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Davvaz (2008) introduced the concept of set-valued homomorphism and T-rough sets in a group. In this paper, we consider the
set-valued homomorphism T on I'-semihypergroup H to interpret the lower and upper approximations. We study the roughness
of (m, n) bi-I'-hyperideals and (m, n) quasi-T-hyperideals in terms of set-valued homomorphisms, which are extended notions of
(m, n) bi-T'-hyperideals and (m, n) quasi-I'-hyperideals of I'-semihypergroups.

1. Introduction

Hyperstructure, in particular hypergroups, was introduced
in 1934, by Marty [1]. Nowadays, hyperstructures have a
lot of applications to several domains of mathematics and
computer science and they are studied in many countries in
the world. Recently, Anvariyeh et al. [2] introduced the notion
of I'-semihypergroup as a generalization of a semigroup,
a generalization of a semihypergroup, and a generalization
of a I'-semigroup. Heidari et al. [3] studied the structure
further and added some useful results to the theory of
I'-semihypergroups. Abdullah et al. [4-6] studied some
properties of M-hypersystems and bi-I'-hyperideals in T-
semihypergroups; also Hila et al. [7] studied the structures
of I'-semihypergroups.

In 1982, Pawlak [8] introduced the notion of rough
sets as a tool to model uncertainty and vague and incom-
plete information system. The theory of rough sets is an
extension of set theory, in which a subset of a universe is
described by a pair of ordinary sets called the lower and
upper approximations. At present, this concept has been
applied to many directions, such as groups, probability
theory, graph theory, automata theory, topology, cognitive
sciences, machine learning, knowledge acquisition, and pat-
tern recognition. The algebraic approach to rough sets has
been studied by some authors; for instance, Biswas and

Nanda [9] studied the classical group theory in terms of rough
sets and introduced the notion of rough subgroups. Xiao
and Zhang [10] introduced the notion of rough prime ideals
and rough fuzzy prime ideals in a semigroup. Kuroki [11]
introduced the notion of a rough ideal in a semigroup. In
[12] the authors investigated Pawlak’s approximations in I'-
semihypergroups. Aslam et al. [13] introduced the concept
of rough M-hypersystems and fuzzy M-hypersystems in I'-
semihypergroups. Yaqoob et al. [14-16] applied rough set the-
ory to (m, n) bi-I'-hyperideals and (m, ) quasi-I'-hyperideals
in T'-semihypergroups. Fotea [17] and Leoreanu-Fotea and
Davvaz [18] discussed the lower and upper approximations
of hypergroups and n-ary hypergroups. Jun [19] studied the
roughness of T-subsemigroups/ideals in I'-semigroups.

In 2008, Davvaz [20] introduced the concept of set-
valued homomorphism and T-rough sets in a group. This
idea attracted several mathematicians. Xiao [21] studied the
properties of T-roughness in semigroups. Yamak et al. [22]
introduced generalized lower and upper approximations in
a ring. Yaqoob and Aslam [23] applied generalized rough
set theory (in terms of set-valued homomorphisms) to the
theory of I'-semihypergroups. Hosseini et al. [24] applied T-
rough set theory to semigroups.

In this paper, we study the roughness of (m,n) bi-I'-
hyperideals and (m,n) quasi-I-hyperideals in terms of set-
valued homomorphisms.
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2. Preliminaries and Basic Definitions

In this section, we will recall some concepts related to T-
semihypergroups and generalized rough sets. Throughout
the paper, S denotes a I'-semihypergroup unless otherwise
specified.

Definition 1. Amape:SxS — P*(S) is called hyperoper-
ation or join operation on the set S, where S is a nonempty
set and 9" (S) denotes the set of all nonempty subsets of
S. A hypergroupoid is a set S together with a (binary)
hyperoperation. A hypergroupoid (S, o), which is associative,
thatis, x o (yo2z) = (xeo y)oz, forall x, y,z € S, is called a
semihypergroup.

Definition 2 (see [2]). Let S and I be two nonempty sets. S is
called a I'-semihypergroup if every y € I' is a hyperoperation
on S, thatis, xyy C S,foreveryx, y € S,and, foreveryy,f €T
and x, ¥,z € S, we have xy(ypz) = (xyy)Pz.

