()]

@[ )

2=

(40)

(2) ifs =1, then

f®+ f(+nab)) 1 bin(ab)
l 2 el W
v 1
=, 2k!n (a,b)

x[(b X (2x = 2b - kn (@, b)) + (b + (@, b) — x)

x (2b + 21 (a,b) — 2x — kn (a, b)) ] f(kfl) (x)

(n+1-q)/q
s [n(a,b)]
2nl(n+ 1)1

x { £ @) [(x = 0)" [(n+ 1)y (a,b) - 2x +26]]' 72

[r(men 2N
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x [(b +1(a,b) - x)" [(n-1)n(ab) +2x - Zb]]l_l/q

X[F(n;f—q,%>j|l/Q}'

(41)

Theorem 24. Forn € Nandn > 2, let A € R be an open
invex set with respectton : Ax A — Randa,b € A with
n(a,b) > 0foralla + b. Suppose that f : A — R is an n-times
differentiable function on A and f™ is integrable on the n-path
P, forc = b+n(a,b). If | f™ | is s-logarithmically preinvex on
A for q > 1, then for x € [b,b + n(a,b)] and some s € (0, 1]

f®)+ f(b+n(ab)) 1 bn(ab)
2 'nme flxydx

c 1
=, 2k!n (a,b)

x[(®- 2" (2 - 26~ kn (a,b)) + (b + n(a, b) - )"

x (2b+ 217 (a,b) - 2x — kny (a,b)) | 47 (x)

a1 g
T 2 lap) 29-1

X { I:(T’ll’] ((1, b) —2x + zb)(zqfl)/(qfl)

e b))(zqil)/(qﬂ)]lil/q| @ )|
sq X — b >]
[ <”‘1 g+ 1;&9, -
+ [((1’1 -2) n (a,b) +2x — Zb)(zq_l)/(qﬂ)
— (nn(a b))(Zq—l)/(q_l)]l_l/q
X 'f(n) (a)'5|f(n) (b)'e
_ b+;«](a’b)_x g
- . sq btn(ab)—x
felmare =G
(42)

where &, {a, B} and {8,0} are given in Theorem 22 and
G(y; u, x) is defined by (26).

Proof. Since a,b € A and A is an invex set with respect
to n, for every t € [0,1], we have b + trn(a,b) € A.
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Using Lemma 14, Holder’s inequality, and s-logarithmically
preinvexity of | f|4, it follows that

f®+ f(b+nab)) 1 bn(ab)
5 - (@b L f(x)dx
' Zzzk'n (ab)

k
x [(b-x)" (25 26 kn (a, b)) + (b + y(a, b) - )"

x (2b+ 211 (a,b) - 2x — kny (a, b)) | 47 (x)

< [1(a,b)]"
2n!

(x-b)/(n(a.b)) 1-1/q
X “ (n- 2t)q/(q_l)dt]

0

(x=b)/(n
]
0

1 l—l/q
+ J Qt+n- Z)q/(q_l)dt]
(x=b)/(n(a,b))

_ q(1-t)° qt° Ya
£ 1)q|f(n)(b)' |f(")(a)| dt:|

1 q(l_[)s

t)(nfl)q |f(n) (b)'

Jx b)/(r] ab))
t* ta
[ @) dt] }

The rest is the same as the proof of Theorem 22. O

(43)

Corollary 25. Under the assumptions of Theorem 24, if s = 1,
then

f®+ f(b+nab) 1 bn(ab)
2 " n(a,b) L f(x)dx

+) 2kl7 (a,b)

k=2

x [(b- )" (2 - 26— kn (a,0)) + (b + y(a, b) - )

x (2b+ 27 (a,b) - 2x — kn (a, b)) ] f(kfl) (x)

_ D@ b 1 g\
T 2ty 2g-1

x { [("W(a, b) - 2x + zb)(Zq‘l)/(q—l)

— (nn (a, b))@q—l)/(q—l)]l‘l/q |f(n) (b)|

9
-b 1/q
X G<n —g+1;&, X )]
[ q—4 @b
+ [((n - 2)77(51, b) +2x — zb)(ZQ—l)/(q—l)
_ _ 171/(1 "
~(nn(a, b)) 2T 1)] £ (a)
- b+l’](a,b)—x 1/q
X G<n - +1;£q,—)] ‘
[ q—4 @)
(44)
Theorem 26. Forn € Nandn > 2, let A € R be an open

invex set with respect tonp : Ax A — Randa,b € Awith
n(a,b) > 0foralla # b. Suppose that f : A — R isan n-times
differentiable function on A and f™ is integrable on the n-path
P, forc = b+n(a,b). If | f™ |9 is s-logarithmically preinvex on
A forq > 1, then for x € [b,b+1(a,b)],0 <r < (n-1)q, and
some s € (0,1]

f®)+ f(b+n(ab)) 1
2 n(a,b

b+n(a,b) p
) L flx)dx

C 1
=, 2k!n (a,b)

