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The Sturm-Liouville boundary-value problem for fourth-order impulsive differential equations is studied. The existence results for
one solution and multiple solutions are obtained. The main ideas involve variational methods and three critical points theory.

1. Introduction

The aim of the present paper is to study the following
Sturm-Liouville boundary-value problem for the fourth-
order impulsive differential equation:

D)y +ut) =AM (bu(t)), t#t, tel0,T],
A" () = My (u(t)), i=12....0,
—Ad" () = AL (u' (1)), i=12...1 1)
au(0) +bu"" (0)=0,  au(T)-bu" (T) =0,

cu' (0) —du" (0) = cu' (T)+du" (T) =

where a, b, ¢, and d are real constants, A is a positive
parameter, 0 = t, < t; < --- < t; < t,; = T,a,b,¢c,d > 0,
Au’”(ti) — u’”(t;—) _ u’”(ti_), Au”(ti) — u/l(t;—) _ u”(ti_),
"D, u" ()W (), u" () denote the right (left) limits,
respectively, ofu (), u" () att = t,and f € C([0,T] xR, R),
Iy L € C(RR),i=1,2,...,1.

Recently, many authors have studied the existence of
solutions for boundary-value problems with impulsive effects
[1-16]. Variational methods are powerful tools for them. We
refer the readers to [17-19] for related basic information.

In [10], the authors studied the following equation with
impulsive effects:

" (t) = u(t) + f (tu@®), t+t, tel0,T],
A () =L (u(ty), i=1,2,...,1 )
u' (0) = u(T) =0

By applying critical point theory to (2), several existence
results are obtained when f is imposed some assumptions
and A lies in suitable interval. In [8], the authors studied the
existence of solutions for the following problem:

u® (@) + Au" () + Bu(t) = f (tbu (D), ae te[0,T],

~Au" (tj) =1 (U’ (fj)), ji=12,...,1,

—Au"'( )=Izj(u(tj))’ j=1,2,...,l,

u©) =u()=u"(0")=u"(T7) =0.
3)

They essentially proved that when f, I} ;, and I,; satisty some
conditions, (3) has at least one solution or infinitely many
classical solutions via variational methods.

To the best of our knowledge, besides [12, 13] for second-
order differential equations, [8] for fourth-order differential
equation, limited work has been done in the Sturm-Liouville
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boundary-value problem, let alone higher order. Motivated
by the above facts, we study the existence of solutions
for problem (1) by applying variational methods. With the
impulse effects and the Sturm-Liouville boundary conditions
taken into consideration, the corresponding variational func-
tional J will be more complicated than the ones of any fourth-
order boundary-value problems before. In our study, some
difficulties such as how to prove that the critical points of ]
are just the solutions of problem (1) and how to prove the
space X and the functional J to satisfy the conditions of
the related theorems must be overcome. To verify that the
weak solution of problem (1) is just the classical solution of
(1), we construct a Fundamental Lemma 5, by which we can
easily prove that the critical point of the functional is just the
solution of problem (1).

This paper is organized as follows. In Section 2, we present
some preliminaries and establish the variational structure. In
Section 3, we discuss the existence results for one solution
and multiple solutions. In Section 4, we discuss the existence
results for positive solutions. In Section 5, we will give some
examples.

2. Preliminaries and Variational Structure

First we present some theorems that will be needed in the
proof of main results.

Theorem 1 (see Theorem 2.2 [19]). Let E be a real Banach

space and I € C'(E, R) satisfying the Palais-Smale condition
(PS). Suppose I(0) = 0 and

(C1) there are constants p, o > 0 such that IlBBP > a,
(C2) thereisane € E\B, such that I(e) < 0. Then I possesses

a critical value ¢ > a. Moreover, ¢ can be characterized
as

c=inf max I(u),
gerueg([o,l]) ( ) (4)

where

I={ge(C[0,1],E): g(0)=0, g(1)=e¢}. (5

Theorem 2 (see Theorem 9.12 [19]). Let E be an infinite

dimensional Banach space and let I ¢ C'(E,R) be even,
satisfy (PS), and I(0) = 0. If E = VP X, where V is finite
dimensional, and I satisfies that

(C3) there exist constants p,« > 0 such that IlaBan >a

(C4) for each finite dimensional subspace W C E, there is an
R = R(W) such that I <0 on W \ Bpy.