Let A and B be two nonempty subsets of S. Then, we
define

ATB = JAyB = J{ayblac AbeBandyeT}.
yer

Let (S,°) be a semihypergroup and let I' = {o}. Then, S
is a I'-semihypergroup. So, every semihypergroup is I-
semihypergroup.

Definition 3 (see [2]). Let SbeaT-semihypergroupandy € T.
A nonempty subset A of S is called a sub-I'-semihypergroup
of Sif xyy € A for every x, y € A.

Definition 4 (see [2]). A subset A of a I'-semihypergroup S is
called an interior I'-hyperideal of S if STAT'S € A.

Let A be a nonempty subset of Sand n € N. A set A" is
defined to be the set
A" = ATAT...TA, 2

n-times

For example, A% = ATA and A® = ATATA.

Definition 5 (see [14]). A subset A of a I'-semihypergroup S is
called an (m, 0) I'-hyperideal (resp., (0,7) I'-hyperideal) of S
if A"TS € A (resp., STA" € A).

Definition 6 (see [14]). A sub-T'-semihypergroup A of a I'-
semihypergroup S is called an (1, n) bi-I'-hyperideal of S, if
A™TSTA” < A, where m, n are nonnegative integers (A™ is
suppressed if m = 0).

Definition 7 (see [15]). An (m,n) bi-I'-hyperideal B of a I'-
semihypergroup S is called prime if for x, y € S, x™aSBy" €
B (or x"azfy" € B, for all z € S) implies x € Bor y € B, for
alla, B eT.

Definition 8 (see [15]). An (m,n) bi-I-hyperideal B of
a I'-semihypergroup S is called semiprime if for x €
S, x"aSPx" < B (or x"azfx" < B, for all z € §) implies
x € B, foralla, S €T
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Definition 9 (see [6]). Let S be a I'-semihypergroup and L
a sub-I'-semihypergroup of S. Then L is called an m-left I'-
hyperideal of S if S"T'L € L where m is any positive integer.
Dually, RTS" € R, and then Ris called an n-right I-hyperideal
of S, where # is any positive integer.

Definition 10 (see [6]). Let S be a I'-semihypergroup and Q
a nonempty subset of S. Then Q is called an (m.n) quasi-I'-
hyperideal of S if S"TQ N QI'S" € Q.

Now, we will recall some notions in generalized rough
sets.

Definition 11. Let X and Y be two nonempty universes. Let T
be a set-valued mapping given by T': X — P(Y). Then, the
triple (X,Y, T) is referred to as a generalized approximation
space or generalized rough set. Any set-valued function from
X to P(Y) defines a binary relation from X to Y by setting
Ry = {(x,y) | y € T(x)}. Obviously, if R is an arbitrary
relation from X to Y, then it can be defined as a set-valued
mapping T : X — P(Y) by Ti(x) ={y €Y | (x,y) € R}
where x € X. For any set A C Y, the lower and upper
approximations T(A) and T(A) are defined by

T(A)={xeX|T(x) <A},

_ (3)
T(A) ={xeX|T(x)NA#0}.

The pair (I(A),T(A)) is referred to as a generalized rough
set, and T, T are referred to as lower and upper generalized
approximation operators, respectively.

If a subset A C Y satisfies that T(A) = T(A), then A is
called a definable set of (X, Y, T). We denote all the definable
sets of (X, Y, T) by Def (T').

Theorem 12 (see [22]). Let (X,Y, T) be a generalized approx-

imation space; its lower and upper approximation operators
satisfy the following properties: for all A, B € P(Y),

(L1) T (A) = (T(A9),

(L2) T(Y) =X,

(L3) T(ANB)=T(A)NT(B),

(I4) AcB=T(A)<cT(B),

(L5) T(AUB)2T(A)UT(B),

(U1) T (4) = (T(A))’, “
(U2) T (0) =0,

(U3) T(AUB) =T (A)UT (B),
(U4) AcB=T(A)cT(B),
(U5) T(ANB) < T (A)NT (B),

where A is the complement of the set A.



