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We consider the following difference equation x,,,, = x,_,g(x,),n = 0,1,...

, where initial values x_;,x, € [0,+0c0) and g :

[0,+00) — (0, 1] is a strictly decreasing continuous surjective function. We show the following. (1) Every positive solution of this

equation converges to a,0, 4,0, ..

strictly increasing continuous function or an empty set.

1. Introduction

Recently there have been published quite a lot of works
concerning global behavior of the difference equations [1-8].
These results are not only valuable in their own right, but they
can provide insight into their differential counterparts.

In [9], Kulenovi¢ and Ladas considered the positive
solutions for difference equation

xn—l
X, = —1
171+ Ax, )

with A > 0. They gave some partial results on the convergence
of this equation.

Kalikow et al. [10] studied the following difference equa-
tion:

Xy = —2L 20,12,
L+ f ()
where initial values x_;,x, € [0,+00) and f is in a certain
class of increasing continuous functions. They showed that
the set of initial conditions (x_;,x,) of (E1l) in the first
quadrant that converge to any given boundary point of the
first quadrant forms a unique strictly increasing continuous
function.
Motivated by the above studies, in this paper, we consider
the following difference equation:

(E1)

Xy = %,09(x,), n=0,1,..., (2)

.,0r0,a,0,a,...forsomea € [0,+00). (2) Assume a € (0, +00). Then the set of initial conditions
(x_1> %) € (0,+00) X (0, +00) such that the positive solutions of this equation converge to a,0,4,0,...

,or0,a,0,a,...is aunique

where initial values x_;,x, € [0,+00) and g : [0,+00) —
(0, 1] is a strictly decreasing continuous surjective function.
Our main result is the following theorem.

Theorem 1. (1) Every positive solution of (2) converges to

a,0,a,0,..., or 0,a,0,a,... (3)

for some a € [0, +00).

(2) Assume a € (0,+00). Then the set of initial conditions
(x_1>%9) € (0,+00) x (0, +00) such that the positive solutions
of (2) converge to

a,0,a,0,..., or 0,a,0,a,... (4)

is a unique strictly increasing continuous function or an empty
set.

2. The Main Result

Proof of Theorem 1(1). Let {x,},>_| be a positive solution of
(2). Then x,, and x,,,,, are decreasing sequences since g(x) <

1. Letlim, _, . x,, = pandlim, _, . x,,_; = g. Then we have

p=p9(q), (5)

which implies p = 0O or g(q) = 1.If g(q) = 1,theng = 0
since g : [0,+00) — (0, 1] is a strictly decreasing continuous
surjective function with g(0) = 1. This completes proof of
Theorem 1(1). O
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Write D = [0, +00) x [0, +00) and define f: D — D by

fxy)=(xg(»), (6)

for all (x, y) € D. It is easy to see that if {x,}/>_| is a solution
of (2), then f"(x_;,x,) = (x,_;,%,) for any n > 0. In the
following, let

L, = {a} x [0, +00), L, =[0,+00) x {a},

7)

R, = [a, +00) x {0}, R, = {0} x [a, +00)

for some a € (0, +00).

Lemma 2. The following statements are true:

(i) f is a homeomorphism;
(ii) f(Ly) = Ly
(iii) f(Ry) =R, and f(R,) = R,,.

Proof. (i) Since f(x;, y,)# f(x,, ¥,) for any (x;, ),
(x5, ¥,) € D with (xy,y,)# (x5, 5,) and f_l(u,v) =
(v/g(u),u) is continuous for any (u,v) € D, f is a
homeomorphism.

(ii) Let (x,y) € L, and (w,v) = f(x,9) = (y,x9(»)).
Then y = a, x > 0, and

u=y=a, v=xg(y)=xg(a) =0, (8)

which implies f(L,) C L,.
Let (u,v) € L,. Thenu = a and v > 0. Choose (x, y) =
(v/g(a),a) € L,. Then f(x,y) = (u,v). Thus f(L,) = L,,.
The proof of (iii) is similar to that of (ii). This completes
the proof of Lemma 2. O

In order to show Theorem 1(2), we will construct two
families of strictly increasing functions y = h,,(x) and x =
Goni1(y) (n = 1) as follows. Set

x=g,(y)= (y=0). 9)

9(»)

Then y = h,(x) = g, '(x) = g_l(a/x) is a strictly increasing
function which maps [a, +00) onto [0, +00). Set

_ _hz(y)
x_g?;(y)_ g(y)

(y=a). (10)

Then x = g;(y) is a strictly increasing function which maps
[a, +00) onto [0, +00).