Then I has unbounded sequence of critical values.
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Let X be a nonempty set and ®,¥ : X — R two
functionals. For all 7, 7,7, > inf x®@, 7, > r;, 73 > 0, we define

(supu@fl(]foo,r[)‘l’ (u)) - ¥ (u)
r— @ (u)

. Y (v)-Y¥(u)
B(ry,1y) = 711nf SO =D
ued™ (1=00 D e ([r,r,n @ (V) =@ (W) ()

Q(r):= inf

ued! (J-oco,r()

>

SUp, et (]—00,ry+73 [)\P (I/I)

)’(72’7’3) = s

a(ry,ryr3) i= max{g (r), 9 (r,),y (r213)} -

Theorem 3 (see Theorem 2.1 [2]). Let X be a reflexive real
Banach space, ®© X — R a convex, coercive, and
continuously Gateaux differentiable functional whose Gdteaux
derivative admits a continuous inverse on X", and ¥
X — R a continuously Gdteaux differentiable functional
whose Gateaux derivative is compact, such that

(1) inf @ = D(0) = ¥(0) = 0;

(2) for every uy, u, such that ¥ (u,) > 0 and ¥(u,) > 0 one
has

inf W (¢ 1-t > 0.
nf ¥ (tu +(1-1)uy) 2 7)

Assume that there are three positive constants ry, r,, r3 with
1, < 1y, Such that

(i) §0(71) < ﬁ(rp 1’2);
(ii) @(ry) < B(ry, 1)
(ii) y(ry, r3) < P(ry,13).

Then, for each A €]1/B(ry,1,), 1/a(ry, 15, 15)[, the functional
® — AY admits three distinct critical points u,, u,, us such
that u; € ®(] — co,r,[), uy, € ' ([r),7,0), and u, €
(] = 00,1, + 13]).

Let us define the space X = W>*([0, T, R) equipped with
the norm

T 1/2
uw=(LmaW+WUﬁ+w%m%Q .®

We set the functional ] : X — R defined by

1 u(t;)
J I (s)ds

1, » T
HW=§WM—ALFUmUD&—A 0

i=1
! u,(ti)
-A Z Jo L, (s)ds,

1

i=

€)
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where [ully = ( jT|u”(t)|2 + |u(®)dt + (a/b)u*(T) +

(q/b)u ©) + (/D' DI + (c/d)lu' O, Ft,u) =
J f(t,s)ds. ] is differentiable for any u € X and

J' () (v)

= JT (u"v" +uv) dt-\ Z L (u(t)v(
0
!

T
—AZ&&dm»VOJ—ALfaMu»wnm

i=1

a a c !
+ Eu (T)v(T) + Eu 0)v(0) + Eu (T)v (T)

+ gu' )+ (0).
(10)

Set the usual norm of C'([0,T]), L*(0,T), respectively, as
follows:

lull = max { max |u (f)|, max |u’ (t)|} )
te[0,T] te[0,T]

Jull = (LT ) dt)

Lemma4. The norm |ul|y is equivalent to the usual norm |ul.

(11)

1/2

Proof. First, we will show that there exists M; > 0 such that
lull* < M, ||u||§(. Since u' is absolutely continuous in X, we

have u'(t) = ' (0) + Iot u” (s)ds. So

J 6] dt—J

<27’ ) + 217 JT " ()] ds,
0

2

u' (0) + J u" (s)ds| d

(12)

which implies
Jual®

T 2 " 2 ’ 2 2 T I 2
sj u (£)] +|u (t)| dt+2T|u (0)| +2T L |u (t)] dt
0

< (1+21%) JT " o) ds + JT ju ®Pdt + 2T} (0)]
0

Smax{1+2T2 @}G | " (t)| +|u(®)Pdt + = |u (0)|>
c
= My|lully
(13)
where M; = max{l + 2T%,2Td/c}.

Next, we prove that there exists M, > 0 such that ||u||§( <
2
M, [|ull”.

Obviously, max;¢ o rj|u(t)| = u(§) = u + Jj u'(s)ds <u+

j(;r | (s)|ds, where & = jOT u(s)ds/T = u(n). Thus, we have

(trer[loa)uT(] lu (t)|>2 <2 (lmz i (JOT 'u, (S)' ds>2>

2
< =
T

(14)
T T 2
J |u(s)|2d5+2TJ |u' (5)| ds.

0 0

Similar to the above proof, we have

2
<f§[’§’r‘]|”’(”‘> %J |’ (s)] ds+2TJ lu” ()| ds.
(15)

By (14) and (15), we have

2 T 2 " 2
el < ] 1) + |u" (5)| ds

2a (2 (T PN
+7<?J'0 [ ()] cls+2TJ'0 'u (s)' ds>

+ % (% LT |u' (s)'zds +2T LT |u" (s)'2d5>

4a T 5 acT (T 4, 2
< <1+b—T>JO [ (s)] ds+<1+7)-[0 |u (s)' ds

( 4aT  4c

T 2
b ar) ), I @l ds =

(16)

where M, = max{1 + 4a/bT, 1 + 4cT'/d, 4aT [b + 4c/dT}. By
(13) and (16), the proof is complete. ]

Lemma 5 (Fundamental Lemma). Let u,v € L'([0, T]; R). If
for every f € C'10,T] with f” e L0, T], f(0) = f(T) =