Journal of Applied Mathematics

Theorem 13 (see [22]). Let (X, X, T) be a generalized approx-
imation space; its lower and upper generalized approximation
operators satisfy the following properties: for all A € P(X),

(1) Ry is serial — (LO)T (0) =0

— (UO)T(X)=X
e (LUO)T (A) < T (A)
(2) Ry is reflexive — (L6)T(A)C A

— (U6)ACT(A) ®)

(3) Ry is symmetric = (L7)T (T (A)) € A

= U7AcT(T(4)
(4) Ry is transitive — (L8)T (A) c T (T (A))

= (US)T(T(A)) <T(A) (6)

If R is an equivalence relation on X, then the pair (X, R)
is the Pawlak approximation space. Therefore, a generalized
rough set is an extended notion of Pawlak’s rough sets.

Definition 14. Let S be a I'-semihypergroup. An equivalence
relation p on S is called regular on S if

(xya, xyb) € p,
(7)

(a,b) € p implies (ayx,byx) € p,

forallx e Sandy € T.

If p is a regular relation on S, then, for every x € §, [x],
stands for the class of x with the representation p. A regular
relation p on § is called complete if [a] ,y[b],, = [ayb] o for all
a,b € Sand y € I. In addition, p on S is called congruence
if, for every a,b € Sand y € T, we have ¢ ¢ [a]py[b]p =
[c] 0 S [a] py[b] o Itis obvious that, for a regular relation p on
S, [a]Py[b]P C [ayb]p foralla,b e Sandy €I

3. Generalized Rough
Sets in ['-Semihypergroups

In this section, we will present some results on generalized
rough sets in I'-semihypergroups.

Definition 15 (see [23]). A set-valued homomorphlsm T from
al- semlhypergroup S to a I'-semihypergroup S is a mapping
from S to p*(S) which preserves the operation; that is,
T(a)BT(b) € T(aPb) foralla,b € S, B e T,and e I. T
is called a strong set-valued homomorphism, if T'(a) ﬁT(b) =
T(apBb) foralla,b € S, B € T,and f € I.

Theorem 16 (see [23]). Let S be a I'- semzhypergroup, let S be

a T-semihypergroup, and let T : S — " (S) be a set-valued

homomorphism. If A, B are two nonempty subsets of S, then
(1) T(A)T T(B) < T(ATB);

(2) if T is strong, then T(A)T T(B) € T(AT'B).

Theorem 17 (see [23]). Let S be a T-semihypergroup, let S be
a T-semihypergroup, and let T : S — " (S) be a set-valued
homomorphism.

(1) If A is a sub-T-semihypergroup of S, then T(A) is, if it is
nonempty, a sub-T'-semihypergroup of S.

(2) If A is a left (resp., right) T-hyperideal of S, then T(A)
is, if it is nonempty, a left (resp., right) T-hyperideal of S.

Theorem 18 (see [23]). Let S be aT- semzhypergroup, let $ be
a T-semihypergroup, and let T : S — *(S) be a strong set-
valued homomorphism.

(1) If A is a sub-T-semihypergroup of S, then T(A) is, if it is
nonempty, a sub-T-semihypergroup of S.

(2) If A is a left (resp., right) T-hyperideal of S, then T(A)
is, if it is nonempty, a left (resp., right) T'-hyperideal of S.

Theorem 19. Let S be a T-semihypergroup, let S be a T-
semihypergroup, and let T : S — " (S) be a set-valued
homomorphism. If A is an interior T-hyperideal of S, then
(1) T(A) is, if it is nonempty, an interior T-hyperideal of S;
(2) if T is strong, then T(A) is, if it is nonempty, an interior
I-hyperideal of S.

Proof. The proof is straightforward. O

Lemma 20. Let S be a T-semihypergroup, let S be a I-
semihypergroup, andletT : S — (" (S) be a set-valued homo-
morphism. Then, for a nonempty subset A of S,

(1) (T(A))" < T(A") foralln € N;

(2) if T is strong, then (L(A))" € T(A") foralln € N.

Proof. The proof is straightforward. O

4. Generalized Rough (m,n)
(Bi-)Quasi-I'-Hyperideals

We will study here some properties of generalized lower
and upper approximations of (m,n) bi-I-hyperideals in I'-
semihypergroup.

A subset A of a I'-semihypergroup S is called a generalized
upper (resp., generalized lower) rough (m, n) bi-I'-hyperideal
of Sif T(A) (resp., T(A)) is an (m, n) bi-I'-hyperideal of S.