X [(b - x)¥ (2x = 2b =k (a, b)) + (b + 5@, b) — x)*"

x (2b+ 217 (a,b) - 2x — kny (a, b)) | 47 (x)

§ [}7(“; b)](r+27q)/q |: q- 1 ]1 1/q9
- 2n! (ng—-r-1mg+q-r-2)

« {|f‘”) (a)|“|f(”) (b)|'3(x _ p)tna-r-Dia

x [n(ng+q-r-2)n(ab)

—2(ng-r-1)(x— b)]l_l/q

<[l B

x[n(ng+q-r-2)n(a,b)

+@[ | o)

-2(nqg—-r-1)(b+n(a,b) - x)]l_l/q

x (b+n(a,b) - x)" N

.ﬁqb+ﬂWJﬁ—X>Tm
X[H<r+1,5 ’—q(a,b) ,

(45)
where &, {a, f} and {8,0} are given in Theorem 22 and
H(y; u, x) is defined by (28).

Proof. Since a,b € A and A is an invex set with respect
to n, for every t € [0,1], we have b + trn(a,b) € A.
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Using Lemma 14, Holder’s inequality, and s-logarithmically
preinvexity of | |4, it turns out that

f®)+ f(b+n(ab)) 1 bn(ab)
’ 2 (b L flx)dx
" 222 k'n (a b)

k=
x [ - )" (2= 2b — kny (a,0)) + (b + (@, b) - x)*"

x (2b + 211 (a,b) — 2x — kn (a, b)) ] f(k_l) (x)

_ [nta, b)]"

2n!

(x-b)/((a.b)) 1-1/q
« { [ J (a-a-11a=D) () _ o) dt]
0

(x-b)/ (@) oy
x U ¢ (=20 @)

0
- 1/q
x |f(”) (a)|q dt]

1 1 l/q
+ “ (1-p)"a /@D 4y 2)dt]
(x=b)/(1(a,b))

X[J(l (1-0"Q2t+n-2)

x=b)/(n(a.b))

s s qYa
. A=) (n t
< || }
(46)
The rest is also similar to the proof of Theorem 22. [

Corollary 27. Under the assumptions of Theorem 26,
() ifr = 0, then

f®) + f(b+n(ab)) 1 bin(ab)
2 _meL fx)dx
" 222 klny (a b)

k=
x[(b- 2" (2 - 26— kn (a, b)) + (b + y(a, b) - )

x (2b + 27 (a,b) — 2x — kn (a, b)) ] FE (x)

3 [’I(a’ b)](Z—q)/q g-1 1-1/q
- 2n! [(nq— 1)(nq+q—2)]
4

f(")(b)'ﬁ(x _ b)(nq—l)/q

@]
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x [n(nq + q — 2)n(a,b) — 2(nq — 1)(x — b)]l_l/q

pa X0 v
|l gs))
x [(n-1)(nq - 2)n(a,b) - 2(ng — 1)(b - X)]lil/q

x (b+n(ab) - x)" 71
pesq b+ 1(ab) - x la )
X[Hofq’ 1(ab) ﬂ }’

(2) ifr = (n—1)q, then

'f(n)(a)'8 f(n)(b)|6

(47)

f®)+ f(b+n(ab)) 1 b+n(ab)
2 _n@wL f o dx
+zzﬂwb

k
x[(b- )" (2 - 26~k (a,0)) + (b + 5(a b) - )

x (2b + 21 (a,b) — 2x — kn (a, b)) ] f(kfl) (x)

n—2+2/q

. [n(a,b)]"™
2n!

X {| @[ [0 [ - b)m(a,b) - x+ b)]

[ ((n—l)q+lf$q x_Z)> 1/‘1+

x| £ (b)| [(b+7(ab) - x)

x((n-1)5(ab) +x - b)]" ™1

)

(48)

|f(")(a)|5

b+n(ab)-x

x [H((n -1)g+ ;&% @b)

(3)ifs =1, then

f®+ f(+nab) 1 b+(a,b)
I 2 - 1 (a,b) L f () dx
+22nwb

k
x [(b x)k! (2x - 2b—kn(a,b)) + (b +n(a,b) - x)k_1

X (2b+ 277 (a,b) - 2x — kn (a,b) | f*7 (x)
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q- 1 1-1/q

(ng—r-1)nqg+q-r-2)

(r+2-q)/q
_ [n@.b)] [
2n!

x { |f(") (b)' (x - b)(nq—r—l)/q

x[n(ng+q—r-2)n(a,b)

2(ng-r-1)(x-b)]'

<[ (e 2N o )

x [n(ng+q-r-2)n(a,b)

~2(nq-r-1)(b+n(ab)-x)]"

x (b +y(a,b) — x)"7 D

<[oa(renen =B
(49)
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