£1(0) = £'(T) = 0 satisfying [, u() f"(t)dt = [ v(t) f(D)dt,

then there exist C;,C, € R such that u(t) = f; f; v(0)dOds +
Cit+C,ae on[0,T].
Proof. Define w(t) € C([0,T];R) by w(t) = jot _[Os v(0)dOds;

we have

JOT w(t) f' (1) dt = LT Lt L v(6)dedsf” (t)dt.  (17)



By the Fubini theorem, we have

JOT w(t) f' (1) dt = LT JT Ls v(6) dof” (¢) deds

N

JTJ v(©)do (f (T) - £ (5))ds

_ JTrv(G)def'(s)ds
’ (18)
T
_ j j v(6) f' (s)dsd6
0
T
- jo v(0) (f (1) - £ (6))do
_ L v(6) f (6) db.
So
T
j w(t)-w@) f' (t)dt =0. (19)
0

In particular, we choose f(t) = Iot _[Os(u(e) - w() - C,0 -
C,)dOds, where

12

C, = —(J tut) - w®)dt -

= LT w()-w(o)ds),

S| o NIH

T
C, = éj u(s)—w(s)ds—

T
t(u—w)dt.
T Jo Jo (= w)

(20)

By computation, f € C(l)[O, T], f” e L'[0,T), f(0) = f(T) =
£'(0) = f/(T) = 0,and

JT (Ct+C) f' (t)dt =o. (21)
0

By (19) and (2D), [, (u(t) - w(t) — C,t - C,) " (t)dt = 0; that

is, JOT [u(t) — w(t) - Cyt - C2|2dt = 0, which means u(t) =
w(t) + C,t + C,. The proof is complete. O

Definition 6. A function u € X is said to be a weak solution
of (1), if u satisfies J'(u)(v) = 0 forall v € X.

Definition 7. A function u € X is said to be a classical
solution of problem (1) if u satisfies the equation in (1) for
ae t € [0,T]\ {t;,t,,...,t;} and the impulsive condition
and boundary condition in (1). Moreover, u is said to be a
positive classical solution of problem (1) if u(t) > 0, u(t) # 0,
t € [0,T].

Lemma 8. Ifu € X is a weak solution of problem (1), then u is
a classical solution of problem (1).

Proof. By Definition 6, if u € X is a weak solution of (1),
then J'(u)(v) = 0 holds for all v € X and hence for all v €
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Cgo(tz’tzﬂ) V, € Coo(tz’tu—l) V(t) =0,t¢ [0 t] U [t1+1’T]

So J “u"v" + uv — Af(t,u)vdt = 0. By Lemma 5, we have

W (8) = j: (JO 1 (0) + Af (6,u (6)) de) ds+Cyt+C,
' (22)

for ae t € [t,t;,,] and some C,,C, € R. So u® + u -

Af(t,u) = 0,ae.t € [t;,t;,],i =0,1,...,1 Thus u satisfies
the equation in problem (1) and u € Cc*([0,T] \{t by, .o 1)),
By integration by parts for two times, we have that

T nn T
L (u v +uv)dt— L fut)v(t)dt
!
- Azlu (u(t)v(t)
i=1

- AZIZ, (v (

c li c !
+ Eu (T)v (T) + Eu 0)v (0)

t)) v () + u(T)v(T)+ u(O)v(O)

fiv1 tiv1

1
=>u" @B

t=ty 1=l

1
=Yu" )V (1)

i=1

t=t+

T
+ J [ (1) + u () = Af (tu ()] v () dt
0

- AZIU (u(t)v(t;) - AZIy (“’ (ti)) v (t)
+ Eu (T)v(T)

a C ] c !
+ Eu 0)v(0) + Eu (T)v (T) + Eu (0)v (0)

MN

(8" (6 = A ((5)) (1)

1

T
+ J [ (1) + u () = Af (t,u )] v () dt

0
1
Z( t)+/112,( ,(ti))) v () +u" (T) V' (T)
i=1
—u" )V () =" (T)v(T)

"

+u (0)v(0)+ u(T)v(T)+ u(O)v(O)

+ Eu (T)v' (T) + gu 0)+' (0)
(23)
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holds for all v € X. Since u satisfies the equation of problem
(1), (23) becomes

M~

(A”I” (t;) = ALy (u (tz))) v(t;)

1

!

= (A" () + My (' (1)) V' (1)

i=1
+u" @+ Su' ]
hu du v

-[u" @S @] ¥ (0>—[u”’ ()= Su (D] v (1)

d

+ —u”' 0) + Zu(O)] v (0) =
(24)

forallv e X.