Theorem 21. Let S be a T-semihypergroup, let S be a T-
semihypergroup, and let T : S — *(S) be a set-valued
homomorphism. If A is an (m,n) bi-T-hyperideal of S, then

(1) T(A) is, if it is nonempty, an (m, n) bi-T-hyperideal of
S;

(2) if T is strong, then T(A) is, if it is nonempty, an (m, n)
bi-I-hyperideal of S.

Proof. (1) Let A be an (m, n) bi—f—hyperideal of S. Then, by
Theorem 16(1) and Lemma 20(1), we have

(T(4))"TSI(T (4))" = (T(W) "I T ($) 1(T(4))"

N

T(A™TIT($)IT (A"



CT(A"IS)T T (A")
CT(A™SIA") < T (A).
(8)

From this and Theorem 17(1), we obtain that T(A) is an (m, n)
bi-I'-hyperideal of S.

(2) Let A be an (m,n) bi-I-hyperideal of S. Then, by
Theorem 16(2) and Lemma 20(2), we have

(Z(A))"TST(T (A))" = (L(A))"T T () T(T(A))"

< T(A™)TT($)TT(A")
cT(A™IS)TT(A") ®

c T (A™ISTA™) c T (A).

From this and Theorem 18(1), we obtain that T'(A) is, if it is
nonempty, an (m, n) bi-I'-hyperideal of S. This completes the
proof. O

Corollary 22. Let S be a T-semihypergroup, let S be a T-
semihypergroup, and let T : S — *(S) be a set-valued
homomorphism. If A is an (m, 0) T-hyperideal (resp., (0,n) T-
hyperideal, m-left T-hyperideal, and n-right T-hyperideal) of S,
then

(1) T(A) is, if it is nonempty, an (m, 0) T-hyperideal (resp.,
(0,n) T-hyperideal, m-left T-hyperideal, and n-right T-
hyperideal) of S;

(2)if T is strong, then T(A) is, if it is nonempty, an
(m,0) T-hyperideal (resp., (0,n) I-hyperideal, m-left T-
hyperideal, and n-right T-hyperideal) of S.

Proof. The proof is straightforward. O

A subset A of a I'-semihypergroup S is called a generalized
upper (resp., generalized lower) rough prime (m,n) bi-I-
hyperideal of S if T(A) (resp., T(A)) is a prime (m, n) bi-I'-
hyperideal of S.

Theorem 23. Let S be a I-semihypergroup, let S be a I-
semihypergroup, and let T : S — " (S) be a strong set-valued
homomorphism. If A is a prime (m,n) bi-I'-hyperideal of S,
then
(1) T(A) is, if it is nonempty, a prime (m, n) bi-T-hyperideal
of S;
(2)T(A) is, if it is nonempty, a prime (m, n) bi-I'-hyperideal
of S.

Proof. Since A is an (m,n) bi-T-hyperideal of S. by
Theorem 21, we know that T(A) and T(A) are (m,n)
bi-T'-hyperideals of S.

(1) Let w be any element of S. Let x, y € Sand 5,y € T
such that x™ Bwyy” € T(A). Thus,

T (" pwyy") n A= (T (¥") BT )T (y")) N A#0,
(10)
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where 8,y € T Thus, there exist a” < T(x™) = T(x)", v’ €
T(w), and b" € T(y") = T(y)" such that a”fw'yb" < A.
Since A is a prime (m, n) bi-f-hyperideal, we havea € A or
b € A. Now,

d" cT(x)" = aeT(x) alsob" cT(y)" = beT(y).
(1)

Thus,a € T(x)NAorb e T(y)NA.Sox € T(A) oryce T(A).
Therefore, T(A) is a prime (1, n) bi-I'-hyperideal of S.

(2) We suppose that T(A) is not a prime (m,n) bi-I'-
hyperideal; then for 8,y € T there exist x,y € S and any
element w € S, such that x™ Bwyy” € T(A), but x ¢ T(A)
and y ¢ T(A). Thus T(x) ¢ A and T(y) ¢ A. Then, there
exist

aeT(x) buta¢A, beT(y) butb¢ A (12

Now, forw’ € S, B,y € I, and 3,y € I', we have
&' € TG BT (@) ()" = T (") BT @) ¥ ()
=T (x"Bwyy") c A.
(13)

This implies that ™ fw'yb” < A. Since A is a prime (m, 1)
bi-T-hyperideal of $, we have a € A or b € A. It contradicts
the supposition. This means that T'(A) is, if it is nonempty, a
prime (m, n) bi-I'-hyperideal of S.