Assume that, for some positive integer n, we already
define strictly increasing functions y = h,,(x) and x =
Gons1(y) such that both h,, and g,,,; map [a,+00) onto
[0, +00). Set

-1
Gomer ()
X = Gons2 (}’) = =2l s

oy 0 W

Then both y = hy,,(x) = g2_r}+2(x) and x = g,,,3(y) =
hy,.»(¥)/g(y) are strictly increasing functions which map
[a,+00) onto [0,+00). In such a way, we construct two
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families of strictly increasing functions y = h,,(x) and x =

G (y) (12 1).
Set Py = [a, +00) x [0, +00) and Q, = [0, +00) X [a, +00).
For any n > 1, write

Pn:f_z(Pn—l)> Qn:f_z(Qn—l)’

Ln = f_l (Ln—l)'

Let (x, y) € L,. Since f(L,) = L, and (u,v) = f(x,y) =
(y,xg(y)) € L, it follows that

(12)

xg(y)=v=a, y=ux0. (13)

'I?usx =g,(y) =a/g(y)and L, = {(x,y) : ¥ = hy(x),x >
a}.
Let (x, y) € L;. Since f(L;) = L, and (u,v) = f(x,y) =
(y,xg9(y)) € L,, it follows that
xg(y)=v=hw)=h,(y), y=uza (14

Thus x = g5(y) = hy(¥)/g(y) (y =a)and L = {(x,y) : x =
g5(¥), y = a}. Using induction, one can easily show that, for
anyn > 1,

L2n = {(x,y) : y = h2n (x),x 2 a}’
(15)
Ly =1, 9) : % = gopr (), y 2 a}.

Since f is a homeomorphism and P, = f*(P,_,) with L, U
R, is the boundary of P,, we have that, for any n > 1,

P, ={(x,y):0< y<h,y,(x),x>a}. (16)
In a similar fashion, we may show that

Q={(%y):0<x< gy (y),yzal. 17

Since L, € Py, L; € Q, and f is a homeomorphism, we have
that P, ¢ P, and Q; € Q,, which implies that, for any n > 1,

Ly, P, ys Lopi1 € Qpuors
(18)
PnCPn—l’ QnCQn—l'
It follows from (12) and (18) that, for x > a,
0<---<hy(x)<h,(x) (19)
and for y > a,
0<--<gs(¥)<g5(»). (20)

Noting (19) and (20), we may assume that, for every x > g,
H(x) = nleréo h,,, (x) (1)
and for every y > q,

G(y) = lim g, (). (22)
Set
L={(x,y):y=H(x),x >a},

M={(xy):x=G(y),y2a}.

(23)
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Lemma 3. The following statements are true:

(i) f(L) =M and f(M) = L;

(ii) both y = H(x) and x = G(y) are increasing continuous
functions which map [a, +00) onto [0, +00).

Proof. (i) Let (xy,y,) € L. Then we have y, =
lim h,,(x,), which follows that

f (x> 30) = f(xo’nangohzn (xo)) = lim f (x: oy (x0)) -
(24)

Since f(L,,) = L,,_;, we have

f (0, oy (%)) = (2, (x9) » %09 (B (%))
= (Gan1 (%09 (ha, (x0))) > %09 (B () -

Let y, = x,9(h,,(x,)). It follows from (24) and (25) that

f (%0, ¥0) = M (Gay (7) 5 ¥) = (Voo %09 (%)) > (26)

n— 00

so we have

lim g,, ()’n) =G (xog (J’o))'

lim y, =x0g(y),  lim
(27)

n— 00

It follows from (25) and (27) that

f (%0 0) = (G (x99 (30)) %09 (5)) € M. (28)

Thus we have f(L) ¢ M.
Let (xy, ¥,) € M. Then we have x, = lim,, , .o G241 (Vo)>
which follows that

f_l (%0> ¥0) = f_l ( lim g,,,, ()’o)d’o)

n— 00

(29)
= nlijrgofil (Gane1 (%0) > 20) -
Since £ (Ly41) = Lanya» We have
I (G201 (50) 5 0)
_ Yo
(5o o 00) )

Let z, = ¥,/ 9(Gani1 (1)) It follows from (29) and (30) that

n— 00

f71 (%0 o) = lim (2, hy,5 (2,)) = ( 20 ,xo), (31)
g9 (xo)
so we have

lim z, = —20—

Yo > lim 1, (2,) = H<L>~
n=eo g (x) g

neo (o)
(32)

It follows from (31) and (32) that

S o) = (g(yﬁio)’H<g(y§o) )) e

Thus we have f(L) = M. In a similar fashion, we can show
that f(M) = L.