Next we will verify that u satisfies impulsive condition in
(1). If not, without loss of generality, we assume (24) holds for
v(t) = 0fort € [0,t;] U [t;q,T], v'(t,-) + 0. So (Au"(ti) +
AL (' (t)V'(t;) = 0, and then Au"(t;) + AL;('(t,)) =
We assume v(t) = 0 fort € [0,t;] U [t; + (t,,, — t;)/2,T],
v/(t;) # 0. So (24) becomes (Au"(t;) + AL; (' (t))V'(t;) = 0,
which means Au"(ti) + le-(u'(t,-) = 0. Similarly, by choosing
particular v € X, we can show that u satisfies boundary
conditions in problem (1). O

Lemma 9. Let u € X; then |lull < Mlully, where M =
max{1/VT, VT} max{l + 2T?,2Td/c}.

Proof. Foranyu € X, it follows from the mean-value theorem
that
u(r) =

T
% L u(s)ds (25)

for some 7 € [0,T]. Hence, for t € [0,T], using (25) and
Holder’s inequality, we have

w®) = u@ + jtu' () ds

. %(LT |u<s>|2ds)

ﬁ} lual

1/2 1/2

+ ﬁ( LT |u' (s)|2ds)

< max {%,
(26)

Similarly, we have |u/(t)] < max{1/VT, VT}ul. So |ullc <
max{1/VT, VT}|lull, which together with (13) yields the
results. O

Lemma 10. Suppose the following conditions hold.

(H1) There exist constants y > 2 and r > 0 such that, for
|&] =7,

0 < uF (t,8) < &f (,5). (27)

(H2) The impulsive functions I,; satisfy sublinear growth;
that is, there exist constants «; > 0, 3; > 0, and
y; €10,1),i=1,2,...,1, such that

|Ili (”)| < o + filul”. (28)
I, are bounded.

(H3) The impulsive functions L;,i = 1,2,...,

(H4) f(t,u) = o(lul), I;(u) = o(lul), L(u) = o(lul) as
lul - 0,i=1,2,...,L

Then the functional ] defined by (9) is continuously differen-
tiable. Moreover, it satisfies the Palais-Smale (PS) condition.

Proof. By the continuity of f, I}; and L,;,i = 1,2,...,], we
know that ] is continuously differentiable. Next, we will prove
that J satisfies the Palais-Smale condition. Let {J(u;)} be a
bounded sequence such that II'(uk)| — 0ask — o0o.Then
there exist two constants k, C; > 0 such that for k sufficiently
large

|] (”k)| <C. (29)
By (H3), there exists a constant C, > 0 such that
|12i| SCZ’ i= 1)2)“-,1- (30)

Then for k sufficiently large, by (H1) (H2) and the definitions
of J, J', we have

u(t;)

fll =2 )+ 213 10

i=1

+ 2AZ J L (s)ds + 2 J F(t,uy (1)) dt

u(t;)

! k\*i
< 2] (wy) + 2/\2 L I; (s)ds
i=1

I
+ ZA; L L (s)ds + 7 J f (6w (8) e (1) dt

u(t;)

! k\Fi
=27 () + 2/\; L 1; (B dt
+ 2AZ j L (9)ds + —||uk||X
R
lez (le (t Uy (t 2 ZIZI ( t )) uk )

2,
—;] () (uag) -
(31)



By Lemma 8, (29), (30), (31), (H2), and (H3), one has

(52 ) bl
2 u X
u(t;)

1
=1 (0) = ) ) £33 s

! ul’c(ti)
+ )LZ L L, (s)ds
i=1

Zlh(uk(t ) () = VZ i (1 () w (1)

C, ! _
<Cy+ 7 el + Ml D (o + Billusel ) + IAC g o

i=1

1

A )
' !_""”k"clz (“i + ﬁi“”k“gl) *

i=1

e
— [l

:Cl

C,

Y EOY RS AR
1

+mc2(1+ ;)M"uk".

(32)

So {u;} is bounded in X, which implies that the sequence {1}
weakly converges to u.
Next we show that {u;} strongly converges to u in X:

(], () = T (”)) (e — )

A [ (g (£)) = Ty (e (2)] [n0e () = 00 (1)

i=1

EONIACA)E

i=1

= [~ ufl -

Iy (”’ (tl))] [”I,c (t;) - (ti)]

A 1 G ) - F )] () - o)
(33)

Similar to the proof of Proposition 1.2 in [18], the weak
convergence u;, — u implies that {1} uniformly converges
to u in C([0, T']). Since u;. € X, uL converges to ' in C[0, T].
Thus

(7' () =T () (s = u) — 0,

/\Z (1 (e (£) = Ly (e ()] [ (23) —u (£)] — 0,
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AZ[Izz( ) = i (' ()] [ () - o (8] — 0,

A JOT [f (b (1) = f (6 u ()] [y (8) — u(t;)] dt — 0.

(34)
Soflu, —ully — Oask — oo.Inother words, {1} converges
strongly to u in X. O

Remark 11. By (H1), there exist a,,a, > 0 such that
F (t’ E) 2 ‘21|£|‘M - aza (35)

forallt € [0,T],& € R.