The following example shows that the converse of
Theorem 23 does not hold.

Example 24. Let S = {x, y,z} and T = {f3,y} be the sets of
binary hyperoperations defined as follows:

Blx y =z
X | X X X
yix vy Ayz
z|x {y.z} {y.2}
(14)
vY|lx vy =z
X | X X X
yix vy A{pz
z|x {y.2z} =z

Clearly S is a T-semihypergroup. Let S = {a,b,c,d, e} and ' =
{B, y} be the sets of binary hyperoperations defined as follows:

[5‘ a b c d e
al{a,b} {b,c; ¢ {d,e} e
bl{bc} ¢ c {d,e} e
c| ¢ c c {d,e} e
dl|{d,e} {d,e} {d,e} d e
el e e e e e
(15)
y| a b c d e
al{b,ct ¢ ¢ {d,e} e
b| ¢ c ¢ {d,e} e
c| ¢ c ¢ {d,e} e’
dl|{d,e} {d,e} {d,e} d e
el e e e e e
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Clearly Sisa I"—semihypergroup. Assume that T(x) = {d, e},
T(y) = f{a,b,c}, and T(z) = {a,b,c,d,e}. Here, T is a
strong set-valued homomorphism from S to S. Now for A =
(b,d,e} S, T(A) = {x, y,z} and T(A) = {x}. It is clear that
T(A) and T(A) are prime (m, n) bi-T'-hyperideals of S. But A
is not a sub-T'-semihypergroup of S; hence, A is not a prime
(m, n) bi-T-hyperideal of S.

A subset Q of a I'-semihypergroup S is called a gener-
alized upper (resp., generalized lower) rough (m,n) quasi-

I-hyperideal of S if T(A) (resp., T(A)) is an (m,n) quasi-I'-
hyperideal of S.

Theorem 25. Let S be aT-semihypergroup, let S be a T-semihy-
pergroup, and let T : S — 7 (S) be a strong set-valued homo-
morphism. If Q is an (m, n) quasi-I-hyperideal of S, then T(A)
is, if it is nonempty, an (m, n) quasi-I'-hyperideal of S.

Proof. Let Q be an (m,n) quasi-I-hyperideal of S; that is,

$"TQ n QI'S" < Q. Note that T(S) = S. Then, by
Theorem 12(L3), Theorem 16(2), and Lemma 20(2), we have

S"TT(QNT (QTS" = (T(9)) "TT (Q nT(QT(I())"
cT($")IT@QNTQTIT(S")
T($"Q)nT(Qrs”)
T ($"TQNnQrs”)
(

Q.

Il N

N
1~

(16)
This shows that T(Q) is an (i, n) quasi-I'-hyperideal of S. [

The next theorem shows that the intersection of a gen-
eralized lower rough m-left I-hyperideal and a generalized
lower rough n-right I'-hyperideal of a I'-semihypergroup S is
a generalized lower rough (m, n) quasi-I'-hyperideal of S.

Theorem 26. Let S be a T-semihypergroup, let S be a T-
semihypergroup, and let T : S — 7 (S) be a strong set-valued
homomorphism. Let L and R be a generalized lower rough
m-left T-hyperideal and a generalized lower rough n-right T-
hyperideal of S, respectively. Then T(L N R) is, if it is nonempty,
an (m,n) quasi-I'-hyperideal of S.

Proof. Let L and R be a generalized lower rough m-left I'-
hyperideal and a generalized lower rough n-right I'-hyper-
ideal of S, respectively. Then,

S"TT (L) €T (L), T(RITS"cT(®R). (17)
Now, we have
S"TT(LNR)NT(LNR)TS" cS"IT(L)NnT (R)TS"
cTI)NT(R) (18)

=T(LNR).

Hence, this shows that T(L N R) is a generalized lower rough
(m, n) quasi-T'-hyperideal of S. O
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