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Some sufficient conditions for biholomorphic convex mappings of order « on the Reinhardt domain B), in C" are given; from
that, criteria for biholomorphic convex mappings of order « with particular form become direct. As applications of these sufficient
conditions, some concrete biholomorphic convex mappings of order « on Bg are provided.

1. Introduction and Preliminaries

The analytic functions of one complex variable, which map
the unit disk U = {z € C : |z| < 1} onto starlike
domains or convex domains, have been extensively studied.
These functions are easily characterized by simple analytic or
geometric conditions. In the case of one complex variable, the
following notions are well known.

Let HU)={f:U +— C be analytic in U with f(0) =
f'(O) —1 = 0}. A function f € H(U) is said to be convex if
f(U) is convex, that is, given w,, w, € f(U), tw,; +(1-t)w, €
f(U) forallt € [0,1]. We let K denote the class of univalent
convex functions in U. Suppose « € [0,1). If f ¢ H(U)
satisfies f'(z) # 0 for all z € U and the following inequality:

Re{z]]:, (Z) +1} >a, VzelU, (1)

then we call f(z) a convex function of order « in U. We let
K(«) denote the class of convex functions of order « in U. It
is evident that K = K(0).

In higher dimensions, demanding that a mapping takes
the unit ball to a convex domain turned out to be a very
restrictive condition. It is rather hard to construct concrete
biholomorphic convex mappings on some domains in C”,
even on the Euclidean unit ball.

Suppose 7 is a fixed positive integer, p > 1. Let C”
be the space of n complex variables z = (z1,2,,...,2,)
with the usual inner product (z,w) 27:1 zjw;, where
w = (w,w,,...,w,) € C". We introduce the p-norm of
C": llzll, = (XL, 17,177, and let B, = {z € C": |l < 1}
it is evident that B} is a Reinhardt domain. For simplicity, let
lzll = lizll, = v{z,2).

Let H (B;) be the class of holomorphic mappings f(z) =
(f1(2),..., f,(2)) in the Reinhardt domain B;, where z =
(z1,...,2,) € C". A mapping f € H(B)) is said to be
locally biholomorphic in B; if f has a local inverse at each
point z € B; or, equivalently, if the first Fréchet derivative
Df(2) = (9f;(2)/0z)1<j k<n is nonsingular at each point in
B,

The second Fréchet derivative of a mapping f € H (B;)
is a symmetric bilinear operator D? f(@)(,) on C" x C",
and D f(z)(z, -) is the linear operator obtained by restricting
D? f(z) to {z} x C". The matrix representation of D? f(z)(b,)

1S
) s )
1<j, ksn

where f(z) = (f,(2),..., fu(2)), b= (b;,...,b,) € C".

" 3 f; (2)
2 _ j
D*f (2) (b,") = (Z 52,52

=1
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Let N (Bg) denote the class of all locally biholomorphic
mappings f : B, — C"such that f(0) = 0, Df(0) = I,
where I is the unit matrixof n x n. If f € N (Bg) is a biholo-
morphic mapping on B, and f(B},) is a convex domain in C",
then we call f a biholomorphic convex mapping on B;. The
class of all biholomorphic convex mappings on B; is denoted
by K (B;). Obviously, K = K (B;). The biholomorphic convex
mapping of order « on B, was introduced and investigated
in [1-5]; the ¢ starlike and & quasi-convex mappings were

investigated in [4, 6].

Definition 1 (see [1-3, 5]). Suppose 0 < a < 1, p =
2, u(z) = Z;Ll |zj|P, and f € N(B;). Assume that for any
z = (21,...,2,) € B; and b = (b,....b,) € C" with
Re(b, 0u/0z) = 0, we have

2 n
v = e £ S+ £ (1)
$h
- 142 ou
—<Df<z> Df(z)(b,b>,£>}

> - gz Zklp zlbk N

(3)

where 0u/0z = (0u/0z,,...,0u/0z,). Then, f(z) is called a
biholomorphic convex mapping of order o on B;. The class
of all biholomorphic convex mappings of order « on B;‘, is
denoted by K(B”, «). It is evident that K (B;) = K(B",0) and
K(B!,a) = K(x).

In 1995, Roper and Suffridge [7] proved that if f € K

and F(f)(z) = (f(z)),\f'(z))z,), where z = (z,,2,) €
B, z, € U zy = (20...,2,) € C"', then F(f)(z) €
K(B}). F(f) is popularly referred to as the Roper-Suffridge
operator. Using this operator, we may construct a lot of
concrete biholomorphic convex mappings on Bj. Roper and
suffridge [8] also obtained some sufficient conditions for
biholomorphic convex mappings on the Euclidean unit ball.
Liu and Zhu [9] had given some sufficient conditions and
concrete examples of biholomorphic convex mappings on
the Reinhardt domain B’. Liu [3] also gave some sufficient
conditions for biholomorphic convex mappings of order & on
B;. A problem is naturally posed: can we give several direct
criteria for biholomorphic convex mapping of order & on B;?