3. Existence Results for One Solution and
Infinitely Many Solutions

Theorem 12. Suppose that (HI1)-(H3) hold. Furthermore, we
assume (H4) holds. Then problem (1) has at least one nontrivial
solution.

Proof. We will use Theorem 1 to prove the theorem. By
Lemma 10, we have known that J satisfies the (PS) condition
and it is obvious that J(0) = 0. By (H4), for any € > 0, there
exists a d > 0 such that |§| < §, which implies

1

13
Z L I; (s)ds

i=1

1 1
[ )] < Jelel” < Slelel,

(36)
!

3
Z L L, (s)ds

i=1

< Jlefel

for all t € [0,T]. Consequently, by Lemma 9, one has, for
llullx < 6/M,

T
1
J F(t,u(t))dt| < 5M2T8||u||§(,
0

1 u(t;)
Z J I; (s)ds
i=1

< 2M lellully, (37)

1
< EleelluHi(.

Lot
Z J L, (s)ds
i=1

Thus
T 1 u(t;) l u't
F(t,u (b)) dt| + Jlid I L,
|, Faum) > s e [3 ] noad
1
< EM2 (T +21) ellull’ = o (lul%)
(38)
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as |ullxy — 0. Therefore,

u(t;)

1 ! i ! u,(ti)
@) = Sl -1y L L9 ds— 1Y L L,; (s) ds
i=1 i=1

T
—AJ F(t,u(t)dt
0

vV

1
Sl + o (Jluliy)
(39)
asu — 0. Thus (C1) holds.
To verify (C2), we choose e(t) € X, x € R such that K, =

lellx > 0, K, = |lell;2 > 0, K;, K, are constants. Then by (H1),
(H2), Remark 11, Lemma 8, and (30), one has

2 1 Ke (t)
K
el -1y L I, (s) ds AZ J L; (s) ds
i=1

J (ke)

T
- /\J F (t,ke (t)) dt
0

/\

||e|| +AZ o el Alwellc”
= X C1 Y +1

T
+ MG, |« llellct — A Jo (a,|x|“le ()" — ay) dt

I/\

Y +1

—K ”Z <oc x| MK, +

i=1

Y )

T
+ AMC,MK; |x| - A J (a|x|le () — a,) dt.
0
(40)
By Holder’s inequality, we have
T T ul2
I le (H)|“dt > “ e () dtT@*f‘)/f‘]
0 0 (41)
(2-w/2 (2-p)/2
= ell, T = KT,

Substituting (41) into (40), we have

ke Yi*lMYi*'lKVi“
J (ke) < —K +A MKIZ< ilrel !
i=1 Yi + 1

+lC2K1M] |%|

- cll)tltc|”1<’2‘T(2”‘)/2 + AT — —c0

(42)

as |[k| — +o0o. Hence (C2) holds. Therefore, applying
Theorem 1, we deduce that J admits a critical value ¢ >
0 characterized as in the statement of Theorem 1 to J, J
possesses critical value ¢ > 0 given by

¢ =inf max u),
gGFuEg([O,l])]( ) (43)

where

={geC(0,1,E): g(0)=0, g(1) =e}.  (44)

Letu” € X beacritical point associated with the critical value
cof J (e, J(u™) = c¢). Condition ¢ > 0 implies that u* #
0. Lemma 8 means that IBVP (1) has at least one nontrivial
solution. O

Theorem 13. Suppose that (H1)-(H4) hold. Moreover, assume
that the nonlinearity f(t,u) and impulsive functions I,;, I,
are all odd in u. Then IBVP (1) has infinitely many classical
solutions.

Proof. We apply Theorem 2 to complete the proof. Clearly
J € CY(X,R) is even and J(0) = 0. Lemma 10 shows that J
satisfies (PS) condition. The arguments of Theorem 12 show
that J satisfies (C3) in Theorem 2. To verify (C4), let W be any
finite dimensional space in X. For any u € W, by (H1), (H2),
Remark 11, Lemma 4, and (30), one has

1
@) = Sl -1y j
i=1

u(t;)

I;(s)ds - /\Z Ju “ L, (s)ds

T
—AJ F(t,u(t)) dt
0

I/\

¥+l
-||ullx + AZ ((x + Bl +' ) +IAC, Jlull

i=1

T
- )tJ' (ay|lu (@) — a,) dt
0

B ul
—||u||x - AMuuuxz < —

i=1 Yi+1

I/\

T
+IMC, M |ully — A L (aylu () - a,) dt.
(45)
For finite dimensional space W, the norm || - ||y is equivalent
to [ - [l
So there exists ¢, > 0 satisfying
llullx < colluall (46)
for u € W. Thus,
T
J ay|u ()|“dt > ayc, " |ullf;. (47)
0

By (45) (46) (47) we have

1
1
J(u) < 5||u||§( + AZI <ai +

= Aay i, llull + Aa,T — —oc0

B MY
+1

i

) +IAC, M|ul|

(48)

as [|ullxy — +oco. That is, there exists R > 0 such that J(u) < 0
for u € W\ Bggyy,. The proof is complete. O



4. Existence Result for Three
Nonnegative Solutions

In this part, we need the following conditions.
(H5) For I;, I;, and f,
(CS) f € C([O) T] X [0) +OO); [0) +OO))) 111‘ € C(R) R)>
L, e C(RR),i=1,2,...,];
(C6) f(t,0) = I,;(0) = L;(0) = 0 for almost every
t € [0,T] and L,;(x)x > 0 for all x € R.