(ii) Since y = h,,(x) (n > 1) are strictly increasing
functions, we have that y = H(x) is an increasing function.
For any x;, > a, let

lim+H (x) = y»

X‘)XO

Jim H@x)=yo5  (34)

then y; > H(xy) > y,.
Now we claim that y; = y,. Indeed, if y; > y,, then it
follows from (6) that

£ (%00 y3) = (%69 (35) > ¥5 9 [%09 (7)])

, (35)
I (%0, ¥5) = (%09 (70) > 0.9 [%09 (35)]) -
So we have that
%09 (75) < %9 (35)>
(36)

Y09 1%09 (7)) > ¥59 [x09 (7)1

It follows from (34) and (36) that there exist (x, y;),
(x5, ¥,) € L such that

f2 (x1 1) = (019 (1) > g [x19 (1)])»
f2 (%2 32) = (%29 (12) 129 [%29 (1)]) »

y19 %19 (1)) > 99 (%9 (1,)]-
(38)

x9 (1) < x9(1),

It follows from Lemma 3(i) and (37) that

(19 () g [x19 (W)]) > (%29 (15) 129 [%,9 (12)]) € L,
(39)

and this is a contradiction. The claim is proven.

In a similar fashion, we may show that lim, _, ,+ H(x) =
H(a) = 0. Thus y = H(x) (x > a) is an increasing
continuous function. In a similar fashion, we may show that

x = G(y) (y = a) is an increasing continuous function.
Lemma 3 is proven. 0

Let
L' ={(x,y): y=H(x)=0,x € [a,b]},
f(Lh) =",
L*={(x,y):y=H(x)>0,x € (b+00)},

GRS

(40)



where a € (0,+00) and a < b. It follows from Lemma 2(iii)
and Lemma 3(ii) that

M' ={(x,y):x=G(y) =0,y € [a,b]},
f(mh) =1,
M ={(x, ) : x=G(y) >0,y € (b,+o0)},
f(M*) =1

Proof of Theorem 1(2). Noting (40), we consider the following
two cases.

(41)

Case 1 (a = b). It follows from (40) that
L=L*U{(a0)}. (42)

Let (x_;,x,) € L?and {x,}o2_, beasolution of (2) with initial
value (x_;, x;); it follows from Lemma 3(i) that

(X015 X2,) = fzn (%15 %) € L, (43)

which implies that lim,, _, (x,,_;,%,,) € L. It follows from
(42) and Theorem 1(1) that

Tim (1 %,) = (@0). (44)

Next we claim that y = H(x) (x > a) is a strictly increasing
function. Indeed, if there exists (x_;, xy), (¥_1> ;) € L such
that y_, > x_; and x; = y,, then there exist r € (1, +00) such
that y_, = rx_;. Set

(o %0) = (X1 X)) " (onv0) = Dners V) s

n=12,....
(45)
Then we have
1 =y9 () 2 rx19(x0) = rxy,
(46)
y2 =209 (1) £ %09 (1) = x,.
Using induction, one can show that, for any »n > 0,
Yan-1 2 X1 Yon < Xop- (47)

It follows from (44) and (47) that

(a,0) = lim (J’2n71))’2n) # lim (x2n—1’x2n) =(a,0).

n— 00 n— o0
(48)

This is a contradiction. The claim is proven.

Now let (x_;,x,) € D — L with x;#0 and {x,};_, bea
solution of (2) with initial value (x_;, x,).
If x_; < a, then it follows from Theorem 1(1) and (2) that
2o 00Xy < awhichimplieslim,, _, o (x,,_;, X,,) # (a, 0).
If x_; > aand x;, > H(x_,), then there exists n > 0 such
that

lim

(X—l)xo) € Pn_PnH’ (49)
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from which it follows that

fzn (x_15%0) = (X3p-1> X2,,) € Py = Py (50)

Then we have x,,,, < a, which
lim, _, (%5, 1> %5,) # (4, 0).

Ifx_, >aand x;, < H(x_;), thenlet y_; = x_, and y, =
H(x_,), and there exists 7 € (1, +00) such that y, = rx,. We

can show that, for any n > 1,

implies

Yan 2 "X Xon-1 2 Yan-1>
Xon+1 _ x2n—1g(x2n) S Xon-1 S X1
Yot Y19 (V2n)  Yanr N (51)
X9 (xo) _ g(xo)
= = > 1,
ya9 () 9(n)
which implies
Jim (xy,1, X,) # M (Y21 ¥20) = (@.0). (52)

From all abovementioned, the set of initial conditions
(x_1, x,) such that the positive solutions of (2) converge to

a,0,a,0,... (53)

is y = H(x) (x > a).

In a similar fashion, we also may show that the set of
initial conditions (x_;, x,) such that the positive solutions of
(2) converge to

0,a,0,a,... (54)
isx=G(y) (y > a).

Case 2 (a < b). It follows from (41) and Case 1 that the set
of initial conditions such that the positive solutions of (2)

converge to
a,0,a,0,..., or 0,a,0,a,... (55)

is an empty set. This completes the proof of Theorem 1(2). [
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