For example, can we get some sufficient conditions such that
the mapping of the form

f@=(p (21,200 ,2,) P2 (22:2) 5

(4)
Pn—l (Zn—l’ Zn) 4 pn (Zn))

is a biholomorphic convex mapping of order « on B;?
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The aim of this paper is to give an answer to the
above problem. From these, we may construct some concrete
biholomorphic convex mappings of order o on B;.

2. Main Results

Theorem 2. Suppose thatn > 2,p > 2,0 < o < 1,9 =
p/(p—1). Let

f@=(fi(z1:20) f2(22:24) -

fnfl (anl’ Zn) > pn (zn)) >
(5)

where z = (21,25,...,2,) € B}, p,({) € HU) and
fizpz,) - B; —  C is holomorphic with f;(0,0) =
0, (9f;/92)(0,0) = 1, (9f;/07,)(0,0) = 0 (j = 1,2,...,n -
1). If f satisfies the following conditions:

n—-1 af
W) [[52 - e (z0) #0,
gazj

|2npn ()] < 1= @) |p, (2,)]

2 2
. P f;

2 .
@ ’0z;0z,

+ |2

i3.2
E)zj

of.
<(l-«a) i

> _1;
0z; n-1)

(j=12,...

P\ VP
) (6)
P >1/P

n—-1

>

j=1

azfj/azjazn
of /0z;

3) (1- Iznl‘”)”q<

n-119% /022
1— p\1/a Z iRy
+ ( EA ) <; of ,/oz;

#(1- )™

ni of oz, P\
X

j=1 of/0z;
S(l—tx— )|zn|P2

,z,) € B), then f € K(B}, ).

Py (2,)
P (2,)

z,p, (2,)
P (2,)

forallz = (z,,...

Proof. By direct computation of the Fréchet derivatives of
f(z), we obtain
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ofy 9
e e N hell
0z, 0z,
%h .., %
Df(Z)= az2 azn ,
afnfl afnfl
o 0 ... Int Znol
oz,, 0z,
0 0 - 0 p(z)
Ly e
of1/9z, (0f1/02,) p}, (2,)
0 L 0 ___ 0h[9z,
1 9f,/0z, (0£,/02;) p}, (2,)
Df(2)™ = ,
0 0 1 B 0f,_1/0z,
afnfl/aznfl (afnfl/aznfl) p:’l (zn)
1
0 0 0 -
Pr(2n)
fi,, azfl fi,,
0z? b+ a 107, bib, + 0z2 b,
Bl 0 0 Al bl azf2b2+2 asz bb aszbZ
2 n
0 B, -+ 0 A, b, 0z 02,0z, 022
sz(z)(b,b)= ......... = s
0O 0 ---B A b .
0 0 0 A,/ \b aZf,H vy Py L Py
a 2 n— 1 aznilazn n—1 n a 2 n
Py (2,)0;
where o 2L P2
=a ‘“)Zl'bj| |2)]
’f
Aj= > aJ b+ sz (j=12,...,n-1), 12 2 o' f; -
#n0%; Zaf]/az 22 by + 92,02, )"
A - >
= 2n (@)t © R AR
P P oz, " az zZ
B; = f] + f’ (j=12,...,n-1). p"( W
J 622 bi 0z; az
% 'Z ' n ( le |
Taking z = (z;,...,2,) € B}, b=(b,,...,b,) € C" such that i Pn (z,) " 2,

Re(b, (0u/0z)) = 0, by the hypothesis of Theorem 2, we have

n—1
: - -0 S/
2 i -aS o A
=1

" > f] 3, |, »
n b.
oS 5o || 52 o + |
=1
aZf] 5 2
—%Re (D1 "D @ 0.0), 5 ) *lazom, |1 * |52 [

d

7)



%
0z,

py (2,)
P (z,)

| |2:| 'Z»'IFI
n J

[P (z)
Py (2,)

n-1 ) 3 p2
= Z| ]'| 'Zj'
j=1

x[l—
ZuPy (24)

'%%O“‘mm

azf]/az 0z,
of j/0z;

2 —
1Bl

s+ S,
ooz

)l

p-1
23

|

-5

j=1

Z

O /022

p-1
of 19z, |

'Zj

n—-1

of j/0z,
j:zl ofj/0z;

p, (z,)
P (2,)

ur1.

By Hoélder’s inequality, we have

n—-1

2

7 f,/022

p-1
=il

110% f,/022
of 0z

0% f, /07 PP
il Y%n
of Joz, >

)
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n—1

of /02,
j:zl of/0z;

py (2,)
P (z,)

1| of foz, P
= <Z of oz,

of /02, |
of ;/0z;

p-1
|Zj|

Pl (z,)
pn (z.)