Lemma 14 (see Lemma 2.2 [12]). For u € X, let u* =
max{tu, 0}. Then the following five properties hold:

DueX=>u"u eX;
iDu=u"-u;
(iii) flu*lx < llullxs

(iv) if (u,,) uniformly converges to u in C([0, T1), then (u,))
uniformly converges tou™ in C([0, T]);

V) u"(Ou(£) = 0, (") ()W) (t) = 0 for a.e. t € [0, T].
Lemma 15. Ifu € C([0,T]) is a classical solution of problem
u® () +u(t) = Af (Lut (1), t+t, te[0,T],

A" () = My (u” (1))
—Ad" (1) = M, ((u+)l (t,-)),

i=12,...,1

i=12,...,1 (49)

n

au (0) + bu'" (0) = au(T) - b (T) =0,

cu' (0) —du” (0) = cu' (T)+du”" (T) =0,

then u(t) > 0 fort € [0,T], and hence it is a nonnegative
classical solution of (1).

Proof. Since u € C[0,T] and f € C([0,T] x [0, +00);
[0,+00)), we have u™ € C[0,T] \ {t),ty....t;}. ffu €
C([0,T1) is a classical solution of problem (49), by Lemma 14,
(H5) and boundary conditions, we have

’ (4)
0= JO (u

=AY 1 (" (1)) (1) - /\le,( u*) (1)) ) (1)

) +u(t) - Af (tu' (1)) u () dt

+u"" (T)u (T)

—u" () (0) =" (T) () (T) + " (0) () (0)
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T "
+J u" (t) (u”) (t)dt
0

T T
+J u(t)(u_)(t)dt—/\j ftu" @®)u (t)dt
0 0
a _ a _ c !
= U (Tu (T) + Eu(O)u 0) + 'k (T)(u") (T)
+ gu' 0) (u”)' (0)

T 1 A\ _ )
+J0 ' (@) (W) @O +u@) () @) dr < —|ju |y

(50)
Sou (t) = 0 fort € [0,T]; that is, u(t) > 0. The proof is
complete. O

Remark 16. By Lemmas 14 and 15, in order to obtain the
nonnegative solutions of (1), it is sufficient to show the
existence of solutions of (49).

For each u € X, set

@) = Slul, (51)

Y

1 u*(t;) 1
Y (u) = Zj Ili(S)ds+Zl:Jo

L, (s)ds

T (52)
+ J F(t,u' (t))dt,

0
J () = ©(u) — A¥ (u).

It is obvious that @, WV, and ] are differentiable for any u € X.
Then we have

T
@' (1) (v) =J (u"V" +uv)dt + u(T)v(T)+ u(O)v(O)
0
c li c i
+ Eu (T)v (T) + Eu 0)v (0),

(53)

¥ (1) (v) = ZII,

i=1

(t)) v (t;) + zrz,( ) (1)) V' (&)

T
+ J ftu"@®)v@)dt.
0 (54)

Definition 17. A function u € X is said to be a weak solution
of (49), if u satisfies J'(1)(v) = 0 for all v € X.

Lemma 18. Ifu € X is a weak solution of (49), then u is a
classical solution of (49).

Proof. Itis similar to the proof of Lemma 8, so we omit it here.
O
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! . . .
Lemmal9. ® : X — X" admits a continuous inverse on
X"

Proof. First, for every u € X \ {0}, by (53), we have

' () (u) _

lleell x

2
u

Bl — +00 * Jullx — oo ullx '

. /. . .
which means that @' is coercive. Furthermore, givenu, v € X,
one has

(" W) -0 @) @=) 2 Ju-vl3 (56)

so @' is uniformly monotone. By Theorem 26.A(d) of [20],

-1, -1, .
we have that (®')  exists and (®')  is continuous on X*.
Thus, @' : X — X* admits a continuous inverse on X*. The

proof is complete. O
Lemma 20. ¥' : X — X" is a continuous and compact
operator.