1)
) 6ty

Hence, we conclude from the above inequalities and the
hypothesis of Theorem 2 that

py (2,)
P (2,)

(10)

2 v -a3
p e

2|bn|2[(1—oc—

~(1-]a)"

2uPy (24)
Pz

)l

ne1| 32 p\ /P
. (Zl 9’ f,/0z,0z, >
il ofiloz; (1)
1/p
(1) Z |0 fyl0z |
=1 afj/azj
1/q
- (l - |Zn|p)
-1 P " P\ P
(5[ | )
=1 of j/09z; 1 (2,)
>0,
forall z = (z;,...,2,) € B, b = (b,...,b,) such that
Re(b,0u/0z) = 0. Thus, it follows from Definition 1 that
f € K(B}, ). The proof is complete. O

Remark 3. Setting a = 0, f;(z,
1,2,...

Zn) = Pj(zj) + fj(zn)> (] =
,n — 1) in Theorem 2, we get Theorem 1 of [9].

Let us give two examples to illustrate the application of
Theorem 2 in the following.

Example 4. Supposethatp >2, 0<a <1, 0<[A| <1 -«
and k is a positive integer such that k < p < k + 1. Let
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k+ k+1
f(z)= (zl +a,2,2, ,22 T 42z, ..

(1—a— AP
(1+ ADP(k +1)P°
M =
(p) (-

- 1AD*

5
Az,
k+1 € -1
> Zn-1 -"an—lzn—lzn+ > T) >
p=k+1, (12)

(1 +IADP(k + 1)P(p -

Ifmax{lajlzjz ,2,...,n-1}<(1-a)/(k+2—-a)and

n—1 P
Z o 7 <M (p), (13)
1
=1 (1= o))
then f(z) € K(B”, «).
Proof. Let

fj(z]-,z )—z]+a]z]zfj+1 (j=12,...,n-1),

14
eAzn -1 ( )

Pu() = —

Then,

of 0
a—£=1+ajz';“, a—;—(k+l)azj

*f,
k J
= (k + 1) ajzn, —azi = 0,

pulz) =™ pl(z) = Ap,(z,).

n)

(15)

So it follows from Iajl <(1-a)/(k+2-«a)<1that

Bzfj

25|,
1 0z,0z,

Z._
] az§

=|z; (k+ 1) ajzy] < (e + 1) |y
< (=) (1 o)

<(1-a) (1 - |ajzﬁ+l|)

<(1-«a |1 + ajzk“|

%

=(1-a) 3.

(j=12,...

j

z,p, (2,)

=Mz, <Ml —a=
G |- Ml

l)pfl(k _ p + 1)k7p+1 >

k<p<k+l

Since max{laj| j=12,...,n-1} <1 -a)/(k+2-a),

we have

8f]

|1+ "“| |a|>0 17)

By straightforward calculations, we obtain

N (s Dzt
n-1 |a.'P }I/P
<(k+1) S )
D
X|Zn|k71
P\ P
) o
P>1/P
p} 1/p

azfj/az].az,,
of /0z;

3 1,102
of /0z,

(5
n-110f /02,
< le of ;/0z;

<Al «[Zl

j=1

"1 ol (2,)
pr(2,)

(k+1)azzk

k+1
1+a;z,

<(k+1)A|

ot ol Ve
X{§1—|a| }

k-1
x|z -
1



Setg = p/(p—1). Then,

— 2
9 f,/02,02,

~ pl/qnl
(-1 ( 5725

j=1

p)l/P

1/p
} ¢ (|zal) 2",

s(k+1)<|n§ ol

S (- |a])

(19)
20f 0z, | ol ) [P )
Ll 1/q j n \Tn
(1-]z.]") (JZ of 1oz, | | p) (z,)

- | "p 1/p
<(k+1) )| {Z—] } ¢ (Jz]) |2,
F(-la))

where @(x) = (1 — x?)/1xkP*1 ) x € [0, 1].
When p = k + 1, we have max,_,.,¢(x) = 1.
Whenk < p<k+1,wehave0<k—-p+1<1land

P)(l/q)—lxk—p [(k —p+ 1) _ kxp] S (20)

(dk—p+l>
k
(21)

_ (P— 1>1/q<k —p+1 )(k—PH)/P‘

¢ (x)=(1-x

SO

maxe(x) =
0<x<1(P( )

k k

k+1 k+1
f(z)= (zl ta1z,2, 2y + 2z, .

[1-a-(4-2a) |an|]p
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Hence, when

ni—'ajr) <M(p) (22)
5 < ,

7 (1= ay])
we have

n-l azfj/azjazn

1z 7)Y
(1 |Zn|) <J; of /02,

P >I/P
p>1/l’

-1|0° f;/0z;
df ;/0z;

23
+(1 | |p)1/q nil afj/aznppll’ (zn) p 1/p (23)
" =1 ofj/0z; P (z,)
npn (Zn) ) p-2
<l l-a- ,
(1o o)) e

zjeU j=12,...,n
By Theorem 2, we obtain that f € K(B,«). The proof is
complete. O
Example 5. Suppose that p > 2, 0 < a < 1, |g,| < (1 -

«)/(4-2«) and k is a positive integer such that k < p < k+1.
Let

k+1 2
»Zp-1 An1Z2p-1%y >Zn + anzn) >

(k+ 1P

K1 - a—(4-2a)|a,|])”

, p=k+1, (24)

(k+1)P(p

Ifmax{lajI:j: ,2,...,n-1}<(1-a)/(k+2-a) <1and

< |aj|p M ( ) (25)
L <M (p),
(=)

then f(z) € K(B%, ).

By applying the same method of the proof for Theorem 2,
we may prove the following result.

Theorem 6. Suppose thatn > 2, 0 <a <1, p>2and f; :
U — CareanalyticonU,fj(O) = fj'(O) =0(j=1L2,...,n—

)P (k- p+ 1)

k<p<k+l

1), p; € HU) P #0,1&p! ®)] < (1 - )l pi®)] ¢ € U,j =

1,2,...n). Let

f@) =(p(z)+ fi(z), p2 () + fo(z) -
Pk (Zk) seees Pyt (Zn—l) + fn—l (Zn) > P (Zn)) >
(26)

(1 <k<n whenk = j,fj(zk) =0).
Ifforany z = (z),25,...,2,) € Bg, we have

k1l £ 2y P\ 1/q
owqmw(sz; ) (- faf)”
oIk

(Bl

Z

i (=)

(Zk)
Pk (21)
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§<1—oc—

(1- |zn|f’)“q< 5

j=k+1

ZkPlL’ (2)
P;’c (z1)

Yl
p>1/P

e
7 (z))

) 2,77,

"

1y (z:)
+(1—|zn|f’)”q< 5

Jj=k+1
g<1_

then f(z) € K(BY, ).

py (2,)
pn (z,)

)

|zaP (24)
P (z,)

(27)

Remark 7. Setting k =
Theorem 1in [9].

0 in Theorem 6, we get

Example 8. Supposethat p>2, 0<a <1, 0<[A|[<]1-«
and k is a positive integer such that k < p < k + 1. Let

Az,—1
f(z)= (z1 +az +a1z'2‘ +bhz '2”2, ¢ T
i+ +ae 0,2z,
+a, 1Zn L+ a, lszr1
Az,—1
b k+2) € ,
+ n—lzn )L
[(1-20)P(1 —a—|A)”
(k+1+|ADF
" p=k+1,
M7 (p) = 1 (1 - 20)PK(1 - — |A])P
(k+ 1+ ADP(p— 1) (k- p+ 1)
k<p<k+1,

(28)

wherec=max{|a}| : n—1LIfc<(1-a)/d<1

and

ji=12,...

[(k+ 1) |a,| + (k+2) [0]]7 < M" (p),

(29)
Z[(k+ 1) |a;| + (k+2) |p; Hp <M" (p),
=

then f(z) € K(B%, ).

Now, we give another sufficient condition for K(B, ),
which gives an answer to the problem mentioned in the
introduction.

Theorem 9. Supposethatn >2, 0<a <1, p>2andkisa
positive integer such thatk < p <k + 1. Let

f@=(p (2122 ,2,)
>pn 1( Zp- l’zn)’Pn (zn))’

(30)
P2 (22:2,)5 ..

where z = (2,2,,...,2,) € B, p, € HQU), pi(zjz,) :
2 : .

BP — C is holomorphic with pj(O, 0) =0, (apj/azj)(O, 0) =

1, (0p;/0z,) (0,0) = 0 and p(z...,2,) : B" — Cis

holomorphic with p,(0,0,...,0) =0, (dp,/0z,)(0,0,...,0) =

1, (0p,/07%)(0,0,...,0) = 0 for2 < I < n. If f(z) satisfies the

following conditions:
)]‘[ 21 2) # 0,
lznpn ( n)l < (1-o)|p, (zn)l'
(2)2 |<-a) |
2
op.
Ja? %i92,02,| < (% a%.
(7=23,....,n-1);
(3) " [ 19p110z)| ([0° ;1023 + [0 p,/02,02,)
[0p1 /02, |op;/0z}]
o’p,
1 |0z,0z
‘| |p2< 290,102} +|2;9°p; 102,02, >
Z;
|aPJ/aZJ|
(j=2,3,...,n-1);
a pj/az aZ p-1
)]ZZ dp;/0z; 2
= aZPj/azrzl p-1
+]ZZ 3p;/3z, =i

n—-1

op;/o.
+Z p]/ Zn
= | 9pj/9z;

p, Z)|Z<|p_l
"(z,) |17

|Z1|p71

|op, /0z,|

(8

o py
0z,0z,

I M:

op; & p; O’p;
+Z< <azjazn 0z2
-1
%Y o] | 2 (z)
0z; 0z, | pl (z,)
> |3p || (9pi/02) || 2y (=)
=192 | (0p;/92;) || P (2,)