Proof. First we will show that W' is strongly continuous on X.
Letu, — uasn — oo on X. By [20], we have (1,) converges
uniformly to © on [0,T] asn — o©0. Since f is continuous,
one has f(t,u,) — f(t,u) asn — oo. Furthermore, I;;,
I,; are all continuous. So ¥'(u,) — ¥'(u), which implies
that ¥ is continuous and that ¥’ is a compact operator by
Proposition 26.2 of [20]. The proof is complete. O

Theorem 21. Suppose that the condition (H5) holds. Let
k = [2M2(1024/T° + (83/240)T)} ", I(s) := Y L(s)] +
25:1 |L,;(s)|. There exist four positive constants m, n, p, q, with

Vkm < n < Vkp < Vkq such that

(H6) (C7) ([," I(s)ds + [, F(t,m)de)/m? < k(- [" I(s)ds

+ (20 e mydt — [ F(tmydt) ),

(C8) ( j . I(s)ds+ [ F(t, pyan)/p < k(- [[" 1(s)ds+

. /4 " E(tmydt - [ F(tm)dn) nd),

(C9) ( j 1 I(s)ds+ [, LR, q)dt) [ (F—p?) < k(- [ 1(s)ds

m " F(t,myde - [ F(t,m)di)n).

Then, for every

m 3T/4
(—J I(s)ds+J F(t,n)dt
0 T/4

-1

T
—J F(t,m)dt> ,
0

9

T -1

min<l2 2< I(s)ds+ F(tm)dt> ,

-1

2‘;\)42< I(s)ds+ F(tp)dt> ,

T -1
ZMf <J I(s)ds+j F(t,q)dt> }[,
(57)

the problem (1) has at least three distinct nonnegative classical
solutions u; (i = 1,2,3), such that ||yl < g, which means
that the problem (1) has at least two distinct positive classical
solutions.

Proof. The proof is based on Theorem 3. First, we will prove
that @ and V¥ satisty the hypotheses in Theorem 3. On the
one hand, ® is coercive and its Gateaux derivative admits a
continuous inverse by Lemma 19. On the other hand, ® is
obviously convex. ¥’s Gateaux derivative is continuous and

compact by Lemma 20. In addition, inf x @ = ®(0) = ¥(0) =
0. By (H5), we have
S S
j I; (s)ds > 0, j L, (s)ds > 0,
0 0 (58)

Fts) = Lsf(t,s)ds >0,

which deduces that ¥(u) > 0 for all u € X.
Next, we will verify the conditions (i), (ii), (iii) in
Theorem 3. First, we define

(32
3—nt2, te [o,z],
T2 8
32n< T>2 1T T]
——\t—-=) +n, te|=,—|,
T? 4 1874
~ 1T 3T
V()= 1M tEdZ’T]’ (59)
32n< 3T>2 13T 7T]
- (t-=) +n, te|—,—|,
T2 4 1478
32n 2 17T ]
= (t-T)>, te |—,T].
¥ ( ) 175
It is easy to verify that
V=7, v =0. (60)
By computing,
N 1024 83 ,
O ) = ( + _T) - . (61)
@ T3 240 2M2k

Letr, = m?[2M?, ry, = p2/2M2, and ry = (q2 - pz)/ZMZ.
By Vkm < n < Vkp < Vkq, one has r, < ®(¥) < r,, which
means that v € d)*l([rl,rz[) and r; > 0. When ®(u) < r;, by
Lemma 9 and (51), we have

max{max [u* @), maX| u®) (t)”’

te(0,T]

<M|u' |y £ Mllullx < \2M2® (1) < m.

(62)



10

In view of (51) and I(s), we have

sup ¥ (u)

ue®!(]-oo,r;[)

l

= I; (s)| ds + J L (s)|d
Eﬁﬁj|ﬂﬂs mﬂZ |L; (5)| ds
(63)
T
+ J max F (t, &) dt
0 [§lxm
m T
- J [(s)ds + J F (t,m) dt.
0 0
Similarly, we have
p T
sup Y (u) < J I(s)ds+J F(t,p)dt,
ued(J-oo,r,[) 0 0
(64)

q T
sup ¥ (u) < L I(s)ds+ Jo F(t,q)dt.

ue® 1 (]—o0,r,+75[)

Therefore, taking into consideration that 0 € o] - oo, D
and 0 € ®'(] - co, 1,[), by (63) and (64), we have

SUP et (J-oo,r, [)\P (1/[)
8}

2M2 m T
< 7 (Jo I(s)ds+ L F(t,m)dt>,

SUP et (J-oco,r, [)‘F (u)

&)

< ZP—A;IZ<J I(s)ds+ jT (t,p)dt),

¥ (u)

¢ (r) <

¢ (ry) <
(65)

SUP et (J-00,ry+15[)

Y(”z”’s) = s

2M2 q T
< -7 (L I(s)ds+ Jo F(t,q)dt).