Abstract and Applied Analysis

< 2| P21y nPn (z,) Proof. By calculating the Fréchet derivatives of f(z) straight-
- p (= ( ) ’ forwardly, we obtain
(31)
then f € K(B”, ).
o Opr . O Opy
0z, 0z, 0z,., Oz,
0 % o0 9P,
Df@=| .. % . %
) apnfl apnfl
00 oz, , 0z,
0 0 -~ 0 pz)
Df(z)™!
1 _ 9p,/0z, L op,/9z,,_, _ op,/9z, + N 9p;/92, 9p1/0z;
op,/0z,  (0p,/0z,) (9p,/0z,) (0p,/02,) (0p,-1/92,-,)  (9p,/0z,) p) (2,) = op;/0z; (0p,/0z,) p;, (2,)
1 3p,/9z,
0 T
i op, 19z, (0p,192,) ) (z,)
o . 1 L Oploe,
apn—l/azn—l (apn—l/aznfl) Pr,z (Zn)
0 0 0 1 (32)
Py (z,)
C azpl o’ P1 < azpl
Zazlaz, Zaz az, ;azn 10z, b G 2;
D f (z) (b,b) = D, 0 G L
0 0 anl Cnfl Z;;l
0 0 0 C,
n o n aZPI
bb
;;azjaz, J
p s o’p, P
) a2 2 M 2azan, 2t o U
azpn—l 2 0" P 9 Pui ;2
522, b, +262,,,18 nbn_lbn + 322 b,
P (2,)b;
where Taking z = (2y,...,2,) € By, b= (by,...,b,) € C" such
that Re(b, 0u/0z) = 0, by Definition 1 and the hypothesis of
Theorem 9, we have
¢ -3, 211 @) - aY bz
' £0z,0z7 p =t
Pop. o (1 L b~2 P2
Ci=3 ‘SJ bj + ai’b (j=23...,n-1), 2 ( “)FZJ ,| 'ZJl
2,02 (33)
2 1,2 ou
C, = pll (2,) by -2 e (D7D @00, 5 )
*p; *p; 2 p-2
D;= —Ib; b, (j=2,3,...,n-1). =(1-a) ) |bj| | 7
j az? i o202, " (j n-1) FZJ J' ' J'
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1
—Red —
€ { dp, /92,

8
0z

M:

ap

j=11

1

Bpl/az
ZE)p]/az

P] p] p]
<82b1 0z,0z, bjbu + azb"

apl pn (Z) 2
0z, pn(z)

< (0p,102,) (Op1/o2)) 1 (2.) o | <L)
j=2 ap]/az] pn (Z ) 2

c 1 azpj 2 p]
N V42 bb,
]Zzapj/azj ( 0zj 1020z,

+@b2 _ ap; P:ll (z,) B2
oz; " 0z, p;(2,)

) I3 " P
X|ZJ| + pr’l (zn)br21|zn|
Zj pn (Zrl) Zn

22 p-2 1
2(1_“);|bj| 2| ~ Jopy/0z,]

nl apl/azj
— |0p;/0z;

|bj|2
)«
P:,’ (Zn) 2
b
oz |1

(ap ; /0z,,) (apl/azj)
dp;/0z;

azpl

2
9z 02, bl +

1p»

j=11=1

d

2
o°p;
0z,0z,

2
0 P;

2
azj

|2

b

o’p;

0
b |2 pJ
0z,0z,

aPl
0z,

|bn|2] Sl

b,

n-1

Py (2,)
P (z,)

2
o°p;
0z,;0z,

i=2

5 Op;

n-1 1
e

2
b+

ap; 2 azpj 2
* 0z,0z, 1Bl + 022 12|
aPJ Pn( ) |2 | |P—1
G| )
"
pn (zn) -
- I} |bn|2|Zn|p 1
P (2,)
= |by] |Zl|p_2

[ Y11 |210° py /02,07 ]
X|[1—-—«a-—
|op, /02,

n—-1
2 p-2
+ ) | ['Zj'
=2

x(l—oc

|z 1023 + |2,0° p; /0202, |>

[0p,/0z|
B |Zl|p71
|op: /92|
i o py aPl
5 |9z,0z azj

x [0°p;/02}| + (0% p; /02,02, >]