Furthermore, by (60) and the definition of v,

v(t)

Lo ev(t) !
\11(;):2]0 I (s)ds+ZL
i=1

i=1

L, (s)ds

T
+J F(t,7 (1) dt
0

minyepo, 7y v(t) L pmingerom v ()]
J L (s)ds+ Y j

i=1

|12i (5)| ds

(=]

3T/4 3T/4
+ J F(t,7(t)dt = J F(t,n)dt.
T/4 T/4

(66)
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Takingv € d)’l([rl, 1, [) into consideration, by (61), (63), (66),
(C9), and ®(u) > 0, one has

B (ryr2)

¥ (%) — ¥ (u)

> in —
ued!(J-co,r, N O (V) — @ (1)

o Emdt— ([ 1(s)ds+ [) F(t,m)dt)
- n2/2M?*k
2M2k m 3T/4 T
- <_ L I(s)ds+ Jm Ftn)dt - L F(t,m) dt).
(67)
By (65), (67), and (C7)-(C9) of (H6), we have
a(ry,ryr;) < B(rm), (68)

which yields the conditions in Theorem 3. By Theorem 3, it
follows that, for each

I’l2 m 3T/4
— | - I F(t, t
¢ ] 2M%k ( L (s)dbs + JT/4 (tmd
-1

T
—J F(t, m)dt> ,
?
m1n<|
-1

i(J, 1
li( ["1eds+ F&Mﬂ>>
P

-1

s)ds + F(t,m)d> ,

2M?

2M2 <J I(s)ds+J F(t,q)dt)l]»[,

(69)

the functional ] = ® — AW has three distinct critical points
u; (i=1,2,3)in X with ®(y;) < r, +7;. By Lemma 9 and (51)

!
il = max { ma [ ], mas |7 0|

< Mu; [l < M < \2M2 (w;) < g.

By Remark 16, u; (i = 1,2, 3) are three positive solutions of
(1). The proof is complete. O

(70)

Remark 22. If we choose different v, then the constrictions on
F, I; are different.
5. Examples

Example 1. Let T > 0, t; € (0,T), a,b,c,d > 0,
X1, Xy, X3, ¥y 2; € C([0,T],R"), i = 1,2,...,1. Consider
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the following Sturm-Liouville boundary-value problem with
impulse:

u (O +ut) = Af, (), te[0,TI\{t;,ty.... 0},

A" (ti) = Al (” (ti)) >

A" (t;) = =Mz, (t) sinu” (t,),

i=1,2,...,1,
i=1,2,...,1,
au (0) + bu'" (0) = 0, au(T) - bd" (T) =0,

cu' (0)—du” (0) =0, cu' (T) + du”’ (T) =0,

(71)
where
fitu) =x, (t) w o+ x, (t) sinu + x5 (t) exp |ul,
_y@® W, Jul <1, (72)
b= {)’i O u', Jul > 1.

By computing, F(t,u) = (1/4)x1(t)u4 — x,(t)cosu +
x5(t) sgn uexp |ul. Let y = 6; there exists r > 0 such that,
for |&] > r,0 < uF(t,&) < &f(¢,&). The conditions (H1)-(H4)
are satisfied. Applying Theorem 1, problem (71) has at least
one nontrivial solution.

Furthermore, the functions f(t,u), I;;, I; are all odd in
u. Applying Theorem 2, problem (71) has infinitely many
classical solutions.

Example 2. LetT = 1,¢t; € (0,1),i = 1,2,...,l,a,b,¢c,d >
0. Consider the following Sturm-Liouville boundary-value
problem:

W (O +u ) = M, Gu®), 1€ [0\t b0t
A" () = ALy (u(t)), i=1,2,..00
A" (1) = ALy (u' (), i=1.2...0

n

au (0) + bu'" (0) = 0, au()-bu'" (1) =0,

cu' (0)—du" (0) =0, cal () +dd" (1) =0,

(73)
where
0) 0<5S11
t(s—-1), 1<s<2,
t,s) =1, (s) = L; (s) =
fts) =1, (s) = L; () —t(s=3), 2<s<3, 4
0’ S>37 ()
7680
for every A € [—’*'00)’
245843

problem (73) has at least two distinct positive classical
solutions.

In fact, (H5) is fulfilled. By computing, M =
max{3,2d/c}, so k = min{40/737529,30c?/245843d>}.

1

Considering Vkm < n < Vkp < +kgq, without loss of
generality, we choose m = 1/2, n = 2 and sufficiently large p,
q. Then we have

m 3T/4 T -1
J I(s)d5+J F(t,n)dt—J F(t,m)dt)

n? (
2M?%*k 0 T/4 0

161280
T 245843’

<
2M
-1

P T
J I(s)ds+ J F(t,p) dt> is sufficiently large,
0 0

-1

J-ml(s) ds+ JTF(t, m) dt) = 00,

0 0

2 2 -1

([0 [ #uaa)

and that (H6) is satisfied. Applying Theorem 21, problem (73)
has at least two distinct positive classical solutions for every
A € [161280/245843, +00).

is sufficiently large,

(75)
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