[0p;/02)|
"
+ 16" | |2l (1—(x— Zuby (20) )
i [' | )
B |Z1|p_1
|0p1 /024
n azpl
X
<; 0z,,07;
=2 aZJ'
y 'azpj 2| 'azpj/azjazn'
'/azj|
apl pn (Z ) apl
)| 5o
§ lapj/azn pi (2) )
op;/oz; || p;, (z,)
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’S 82pj/8zjazn | |P*1 n azpl/azjazl
N e i P o
=l opilozy | =
Ipiloz || o z0} (2)) p2
Z Op./0z. foz, |J' s{l-a-— |zj' ’
Pj pi(2)
Z ap]/az P:II(Z ' 'Pl j=2,...,n-1;
op;19z; | pL (2 |1 | )]
@y [l
>0 i=2| Pj (zj)

34 n—

" Ll
forall z = (z4,...,2,) € B;, b = (b,...,b,) such that = ;( ) pn( %
Re(b,0u/0z) = 0. Thus, it follows from Definition 1 that
f € K(B, ). The proof is complete. O . |Z |P lnzf (f” (z, )/p]( )) (apl/az )

1
Corollary 10. Suppose that 0 < a« < 1,n>2, p > 2 andk is j=2 9p1/0z,
a positive integer such that k < p < k + 1. Let ‘2 |p_1
1
F@ = (b1 zneeom) pa @)+ £ () oo .
e s 5 e >pn<z)ap1<apl>
Pu (Zn—l) + fn—l (zn) > Pn (zn)) > = p; ( ) pn ( ) azl
where z = (2,,2,,...,2,) € B" fi:U — Cis holomorphzc p1en0°py /0202
with £,0) = 0, f1(0) = 0G = 23..n- 1), p; € + |z IZW
HU) (j = 2,3,...,n) and p,(zy....2,) : B; — Cis -
holomorphic with p,(0,0,...,0) =0, (dp,/9z,)(0,0,...,0) = - ( " (2,) [P (z )) (0p, /0z,)
1, (0p,/9%)(0,0,...,0) =0 (I = 2,3,...,n). If f satisfies the +| 1| 3p, /02
following conditions: Pi/0%
ap n < (1 o npn (Zn) ) ,
W32 T1r er) #0 ) 1)

(36)

<(l-a)
36} (=) i) forallz = (z,,...,2,) € B", then f € K(B", ).

J=2,0..,1
Reﬁrfn;rk 11. Sgettil}g(pj)(zj,ozn)2= fj(zj), 2 < (])"s g— 11,1 fo4 =100
2 <(1- in Iheorem Yor fi(z,) =0, 2<j<n, a=01inCorollary 10,
( )Z Zla 102 | (1 oc) we get Theorem ZJin [9].
N(op,/9z,) - (p" (2.) /7" (2 Example 12. Supposethatp>2, 0<a <1, 0<|A[ <1 -«
(3) |ZI|P ! ( P ]) ag)p]/a( ]) p]( ])) + |zl|P ! and k is a positive integer such thatk < p < k + 1. Let
1102,

Az
+1 k1 € -1
f(z)=<z1+2az +a z1 Y ,z2+bz2 sevsZyy T by 12, 12, s 1 ,

N(p)

gl )" o (37)
<Z ! > +1f <1+(k+1)z ||> p=k+1,

==l

/p
n-1 |bj'P >1 o1 1/q<k_P+1)kp+1)/P a < | | >
1+(k+1) k<p<k+l,
<Zl_'bj|f’ ( k ) k 1- Z |]'

j=2
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where a = maX{Ia]-I 1 j=2,..,n, b= max{lbjl 1= and b = max{lbjl cj=2.,n-11 < ((k+ ADAQ — &) +
2,...,n=1}1If A/ (k+2—-a)(k+1+A]) < (1-a)/(k+2—«a)<1that
1-]A -
T: (k+1+|/\|)+1—|/\| ’ Py a2 12 1-a>0
(k+ M-+ _ 69) %
Tk+2-a)(k+1+A) op.
o | =leber| =1 "
N(p) s eI i )
Uet 1) (e + 1+ 1) >1-b>0 (j=2.3,....,n-1),
forall z = (z,,...,2,) € B}, then f(z) € K(B", ). . N
P () = € 0.
Proof. Put
By calculating straightforwardly, we obtain
pl(zl,zz,...,z)—z1+z k“ +a,z,25, Y 8oE !
M1 (39) (1-a) ‘apl i
P (Zn) = 2 > = azlazl
P (zj,z ) =z + b]z]zfr1 (j=23,...,n-1). =(1-a) |1 +anzlnc+l' - |(k + 1)anzlz:|
Then, >(1-a)(1-|a,|) - (k+1)]|a,|
%:1“”%2?1) =l-a-(k+2-a)|a,
0z, X
-a
sloa-(k+2-a) —2 =0,
a—z;=(k+1)ajz§ (j=23,...,n-1), k+2-a
J (1 a) ‘ap] ; azp] B azp]
5} A Y B o AV B o
P~ (k+az 2 ozj| |70z |0z02, (42)
Zn
k+1 Kk
Pp, B = (1= o) [1+bzy"| - (k+ 1) |bjz;2,
3. =k(k+1)a, zl A
z, >(1-0a) (1= b)) - (k+1)|b)|
Iy k-1 =l-a-(k+2-a)|b,
522 =k(k+1ajz; ", a—(k+ “)|J'
-«
, . >l-a-(k+2-a«) =0,
I O = (k+1)a,z", (40) kt2-a
0z,0z, T oz .02, (j=2,....,n-1),
o*py
=0 (j=23,...,n-1), 2,0y (20)
02,0z U n-1) ) Mz, <M <1-a
% =1+bZ" %; = (k+1)bzz
0z; in Z, U By calculating straightforwardly, we also obtain
’p;  Op
j
= k+1)b;
0z;0z, 0z, 0z; =G+ D) Z 'z 'p—z <1 . |zja2p,~/az]2.| + |(82Pj/azjazn)'>
; -
Pp; o (0p;/0z))
P =k(k+ l)szzn , |lep,1
P =™ () =4}, P/

so it follows from a = max{lajl j=2,..,n < (1A - |Bp1/az ' .asz/aZ2| + |82p]/az 0z ')
@)/((k+1)*(k+1+A)+1-[A-a) < 1-a)/(k+2-a) < 1 lop;/0z}|
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(k + l)z]b]zn

1+bz"+1

)

1+ a2k
k k
(k + 1)ajzj (k + l)bjzn
bjzﬁ+l

d
+ 'k (k+1) ajz?71| >

> z<'p2<l—(x—(k+1)'bj|>
o 1~
2
1 |<(k+1) |aj||bj'+k(k+1)|aj')

1- |y

|Zl|pf1

S |Zj'p—2 (1 - (kl+_12b>

1 [ (k+1)ab
la( e ol

p-2 ( (k+1)b
' l-a-

(k+1)2a 1 )
l-a 1-b

2
A-a)(1-b)—(k+1)b- (’”_1“) a)

)

-b

l”

i
b<
(

l-a-(k+2-«)

(k+AD) (1 - a)+|A]
(k+2-a)(k+1+]A])

- (k+1*(1-IA - @)
k+1D*Kk+1+A)+1-|A -«

(k+1) k+1+|A)+1-|A| - )
(k+1) (k+1+]|A])

_1—|/\|—oc)
k+1+][A|

(43)

(k4D (A=) + Al
k+1+][A|

Abstract and Applied Analysis

Setq = p/(p — 1), then by Holder’s inequality, we have

n-1ll9 pj/azjaz -1
JZZ op,/oz; il
- (k+1)bz _
:Z 1+bz’<+1 '|P1
< (k+ 1)Z|
j=2
B 1p
S ]
<(k+1)
h( )y
1/q
I:Z| |(P I)QI k 1
Zj

n-1

b 1"
<(k+1) J
Lzzo—wl

1 _
X (1 - |Z1|P - |Zn|p) qlzn|k '

. 'b-|P /p
<(k+1) [Z—] oz el e,
= (1

- [65))
n119p. [0z}
Z ]

i

.|P‘1
<| 9p;/0z;

n-1

-2

i%j%n
1+bz"+1

k(k+1)bzz" lp_l

g

-1 b| |Zn|k_1

<k(k 1" ! ,
<k(k+ )j; 1_|bj' |z]|

. |b»'P 1/p
<k(k+1) {Zf—p]
j:2(l

- [p;])

n-1 (p-1) 1a
X I:Z|ZJ| " q] ol
Jj=2

el |b'p 1/p
<k(k+1) {Z : p]
j:2(1

- [p;])

1/ -
x (1= ol = [al”) el
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n— p p
<k(k+1) [in]

j:z(l - 'bj|)
x ¢ (12,], |z1]) 2,77

n119p./0z,

Py (z,)
sz 0p;/0z;

i (2,)

p-1
[

Z

(k+1) b]z]zn

[
1+b; C1+bkt

'Zj

k 1

|b' |]

n-1 |b"p Up
<k+ DA [ZJ_P}
J

=(1- b))
n—1 l/q
4ﬂ4”1vm1
Jj=2

n—1 |b'p e
<k+DIA| Y (]—)p

= (1|

"

<(k+1)|A|Z' il

1/ _
x(1-larl = [l”) el

n—1 |b'P e
< (k+ 1) A [Z]—p}
=

5 (1- b))
x ¢ (|z,]|21]) |2/,
(44)

where y(x) = (1 — xf - yp)l/qu_P“, x,y € [0,1].
When p = k + 1, we have max,., ,;y(x, y) = 1.
Whenk < p<k+1,wehave0 <k—-p+1<1land

v, (x, ) = (1 - xP = yf) D7 kor

X[(k—PJrl)(l—yP)_kxp], (45)
v, (59) = (1 p) y (1= 2 — y)01 o,
50
k-p+1
Og?})EIW(x )=y ( (]Tﬁ)

_ (P— 1)1/q<k—p+ 1>(k—p+1)/17
k k

>

13

2 |P_1

lapl/azl|

Hence, we have

n-1

(3

p
0z,,0z)

y azpj . aZPj
0z;0z,| |0z}
ap. |\
() )
Zj
1
opy || s (2)
P (z,)
+n§ ! P[0, | py (2,)
5197]|9p;/9z; || p; (2,)

%lanl |: (k+1)|a,| +k(k+1)|a,|
nl (k+ 1) |,
k+1|a| ——4
+j§2( + )'a]| 1—|bj'
+ (k+1)|a,| Al
ARl |bj|]
= 1=y
x|z,

< (k+1D)(k+1+A)a

l1-a

II} o
1+(k+1) |z,,|” "
|y

(46)

o’ p;/oz,

Z g pj/az 0z, |P 1 Z " |P_1
=) dp;/oz; dp;/0z;
I el )| 2,7
j=2 ap]/azj (Zn) % |aP1/aZ1|
n-1 aZPI
X
(;2 0z,,0z;
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+ nf [0p1/02)| (|°p;/02,02, + |0° p;/027))

=) |op;/0z)]
|| Pn (24)

P (z,)
< |9p, ||9p;/92, | | py (2,)

+]§2$

< (k+1)(k+1+ )N (p)|z,|"
a—|A| |z |P*2
k+1)(k+1+AD""

an/aZj P (2,)

<tk+1)(k+1+A)

<(1-a- )|z,
< (1 —&- Mznl) |Zn|P_2
2,y (2,)

:|anp_2<1—(x_ ).

P (2,)

Abstract and Applied Analysis

By Theorem 6, we obtain that f € K(B”,«). The proof is
complete. O

By applying the same method of the proof for Example 12,
we only need tolet 2|b,|/(1-2|b,|) instead of ||, we may prove
the following result.

Example 13. Supposethat p >2, 0<a <1, 0<|b,| < (1-

«)/(4-2«) and k is a positive integer such that k < p < k+1.
Let

n—-1
k+1 k+1 k+1
f(z)= <Z1 + Zajzj +a,2,2, 2, +byz,z, ...,
=2

k+1 2
Zp-1 + bn—lzn—lzn > %y + bnzn> >

(48)

where a = max{lajl :j=2,...,nfand b = max{lbj| 1=
47) 2, n-1LIf
1-(21b,|/(1-21B,])
(216 /(1 -2]B,))) - ‘1 (49)
(k+1) (k+1+2]b,|/(1-2]b, |))+1—(2|b|/(1 21b,)) -

b < ((k+(21b,1/(1 = 2]b,)))(1 — @) + (21b,] /(1 -
2—a)(k+1+(2[b,l/(1-2]b,])) < 1,and

21b,))/ (k +

- - (2 |bnl / (1 -2 |bn|))
(k+ 1) (k+1+(2b,|/(1-2[p,]))

N(p) <

(50)
1-(4-2a)|b,| -«

T (k+ 1) (k+1-2k[p,))’

where N(p) is defined in Example 12, then f(z) € K(B}, «).

By applying the same method of the proof for Theorem 2,
we may get the following result.

Theorem 14. Suppose that0 <« <1, n>2, p>2andlisa
positive integer such thatl < p <1+ 1. Let

f@=(p(z1:20--.2,) s P2 (22) + o (21) 5

pk(zk)""pn(zn)+fn(zk)) (ZSkSI’l),
(51)

where z = (21,2,...,2,) € B}, filzi) = 0, f;
U — C is holomorphic with fj(O) = 0, fj'(O) =

0(j = 2,3,...,n—-1), pj € HU) (j = 2,3,...,n) and
pi(z1,..52,) : By — Cis holomorphic with p,(0,0,...,0) =

0, (9p,/9z,)(0,0,...,0) = 1, (dp,/9z))(0,0,...,0) =0 (I =
2,3,...,n). If f satisfies the following conditions:
a n
e 117 =) #0
20! (2)| < L= |l ()], =20
o’p )
(Z)Z “152 a )‘ At
e CLREATAC)
1 op,/0z,

n azpl/azjazl

+|21|P_IZ

51 op/oz
n
< <1—(x— L(Z]) >|Zj|P2,
7} (z)
(G=2,...k=1Lk+1,...,n-1);
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n

@ Y

j=2.j#k

f;, (21)
pi(z)

f; (2k)

!
2k 25 (%)

p-1
=i

e (z)
i (zi)

p—l
|Zf|

e ICHRACH

><|Zl|p71

(a pl/azlazk)

N
apl/azl)

=1

|Zl|p_1

N (Pllcl (zi) /lec (zk)) (0p,/0z)
(0p,/0z,)
< (1 -a—

Yl

,z,) € B}, then f € K(B), a).

kak (zi)
Pk (Z )

(52)

forallz = (z,,...
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